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Abstract: The sequence spaces Z,,(V%I) (0 < p < ) and Eoo(Vé) are introduced by using the g-
difference operator V% of the second order. Apart from studying some basic properties of these
spaces, we construct the basis and obtain the «-, 8- and y-duals of these spaces. Besides some matrix
classes involving g-difference sequence spaces, Ep(Vg) and Eoo(V%) are characterized. The final
section is devoted to classifying the spectrum of the g-difference operator V% over the space /1 of
absolutely summable sequences.
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1. Introduction and Preliminaries

A linear subspace of w, i.e., the set of all real- or complex-valued sequences, is known
as a sequence space. The sets £}, £, ¢, ¢, bs and cs are standard notations for the sequence
spaces of absolutely p-summable sequences, bounded sequences, convergent sequences,
null sequences, bounded series, and convergent series, respectively. A BK-space is a Banach
space possessing continuous coordinates. The fact that £, (1 < p < o) and /e are BK-

spaces normed by [[f[l,, = (Zr|f,|p)1/p and ||f||,, = sup, |f;|, respectively, are well known.
It follows from the choice of 0 < p < 1 that £, is a complete p-normed space due to p-norm
[IF]] 6, = Lr |fr|P. For simplicity, we utilize the notations }_, and sup, in place of } ;2 ; and
sup over r € N(the set of natural numbers).

Let X,2) C w and the notation H, mean the rth row of an infinite matrix H = (ht), ten
of real (or complex) entries. Let f € w then, its H-transform denoted by Hf, be given by
the sequence g = (g,) defined by g, = (Hf), = ¥_; hnft, given that the infinite sum Y, /1,
converges for each 7 € N. We take the convention that the matrix H € (X,9)) ifg € 9 for all
f € X. The domain of the matrix H in X is defined by the set Xy := {f = (fr) € w : Hf € X},
which is also a sequence space. Additionally, H is known as a triangle if &, # 0 and I,y = 0
for all ¥ < t. Moreover, when X is a BK-space and H is a triangle, then Xp is also a BK-
space normed by ||f||x, = ||Hf||x. Thus, by using this technique, several authors have
constructed new sequence spaces that are generated from special matrices. We refer to the
monograph [1] wherein the author described various aspects of summability, including the
construction of BK-spaces as domains of some special matrices.

1.1. Difference Sequence Spaces

The forward difference operator A and the backward difference operator V are, re-
spectively, defined by (Af), = f, — f,+1 and (Vf); = f, — f,—1 for all k € N. These oper-
ators play a significant role in the field of theory of sequence spaces and summability.
For instance, the sequence (f,) = (r)%; is divergent, but the sequence ((Af),) = (1) is
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convergent. Kizmaz introduced the difference sequence spaces £oo(A) = (loo)a, ¢(A) = ca
and co(A) = (co)a-

The operators A and V were later generalized to the forward and the backward
difference operators of the second order A% and V?, respectively, defined by (A%f), =
(AF)y — (Af) 11 and (V3f), = (V§)y — (V),_1, (cf. [2,3]). Since then, several generalizations
of the difference operators A and V were contributed in the literature. The few of the
celebrated generalized difference operators are B(a,b) [4,5], B(a, b, c) [6], A™ [7], V" [8],

B(m) [9] and B [10] defined by

(B(a,b)f), = afy + bf,—1; (B(a,b,0)f)r = afr + bfr—1 + cfr_2; (A™), = (A(A"71F)),;

(V") = (7" 1) (8009, = 1 (] ) a1t
t=0
(%gm)f)r = i (m> amitbtvr—tfr—t}
t=0 t

respectively. One may also refer to these papers [9,11-15] for the relevant studies.

1.2. g-Analog

The theory of the g-analog plays a significant role in various fields of mathematical,
physical and engineering sciences. Due to its vast applications in diverse field of mathemat-
ics, several studies related to g-calculus can be traced in the literature. Initially, Jackson [16]
gave the application of g-calculus while introducing g-analog of classical derivative and
integral operators. Since then, studies on g-analogs of well-known mathematical notions
have taken a rapid pace, and studies involving g-analogs of hypergeometric functions,
algebras, approximation theory, combinatorics, difference and integral equations, etc., have
been researched.

Throughout this article, we assume that g € (0,1). The following notions and defini-
tions are very familiar in the field of g-calculus.

The g-number (cf. [17]) is defined by

t—1

Y q° (t=1,2,3,...),
v=0

0 (t=0).

Mq =

One may notice that, when g — 17, then [t]; = t.
The g-binomial coefficient is given as

[rlg!
e P 20
tq 0 (t>r),

where the notation [t],! is known as the g-factorial of ¢ and is given as

[Il), (t=1,23,...),
1 (t = 0).

We strictly refer to [17,18] for basic terminologies in g-calculus.

1.3. g-Sequence Spaces and Motivation

The construction of sequence spaces by using g-calculus was realized very recently

in the literature. The following g-analogs (or (p,q)-analogs) C1 = (c%,), C(q) = (én),

V% = ((Srth) and E(p,q) = (e}7) of the Cesaro matrix, Catalan matrix, difference matrix of
the second order and Euler matrix, respectively, can be found in [19-22]:
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qt
7 0 < t < r,
oy = [r+1],
0 , t>r,
ter(@er—t(q) 0<t<r
&t = 9= , ,
0 , t>r,
r—t
po = | DTG, sty
r 0 ’ t>r,
1 r—t B ey
eu,b(p q) _ m(:)p/q}y( 2 )q(Z)a b Co0<t<r
rt s 0 .

where c,(g) is the rth g-Catalan number. Demiriz and Sahin [23] and Yaying et al. [24]
studied the g-analogs of Cesaro sequence spaces Xj = ({,)cs, X§ = (co)ca, XI = cca
and X{, = (fe)cs. Additionally, g-analogs of Catalan sequence spaces co(C(g)) = (co)c(q)
and ¢(C(q)) = cc(q) (cf. [22]) were contributed recently to the literature. Moreover, Yay-
ing et al. [20] studied the (p’, g)-analog e”;’b(p’,q) = ({p)E(y,q) and &y, q) = (o) E(p )
of Euler sequence spaces. Bustoz and Gordillo [25] introduced the m-th order g-difference
operator V' defined as follows:

UL m v
(@ = L0 () D
v=0 q

By following this theory of the g-difference operator, quite recently, Yaying et al. [21]
introduced g-difference sequence spaces of the second order co(Vg) = (CO)V% and C(V%) =

. . 2
Cv2 and obtained the spectral analysis of V over the space co.

One can observe from the above discussion that the widely studied spaces cy, ¢, {oo
and ¢, have been modified by various authors with the use of difference operators, as well
as investigating the relations of the aforesaid spaces. Most recently, involving g-calculus
and the difference operators, the authors of [21] presented a modification of ¢y and ¢, which
were denoted by ¢ (V%) and C(V%). In the next section, we present the generalization of
l~ and £, by defining /), (V%) and /e (V%), which will fill the gap of further research in
this direction.

Obviously, ¢ C /o. Previous work had limitations in that we could not demonstrate
the relationship between ¢ and /o, as well as further research related to £, and ¢ p in the
quantum sense, but one can study these types of work after the present studies.

Motivated by the above studies, in particular [8,21], we construct the domains (Ep)vé

and (Eoo)vs. Additionally, the spectral analysis of the operator V% over the space /; is
also obtained.

2.£,(V2) and £ (V7)

In this section, the g-difference sequence spaces £,(V7) and (o (V7) are presented,

2
q

Yaying et al. [21,26] defined the difference operator V% tw — wby

inclusion relations are obtained, and the basis of the space £, (V) is determined.

(ng)r =fr = (1+q9)fr—1+4qfr—2

where r € N and § = 0 for r < 0. Equivalently,
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1 0 0 0
~(1+9) 1 0 0

V2= q —(1+4q) 1 0
0 q —(1+4q) 1

It is evident that V% = V? when g — 17. Additionally, unlike its ordinary form,
V% # V40V, In fact
(Véf)r = (qu)r - Q(qu)r—l-

q 2),1) of the operator V% is obtained as (cf. [21])

—t+1
(v—%—{ (50, » 0sts<r
q

The inverse V- 2=((Vv

0 , t>r.
Define the g-difference sequence spaces £,(V7) and £ (V7) by

E,,(Vﬁ) = {f Ew:g= V%f € Kp},
leo(V7) {few:gzvgfeﬂoo}.

These spaces can also be illustrated in the notation of the matrix domain as follows:
0,(V3) = (¢p)y; and (V) = (o) 2.

It is clear from the above definition of the sequence spaces E,,(V%) and éoo(Vg) that
the sequence g = V%f = (g,) defined by

o= (930, = L0 (3) b= h - s b 0EN) )
q

t=0

is the Vé—transform of the sequence f = (f,). Moreover, by using (1), we notice that

= (00 e @

v=0

for each v € N. Here onward, the sequences f and g are related by (1) (or by (2)).

For g = 1, the space EP(V%) becomes £,(V™) (m = 2) due to Altay [27], and éoo(Vfl)
becomes (o (V™) (m = 2) due to Malkowsky and Parashar [28]. We notice that V}, =
V [25], so it is not meaningful to work on KOO(V%) [29], but the studies involving the
difference operator V2 is stronger than V. Based on these facts, we conclude that the spaces
Eoo(Vé) and Ep(Vg) are stronger than £« (V?) (and so £« (V)) and £, (V?) (and so £,(V)),
respectively, and hence, our results too.

We recall that a sequence space X is symmetric (cf. [30]) if f(,) € X whenever (f,) € X,
where 71(r) is a permutation on Nyg. We consider the sequence (f,) = (7),cn,, then (f;) €
Eoo(Vs). Now, we consider the rearranged sequence

(f;') = (fOI fl/ f3l f2/ f8/ f4l f15/ f5/ f24/ f6/ f35/ f7/ f48/ f9/ .. ) .

Then, (f}) ¢ em(vg). Consequently, éoo(V%) is not a symmetric space.
Now, we state our first result:
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Proposition 1.
1. £y(V3) (0 < p < 1) is acomplete p-normed space due to the p-norm

1flle,(v2) = llglle, = Z|fr (1+q)fr—1 +qfr—2|”.

2. Ep(Vé) (1 < p < ) is a BK-space normed by

1/p
1flle,(v2) = llglle, = <Z|fr (1+q)fr—1 +qfr— z|p> .

3. ém(vg) is a BK-space normed by

1fllv2) = ll8lle,, = suplir — (14 9)fr1 + qfr—2l.
r
Proposition 2. E,,(V%) = {yand foo(Vg) > o

Proof. The result is proved for the space EP(VLZI). Since the g-difference operator V% isa
triangular matrix, its inverse exists. This immediately implies that the mapping T defined by

T (V) — 4,
f — Tf=g= Vi

is a linear bijection that preserves the norm (or p-norm). This concludes that ZP(Vé) is
linearly isomorphic to the space £,. [J

We emphasize here that the g-difference sequence spaces /¢ p(Vg) and {« (V%) reduce
to £,(V?) and fe(V?), respectively, as ¢ — 1~. Thus the relations ¢, C £,(V?) C KP(VE)
and {o C leo(V?) C Koo(Vg) are trivial. Additionally, we consider the sequence (f,) = ()
mentioned in p.4. We observe that (f,) € zw(vg) but (f,) ¢ o

Proposition 3. EP(VE) C foo(Vg) strictly holds.

Proof. Since /;, C { holds, the inclusion part is obvious.
The relation £, C /c is strict, so we take a sequence i = (h;) € £« \ £p. Let us define a

sequence ' = (h,) by h, =Y _, (r_v+1)qhv for each r € N. Then, Vi’ = h € {o \ £,. This

r—=ov

implies the fact that i’ € (o (V%) \ E,,(V%), as desired. O
Proposition 4. Z,,(V%) - Zp/(Vé) strictly holds, where 1 < p < p’ < co.

Proof. We utilize the similar method applied in the proof of Theorem 3 to establish this
result. [

A Schauder basis for X (normed linear space) C w is a sequence (”’)r ¢ such that for
each f € X, there corresponds a unique sequence, say (v, ), of scalars,

f=Y yu, VreN.
-

It is known that, for a triangle H, the matrix domain Xy has a basis if X has a basis.
As a result of this fact along with with Theorem 2, we deduce the following result:
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Theorem 1. Define the sequence &) (q) = ((",‘ﬁt) (q9)) by

OB {(rrttl)q P EET

0 , t>r.

Then

(a)  The basis of the space EP(V%) is given by the set {6(0)(5]),(;(1)(11),(;‘(2) (q),.. } and every
fe ﬁp(Vg) has a unique representation of the form § = Y, g:&1)(q), where g, = (V%f),.

(b)  The sequence space £ (V%) has no Schauder basis.

3. Duals of the Spaces E,,(Vé) and Ew(Vé)
For X C w, the a-, B- and y-dual of X are the sets

X = {x=(x) ew:xf=(xf) € 4 Vf= () € X},
X = {x=(x) €w:ixf=(0f) €csVi= () € X},
X7 = {x=(x)€cw:xf=(xfr) €bs Vi = () € X},

respectively.

In this section, we obtain X%, X and X7 for X € {ép ( V%), loo (V%) } Before proceeding
further, we list the following lemmas which are required to obtain the duals of these spaces.
Here onward, the family of all finite subsets of N is denoted by N and 1/p* +1/p = 1.

Lemma 1 ([31]). These results are well known:
(1) H= (hrt) € (600161) l]?

sup )

REN ¢

2 Byt

reR

< 0.

(i) H= (hy) € (loo,C) iff
Jdhy € C > rlgm hyt = hy foreach t €N,

LDBULEDY

lim hrt
r—oo
(iii) H = (hy) € (loo, loo) iff
sup Y |hy| < oo.
r

(iv) Let1 < p <oo. Then, H= (hyt) € ({p, L) iff

sup ) _ [y P* < co.
rT

(v) Let1l < p <co. Then, H= (hy) € ({p,c)iff (4) and (7) hold.

Lemma 2. These results hold:

(i) (ref. [32], Theorem 5.1.0 with p, = p forall ) H = (hy) € (£p, 1) if

p
sup sup <oo, (0<p<1).
ReEN 't

Z hrt

rerR

®)

4)
©)

(6)

@)

®)
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p*
sup ) <o, (I1<p<oo). )

ReN 't

Z hrt

reR

(i) (ref. [33], Theorem 1 (i) with p, = p forall ) H = (hyt) € (p, €eo) if

sup |hy|P < oo, (0<p<1). (10)
r,t

(ii)  (ref. [33], Corollary for Theorem 1 with p, = p for all v) H = (hy) € (£p,c) if (4)
and (10) hold.

Theorem 2. Let

p
<00}, (0<p<1),

v = d=(dy) €w:supsup
ReN ¢

2 (r—t+1) dj
r—t q

reR

Z (r—t+1> a,
r—t q

reR

2 (r—t+1> a,
r—t q

reR

p*
<o0p, (1<p<o),
ReN 't

Vp = {d—(dr)Ew:supz

vz = {d—(d,)ew:supz

REN t

Then,
. N1a v, 0<P§1,
0)[%Wﬂ]{w l<p<o

o
(i) [ta(VD)]" =15
Proof. For d = (d,) € w, define the matrix A(q) = (A!,) defined for all r,t € N by

v GEDd 0<te<y,
e 0 , t>r

This leads to the equality:

" r—t+1
drfr:Z( F_t

) drar = (A@)0)r, (1)
t=0 q

where the sequence g = (g;) is given g = V%f. Thus df = (d,f;) € {1 whenever f € Ep(Vg)

iff A(q)g € ¢1 whenever g € £,. Thus, d = (d,) € {ZP(Vg)r if A(q) € (¢p,£1). Therefore,
by applying Lemma 2(i), we obtain that

vy, 0<p<l,
rn , T<p<oo

[0 (V2)]* = {

In a similar way, the proof of Part (ii) is established by utilizing Lemma 1(i) in place
of Lemma 2(i) in the above statements. We omit the details here to avoid repetition of the
same lines. [

Theorem 3. Let

" (z—t+1 .
vy = {d—(d,)ew rlgrolozg( .t )qdzexzsts},
r _ P
vs = d=(d,) ew supZ(z t+1>dz <o, (0<p<1),
rt |z=t z—t q
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p*
i —t+1
Ve = {d(dr)ew sup22(227+t)dz <oo},
root |z=t q
" (z—t+1 L e (z—t+1 )
vy = {d—(dr)ew rlglgo;;( s )qdz _Zt:rlgro\o;:t( . )qdz exzsts}.
Then,

i) [0(V2))F = {

(i) [zw(vg)]ﬁ =Ny

Proof. For d = (d,) € w, define the matrix ©(q) = (8/,) forall ,t € N by

—t+1
o7 — Eg:t (Zzit )qdz , 0<t<r,
" 0 ’ t>r

This leads to the equality:

fon - B[R (722 s
|

= (0(q)9)r (reN), (12)

where the sequence g = (g;) is given g = Véf. We see that ( Y/_, dif:) converges whenever

f e @(V%) if ©(q)g € c whenever g € £,. This means that d = (d;) € [ep(vg)]ﬁ if
O(q) € (¢p,c). Hence, by utilizing Lemma 1(v) and Lemma 2(iii), we conclude that

oy J vanvs , 0<p<1,
[glg(vq)] { V4m1/6 , 1< p < oo,

The B-dual of EOO(Vé) is obtained in the similar fashion by utilizing Lemma 1(ii),
respectively, in place of Lemma 1(v) and Lemma 2(iii) in the above statements. To avoid
repetition of similar statements, we omit the details. [0

Theorem 4. We have
5 , 0< p <1,

. 2 _
) qum—{ oo Psrsr

(ii) [eoo(vg)r — vg with px = 1.

Proof. To obtain the y-dual of the space ¢, (V%), we utilize Lemma 2(ii) and Lemma 1(iv)
in place of Lemma 2(iii) and Lemma 1(v) in the proof of Theorem 3, respectively. For ob-
taining the y-dual of /e, (V%), we utilize Lemma 1(iii) instead of Lemma 1(ii). Details are
omitted. [

4. Matrix Mappings

We here characterize the matrix classes (X,9)), where X € {/,(V3),{x(V3)} and
9 € {lw, c,co,l1}. A very useful and interesting proceeding result follows from [5].
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Theorem 5. Let X =y, or loo and ) C w. Let cl = (cgrt)) and C = (cy) be defined by

n _ )0 (t> ),

o Zg:t (Z;ﬁt_l)thz (0 S t S U),
0z —t+ 1>

Crt = ( h

¥ ; 7t ] rz

forall v,t € N. Then, H = (hy) € (%(V%),Qj) if Ctr) = (cz()?) € (X,c) foreach r € N, and
C=(cn) € (X,9).

Proof. Let H € (X (V%), 2) and § € %(V%) Then, we have the following equality

E hyefr = 2 2 ( Zl—1> gzl = 2 2 ( i l)thzgt 2 cWai (13)

=02z=0 =0z=t
for all v, € N. Since Hf exists, c e (%,c). Letting v — o0 in (13), we obtain Hf = Cg. As
Hf € 9, Cg € 9. Therefore, C € (X,9)).
Conversely, let C(") = (cgt)) € (x,¢) (reN),and C = (cit) € (X,9). Let f € X(V7).
Then, H, € XP (r € N) which leads us to the fact that H, € [%(V%)} P for each r € N. By
using (13), Hf = Cgas v — co. Thus H € (%(V%),Q)). O

Now, we utilize (5) to characterize some matrix classes from X € {¢; (V%),E,,(V%),

ew(vg)} toQ € {{1,co,¢, lx}. We give below some conditions which are necessary for
deducing our results:

(14)
veN t
Z)ll_rgo C?(;) exists forallt € N; (15)
sup ) oy |7 < oo; (16)
reN t
rli_)rglo ¢yt exists forall t € N. (17)
lim ¢;s =0forallt € N; (18)
r—o0

p*

sup Z Z Crt| < o0 (19)
ReN 't |reR
sup [cyt| < oo; (20)
rteN
sup ) |crt| < oo; (21)
teN r
rlglgo ; |crt] = ; | rlglgo crtl; (22)
rILToZt: lert] = 0; (23)
sup Z Z Crt| < o0. (24)
ReN 't |reR

Lemma 3. One can see the necessary and sufficient condition from Table 1 for H = (hy) € (X,9),
where X € {£1(V3),£p(V3),4(V3)} (1 < p < o) and Y € {{y,¢p, ¢, leo}.



Symmetry 2022, 14, 1155

10 of 16

Table 1. Characterization of the matrix class (X,9)), where X € {El(Vg),fp(Vé),Em(Vg)} and
Q.j S {6116‘0/‘:/&)0}-

From\To ¢; co c Lo

b (V%) (14), (15), (21) ~ (14), (15), (18), (20) ~ (14), (15), (17), (20) = (14), (15), (20)

Ep(Vq) (14), (15), (19)  (14), (15), (16), (18)  (14), (15), (16), (17)  (14), (15), (16)

lo(V3)  (14),(15),(24)  (14),(15), (23) (14), (15), (17), (22) ~ (14), (15), (16),
(with p*x = 1)

5. Spectrum of V%l Over the Space ¢4

Finally, some spectral analyses of V% over {1 are examined.
Consider a complex normed space X # {6} and any linear operator ¢ : D(¢) — X
(D(¢):=domain of ¢). We use the following notations for the proceeding work:

¢* = The adjoint of the operator ¢;
R(¢) := Therange of the operator ¢;
B(X) := The setof all bounded linear operators from X into itself;
I := Identity operator in D(¢);

¢ = ¢—gcl(geC).

For any ¢ € C, the inverse ¢ ! of the operator ¢, is called the resolvent operator of ¢,
provided that ¢ is invertible. Further, ¢ is a regular value of ¢ if
(A1) ¢ 1 exists;
(A2) ¢ ! is bounded;
(A3) ¢ ! is defined on a set which is dense in X.

Define the set (¢, X) = {¢ € C : ¢ as a regular value of ¢ }. Then, r(¢, X) is called the
resolvent set of ¢. The spectrum ¢ is the set s(¢, X) = C\ (¢, X). It is further classified into
three disjoint sets:

(1) Thesetsy(¢,X) = {c € C: (Al) does not hold} is called point spectrum of ¢ over the
space X.

(2) The set sc(¢,X) = {¢ € C: (Al)and (A3) hold but (A2) does not hold} is called
continuous spectrum of ¢ over the space X.

(3) s:(¢,X) = {c € C: (A1) holds but (A3) does not hold, (A2) may or may not hold }
is called residual spectrum of ¢ over the space X.

In the literature, several studies can be traced concerning spectral analysis of special
matrices in different sequence spaces. We do, however, briefly mention those studies in
the literature that deal with the determination and the classification of spectrum involving
only difference operators. The readers may refer Table 2 for studies concerning spectral
analysis of difference operators over various sequence spaces.

Table 2. Related work by some authors.

Difference Operators Studied over the Opace (s) References
A Ly, boy 34,35]

A lp,c,c0(0<p <) 36,37]

A bv, {4 38]

[

[

[
VZ Co [
B(a,b) buy, Ly, [4]
B(a,b) b, {1 [
B(a,b,c) bvy, Ly, ¢, co [
\vid ¢ [
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Table 2. Cont.

Difference Operators Studied over the Opace (s) References
V-Z €o, f] [8/43]
(m)
By €0 [44]
B 0 [10]

Lemma 4 ([45]). The matrix H = (hy) gives rise to a bounded linear operator ¢ € B({1) if the
supremum of £1 norms of the columns of H is bounded.

Lemma 5 ([46]). The adjoint operator ¢p* is one—one if ¢ has a dense range.
Theorem 6. V% : 01 — £y is a linear operator and HV%H%,ZI) =2(1+9).

Proof. This is immediate from Lemma 4 together with

<é)q+ G)qﬂ@)q =2(1+4).

Theorem 7. sp(Vg, ) =Q.

O

Proof. Consider the equality V%f = ¢f for 6 # f € ¢;. This yields the following system
of equations:

fo = ¢fo
—(I+9fo+f1 = ¢h
gfo—(1+g9hi+f2 = cfo

ghi—A+9h2+f3 = ¢fs

Qf‘ran - (1 + Q)fmfl + fm = gfm

For a fixed m € N, let f; = O for alli < m and f,; # 0. Then, we obtain that ¢ = 1.
Taking ¢ = 1 in the proceeding equation yields f, = 0, which is a contradiction to the fact
fm # 0. Thus sp(Vé, 0H)=0. O

Theorem 8. Let 0 < q < 1 and assume that the series Y ;2 1,

sequence of real numbers and 1771/ ’

I4q|" i i
T—¢| converges for an increasing

Lﬂ’ < 1for large r. Then, s(V3,co) = {¢ € C: ll_g‘ <1}.

c T

Proof. Consider ¢ € C with H%g’ > 1. The operator (V% —¢I) = (Ayt) being a triangle has
an inverse (V% —¢I)~! = (uyt) given by



Symmetry 2022, 14, 1155

12 of 16

) ) )
%Ig 0 0 0
q _
A-c? T—¢ 0 0
o = (1+9? ¢ 14+¢q 1
(1-¢)P® (1—-¢)? (1-¢)? 1-¢
(1+q)° 29(1+q) (1+9>* ¢ 1+gq 1
(1-¢)* (1-¢P (1-¢P® (1-¢? (1-¢? 1-¢

— 1 .
Ut = El
Perrr = (1q+g1)2}
i = (@+1?*  q
’ (1-¢)P @[1-¢?
i = (9+1° 29(q+1).
’ (1-¢* (@1-¢p

and so on. Clearly forr,t € N, |py¢| < o0,

Now we proceed to show that (y,+) € B({1),i.e., sup; ¥, |prt| < co. We first prove that
the series ), |jiy¢| converges for each t € N.

Let

St =) lpnl
= lpeel + (el + el + sl + -
which gives
So= |-+ |- +9)|+ |1 -0 A+ - (1-¢) ]
+](1—g)’4(1+q)3—q(1—g)’32(1+q))+---.

arg{|a-oarg|+|a-oara +|a-oa+q)
] )

3

IN

+(1+9) 7 [1—9 A+ +|1-9) (1 +0)
1291+ 1-0 g + a9 a+g
131+ |a -0 0o +P0 a2 a0t ar g +. )

= A+ e+ P+ P+ + 1+ a0 +9) P + 290 +9) 2P
+3q(1+q) el + (1) 2+

= (+7 el -leh T +a+ e+
+HeP 20+ g+ P+ 2) + )

= A+ e —1e) "+ @+ {IePrag) + 1ePrs() + ., 25)
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where
gl=|1-9)'1+q)| <1,

and
m2(q) = 1+q) q,m3(9) =2(1+9) g+ ¢*(1+4q) 2

are the coefficients of |¢|?, |¢]3, ..., respectively. We fairly see that the sequence (77:(q))
is increasing. It follows from our assumption that there exists a number v such that for
t > v the series Yi° 1 11:(9)|¢|" = 0. Further, let = maxj;<, 7¢(q). Then, by using
inequality (25) together with the fact that |¢| = [(1 —¢) (9 +1)| < 1, we obtain

Sio< A+ - e Mel+ 0+ eP{lgl + .+ g2+ 1)+ 1]
= (+9) 71— ) el + 1+ e - DT a— g
= 1+~ a-lehMel{1+nlga—lg )}
< oo

Thus, (St) is a sequence of positive reals and lim; ., S; < co. Hence sup, S; < co.
Thus, (ur) € B(¢1), whenever |1 — ¢| < 1+ g. Moreover, the domain of (V% —¢l)lis
dense in ¢1, which is clear from the fact that V% —¢l. Hence

s(Vi,c0) C{ceC:|1—¢| <1+q}. (26)

The converse part is two-fold:

Case 1: When ¢ = 1, then (S;) is unbounded. Thus, for¢ =1, (V% —¢I)~' ¢ B(4y).
Case 2: When¢ # 1, (Vﬁ —¢I) is a triangle, and so (Vﬁ —¢I)~! exists.

Let¢ € Cwith |1 —¢| < 1+ 4. Then (S;) is unbounded. Consequently, (V% S
B(¢1) with [1 —g| < 1+4.

Again, let ¢ € C with |1 — g| = 1 + g which again yields that lim; Sy = co. Hence (S;)
is unbounded. Hence (Vé —¢I)™! ¢ B(¢;) with |1 —g| = 1+ 4. Thus

{ceC:|1—g]| §1+q}§s(V$,€1). (27)

Thus, by using (26) and (27), we conclude that

2 5y _ l=6l o
s(vq,el)_{ge(:.‘lﬂ7 <1}

O

Theorem 9. Sp(V%'*/goo) ={ceC: |1;g| <1}

Proof. Let f = (fx) be a non-zero sequence such that V%'*f = ¢f, which gives the system of
linear equations as follows:

fo— (14+q)fi+4g72 = cfo
fi—(1+q)f2+4qf3 = cf,
fo—(1+q)fs+4qfs = cf2,

One may observe that for |1 — g| < 1+ g, we obtain that

fol = |(1=¢) " ((1+q)f1 —gf2)
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= A=+ (- 1+ 9h)|
= 1+ ) "gf2

%

7

and [f1] > |f2 — (14 q) ~!gf3|. Thus, following the similar pattern, we obtain that [fo| >
If1| > |f2| > . ... This implies that f € {c.

Conversely, it is trivial that if f € (c, then |%| <1

O
1—
Theorem 10. 5,(V3, (1) = {¢ € C: ]ﬁ| <1}.
Proof. Let ¢ € C with |1 —¢| < 1+ g. Then, the operator V% — ¢l is a triangle and so is
invertible, provided that ¢ # 1. By using Theorem 6, the operator V% — ¢l is one—one for
¢ = 1 and so is invertible. Again by Theorem 9, the operator V%’* — ¢l is not one—one for
H%g\ < 1. Thus with the help of Lemma 5, we conclude that R(V% —gl) # 45.
1—
Hencesr(Vé,fl) ={ceC: |ﬁ| <1}. O

Theorem 11. sc(Vg, ) =¢.

Proof. This is straightforward from Theorems 8, 7 and 10 together with the fact that
S(Vtz],gl) = sp(VfI,él) USr(V%],el) UsC(Vg,fl). O

6. Conclusions

This study is a natural continuation of the works investigated in [21]. The present
literature contains various application of g-difference operators in different field of math-
ematics. But only a couple of studies [21,26] can be traced involving construction of
sequence spaces by using g-difference operator. We constructed g-difference sequence
spaces Ep(Vé) = (KP)V% and £w(v§) = (Eoo)v%. This work is an exemplar that focusses on
one of the many application of g-calculus in sequence spaces. Besides, we gave another
application of g-difference operator by determining spectral analysis of the operator V% in
the space ¢;.

It is evident that V% = V2 as g = 1. Consequently, this study is a g-analog of
difference sequence spaces of second order in £, and {«. The investigated results advances
the sequence spaces theory to a new level and paves the way for more research in this
direction. For future scope, one may study the mth-generalization (m € N) of this study
by following the theroy of mth order g-difference operator as studied by Bustoz and
Gordillo [25]. Further, g-difference operators can be used in the study associated to medical
diagnosis and decision making in the setting of spherical fuzzy sets [47].

Author Contributions: A.A.: Conceptualization; Review and Editing. T.Y.: Conceptualization,
Preparing original draft; Review and Editing. S.A.M.: Conceptualization; Review and Editing. All
authors read and approved the final manuscript.

Funding: This project was funded by the Deanship of Scientific Research (DSR) at King Abdulaziz
University, Jeddah, under grant no. (G: 305-130-1442).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: No data were used in this study.

Acknowledgments: This project was funded by the Deanship of Scientific Research (DSR) at King
Abdulaziz University, Jeddah, under grant no. (G: 305-130-1442). The authors, therefore, acknowledge
with thanks DSR for technical and financial support.

Conflicts of Interest: The authors declare that there is no conflict of interest.



Symmetry 2022, 14, 1155 15 of 16

References

1. Basar, F. Summability Theory and Its Applications; Bentham Science Publishers: Istanbul, Turkey, 2012.

2. Dutta, S.; Baliarsingh, P. On the spectrum of 2nd order generalized difference operator A? over the sequence space cg. Bol. Soc.
Paran. Mat. 2013, 31, 235-244. [CrossRef]

3. Et, M. On some difference sequence spaces. Doga-Tr. . Math. 1993, 17, 18-24.

4. Bilgi¢, H.; Furkan, H. On the fine spectrum of the generalized difference operator B(r, s) over the sequence spaces £y and boy,
(1 < p < ). Nonlinear Anal. 2008, 68, 499-506.

5. Kirisci, M.; Basar, F. Some new sequence spaces derived by the domain of generalized difference matrix. Comput. Math. Appl.
2010, 60, 1299-1309. [CrossRef]

6.  Bilgic, H.; Furkan, H. On the fine spectrum of the operator B(r,s, t) over the sequence space ¢1 and bv. Math. Comput. Model.
2007, 45, 883-891. [CrossRef]

7. Et,M.; Colak, R. On some generalized difference sequence spaces. Soochow J. Math. 1995, 21, 377-386.

8.  Dutta, S.; Baliarsingh, P. On the spectra of the generalized rth difference operator A}, on the sequence space ¢1. Appl. Math.
Comput. 2012, 219, 1776-1784.

9.  Basarir, M.; Kara, E.E. On compact operators on the Riesz B"'-difference sequence space. Iran. J. Sci. Technol. Trans. A Sci. 2011,
A4, 279-285.

10. Meng, ].; Mei, L. The matrix domain and the spectra of a generalized difference operator. J. Math. Anal. Appl. 2019, 470, 1095-1107.
[CrossRef]

11. Bektas, C.A.; Et, M,; Colak, R. Generalized difference sequence spaces and their dual spaces. |. Math. Anal. Appl. 2004, 292,
423-432. [CrossRef]

12.  Esi, A; Tripathy, B.C. Generalized strongly difference convergent sequences associated with multiplier sequences. Math. Slovaca
2007, 57, 339-348. [CrossRef]

13. Esi, A; Tripathy, B.C.; Sarma, B. On some new type generalized difference sequence spaces. Math. Slovaca 2007, 57, 475-482.
[CrossRef]

14. Et, M,; Esi, A. On Kothe-Toeplitz duals of generalized difference seuence spaces. Bull. Malaysian Math. Sci. Soc. 2000, 23, 25-32.

15. Yaying, T.; Hazarika, B.; Mohiuddine, S.A.; Mursaleen, M.; Ansari, K.J. Sequence spaces derived by the triple band generalized
Fibonacci difference operator. Adv. Differ. Equ. 2020, 2020, 639. [CrossRef]

16. Jackson, EH. On g-functions and a certain difference operator. Trans. R. Soc. Edinb. 1908, 46, 253-281. [CrossRef]

17.  Srivastava, H.M. Operators of basic (or g-) calculus and fractional g-calculus and their application in geometric function theory.
Iran. ]. Sci. Technol. Trans. A Sci. 2020, 44, 327-344. [CrossRef]

18. Kac, V,; Cheung, P. Quantum Calculus; Springer: New York, NY, USA, 2002.

19. Aktuglu, H.; Bekar, S. g-Cesaro matrix and g-statistical convergence. J. Comput. Appl. Math. 2011, 235, 4717-4723. [CrossRef]

20. Yaying, T.; Hazarika, B.; Mursaleen, M. On generalized (p, 9)-Euler matrix and associated sequence spaces. J. Funct. Spaces 2021,
2021, 8899960. [CrossRef]

21. Yaying, T.; Hazarika, B.; Tripathy, B.C.; Mursaleen, M. The spectrum of second order quantum difference operator. Symmetry
2022, 14, 557. [CrossRef]

22. Yaying, T.; Kara, M.1.; Hazarika, B.; Kara, EE. A study on g-analogue of Catalan sequence spaces. Filomat, accepted.

23. Demiriz, S.; Sahin, A. g-Cesaro sequence spaces derived by g-analogues. Adv. Math. 2016, 5, 97-110.

24.  Yaying, T.; Hazarika, B.; Mursaleen, M. On sequence space derived by the domain of g-Cesaro matrix in ¢, space and the
associated operator ideal. ]. Math. Anal. Appl. 2021, 493, 124453. [CrossRef]

25. Bustoz, J.; Gordillo, L.F. g-Hausdorff summability. J. Comput. Anal. Appl. 2005, 7, 35-48.

26. Yaying, T.; Hazarika, B.; Mohiuddine, S.A. Domain of Padovan g-difference matrix in sequence spaces £, and {«. Filomat 2022, 36,
905-919. [CrossRef]

27. Altay, B. On the space of p-summable difference sequences of order m, (1 < p < ). Studia Sci. Math. Hungar. 2006, 43, 387-402.

28. Malkowsky, E.; Parashar, S.D. Matrix transformations in spaces of bounded and convergent difference sequences of order .
Analysis 2007, 17, 87-97. [CrossRef]

29. Kizmaz, H. On certain sequence spaces. Canad. Math. Bull. 1981, 24, 169-176. [CrossRef]

30. Tripathy, B.C.; Esi, A. A new type of difference sequence spaces. Int. ]. Sci. Technol. 2016, 1, 11-14.

31. Stieglitz, M.; Tietz, H. Matrixtransformationen von Folgenrdumen eine Ergebnistibersicht. Math. Z. 1977, 154, 1-16. [CrossRef]

32. Grosse-Erdmann, K.-G. Matrix transformations between the sequence spaces of Maddox. J. Math. Anal. Appl. 1993, 180, 223-238.
[CrossRef]

33. Lascarides, C.G.; Maddox, 1.]. Matrix transformations between some classes of sequences. Proc. Camb. Philos. Soc. 1970, 68, 99-104.
[CrossRef]

34. Akhmedov, A.M.; Basar, F. On the fine spectra of the difference operator A over the sequence space bvy, (1 < p < o0). Acta Math.
Sin. Engl. Ser. 2007, 23, 1757-1768.

35. Akhmedov, A ; Bagar, F. The fine spectra of the difference operator A over the sequence space £p, (1 < p < co). Demonstr. Math.
2006, 39, 586-595.

36. Altay, B.; Basar, F. On the fine spectrum of the difference operator A on cp and c. Inf. Sci. 2004, 168, 217-224. [CrossRef]


http://doi.org/10.5269/bspm.v31i2.17541
http://dx.doi.org/10.1016/j.camwa.2010.06.010
http://dx.doi.org/10.1016/j.mcm.2006.08.008
http://dx.doi.org/10.1016/j.jmaa.2018.10.051
http://dx.doi.org/10.1016/j.jmaa.2003.12.006
http://dx.doi.org/10.2478/s12175-007-0028-1
http://dx.doi.org/10.2478/s12175-007-0039-y
http://dx.doi.org/10.1186/s13662-020-03099-6
http://dx.doi.org/10.1017/S0080456800002751
http://dx.doi.org/10.1007/s40995-019-00815-0
http://dx.doi.org/10.1016/j.cam.2010.08.018
http://dx.doi.org/10.1155/2021/8899960
http://dx.doi.org/10.3390/sym14030557
http://dx.doi.org/10.1016/j.jmaa.2020.124453
http://dx.doi.org/10.2298/FIL2203905Y
http://dx.doi.org/10.1524/anly.1997.17.1.87
http://dx.doi.org/10.4153/CMB-1981-027-5
http://dx.doi.org/10.1007/BF01215107
http://dx.doi.org/10.1006/jmaa.1993.1398
http://dx.doi.org/10.1017/S0305004100001109
http://dx.doi.org/10.1016/j.ins.2004.02.007

Symmetry 2022, 14, 1155 16 of 16

37.

38.

39.

40.

41.

42.

43.

44.
45.

46.
47.

Altay, B.; Basar, F. The fine spectrum and the matrix domain of the difference operator A on the sequence space ¢ p,0<p <l
Comm. Math. Anal. 2007, 2, 1-11.

Kayaduman, K.; Furkan, H. The fine spectra of the difference operator A over the sequence spaces ¢1 and bv. Int. Math. For. 2006,
1, 1153-1160.

Furkan, H.; Bilgi¢, K.; Kayaduman, K. On the fine spectrum of the generalized difference operator B(r, s) over the sequence space
{1 and bv. Hokkaido Math. J. 2006, 35, 893-904. [CrossRef]

Furkan, H.; Bilgic, H.; Altay, B. On the fine spectrum of the operator B(r, s, t) over ¢ and c. Comput. Math. Appl. 2007, 53, 989-998.
[CrossRef]

Furkan, H.; Bilgi¢, H.; Basar, F. On the fine spectrum of the operator B(r, s, t) over the sequence spaces £, and buy, (1 < p < co).
Comput. Math. Appl. 2010, 60, 2141-2152.

Baliarsingh, P.; Mursaleen, M.; Rakocevi¢, V. A survey on the spectra of the difference operators over the Banach space c. RACSAM
2021, 115, 57. [CrossRef]

Baliarsingh, P.; Dutta, S. On a spectral classification of the operator A}, over the sequence space cy. Proc. Nat. Acad. Sci. India 2014,
84, 555-561.

Baliarsingh, P. On a generalized difference operator and its fine spectra. Iran J. Sci. Technol. Trans. Sci. 2020, 44, 779-786. [CrossRef]
Wilansky, A. Summability through Functional Analysis; North-Holland Mathematics Studies; Elsevier: Amsterdam, The Netherlands,
1984, Volume 85.

Goldberg, S. Unbounded Linear Operators; Dover Publications, Inc.: New York, NY, USA, 1985.

Mahmood, T.; Ullah, K.; Khan, Q.; Jan, N. An approach towards decision-making and medical diagnosis problems using the
concept of spherical fuzzy sets. Neural Comput. Applic. 2019, 31, 7041-7053. [CrossRef]


http://dx.doi.org/10.14492/hokmj/1285766434
http://dx.doi.org/10.1016/j.camwa.2006.07.006
http://dx.doi.org/10.1007/s13398-020-00997-y
http://dx.doi.org/10.1007/s40995-020-00871-x
http://dx.doi.org/10.1007/s00521-018-3521-2

	Introduction and Preliminaries
	Difference Sequence Spaces
	q-Analog
	q-Sequence Spaces and Motivation

	p(2q) and (2q)
	Duals of the Spaces p(2q) and  (2q)
	Matrix Mappings
	Spectrum of 2q Over the Space 1
	Conclusions
	References

