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Abstract: A subgraph H of an edge-colored graph G is called rainbow if all of its edges have different
colors. Let ar(G, H) denote the maximum positive integer ¢, such that there is a t-edge-colored graph
G without any rainbow subgraph H. We denote by kK, a matching of size k and O, the class of
all maximal outer-planar graphs on n vertices, respectively. The outer-planar anti-Ramsey number
of graph H, denoted by ar(O,, H), is defined as max{ar(O,, H)| O, € O,}. It seems nontrivial to
determine the exact values for ar(O;,, H) because most maximal outer-planar graphs are asymmetry.
In this paper, we obtain that ar(Oy, kK;) < n+ 3k — 8 for all n > 2k and k > 6, which improves the
existing upper bound for ar(Oy, kKy), and prove that ar(O,, kKy) = n + 2k — 5 for n = 2k and k > 5.
We also obtain that ar(O,,6K;) = n+ 6 forall n > 29.

Keywords: maximal outer-planar graph; rainbow subgraph; matching; outer-planar anti-Ramsey
number

1. Introduction

In this paper, all graphs considered are finite, simple and undirected. Let G be a graph
with vertex set V(G) and edge set E(G). Let ¢(G), v(G) and §(G) denote the number of
edges, number of vertices and minimum degree of G, respectively. The circumference of
graph G, denoted by ¢(G), is the length of a longest cycle in G. Denote by ds(v) and Ng(v)
the degree and neighborhood of the vertex v in G respectively. For any subset A C V(G),
let G[A] denote the subgraph of G induced by A, and Ng(A) = {v € V(G)\A| uv €
E(G),u € A}. For a set B, we denote the cardinality of B by |B|. For two disjoint subsets
Ay, Ay of V(G), let e, (A1, Ay) denote the number of edges in G satisfying one end in A;
and the other in A,. A graph G is called a planar graph if it can be drawn in the plane such
that its edges intersect only at their ends, and such a drawing is called a planar embedding
of G. For convenience, a planar embedding of G is still represented by G. A graph G is
outer-planar if it admits a planar embedding such that all vertices lie on the boundary
of its outer face. An outer-planar graph G is maximal if G + uv is not outer-planar for
any two non-adjacent vertices u and v of G. A graph G is bipartite if its vertex set can be
partitioned into two subsets X and Y so that every edge has one end in X and the other in
Y. We denote a bipartite graph G with bipartition (X, Y) by G[X, Y]. If any two edges of
M are not adjacent in G, where M C E(G), then M is called a matching of graph G. The
number of edges in a maximum matching of a graph G is called the matching number of
G, denoted by a(G). Let M be a matching of graph G, if v(G) = n and |M| = 7, then M is
called a perfect matching of G. A graph G is called factor-critical if G — v contains a perfect
matching for every vertex v € V(G). We call a graph G an H-minor if H may be obtained
from G by means of a sequence of vertex deletions, edge deletions or edge contractions. A
component of a graph G is odd component (even component) if the order of the component
is odd (even). The number of odd components in G is denoted by 0o(G). Let G U H denote
the vertex disjoint union of graphs G and H. Denote by G + H the graph obtained from
G U H by adding all edges joining each vertex of G and each vertex of H. For a positive
integer k and a graph G, denote by kG the vertex disjoint union of k copies of G. For any
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positive integer t, let [t] := {1,2,...,t}. The terminology and notation used but undefined
in this paper can be found in [1].

If a subgraph H of an edge-colored graph G contains no two edges of the same color,
then we say that G contains a rainbow H. Let K;;, P, and C, be the complete graph, path and
cycle on n vertices, respectively. The anti-Ramsey number of H, denoted by ar(Ky,, H), is the
maximum positive integer t such that there is a t-edge-colored K, without any rainbow H.
In 1975, Erd6s et al. [2] introduced anti-Ramsey numbers, and showed that these are closely
related to Turdn numbers. In the following discussion, the subgraph induced by a matching
is still called a matching, and let kK, denote a matching of size k. In 2004, Schiermeyer [3]
considered the anti-Ramsey number of matchings and determined the exact values of
ar(Ky, kKy) for all k > 2 and n > 3k + 3. Chen et al. [4] also studied ar(K,, kK;) and
completely determined the exact values of the anti-Ramsey number of matchings. When
replacing K, by other graph G, let ar(G, H) denote the maximum positive integer ¢ such
that there is a t-edge-colored G without any rainbow H. The researchers studied ar(G, kK»)
when G is a bipartite graph [5-7], complete split graph [8], hypergraph [9] and so on. For
more results on anti-Ramsey numbers, we refer the readers to [10-17].

Let 7, be the family of all plane triangulations on n vertices. The planar anti-
Ramsey number of H is denoted by ar(7T,, H) = max{ar(T,,H)| T, € Tn}. In 2014,
Jendrol’ et al. [18] investigated the planar anti-Ramsey number of kK3, in which the upper
and lower bounds of ar(7,, kK;) for all k > 5 and n > 2k were established, and the exact
values of ar(7y, kKy) for 2 < k < 4 and n > 2k were determined. Qin et al. [19] improved
the upper bound of ar(7,, kK;) in [18] and determined the exact value of ar(7,,5K;) for
all n > 11. Later, Chen et al. [20] improved the upper and lower bounds of ar(7;, kK,) for
k > 6 and n > 3k — 6 existing in [18,19], and determined the exact value of ar(7,, 6K) for
all n > 30. Recently, Qin et al. [21] determined the exact values of ar(7y,, kK;) for allk > 7
and n > 9k + 3.

Let O, be the family of all maximal outer-planar graphs on n vertices. For n > 3, let
O;; (O;7) denote the family of all outer-planar graphs with n vertices and 21 — 4 (2n — 5) edges.
The outer-planar anti-Ramsey number of H is denoted by ar(O,, H) = max{ar(O,, H)| O, €
Oy }. It seems non-trivial to determine the exact values for ar(O,, H) because most maximal
outer-planar graphs are asymmetry. There are two lemmas about the properties of maximal
outer-planar graphs as follows.

Lemma 1 ([22]). Let O, be a maximal outer-planar graphs on n vertices. If n > 3, then e(O,) =
2n —3and 6(0y) > 2.

Lemma 2 ([22]). Any maximal outer-planar graph contains neither a Ky 3-minor nor a Kq-minor.

In 2018, Jin et al. [23] studied the outer-planar anti-Ramsey numbers of kK,, which
were further studied by Pei et al. [24] in 2022. We summarize their results as follows.

Theorem 1 ([23]). Let n and k be positive integers. Then

3, n=4
(1) ar(Oy,2Ky) = { 1 n>5
7, n=6;
(2) ar(0,,3K;) = { non>7
11, n==_§;
@ arOnary={ 1, 12T

(4) forall k > 5and n > 2k, we have n + 2k — 6 < ar(Op, kKy) < n + 14k — 25.

Theorem 2 ([24]). Let n and k be positive integers. Then

(1) forallk > 2and n > 3k — 3, we have ar(Oy, kKy) < n+ 4k —9.
(2) foralln > 15, we have ar(Oy,5Ky) = n + 4.
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By Theorem 1, when 3 < k < 4, if n = 2k, then ar(Oy, kK;) is the lower bound given
by Theorem 1(4) plus 1; if n > 2k + 1, then ar(O,,, kK3 ) is exactly the lower bound given by
Theorem 1(4). By Theorem 2, ar(Oy, kK3) is exactly the lower bound given by Theorem 1(4)
when k =5and n > 2k +5.

2. Main Results
It is non-trivial to determine the exact values for ar(O,, kK;) for all n > 2k. The

previous best upper bound for ar(Oy, kKy) is n + 4k — 9. Here, we improve the existing
upper bound of ar(O,, kK;) to n + 3k — 8.

Theorem 3. Forall n > 2k and k > 6, we have ar(Oy, kKy) < n + 3k — 8.

Also, we obtain that the exact value of ar(O,, kK;) when n = 2k, which is equal to the
lower bound given by Theorem 1(4) plus 1.

Theorem 4. For all k > 5 and n = 2k, we have ar(Oy, kKy) = n + 2k — 5.

Finally, we attain that the exact value of ar(O,, kKy) for k = 6 and n > 2k + 17, which
is exactly the lower bound given by Theorem 1(4).

Theorem 5. For all n > 29, we have ar(O,,6K;) = n + 6.
The following two lemmas are useful in the proofs of Theorems 3 and 5.

Lemma 3. (Tutte-Berge Lemma [25]). If G is a graph with n vertices, then there exists a subset
S C V(G) satisfying |S| < a(G), such that a(G) = (n — o(G — S) + |S|). Furthermore, each
odd component of G — S is factor-critical and each even component of G — S has a perfect matching.

Lemma 4 ([24]). Let G = G[X, Y] be a bipartite outer-planar graph on n vertices. If |[Y| > |X| > 1,
then e(G) < n+ |X|—2.

3. Proof of Theorem 3

The outer-planar anti-Ramsey number is closely related to the outer-planar Turdn
number of graphs. The outer-planar Turan number of H, denoted by ex,,(n, H), is the
maximum number of edges of an outer-planar graph on n vertices that does not contain H
as a subgraph. To get Theorem 3, we first prove the following two lemmas.

Lemma 5. Foralln > v(H), ar(On, H) < exop(n, H).

Proof. Letar(Oy, H) = t. Then there exists an O, € Oy, such that O, does not contain any
rainbow H under a given t-edge-coloring. Let G C O, be a rainbow spanning subgraph
with t edges. Thus G is an outer-planar graph on n vertices that does not contain H as
a subgraph. It follows that ex,,(n, H) > t. Therefore, ar(O,, H) < exop(n, H) for all
n>v(H). O

Lemma 6. Foralln > 2k and k > 6, ex,p(n,kK) < min{2n — 3,n + 3k — 8}.

Proof. The proof will be conducted by induction on 7. Since n > 12, then ex,) (n,kKp) <
2n — 3 by Lemma 1. Thus ex,,(n,kK;) < 2n —3 = min{2n — 3,n + 3k — 8} when 2k < n <
3k — 6. Now we assume that n > 3k — 5. Next we will prove that exop (1, kKp) < n + 3k — 8
for k > 6 and n > 3k — 5 by contradiction. Suppose exop(1,kK;) > n + 3k — 7. Then there
exists an outer-planar graph G such that v(G) = nand ¢(G) > n + 3k — 7, and G does not
contain kKj as a subgraph. Notice that #(G) < k — 1. By Lemma 3, there exists a subset
S C V(G) satisfying |S| < «(G) < k—1,such thato(G —S) = n+ |S| —2a(G). Lets = ||
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and p = 0(G —S). Thens <k —1and p > n + s+ 2 — 2k. Denote by By, By, ..., B, all the
odd components of G — S. We may assume that v(B;) > v(By) > --- > v(B)). Letw =0
when v(By) = 1, otherwise let w = max{i| v(B;) > 1}. Let V(B;) = {v;} for any j > w.
Let I = {0441, 0w42,...,0p}. Since n = v(G) > |S| +v(By) +v(By) + --- + v(By) >
s+3w+p—w=2w+s+p>2w+s+ (n+s+2—2k) = n+2s+2w— 2k + 2, then
w<k—s—1.

We first prove that s < 1. Supposes > 2. Then |I| = p—w > (n+s+2—2k) —
(k—s—1)=n+2s—3k+3 > (3k—5)+25s—3k+3 = 25 —2 > s = |S|. Therefore,
e.(S,I) < (|S|+|1]) +|S| =2 =25+ p —w —2by Lemma 4. Since s > 2, thenv(G —I) > 2.
Soe(G—1I)<2(n—(p—w))—3=2n—2p+ 2w — 3. Therefore, e(G) =e.(S,I) +e(G —
< (2s+p—w—-2)+2n—-2p4+2w—-3)=2n+2s—p+w—-5<2n+2s— (n+s+
2—-2k)+ (k—s—1)—5=mn+3k—8.Bute(G) > n+ 3k — 7, a contradiction. Thus s < 1.

Let Hy, Hy, ..., Hy be all components of G — S, where ¢ > 1. Then v(H;) > 1 for
any i € [¢]. We next prove that ¢ = 1. Suppose ¢ > 2. If there exists j € [¢], such that
v(H;j) =1, thene;(S,V(H;)) < 1sinces < 1. Therefore, G — V(H;) is an outer-planar
graph with n — 1 vertices containing no kK, and e(G — V(H;)) = e(G) — e, (S, V(H;)) >
n+3k—7—-1=n+3k—8>min{2(n —1) —3,(n —1) + 3k — 8}. But exop(n — 1,kK3) <
min{2(n — 1) — 3, (n — 1) + 3k — 8} by induction hypothesis, a contradiction. Therefore,
we have v(H;) > 2forany i € [{]. Then p = w, and e(G[SUV(H;)]) < 2(s+v(H;)) —3
for any i € [{]. Thus, e(G) = e(G[SUV(Hy)]) +---+e(G[SUV(Hy)]) <2(s+v(Hy)) —
3+---+2(s+v(Hy)) —3 =2(n—s)+20s —3(. Since { > 2and s < 1, then ¢(G) <
2(n—s)+20s —30=2n—3+ (25 —3)({ —1) <2n—3+4 (2s —3) = 2n + 25 — 6. On the
other hand, we have n < 3k —2s —3sincen +s+2 -2k < p = w < k—s—1. Thus
e(G) <2n+2s—6<n+2s—6+Bk—2s—3) =n+3k—9. Bute(G) >n+3k—7,
a contradiction. Therefore, / = 1. Then G — S has only one component Hy. Since k >
6, then n > 3k —5 > 2k. Combining s < 1, we have v(H;) > 2k. Thus, H; must
contain a kK; by Lemma 3, which contradicts to the fact that G contains no kK;. Thus,
exop(n,kKy) < n+3k —8 = min{2n — 3,n + 3k — 8} whenn > 3k —5and k > 6. Therefore,
exop(n,kKy) < min{2n — 3,n 4 3k — 8} foralln > 2kand k > 6. O

Now we prove Theorem 3.

Proof of Theorem 3. Since n > 2k, then ar(O,,kK;) < exop(n,kK;) by Lemma 5. By
Lemma 6, exop(1,kKy) < n+4 3k — 8 for all n > 2k and k > 6. Therefore, ar(Oy, kKy) <
n+3k—8foralln >2kand k > 6. O

4. Proof of Theorem 4

By Theorem 1(1-3), we observe that the outer-planar anti-Ramsey number of kK3
when n = 2k is different from the case when n > 2k 4+ 1. It is not hard to see that the
outer-planar anti-Ramsey number of kK, when n = 2k is equal to the lower bound given in
Theorem 1(4) plus 1 for 2 < k < 4. In this section, we will prove that it is also equal to the
lower bound given in Theorem 1(4) plus 1 when k > 5.

Now we are ready to prove Theorem 4.

Proof of Theorem 4. We will first prove ar(Oy,kKy) > n+ 2k — 5 for k > 5 and n = 2k.
Construct a graph G* as follows: choose a maximal outer-planar graph G on k vertices,
and the vertices of the outer face in a planar embedding of G are v1,vy, ..., vy in order; add
vertex set {uq,uy, ..., u;} such that u; is only adjacent to v; and v; 1 for each i € [k] (here
Uk is identified as v1). Then G* is an outer-planar graph with 2k vertices, and ¢(G*) =
e(G) 4+ 2k = (2k — 3) + 2k = 4k — 3 combining Lemma 1. Therefore, by the definition of
maximal outer-planar graphs, G* is a maximal outer-planar graph on n vertices, where
n = 2k.

Suppose that H is any matching kK of G*. Then we have v € V(H) forany v € V(G*)
since v(G*) = 2k. Note that Ng-(u;) = {v;,v;.1} for each i € [k]. Then for u; € V(G*), we
have u;v; € E(H) Oor U0y € E(H) If uv € E(H), then u;v; € E(H), i€ [k - 1],’ If upvy €
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E(H), then u;v; ;1 € E(H), i € [k — 1]. Therefore, either E(H) = {uyvy, U303, ...,u;v} or
E(H) = {ull)z, Uz03,...,UK_10k, ukvl}.

Let ¢ be an edge-coloring of G* as follows: ¢(u1v1) = @(upvp) = 1, @(u1vp) =
¢(upv3) = 2, and color all the remaining edges of G* with different new colors. Then the
number of colors used for ¢ is (4k — 3) — 2 = 4k — 5 = n 4 2k — 5. Since H is not a rainbow
kK, under the (n + 2k — 5)-edge-coloring ¢, then G* does not contain any rainbow kKj.
Therefore, ar(O,, kKz) > n + 2k — 5. The graph G* and the edges of coloring 1 and 2 under
its (n + 2k — 5)-edge-coloring ¢ when k = 6 are depicted in Figure 1.

Uuj Ug

U2

Uus Uy

Figure 1. The graph G* and the edges of coloring 1 and 2 under its (n + 2k — 5)-edge-coloring ¢
when k = 6.

Next we will prove ar(Op, kK;) < n+ 2k — 5 for k > 5 and n = 2k by contradiction.
Suppose ar(Oy,, kKy) > n + 2k — 4. Then there exists an O, € O, such that O, does not
contain any rainbow kK, under a given t-edge-coloring, where t > n + 2k —4 = 2n — 4.
Let G’ be a rainbow spanning subgraph of O, and ¢(G’) = t. By Lemma 1, ¢(O,) = 2n — 3.
Then 2n — 4 < t < 2n — 3. Thus either G’ € O;, or G’ € O,. Note that O, contains a cycle
Cy, which means that G’ contains a P,. It follows that O, must contain a rainbow kK5,
a contradiction.

This completes the proof of Theorem 4. []

5. Proof of Theorem 5

It is easy to see, from the previous results, that the exact value of the outer-planar
anti-Ramsey number of kK; is equal to the lower bound given in Theorem 1(4) when 7 is
large and 3 < k < 5. It is natural to ask for whether it is also equal to the lower bound
given in Theorem 1(4) when k > 6. We verify it is true when k = 6.

Now we shall prove Theorem 5.

By Theorem 1(4), ar(Oy, 6K;) > n + 6. Next it suffices to prove that ar(O,, 6K;) < n+
6. By contradiction, suppose that ar(O,,6K;) > n + 7. Then there exists an O, € Oy, such
that O, contains no rainbow 6K, under an edge-coloring ¢ with k colors, where k > n 4 7.
It follows from Theorem 2(2) that O,, contains a rainbow 5K;. Now let G C O, be a rainbow
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spanning subgraph with k edges which contains a 5K;. Then «(G) = 5. Thus by Lemma 3,
there exists a subset S C V(G) satisfying |S| < 5 such that o(G — S) = n+ |S| — 10. Let
s=1[S|and p = 0(G —S), wehave 0 < s <5and p = n + 5 — 10. Denote by By, By, ..., By
all the odd components of G — S. We may assume that v(B;) > v(B2) > --- > v(Bp).
Let w = 0 when v(By) = 1, otherwise let w = max{i| v(B;) > 1}. Let V(B;) = {v;} for
any j > w. Without loss of generality, we assume that dg(vp11) > -+ > dg(vp). Let
I = {vp41,V042,--.,0p}. Let Q = V(B1) UV(By) U - - - UV(By), where w > 1; otherwise

let Q = @. LetR = V(G) — (SUTUQ). Letn = |{v € [ : dg(v) = q}| and n! =|{v e I:
dc(v) > gq}|. For convenience, we replace e (A1, A2) by e(A1, Az) in the following proof.
We first present several useful claims, which shall be proved in Section 6.

Claim 1. If M; and M; are two edge-disjoint 5K, of G, then

E(Ou[V/(G) = V(My UMy)]) = @.

Claim 2. s > 1. Especially, s > 2 when R # @.

Claim 3. R = @.

Claim 4. If G[S] is a connected graph, e(O,[I']) = 0 and |I'| > 2b, then Oy, contains a
K3 3-minor.

Claim 5. s > 2.

Claim 6. v(By) < 5.

Claim 7. v(By) > 3.

By Claim 3, we get n = v(G) = v(B1) + - +v(Bp) +s = v(B1) + - - + v(By) + n+
2s —w — 10 when w > 1. So the following result holds for any w > 1:

v(B1) 4+ -+ v(By) = w+ 10 — 2s. (1)

Letb = w+ n?, and I’ = {vp41,0p42,...,0p}. By Claims 6and 7,3 < v(B;) < 5. If
v(B;) = 3, then B; = K3 by Lemma 3. Since w > 1, then by (1), v(By) + -+ -+ v(By) =
w + 10 — 2s. Combining 3w < v(By) + - - - + v(By) < 5w, wehave (5 —5)/2 <w <5—s.
It follows from Claims 5 and 7 that 2 < s < 4. We next distinguish the following three cases
to finish the proof of Theorem 5.

51.s=2

In this case, p = n—8andn‘;’Jr =0.Since (5—5)/2<w<5-—5,wesee2 <w < 3.
We consider the following two situations according to w.

Case Al. w=2.

Then v(B1) =5, v(By) =3 and |I| = p—2 = n —10. Since nf < 2,thenb < 4. By
Lemma 1, wehavee(G—1I) <2x10—3 =17. ByLemma4,¢(S,I) < (|I|+|S]) +|S| -2 =
n — 8, which implies that e(G — I) = e¢(G) — e(S, I) > 15. Therefore, 15 < e(G — I) < 17.

Ife(G—1) =17,then G — I € Oyg. Thus Ng(V(By)) = Ng(V(Bz)) = S. Therefore,
GIS] is connected and G — I contains two edge-disjoint 5K.

Ife(G—1) =16, thene(S,I) =¢e(G) —e(G—1) > n—9. Thus dg(v3) = 2. Then
G[SUQU {v3}] € Oy, which implies that G[S U Q U {v3}] contains P;;. Therefore, G —
I’ contains two edge-disjoint 5K;. On the other hand, combining dg(v3) = 2, we get
INg(V(B;))| <1 forsomei € [2], then G[S] is connected.

If e(G—1I) = 15,thene(S,I) > n—8. Thus dg(v3) = dg(vs) = 2. Then G[SUQU
{v3,v4}] € O, which implies that G — I’ contains two edge-disjoint 5K,. On the other
hand, combining dg(v3) = dg(vs) = 2, we get [Ng(V(B;))| < 1foreachi € [2], then G[S]
is connected.

From the above discussion of (G — I) and combining Claim 1, we have e(O,[I']) = 0.
Sincen > 29 and b < 4, then |I'| = p—b > (n — 8) — 4 > 2b. Therefore, by Claim 4, O,
contains a Kj 3-minor, which contradicts to Lemma 2.

Case A2. w=3.



Symmetry 2022, 14, 1252

7 of 14

Then v(By) = v(B;) = v(B3) = 3and |I| = p—3 = n— 11. Since n? < 2, then
b < 5. By Lemma 2, there exists at least one i € [3] such that [Ng(V(B;))| < 1. Thus
combining Lemma 1, we have e(G — I) < 2(|Q| +s) —4 =2 x 11 —4 = 18. By Lemma 4,
we havee(S,I) < (|I|+1S|) +|S| —2 = n — 9, which implies that e(G — I) > 16. Therefore,
16 < e(G—1I) < 18.

If e(G — I) = 18, then G — I € Oy;, which implies that G — I contains Py;. Therefore,
G — I contains two edge-disjoint 5K;. On the other hand, since there exists at least one
i € [3] such that [Ng(V(B;))| < 1, we have GIS] is connected.

Ife(G—1)=17,thene(S,I) =e(G) —e(G—1I) > n—10. Thus dg(v4) = 2. Therefore,
G[SUQU {v4}] € OF,, which implies that G — I’ contains two edge-disjoint 5K;. On the
other hand, combining ds(vs) = 2, we get that there exist at least two i € [3] such that
ING(V(B;))| <1, thus GI[S] is connected.

If e(G—1) = 16, then ¢(S,I) > n —9. Thus dg(vs) = dg(vs) = 2. Therefore,
G[SU QU {v4,v5}] is the graph obtained from a maximal outer-planar graph with 13
vertices by deleting 3 edges, then G — I’ contains two edge-disjoint 5K;. On the other
hand, combining d¢(v4) = dg(vs) = 2, we get [Ng(V(B;))| < 1 for each i € [3], thus GI[S]
is connected.

From the above discussion of (G — I) and combining Claim 1, we have e(O,[I']) = 0.
Sincen > 29 and b < 5, then |I'| = p — b > (n — 8) — 5 > 2b. Therefore, by Claim 4, O,
contains a Kp 3-minor, which contradicts to Lemma 2.

52.s=3

In this case, p = n—7andnjﬁ =0.Since (5—5)/2<w <5-—5,thenl <w < 2. We
consider the following two situations according to w.

CaseB.1. w=1.

Thenv(By) =5and |I| =p—1=n—8. ByLemma 1, wehavee(G—1) <2x8—-3 =
13. By Lemma 4, ¢(S,I) < (|I| +|S|) + |S| — 2 = n — 4, which implies that e(G — I) > 11.
Therefore, 11 < ¢(G — I) < 13.

If e(G—1) =13, then G—1 € Os. Thus dg(v2) < 2 and |[Ng(V(B1))| > 2. Since
e(S,I) = e(G) —e(G—1) > n—6, then dg(vz) = dg(vs) = 2. Thus G[SU V(By) U
{v2,v3}] € Oq0, which means that G — I contains two edge-disjoint 5K,. On the other
hand, we have ¢(S, V(By)) < 4 because dg(v2) = dg(v3) = 2. So e(G[S]) = e(G—1I) —
e(S,V(By)) —e(By) > 13 —4 — 7 = 2, which implies that G[S] is connected.

If (G —I) = 12, then ¢(S,I) > n — 5. Thus either dg(v;) = 3 and dg(v3) = 2 or
dg(vp) = dg(vs) = dg(vs) = 2. Therefore, we have G[SU V(B;1) U {vp,v3}] € Oqp; or
G[SUV(By) U {vy,v3,v4}] € Op;. Then we always get that G — I’ contains two edge-
disjoint 5K;. From the degree situation of the vertices of I in G, we have e(S, V(By)) < 3.
So e(G[S]) = e(G—1I)—e(S,V(By)) —e(By) > 12 —3 —7 = 2, which implies that G[S]
is connected.

Ife(G —1I) =11, thene(S,I) > n — 4. Thus either dg(v;) =3 and dg(v3) = dg(vy) =
2ordg(vy) =dg(vs) = -+ = dg(vs) = 2. Therefore, we have G[SU V(By) U{v2,v3,v4}] €
Op;0r G[SUV(By) U{va,03,...,05}] € Op. Then we always get that G — I’ contains two
edge-disjoint 5K,. From the degree situation of the vertices of I in G, we have e(S, V(By)) <
2.S0e(G[S]) =e(G—1I)—e(S,V(By)) —e(By) > 11 — 2 — 7 = 2, which implies that G[S]
is connected.

From the above discussion of ¢(G — I) and combining Claim 1, we have ¢(O,[I']) = 0.
Since s = 3,thenn% <4.Sob <5 Then|I'| =p—b> (n—7)—5 > 2bbecause n > 29
and b < 5. Therefore, by Claim 4, O, contains a K3 3-minor, which contradicts to Lemma 2.

Case B.2. w=2.

Thenv(B1) = v(By) =3and |I| = p —2=n—9. By Lemma 1, we have e(G — I) <
2x9—3=15. By Lemma 4, e(S,I) < (|I| +|S|) + |S| —2 = n — 5, which implies that
e(G—1)=e(G)—e(S,I) > 12. Therefore, 12 < e(G —I) < 15.

If 6(G - I) = 15, then G — [ € Og. Thus dc(03) < 2, ‘NG(V(Bl))

| > 2 and
ING(V(By))| > 2. Since e(S,I) = e(G) —e(G—1) > n—38, then dg(v3) = 2.

Thus
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G[SU QU {v3}] € Oq9, which implies that G — I’ contains two edge-disjoint 5K;. On the
other hand, we have ¢(S, Q) < 7 because dg(v3) = 2. Therefore, e(G[S]) = e(G — 1) —
e(S,Q) —e(B1) —e(By) > 15— 7 — 3 — 3 = 2, which means that G[S] is connected.

Ife(G—1I) =14, thene(S,I) > n— 7. Thus either dg(v3) = 3 ordg(vs) = dg(vs) = 2.
Therefore, we have G[SU QU {v3}] € Oyp; or G[SU QU {v3,74}] € Oy;. Then we always
get that G — I’ contains two edge-disjoint 5K;. From the degree situation of the vertices of
Iin G, we have e(S,Q) < 6. Soe(G[S]) =e(G—1)—¢(S,Q) —e(By) —e(By) > 14— 6 —
3 — 3 = 2, which means that G[S] is connected.

If (G —1I) = 13, then e(S,I) > n — 6. Thus either dg(v3) = 3 and dg(vy) = 2 or
dg(v3) = dg(vs) = dg(vs) = 2. Therefore, we have G[SUQU {v3,v4}] € Opy; or G[SU
QU {v3,v4,v5}] € OF,. Then we always get that G — I contains two edge-disjoint 5Kj.
From the degree situation of the vertices of I in G, we have e(S, Q) < 5. So e(G[S]) = ¢(G —
I)—e(S,Q) —e(B1) —e(By) > 13 —5— 3 — 3 = 2, which means that G[S] is connected.

Ife(G—1I) =12, thene(S,I) > n — 5. Thus either dg(v3) = 3 and dg(v4) = dg(vs) =
2ordg(vs) = dg(vs) = -+ = dg(ve) = 2. Therefore, we have G[SU QU {v3,v4,05}] €
O5;0or G[SUQU{v3,0y, . ..,06}] is the graph obtained from a maximal outer-planar graph
with 13 vertices by deleting 3 edges. Then we always get that G — I’ contains two edge-
disjoint 5K3. From the degree situation of the vertices of I in G, we have e(S,Q) < 4. So
e(G[S]) =e(G—1)—e(S,Q) —e(B1) —e(By) > 12 — 4 — 3 — 3 = 2, which means that G[S]
is connected.

From the above discussion of e(G — I) and combining Claim 1, we have e(O,[I']) = 0.
Since nlz <4,wehaveb < 6. Then |I'| =p—b > (n—7) — 6 > 2b because n > 29 and
b < 6. Therefore, by Claim 4, O, contains a Kj 3-minor, which contradicts to Lemma 2.

53.5s=4

In thiscase, p =n—6,w = 1andn?+ =0.Thenv(B;) =3and |I|=p—-1=n—-7.
Sinces = 4, weseen? < 6. Sob < 7. Thenweget [I'| = p—b> (n—6)—7 > 2b
because n > 29 and b < 7. By Lemma 1, ¢(G —I) < 2x7—3 = 11. By Lemma 4,
e(S,I) < (/I +1S|) + |S| —2 = n — 1, which implies that e(G — I) = e(G) —e(S,I) > 8.
Therefore, 8 < ¢(G —I) < 11. We consider the following four situations according to
e(G—1).

Case C.1. e(G—1I) =11

Then G — I € O7. Thus dg(vy) < 2. Since e(S,I) = e(G) —e(G — I) > n — 4, then
dg(vp) = dg(v3) = dg(vg) = 2. Thus G[SU V(By) U {v2,v3,04}] € Opp, which implies
that G — I contains two edge-disjoint 5K;. Therefore, by Claim 1, ¢(O,[I']) = 0. On
the other hand, we have ¢(S, V(B1)) < 5 because dg(v) = dg(v3) = dg(vs) = 2. Thus
e(G[S]) = e(G—1)—e(S,V(B1)) —e(By) > 11 — 5 — 3 = 3. We next prove that G[S] is
connected. If ¢(G[S]) = 3 and G[S] contains a cycle, then nf’+ = 0 and ”12 < 2 because
SUV(By) € Oy.Soe(S,I) < n— 5, which contradicts to e(S, I) > n — 4. Therefore, either
e(G[S]) > 4 or e(G[S]) = 3 and G[S] contains no cycle. Then we clearly get that G[S] is
connected. Thus, by Claim 4, O, contains a K 3-minor, which contradicts to Lemma 2.

Case C2. e(G—1I)=10.

Then dg(v2) < 3 and e(S,I) = e(G) —e(G —I) > n — 3. Thus either dg(v;) = 3
and dg(v3) = dg(va) = 2 or dg(vp) = dg(vs) = --- = dg(vs) = 2. Therefore, we
have G[S U V(Bl) U {Z)z, U3, 214}] € Oqg; or G[S U V(B1) U {02, U3,... ,05}] € 01_1 Then we
always get that G — I’ contains two edge-disjoint 5K,. Thus, by Claim 1, e(O,[I']) = 0. We
next prove that G[S] is connected. If /(G[S]) = 4, then it is obvious that G[S] is connected.
If /(G[S]) = 3, then we have [Ng(V(B1))| < 2 combining Lemma 2, thus e(S, V(B;)) < 3.
Then e(G[S]) = e(G—1I) —e(S,V(By)) —e(By) > 10 — 3 — 3 = 4, which implies that G[S]
is connected. If £(G[S]) < 2, that is, G[S] contains no cycle, then we get [Ng(V(B1))| < 3
by Lemma 2. Thus ¢(S,V(By)) < 4. So e¢(G[S]) = e(G—1) —e(S,V(By)) —e(By) >
10 — 4 — 3 = 3, which means that G[S] is connected.

Therefore, by Claim 4, O, contains a K 3-minor, which contradicts to Lemma 2.

CaseC3. e¢(G—1I)=09.
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Thene(S,I) > n — 2. Combining Lemma 2, the degree situation of the vertices of I in G
satisfies one of the following: (1) dg(v2) =4, dg(v3) = dg(va) = 2; (2) dg(v2) = dg(v3) =
3, dg(vs4) = 2, (3) dg(v2) = 3, dg(vs) = dg(vs) = dg(vs) = 2; (4) dg(v2) = dg(v3) =
-+« = dg(ve) = 2. Thus, we have G[SU V(By) U {v2,v3,v4}] € O1p; or G[SU V(By) U
{v2,v3,...,v5}] € Op;0r G[SUV(By) U{v,3,...,06}] € Op,. Obviously, we always get
that G — I contains two edge-disjoint 5K,. Thus, by Claim 1, we have e(O,[I']) = 0.

We first claim that £(G[S]) < 3. Since otherwise combining Lemma 2, we have n?+ =0
and n? < 4, which means ¢(S,I) < n — 3. Next we will prove G[S] is connected. If
£(G[S]) = 3, then one of (3)—(4) above is satisfied. By Lemma 2, we have |[Ng(V(By))| < 1.
Thuse(S,V(By)) <2.S0e(G[S]) =e(G—1)—e(S,V(By)) —e(B1) >9—2—3 =4, which
implies that G[S] is connected. If /(G[S]) < 2, thatis, G[S] contains no cycle, then one of (1)-
(4) above is satisfied. Thus by Lemma 2, we have |[Ng(V(By))| < 2. Thene(S, V(B;)) < 3.
So ¢(G[S]) = e(G—1I) —e(S,V(By)) —e(By) > 9—3—3 = 3, which means that G[S]
is connected.

Therefore, by Claim 4, O, contains a K 3-minor, which contradicts to Lemma 2.

Case C4. e¢(G—1)=28.

Then e(S,I) > n —1. Combining Lemma 2, the degree situation of the vertices of
I in G satisfies one of the following: (1) dg(vp) = 4,dg(v3) = dg(vs) = dg(vs) = 2;
(2) dg(v2) = dg(v3) = 3, dg(vs) = dg(vs) = 2; (3) dg(v2) = 3, dg(v3) = dg(vy) =
- =dg(ve) = 2; (4) dg(v2) = dg(v3) = - -+ = dg(vy) = 2. Therefore, we have G[S U
V(B1)U{vp,v3,...,05}] € Opp;0r G[SUV(By) U{vy,03,...,06}] € Op;0r G[SUV(By) U
{v2,v3,...,v7}] is the graph obtained from a maximal outer-planar graph with 13 vertices
by deleting 3 edges. Then we always get that G — I’ contains two edge-disjoint 5K;. Thus,
by Claim 1, e(O,[I']) = 0.

We claim that G[S] is connected. If G[S] contains a cycle, thene(S,I) <n—7+5 =
n — 2, a contradiction. Thus G[S] does not contain any cycle. Then one of (1)—(4) above is
satisfied. Thuse(S,V(B1)) <2.Soe(G[S]) =e(G—1)—e(S,V(B1)) —e(B1) >8—-2—-3=
3, which means that G[S] is connected.

Therefore, by Claim 4, O, contains a Kj 3-minor, which contradicts to Lemma 2.

This completes the proof of Theorem 5.

6. Proof of Claims 1-7

In this section, we shall prove the seven claims used in the proof of Theorem 5.

6.1. Proof of Claim 1

Suppose that there exists some e € E(O,[V(G) — V(M; U M;)]). If there exists an
¢’ € E(M;) such that c¢(e) = ¢(¢’), then M, U {e} is a rainbow 6K in Oy, a contradiction.
Thus, c(e) # c(¢’) for any ¢’ € E(M;). But then M; U {e} is a rainbow 6K in Oy, a
contradiction. This completes the proof of Claim 1.

6.2. Proof of Claim 2

We first prove s > 1. Suppose that s = 0. Then p = n —10. Hence, combin-
ing Lemma 1, we have ¢(G) = Y’ ; e(B;) + ¢(G[R]) < Y ,(20(B;) —3) + (2|R| — 3) =
22 v(B;) +|R]) =3(w+1) =2(n— (p—w)) —3(w+1) < 17 — w. Therefore, we have
e(G) < n+7because w > 0 and n > 29, a contradiction.

We next prove s > 2 when R # @. Suppose that s < 1 when R # @. Sinces > 1,
thens = 1. So p = n — 9. Hence, combining Lemma 1, we have ¢(G) = Y}’ ; e(G[S U
V(Bi)]) +e(G[SUR]) +e(S,I) < Y2, (2(1+0(B;)) =3) + (2(1 + [R]) =3) + (p —w) =
27 0B)+|R)+p—2w—-1=2n—(p—w)—1)+p—-2w—1=n+6 <n+7,
a contradiction. This completes the proof of Claim 2.
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6.3. Proof of Claim 3

Suppose that R # @. Since |[R| <n—s—pand p = n+s—10, we have 2 < |R| <
10 — 2s. Then s < 4. Thus combining Claim 2, we have 2 < s < 4. We distinguish the
following three cases to finish the proof of this claim.

Case3.1. s=4.

In this case, p = n —6 and |[R| = 2. Then |I| = p. By Lemma 1, ¢(G —I) <
2(v(G) —|I]) =3 =09. Since [UR| =n—4 > |S|, thene(S,IUR) <n+4—-2=n+2
by Lemma 4. Note that ¢(G[R]) = 1. Thus, e(G[S]) = e(G) —e(S,I UR) —e(G[R]) >
n+7— (n+2) —1 = 4. Therefore, G[S] must contain a cycle, that is, 3 < /(G[S]) < 4. We
consider the following two subcases.

Subcase 3.1.1.  /(G[S]) = 4.

By Lemma 2, n®" = 0and n? < 4. Thus,e(S,I) <n—6+4=n—2.1fe(S,I) <n—2,
thene(G) =e(S,I)+e(G—1) <n—2+9=n+7,acontradiction. If e(S,I) = n — 2, then
n? = 4, which implies that ¢(S, R) < 2. Therefore, ¢(G —I) = e(G[S]) +¢(S,R) +¢e(G[R]) <
5+2+1=8.Bute(G—1I)=e(G)—e(S,I) > 9, acontradiction.

Subcase 3.1.2. /(G[S]) = 3.

Then e(G[S]) = 4. By Lemma 2, n‘l1+ =0, n =1and n2 < 3; orn =0and n2 < 5.
Therefore, (S I) <n—-6+5=n—-1. IfeS, I) =n-1, thenn =0, ”1 = 1 and
n? = 3; or n[ = 0and n? = 5. So ¢(5,R) < 2, which implies that e(G —I) = ¢e(G[S]) +

e(S,R) +¢(G[R]) < 4—|—2 +1=7.Bute(G—1I) =e(G)—e(S,I) > 8, a contradiction. If

e(S,I) <n—2,becausee(S,I) =e(G) — (G >n+7-9=n-2, thene(S I)=n-2.
Thus combining Lemma 2, we have ”1 =0, n? = 1land n% > 2;or nl = 0 and n2 > 4.
Then e(S, R) < 3. Therefore, e(G — I) = e(G[S]) +e(S,R) +e(G[R]) <4+3+1= 8 But
e(G—1I)=e(G) —e(S,I) > 9, acontradiction.

Case3.2. s=23.

In this case, p = n — 7 and njﬁ = 0. Then w < 1 because |R| > 2. We consider the
following two subcases based on w.

Subcase 3.2.1. w = 0.

Then |I| = p and |R| = 4. By Lemma 1, we have e(G — I) < 11.

Ife(G—1)=11,then G—I € O7. Son? = 0and |Ng(R)| > 2. When [Ng(R)| = 2,
we have G[S] = K3. Combining Lemma 2, we have n% < 2. Thus ¢(S,I) < n—5. But
e(S, 1) =e(G) —e(G — I) > n — 4, a contradiction.

If e(G—1I) =10, then G —I € O; and [NG(R)| > 1. When |[Ng(R)| = 1, we have
G[S] = K3. Combining Lemma 2, we have n? = 0and n? < 3. Thuse(S,I) § —4. But
e(S, 1) =e(G) —e(G — I) > n — 3, a contradiction.

If e(G—1I) <9, thene(S,I) =e(G)—e(G—1I) > n—2. But by Lemma 4, we have
e(S,I) < (JI| +1S|) + |S| — 2 = n — 3, a contradiction.

Subcase 3.2.2. w = 1.

Then v(By) = 3, |R| = 2and |I| = p—1 = n — 8. Clearly, we have B; = K3 by
Lemma 3. By Lemma 1, we have e(G — I) < 13.

Ife(G—1I) =13,then G—I € Og. Thenn? = 0, [Ng(V(By))| > 2 and [Ng(R)| > 2.
When both of the above equalities hold, we have G[S] = K3. Combining Lemma 2, we have
n? < 1. Therefore, e(S,1) < n —7.Bute(S,I) = e(G) —e(G — I) > n — 6, a contradiction.

If e(G—1) = 12, then G — I € Og. Combining Lemma 2, if ¢(G[S]) = 3, then
ING(V(B1))| + ING(R)| > 3, n3 = 0and n? < 2; if (G[S]) < 2, then [Ng(V(By))| +
ING(R)| > 4, and either n’ = 1 and n? = 0, or #> = 0 and n? < 2. In both cases of ¢(G[S]),
we havee(S,I) <n—6.Bute(S,I) =e(G) —e(G —I) > n — 5, a contradiction.

If (G — I) = 11, then G — I € OF. If e(G[S]) = 3, then |[NG(V(By))| + |NG(R)| > 2.
If e(G[S]) < 2, then [Ng(V(B1))| + |[Ng(R)| > 3. In both cases of ¢(G[S]) and combining
Lemma 2, we have n? =1and n? < 1;or n? = 0 and n% < 3. Thus e(S,I) < n—5. But
e(S,I) =e(G) —e(G —I) > n — 4, a contradiction.

If e(G—1) <10, thene(S,I) =e(G) —e(G—1I) > n— 3. Butby Lemma 4, we have
e(S,I) < (|I| +18]) + |S| — 2 = n — 4, a contradiction.
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Case33. s=2.

In this case, p = n — 8 and n;”+ = 0. Since |R| > 2, we see w < 2. We consider the
following two subcases based on w.

Subcase 3.3.1. w = 0.

Then |I| = p and |R| = 6. By Lemma 1, we have e(G —I) < 13. If e(G — I) = 13,
then G — I € Og. Combining Lemma 2, we have nf < 1. Therefore, ¢(S,I) < n—7. But
e(S,I) =e(G) —e(G —I) > n — 6, a contradiction. If e(G — I) < 12, thene(S,I) = ¢(G) —
e(G—1I)>n—>5.Bute(S,I) < (|I| +|S]) +|S| —2 = n — 6 by Lemma 4, a contradiction.

Subcase 3.3.2. w = 1.

Then |[|=p—1=n—9.ByLemma1,e(G—1) <15.

If 14 < e(G — I) < 15, then G — I is the graph obtained from a maximal outer-planar
graph with 9 vertices by deleting 15 — e(G — I) edges. Hence, when e(G — I) = 14, we have
at least one of Ng(V(B1)) and Ng(R) is S; when ¢(G — I) = 15, we have Ng(V(By)) =
Ng(R) = S. Then n? < 15— ¢(G — I). Therefore, e(S,I) < n—9+15—e(G —I). Then
e(G) =e(G—1)+e(S,I) < n+6,acontradiction.

If e(G—1I) <13, thene(S,I) =e(G) —e(G—1I) >n—6.Bute(S,I) < (|I| +1S]) +
|S| —2 =n —7 by Lemma 4, a contradiction.

Subcase 3.3.3. w = 2.

Then v(By) = v(By) = 3, |[R| = 2 and |I| = p —2 = n — 10. Obviously, we have
B; = By 2 Kz by Lemma 3. By Lemma 1, ¢(G — I) < 17.

If (G — I) = 17, then G — I € Oyg. Thus, Ng(V(B1)) = Ng(V(B,)) = Ng(R) = S.
But then G contains a K; 3-minor, one part of which is S, and the other partis {V(B;), V(B,), R}.
This contradicts to Lemma 2.

If 15 < e(G — I) < 16, then G — [ is the graph obtained from a maximal outer-planar
graph with 10 vertices by deleting 17 — e(G — I) edges. Hence, when ¢(G — I) = 15, we
have at least one of Ng(V(B1)), Ng(V(Bz)) and Ng(R) is S; when e(G — I) = 16, we
have at least two of Ng(V(B1)), Ng(V(B;)) and Ng(R) are S. Then n? < 16 — (G — I).
Therefore, e(S,I) < n—10+16 —e(G —I). Then ¢(G) = ¢(G —1I)+e(S,I) < n+6,
a contradiction.

If e(G—1) <14, thene(S,I) =e(G) —e(G—1) >n—7. Bute(S,I) < (|I| +1S]) +
|S| —2 = n — 8 by Lemma 4, a contradiction. This completes the proof of Claim 3.

6.4. Proof of Claim 4

Clearly, dg(v) < 1 for any v € I'. Since e(O,[I']) = 0, 6(On) > 2, and combining
Claim 3, we have Np, (v) N V(B;) # @ for some i € [b] and any v € I'. Since |I'| > 2b,
then I’ contains at least three vertices, say vy, 1,042 and v;,3, such that dG(Uh+j) =
1, No, (vp4j) NV(By) # @ for any j € [3] and some ¢ € [b]. Since G[S] is connected,
then O, contains a Kj3-minor, one part of which is {S, V(B,)}, and the other part is
{Up11,9p12, U513} This contradicts to Lemma 2. This completes the proof of Claim 4.

6.5. Proof of Claim 5

By Claim 2, we just need to prove that s > 2 when R = @. Suppose that s < 1
when R = @. Again combining Claim 2, we have s = 1. Thenp = n —9 and nlz+ =0.
Thus b = w. If w = 0, thenn = v(G) = v(By)+---+v(By)+s =p+s =n—8by
Claim 3, a contradiction. So w > 1. Hence, by Claim 3 and Lemma 1, n +7 < ¢(G) =

0 e(GISUV(B)]) +e(S, 1) < £21(2(1+0(By)) —3) + (p—w) = 2(n — (p— ) — 1) +
p —2w = n+ 7, which implies that G[S U V(B;)] is a maximal outer-planar graph for
eachi € [w]. By (1), we getv(By) + - - - + v(Byw) = w + 8. Then we have w < 4 because
v(B1)+ -4+ v(By) > 3w. Sol < w <4 Ifw =1, thenv(B;) = 9. lf w = 2, then
either v(By) = 7 and v(B,) = 3, or v(B1) = v(By) = 5. If w = 3, then v(B;) = 5 and
v(By) = v(B3) = 3. If w =4, then v(B;) = v(By) = - -- = v(B4) = 3. From the above four
cases of w, we always get that G[S U Q] contains two edge-disjoint 5K,. Thus by Claim 1,
e(Oy[I']) = 0.Sincen > 29and b = w < 4, then |I'| = p—b > (n—9) — 4 > 2b. Therefore,
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Oy, contains a Kp 3-minor by Claim 4, which contradicts to Lemma 2. This completes the
proof of Claim 5.

6.6. Proof of Claim 6

Suppose that v(B;) > 7. Then w > 1. Thus by (1) and v(By) + --- + v(By) >
7+4+3(w—1) =3w+4, wehaves +w < 3. Then w = 1 and s = 2 by Claim 5. Therefore,
v(B)) =7, p=n—8and |I[|=p—-1=n-09. ByLernmaZ,n?+ = Oandn? < 2. Then
e(S,I) <n—9+42=n—7. Thuse(G — I) > 14. On the other hand, we have ¢(G — I) < 15
by Lemma 1. So 14 < ¢(G — I) < 15.

Ife(G—1)=14,thene(S,I) =¢e(G) —e(G—1I) >n—7. Thusdg(vy) = dg(v3) = 2.
Then |Ng(V(Bq))| < 1. Since e(SU V(By)) = 14, then G[SU V(By) U {v3,v3}] € Oy;. On
the other hand, combining |Ng(V(B1))| < 1, we can obtain that G[S] is connected.

If e(G—1) = 15, then SUV(By) € Oy. Thus Ng(V(By)) = S. Since ¢(S,I) =
e(G) —e(G —1I) > n—8, thendg(vy) = 2. Therefore, G[SU V(B1) U {v2}] € O19 and GI[S]
is connected.

From the above two cases of ¢(G — I), we always get that G — I’ contains two edge-
disjoint 5K;. Thus by Claim 1, ¢(O,[I']) = 0. Since nf < 2,weseeb < 3. Then |I'| =
p—b>(n—8)—3>2bbecause n > 29 and b < 3. Therefore, by Claim 4, O, contains a
K 3-minor, which contradicts to Lemma 2. This completes the proof of Claim 6.

6.7. Proof of Claim 7

Suppose that v(B;) < 3. Then |I| = p. Combining Claim 3, we have p +s = n. Then
s = 5because p = n +s — 10. Thus nf’+ = 0 and p = n — 5. In the following proof, let U
denote the graph obtained by hanging a path of length 2 at one vertex of Cs; let U, denote
the graph obtained by hanging an edge at each of two vertices of C3; let T; denote the tree
with 5 vertices and diameter 3.

We will prove that G[S] does not contain any cycle. Suppose not, that is, 3 < ¢(G[S]) < 5.
We consider the following three cases according to ¢(G([S]).

If /(G[S]) = 5, then G[S] is clearly connected, and we have n =0andn? <5
by Lemma 2. Thus ¢(S,I) < n. By Lemma 1, we have e(G[S}) <7, ' which 1mphes that
e(S,1) = e(G) —e(GI[S]) > n. Therefore, e(S,I) = n. Then n? = 5 and e(G[S]) = 7. It
follows that b = 5 and G[S] € Os. Thus, G[S U {vy, vy, .. 05}] € 019, which means that
G[SU{v1,vy,...,v5}] contains two edge-disjoint 5Ko. Then we obtain e(O,[I']) = 0 by
Claim 1. Then |I'| = p—b = (n —5) — 5 > 2b because n > 29 and b = 5. Therefore, by
Claim 4, O, contains a K 3-minor, which contradicts to Lemma 2.

If /(G[S]) = 4, then e(G[S]) < 6. By Lemma 2, n‘} =0, n3 =Tland n2 < 4;or n =0
and n? < 6. Soe(S,I) < n+1. Sincen+7 < ¢(G) = e(S I)+ (G[S]) <n+ 7 then
e(G[S]) = 6and e(S,I) = n + 1. Therefore, G[S] is connected, and either n =1land n =4
or n% = 6. Thus,5 < b < 6and G[SU {vy1,0y,...,v;}| contains two edge- d1s]omt 5K,. Then
by Claim 1, e(O,[I']) = 0. Sincen > 29 and b < 6, then |I'| = p—b > (n—5) — 6 > 2b.
Therefore, by Claim 4, O, contains a K 3-minor, which contradicts to Lemma 2.

If /(G[S]) = 3, then we also have e(G[S]) < 6. If e(G[S]) = 6, thene(S,I) = (G) -
e(G[S]) > n+1and G[S] = K; +2K;. By Lemma 2, n*" = 0,n® = 1and n? = 4;0rn’” =0
and n% = 6. It follows that 5 < b < 6 and G[SU {vq,vy,. .. ,vb}] contains two edge- dls]omt
5K;. Then by Claim 1, e(O,[I']) = 0. We have |I'| = p—b > (n—5) — 6 > 2b because
n > 29 and b < 6. Therefore, by Claim 4, O, contains a K, 3 -minor, which Contradicts to
Lemma 2. Therefore, (G[S]) < 5. By Lemma 2, n° = 0, n = 1and n? < 4; or n =0,

1 = Zandn2 <3 orn =0, n = 1andn2 <5 orn = Oamdn2 <7 Fromthe
degree 51tuat10n of the Vertlces of I in G, we can obtain e(S I)<n-5 + 7 =n+ 2. Since
n+7 <e(G) =e(S,I)+e(G[S]) < n+7 e(G[S]) =5and e(S,I) = n+2. It follows
that G[S] is connected, and G[S] € {U3, Uy, (K, U2K7) + K7 }. On the other hand, we can
also get that the degree situation of the vertices of I in G satisfies one of the following:

Wb =0,nt=1landn? =4 Qn* =0,nd =2andn? =303 nt =0,n° =1
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and n? = 5; (4) n?ﬁ = 0and n? = 7. If G[S] € {Uy, Uy}, then one of (1)~(4) is satisfied.
If G[S] = (K, U2K;7) + Kj, then one of (2)—(4) is satisfied. Thus, from the above three
structures of G[S], we always find that b < 7 and G[S U {v1, vy, ...,v;}] contains two edge-
disjoint 5K,. Then by Claim 1, e(O,[I']) = 0. Then |I'| = p — b > (n —5) — 7 > 2b because
n > 29 and b < 7. Therefore, by Claim 4, O, contains a K 3-minor, which contradicts to
Lemma 2.

From the above discussion of ¢(G[S]), we get that G[S] contains no cycle. Then
e(G[S]) < 4. By Lemma 4, we have ¢(S,I) < (|I| +|S]) + |S| —2 = n + 3 because
|I| > |S|, which implies that e(G[S]) > 4. Thus e(G[S]) = 4. Then GIS] is connected,
and G[S] € {P5, Ty, Ky 4}. Since e(G) > n+7, we have e(S,I) = e(G) —e(G[S]) > n+ 3.
Combining e(S,I) < n+ 3, wehavee(S,I) = n+ 3 and e(G) = n + 7. Thus by Lemma 4,
we have dg(v;) > 1 for each v € I'. Then the degree situation of the vertices of I in G
satisfies one of the following: (1) n? =1and n% =4;(2) n? =0, n‘I1 =1, n‘;’ =1and n% =3
@ n®=0,n*=1andn? =5 @) n* =0,n° =3andn? =2;(5)n*" =0,7° = 2and
n% = 4; (6) n‘lﬁ =0, n? =1and n? =6;(7) n‘?ﬁ = 0 and n% = 8. If G[S] & Ps, then one
of (1)—(7) is satisfied. If G[S] = Tj, then one of (2)—(7) is satisfied. If G[S] = Kj 4, then one
of (4)—(7) is satisfied. From the above three structures of G[S], we can get that b < 8 and
G[SU{v1,v,...,v,}] contains two edge-disjoint 5K,. Then by Claim 1, ¢(O,[I']) = 0.

Note thatb < 8andn >29.If b < 8and n > 29,or b = 8 and n > 29, then it can be
found that |I'| = p—b > (n —5) — 8 > 2b. Then by Claim 4, O, contains a K 3-minor,
which contradicts to Lemma 2. So we only need to consider the case of b = 8 and n = 29.
If there exists some i € [b] such that [Np, (v;) N I'| > 3, without loss of generality, we
assume that No, (v;) N I' = {vp41,0p42,0p43}. Then O, contains a Kj3-minor, one part
of which is {S, {v;}}, and the other part is {vj,1, 512,413} It contradicts to Lemma 2.
If [No, (v;) N I'| < 2 for each i € [b], then e, ({v1,v2,...,0p},1') < 2b. It follows that
e(On) = e(G) +e,, ({v1,v2,..., 0}, I') < n+7+2b < 2n — 3, which contradicts to
Lemma 1. This completes the proof of Claim 7.

7. Concluding Remarks

Theorem 4 determines the exact value of ar(Oy,, kK3 ) for n = 2k. It seems non-trivial
to determine the exact value of ar(Oy, kK;) when n > 2k + 1. Theorem 3 gives a better
upper bound of ar(Oy, kK;) for all n > 2k + 1. However, we conjecture that the exact value
of ar(Oy, kKy) for n > 2k + 1 is equal to the lower bound given in Theorem 1(4). In [23,24],
the authors proved that the conjecture holds when 3 < k < 4, and k = 5and n > 2k + 5.
Theorem 5 verifies the conjecture holds when n > 2k + 17 and k = 6. The conjecture is
wide open when k > 7.
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