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Abstract

:

The authors of this text study weak solutions to the variational inequalities with degenerate parabolic operators and symmetric structure in Sobolev spaces with variable exponent. The existence and uniqueness of the solutions are treated by using the penalty method and the reduction method in the weak sense. The authors also discuss the nonexistence and long-time behavior of solutions.
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1. Introduction


Let   Ω ⊂  R N    be a bounded domain with appropriately smooth boundary   ∂ Ω   and    Ω T  = Ω ×  ( 0 , T )    be a cylinder of the height   T < ∞  . In this paper, we are concern with the following variational inequalities with degenerate parabolic operators:


  min   L u , u −  u 0    = 0 ,  in   Ω T  ,   



(1)






  u  ( x , 0 )  =  u 0   ( x )  ,  in  Ω ,   



(2)






  u ( x , t ) = 0 ,  on  ∂ Ω × ( 0 , T ) ,  ( 3 )  



(3)




where L are nonlinear degenerate parabolic operators, satisfying


  L u =  u t  − u div       ∇ u     p ( x ) − 2   ∇ u   − γ    ∇ u    p ( x )   ,  








  p ( x )   is a measurable function. The problem (1)–(3) can be decomposed into two symmetric cases: if   L u > 0  , then   u =  u 0   in   Ω T  .   On the contrary, if   u >  u 0   ,   L u = 0  in   Ω T  .  



Many studies have been conducted on the questions of existence and uniqueness for variational inequalities with parabolic operators in the last three decades. Those works remain to be conducted on the case that L are linear parabolic operators (cf., e.g., [1,2,3,4,5,6,7]) defined by


  L u =  ∑  i = 1  n    ∂  ∂  x i     a  i j    ( x )    ∂ u   ∂  x j     +  ∑  i = 1  n    b j   ( x )    ∂ u   ∂  x j     +  a 0   ( x )  u .  








where coefficients    a  i j    ( x )   ,    b i   ( x )   ,    a 0   ( x )  ∈  Ω ¯   ,   1 ≤ i , j ≤ n   are sufficiently smooth coefficients and satisfy the following conditions:


   a  i j    ( x )  =  a  j i    ( x )  ;  a 0   ( x )  ≥ β > 0 ,  










   ∑  i , j = 1  n    a  i j    ( x )   ξ i   ξ j   ≥ γ   ξ  2  ,  ξ ∈   R  n  ,  γ > 0 ,  x ∈  Ω ¯  ,  








where  β  is a positive constant. The existence and uniqueness of this solution has been studied and established over the past years (see [1,3,4,7] for details).



To the best of our knowledge, there are only few works on the parabolic inequalities with degenerate operators. For example, the authors in [8] investigated a parabolic inequality where L is defined by


  L u =  u t  − u div       ∇ u     p − 2   ∇ u   − γ    ∇ u   p   








whose coefficients p and  γ  are positive constants. We use the penalty method and the reduction method to prove the existence of the solutions in the weak sense.



The present paper can be considered as a generalization of the results in [8]. We study the existence, uniqueness, and nonexistence of the parabolic variational inequalities without the restriction that   p ( x )   is a positive constant. To overcome the difficulties caused by   p ( x )  , we introduce some novel ideas and techniques.



The paper is organized as follows: In Section 2, we introduce some generalized Lebesgue and Sobolev spaces and our main theorems. Section 3 analyses the existence and uniqueness of solutions to parabolic variational inequalities (1). Section 4 proves the nonexistence and long-time behavior of the solutions.




2. Basic Spaces and the Main Results


Denote



    p +  =  esssup  Ω ¯   p  ( x )  ,   p −  =  essinf  Ω ¯   p  ( x )  .   



In this paper we assume that


  2 <  p −  ≤ p  ( x )  ≤  p +  < ∞ , ∀ x ∈ Ω .  











To study our problems, we need to introduce some new function spaces


    u    L  p ( x )    ( Ω )    p ( x )   = inf    λ   ∫ Ω      λ  − 1   u  ( x )    d x  ≤ 1   ,  










   W  1 , p ( x )    ( Ω )  =   u ∈  L  p ( x )    ( Ω )       ∇ u   ∈  L  p ( x )    ( Ω )      ,  










    u    W  1 , p ( x )    ( Ω )    =   u    L  p ( x )    ( Ω )    +    ∇ u     L  p ( x )    ( Ω )    , ∀ u ∈  W  1 , p ( x )    ( Ω )  .  











Here, we use    W 0  1 , p ( x )    ( Ω )    to denote the closure of   C 0 ∞   in    W  1 , p ( x )    ( Ω )   .



In the following parts, we state some properties of the function spaces introduced above (see [9,10]).



Proposition 1.

(i) The space    L  p ( x )    ( Ω )   ,    W  1 , p ( x )    ( Ω )   , and    W 0  1 , p ( x )    ( Ω )    are reflexive Banach spaces.



(ii) Let    q 1   ( x )    and    q 2   ( x )    be real functions with    1     1   q 1   ( x )          q 1   ( x )    +  1     1   q 2   ( x )          q 2   ( x )    = 1   and    q 1   ( x )  > 1  . Then, the conjugate space of    L   q 1   ( x )     ( Ω )    is    L   q 2   ( x )     ( Ω )   . For any   u ∈  L   q 1   ( x )     ( Ω )    and   v ∈  L   q 2   ( x )     ( Ω )   , we have


      ∫ Ω   u v d x    ≤ 2   u    L   q 1   ( x )     ( Ω )      v    L   q 2   ( x )     ( Ω )    .   











(iii) if     u    L  p ( x )    ( Ω )    = 1  , then    ∫ Ω      u    p ( x )   d x  = 1  ,



if     u    L  p ( x )    ( Ω )    > 1  , then     u    L  p ( x )    ( Ω )    p −   ≤  ∫ Ω      u    p ( x )   d x  ≤   u    L  p ( x )    ( Ω )    p +    ,



if     u    L  p ( x )    ( Ω )    < 1  , then     u    L  p ( x )    ( Ω )    p +   ≤  ∫ Ω      u    p ( x )   d x  ≤   u    L  p ( x )    ( Ω )    p −    .



(iv) If    p 1   ( x )  ≤  p 2   ( x )   , then    L   p 1   ( x )     ( Ω )  ⊃  L   p 2   ( x )     ( Ω )   .





Proposition 2.

(i) If   p  ( x )  ∈ C  (  Ω ¯  )   , then there is a constant   C > 0  , such that


     u    L  p ( x )    ( Ω )     ≤ C    ∇ u     L  p ( x )    ( Ω )     , ∀ u ∈  W 0  1 , p ( x )    ( Ω )  .   








this implies that     ∇ u     L  p ( x )    ( Ω )     and    u    W  1 , p ( x )    ( Ω )     are equivalent norms of    W 0  1 , p ( x )    ( Ω )   .



Now, we give some lemmas, which are the main tools to prove Theorems 1–5 (see [10]).





Proposition 3.

Let   θ ≥ 0   and   A  ( η )  =   (  η 2  + θ )    p ( x ) − 2  2   η  . Then,


     A  ( η )  − A  (  η ′  )    ·   η −  η ′    ≥ C    η −  η ′     p ( x )   ,  ∀ η ,  η ′  ∈  R ,    








where C is a positive constant depending only on   p ( x )  .





Proposition 4.

Assume that there exists   u 1   and   u 2  , satisfying


  L  u 1  ≤ L  u 2    for  all    ( x , t )  ∈  Ω T  ,   



(4)




and    u 2  ≥ c   in   Ω T   for some   c > 0  . If    u 2   ( x , 0 )  ≥  u 1   ( x , 0 )    a.e in Ω, and    u 2   ( x , t )  ≥  u 1   ( x , t )    a.e on   ∂ Ω × ( 0 , T )  , then    u 2   ( x , t )  ≥  u 1   ( x , t )    in   Ω T  .





Proposition 5.

Assume   f ( x , t , u )   is nondecreasing in u for fixed   ( x , t )  . If the condition (4) is replaced by


   L  u 1  + f  ( x , t ,  u 1  )  ≤ L  u 2  + f  ( x , t ,  u 2  )    for  all    ( x , t )  ∈  Ω T  ,   








the assertion of Proposition 4 remains true.





In spirit of [3,4], we introduce the following maximal monotone graph


  G  ( λ )  =      0 ,  λ > 0 ,        0 , 1  ,  λ = 0 .       








in addition, we also define a function class for the solutions as follows:


  B =   u ∈  L ∞   (  Ω T  )  ∩  L  p ( x )    ( 0 , T ;  W 0  1 , p ( x )    ( Ω )  )    .  








based on the above basic knowledge, we define the weak solutions of problem (1) below.



Definition 1.

A pair    ( u , ξ )  ∈ B ×  L ∞   (  Ω T  )    is called a weak solution of problem (1) if



(a)   u  ( x , t )  ≥  u 0   ( x )   , (b)   u  ( x , 0 )  =  u 0   ( x )  ,   (c)   ξ ∈ G ( u −  u 0  )  ,



(d)   ∫   ∫  Ω T      − u  φ t  + u     ∇ u     p ( x ) − 2   ∇ u ∇ φ +  ( 1 − γ )      ∇ u     p ( x )   φ   d x d t   = ∫  ∫  Ω T    ξ ϕ d x  d t ,  ∀ φ ∈  C 0 ∞   (  Ω T  )  ,  



(e)    lim  t → ∞    ∫ Ω      u μ   ( x , t )  −  u 0 μ   ( x )    d x  = 0   holds for some   μ > 0  .





Then, we have the following results concerning the existence, nonexistence, and uniqueness of the weak solution of problem (1).



Theorem 1.

Under the assumption   γ ∈ ( 0 , 1 )  , the problem (1) admits a unique weak solution u with     ∂  u μ    ∂ t   ∈  L 2   (  Ω T  )   , where   μ =   γ − 1  2  + 1 .  





Theorem 2.

Assume   0 < A : =    u 0     L   γ + 3  2    ( Ω )    < ∞  . Then:



(a) If   γ > 3 ,   problem (1) has no weak solutions.



(b) If   0 < γ ≤ 1 ,   and if u is a weak solution of variational inequality (1), there exists   C > 0   and   α > 0  ,


      u ( t )     L  1 + μ    ( Ω )    ≤ C    1 −  e  − α t    +  e  − α t    A  1 −  p +      −  1  1 +  p +      ,  0 < t < T .    



(5)









Theorem 3.

Assume   0 < A : =    u 0     L 1   ( Ω )    < ∞  . Then, we have the following conclusion:



(a) If   γ > 1 ,   any weak solution u of vairiational inequality (1) does not satisfy     ∂ u   ∂ t   ∈  L 2    Ω T     for any   T ≥ 1   if A is large enough.



(b) If   0 < γ ≤ 1 ,   and u is a weak solution of vairiational inequality (1)–(3), we have


      u ( t )     L 1   ( Ω )    ≤ C    1 −  e  − α t      −  1  1 +  p +      ,  0 < t < T ,    



(6)




where C and α are positive constants independent of T.





Remark 1.

By combining Theorems 1 and 2, we can obtain the existence of global solutions.






3. Existence and Uniqueness of Solutions


To prove our main results, let us consider an approximation problem


  L  u ε  +  β ε   (  u ε  −  u 0  )  = 0 ,  in   Ω T  ,   



(7)




with the Dirichlet boundary condition


   u ε   ( x , 0 )  =  u  0 ε    ( x )  =  u 0   ( x )  + ε ,  on  Ω ,   



(8)




and initial condition


   u ε   ( x , t )  = ε ,  on  ∂ Ω ×  ( 0 , T )  ,   



(9)




where the penalty function    β ε   ( · )    is given by Figure 1, satisfying


      0 < ε ≤ 1 ,   β ε   ( x )  ∈  C 2   ( R )  ,   β ε   ( x )  ≤ 0 ,     β ′   ε   ( x )  ≥ 0 ,     β  ″    ε   ( x )  ≤ 0 ,        β ε   ( x )  =      0 ,  x ≥ ε ,       − 1 ,  x = 0 ,        lim  ε → 0    β ε   ( x )  =      0 ,  x > 0 ,       − ∞ ,  x < 0 .            



(10)




from Figure 2, we see that if    ε 1  ≤  ε 2   , for all   t ∈ [ 0 , ε ]  ,


   β  ε 1    ( t )  −  β  ε 2    ( t )  ≥ 0 .   



(11)







Applying the definition of    β ε   (  ·  )   , it is easy to find that


  L  u ε  = 0 ⇔  u ε  ≥  u 0  + ε ,  L  u ε  > 0 ⇔  u ε  <  u 0  + ε .   



(12)




thus, we use    β ε   (  ·  )    to control the inequalities. At the same time, we also use  ε  to regularize the initial-boundary value.



Definition 2.

A non-negative function   u ε   is called a weak solution of problem (7)–(9), if



(a)    u ε  ∈  L ∞   (  Ω T  )  ∩  L  p ( x )    ( 0 , T ;  W 0  1 , p ( x )    ( Ω )  )  ,  



(b) for all   φ ∈  C 0 ∞   (  Ω T  )   ,


   ∫   ∫  Ω T       u ε   φ t  +  u ε      ∇  u ε      p ( x ) − 2   ∇  u ε  ∇ φ +  ( 1 − γ )      ∇  u ε      p ( x )   φ +  β ε   (  u ε  −  u 0  )  φ   d x d t   = 0 ,   











(c)    lim  t → ∞    ∫ Ω      u ε μ   ( x , t )  −  u  0 ε  μ   ( x )    d x  = 0   holds for some   μ > 0  .



It is known (see [9,10]) that when employing the difference scheme, there exists a weak solution   u ε   to the nonlinear PDE (7)–(9) in the sense of Definition 2.





Lemma 1.

Let   ε ,   ε 1   , and   ε 2   be positive constants satisfying   ε ∈ ( 0 , 1 )  ,   0 <  ε 1  ≤  ε 2  < 1  . Then


    u 0  ≤  u ε  ≤    u 0   ∞  + ε ,    



(13)






    u  ε 1    ( x , t )  ≤  u  ε 2    ( x , t )    for  all    ( x , t )  ∈  Ω T  .    



(14)









Proof. 

First, we prove    u ε  ≥  u 0   . Letting   t = 0   in (7), we have


   ∂ t   u  0 ε   − L  u  0 ε   +  β ε   (  u  0 ε   −  u 0  )  = 0 .  








it follows the definition of    β ε   (  ·  )    that


   β ε   (  u  0 ε   −  u 0  )  =  β ε   ( ε )  = 0 .  








this leads to


  L  u 0  = L  u  0 ε   = 0 ,  ∀ x ∈ Ω .  








from (7) and (10), we obtain


  L  u ε  = −  β ε   (  u ε  −  u 0  )  ≥ 0 ,  ∀  ( x , t )  ∈  Ω T  .  











Applying Proposition 4, and combining initial conditions (9) and boundary conditions (8), we have


   u ε  ≥  u  0 ε   ,  ∀  ( x , t )  ∈  Ω T  .  











Second, we consider   u  ( x , t )  ≤    u 0   ∞  + ε  . Note that      u 0   ∞  + ε   is a positive constant satisfying


   u ε   ( x , t )  ≤    u 0   ∞  + ε  on  ∂ Ω ×  ( 0 , T )   and   u  0 ε    ( x )  ≤    u 0   ∞  + ε  in  Ω .  








letting   t → 0   in (7), and applying the definition of    β ε   (  ·  )   , we have


  L      u 0   ∞  + ε   +  β ε   (    u 0   ∞  + ε −  u 0  )  ≥  β ε   ( ε )  = 0 .   



(15)




thus, combining (7) and (15) and applying Proposition 4,


   u ε   ( x , t )  ≤    u 0   ∞  + ε  in  Ω ×  ( 0 , T )  .  











Third, we aim to prove (14). From (7), we have


  L  u  ε 1   +  β  ε 1    (  u  ε 1   −  u 0  )  = 0 ,  










  L  u  ε 2   +  β  ε 2    (  u  ε 2   −  u 0  )  = 0 .  








using (11) and the definition of    β ε   (  ·  )    that


     L  u  ε 2   +  β  ε 1    (  u  ε 2   −  u 0  )  =  β  ε 1    (  u  ε 2   −  u 0  )  −  β  ε 2    (  u  ε 2   −  u 0  )  ≥ 0 .     








thus, combining initial conditions (9) and boundary conditions (8), (14) can be proved by Proposition 5. □





Lemma 2.

For all   α ∈ [ 0 , 1 − γ )  , the solution of nonlinear PDE (7)–(9) satisfies


       ∂  u ε μ    ∂ t      L 2   (  Ω T  )    +     ∂  u ε    ∂ t      L 2   (  Ω T  )    ≤ C ,    



(16)






         ∇  u ε      p ( x )    u ε  − α      L 1   (  Ω T  )    +   ∇  u ε     L  p ( x )    (  Ω T  )    ≤ C ,    



(17)




where C is a positive constant independent of ε.





Proof. 

First, we prove (16). Multiplying (7) by    u ε  γ − 1     ∂ t   u ε    , integrating both sides of equality over   Ω T  , and integrating by parts, we derive


      μ  − 2   ∫   ∫  Ω T         ∂  u ε μ    ∂ t     2  d x d t   = ∫   ∫  Ω T     (   ∂ t   u ε   )   u ε  γ − 1     ∂ t   u ε   d x d t         = − ∫   ∫  Ω T           ∇  u ε     2      ( p ( x ) − 2 )       ( p ( x ) − 2 )  2      2   ∇  u ε   ∇ (   u ε γ    ∂ t   u ε    ) d  x d t          + γ ∫   ∫  Ω T           ∇  u ε     2      p ( x )       p ( x )  2      2    u ε  γ − 1     ∂ t   u ε   d x d t   − ∫   ∫  Ω T     β ε   (  u ε  −  u 0  )   u ε γ    ∂ t   u ε   d x d t         ≤ − ∫   ∫  Ω T     u ε γ         ∇  u ε     2      ( p ( x ) − 2 )       ( p ( x ) − 2 )  2      2   ∇  u ε   ∇ (    ∂ t   u ε    ) d  x d t   +   (    u 0   ∞  + 1 )  γ   ∫ Ω      ∫ 0 T    ∂ t   u ε   d t   d x        ≤ − ∫   ∫  Ω T     u ε γ  p   ( x )   − 1    ∂ t         ∇  u ε     2      p ( x )       p ( x )  2      2   d x d t   + 2   (    u 0   ∞  + 1 )   γ + 1   .     








applying Proposition 1(iii) and Lemma 1, we obtain


       μ  − 2   ∫   ∫  Ω T         ∂  u ε μ    ∂ t     2  d x d t         ≤  1  p −     (    u 0   ∞  + 1 )  γ       ∇  u 0      L  p ( x )    (  Ω T  )     p −       p −   p +        p +    +    ∇  u 0      L  p ( x )    (  Ω T  )     p +       p +   p −        p −      + 2   (    u 0   ∞  + 1 )   γ + 1   .       



(18)




note that   γ ∈ ( 0 , 1 ) ,  2 ( μ − 1 ) = γ − 1 .   Using Lemma 1, we derive


      ∫   ∫  Ω T         ∂  u ε    ∂ t     2  d x d t   = ∫   ∫  Ω T         ∂  u ε μ    ∂ t     2   u ε  1  γ − 1    d x d t          ≤   (    u 0   ∞  + 1 )   1  γ − 1    ∫   ∫  Ω T         ∂  u ε μ    ∂ t     2  d x d t   .       



(19)




combining (18) and (19), (16) is proved.



Second we prove (17). Multiply (9) by   u ε  − α    and integrate both sides of the equation over   Ω T  . After integrating by parts, we obtain


      ∫   ∫  Ω T      ∂  u ε    ∂ t    u ε  − α   d x d t         = ∫   ∫  Ω T     u ε  1 − α   div       ∇  u ε      p ( x ) − 2   ∇  u ε    + γ  u ε  − α       ∇  u ε      p ( x )   −  u ε  − α    β ε   (  u ε  −  u 0  )  d x d t         =  ∫ 0 T    ∫  ∂ Ω       u ε  1 − α       ∇  u ε      p ( x ) − 2     ∂  u ε    ∂ ν     d x d t   −  ( 1 − α − γ )  ∫   ∫  Ω T     u ε  − α       ∇  u ε      p ( x )   d x d t          − ∫   ∫  Ω T     u ε  − α    β ε     u ε  −  u 0    d x d t   ,       



(20)




where  ν  denotes the outward normal to   ∂ Ω × ( 0 , T )  . Furthermore, putting together (10) and (13) implies


  ∫   ∫  Ω T     u ε  − α    β ε     u ε  −  u 0    d x d t   ≤ 0 .   



(21)




since    u ε  ≥ ε  , we have


    ∂  u ε    ∂ ν   ≤ 0  on  ∂ Ω ×  ( 0 , T )  .  








this leads to


   ∫ 0 T    ∫  ∂ Ω       u ε  1 − α       ∇  u ε      p ( x ) − 2     ∂  u ε    ∂ ν     d x d t   ≤ 0 .   



(22)




now, we drop the nonpositive term (21) and (22) in (20) to obtain


  ∫   ∫  Ω T      ∂  u ε    ∂ t    u ε  − α   d x d t   ≤ −  ( 1 − α − γ )  ∫   ∫  Ω T     u ε  − α       ∇  u ε      p ( x )   d x d t   .   



(23)




clearly, using integration by parts, we derive


  ∫   ∫  Ω T      ∂  u ε    ∂ t    u ε  − α   d x d t   =  1  1 − α    ∫ Ω    u ε  1 − α    ( x , T )  −  u ε  1 − α    ( x , 0 )  d x  .  








this and (23) lead to


  ∫   ∫  Ω T        ∇  u ε      p ( x )    u ε  − α   d x d t   ≤  1  ( 1 − α − γ ) ( 1 − α )    ∫ Ω    u ε  − α    ( x , 0 )  d x  ≤ C .  








where   C > 0   depend on   α , γ , Ω  , and     u 0   ∞  . Hence, the proof is completed. □





Lemmas 1 and 2 imply that, for any   ε ∈ ( 0 , 1 )  , there exists a subsequence of   {  u ε  }  , still denoted by   {  u ε  }  , and a function u with   u ∈  L ∞   (  Ω T  )   , such that, as   ε → 0  


   u ε  → u  a . e . in   Ω T  ,   



(24)






  ∇  u ε   → w  ∇ u  in   L  p ( x )    (  Ω T  )  ,   



(25)






    ∂  u ε    ∂ t    → w    ∂ u   ∂ t    in   L 2   (  Ω T  )  ,   



(26)




where   → w   denotes weak convergence, and


   u 0  ≤ u ≤   u 0   , u ≤  u ε    a . e . in    Ω T  .   



(27)







Lemma 3.

Assume    Q c ε  =    ( x , t )  ∈  Ω T  ;  u ε  ≥ c , c > 0    ,    Q c   =    ( x , t )  ∈  Ω T  ; u ≥ c , c > 0    , and let   0 < c < 1  . Then,   ∇  u ε    converge to   ∇ u   in norm   L  p ( x )   , such that as   ε → 0  ,


      ∇  u ε  − ∇ u     L  p ( x )    (  Ω T  )    → 0 ,    



(28)






      ∇  u ε  − ∇ u     L  p ( x )    (  Q c ε  )    → 0 ,    



(29)






      ∇  u ε  − ∇ u     L  p ( x )    (  Q c  )    → 0 .    



(30)









Proof .

Choosing   φ =  u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )    as the test function in


  ∫  ∫  Ω T       u ε   φ t  +  u ε      ∇  u ε      p ( x ) − 2   ∇  u ε  ∇ φ +  ( 1 − γ )      ∇  u ε      p ( x )   φ −  β ε   (  u ε  −  u 0  )  φ   d x d t  = 0 ,  








it is easy to see that


      ∫  ∫  Ω T      ∂  u ε    ∂ t    u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )  d x d t        = − ∫  ∫  Ω T        ∇  u ε      p ( x ) − 2   ∇  u ε  ∇    u ε   p −  − 1    (  u ε 2  −  ε 2  −  u 2  )    d x d t         + γ ∫  ∫  Ω T     u ε   p −  − 2       ∇  u ε      p ( x )    (  u ε 2  −  ε 2  −  u 2  )  d x d t         +  ∫  Ω T     u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )   β ε   (  u ε  −  u 0  )  d x d t        = − ∫  ∫  Ω T     u ε   p −  − 1       ∇  u ε      p ( x ) − 2   ∇  u ε  ∇  (  u ε 2  −  u 2  )  d x d t         + ∫  ∫  Ω T     u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )   β ε   (  u ε  −  u 0  )  d x d t         +  ( γ −  p −  + 1 )  ∫  ∫  Ω T     u ε   p −  − 2       ∇  u ε      p ( x )    (  u ε 2  −  ε 2  −  u 2  )  d x d t  .       



(31)




from (27) and the definition of   β ε  , we derive


   ∫  Ω T     u ε   p −  − 2       ∇  u ε      p ( x )    (  u ε 2  −  ε 2  −  u 2  )  d x d t  ≥ −  ε 2   ∫  Ω T     u ε   p −  − 2       ∇  u ε      p ( x )   d x d t  ,   



(32)






       ∫  Ω T     u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )   β ε   (  u ε  −  u 0  )  d x d t        ≤       u 0   ∞  + ε     p −  − 2      ∫  Ω T    (  u ε 2  −  ε 2  −  u 2  ) d x d t    .       



(33)




observing that   γ −  p −  + 1 < 0  , and combing (31), (32), and (33), we have


      ∫  Ω T      ∂  u ε    ∂ t    u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )  d x d t        ≤ −  2  1 −  p −     ∫  Ω T        ∇  u ε 2      p ( x ) − 2   ∇  u ε 2  ∇  (  u ε 2  −  u 2  )  d x d t         +  p −   ε 2   ∫  Ω T     u ε   p −  − 2       ∇  u ε      p ( x )   d x d t         +       u 0   ∞  + ε     p −  − 2      ∫  Ω T    (  u ε 2  −  ε 2  −  u 2  ) d x d t    .     








note that   ε ≤  u ε  ≤    u 0   ∞  + ε  . Thus, it follows by the trigonometrical inequality that


       ∫  Ω T      ∂  u ε    ∂ t    u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )  d x d t         +  ∫  Ω T          ∇  u ε 2      p ( x ) − 2   ∇  u ε 2  −     ∇  u  2      p ( x ) − 2   ∇  u  2    ∇  (  u ε 2  −  u 2  )  d x d t        ≤ −  2  1 −  p −     ∫  Ω T        ∇  u  2      p ( x ) − 2   ∇  u  2  ∇  (  u ε 2  −  u 2  )  d x d t         +  p −   ε 2   ∫  Ω T     u ε   p −  − 2       ∇  u ε      p ( x )   d x d t         +       u 0   ∞  + ε     p −  − 2      ∫  Ω T    (  u ε 2  −  ε 2  −  u 2  ) d x d t    .       



(34)




from (13) and (16), using Holder inequality derives


   ∫  Ω T        ∂  u ε   p −  − 1     ∂ t    2  d x d t  ≤   (  p −  − 1 )  2    (    u 0   ∞  + 1 )    p −  − 2       ∂  u ε    ∂ t      L 2   (  Ω T  )   2  < ∞ .   



(35)




this leads to


        ∫  Ω T      ∂  u ε    ∂ t    u ε   p −  − 2    (  u ε 2  −  ε 2  −  u 2  )  d x d t         ≤  1   p −  − 1    ∫  Ω T        ∂  u ε   p −  − 1     ∂ t    (  u ε 2  −  ε 2  −  u 2  )    d x d t        ≤  1   p −  − 1      ∫  Ω T         ∂  u ε   p −  − 1     ∂ t     2  d x d t    ·    ∫  Ω T      (  u ε 2  −  ε 2  −  u 2  )  2  d x d t          ≤  1   p −  − 1    ε 2     Ω T       ∫  Ω T         ∂  u ε   p −  − 1     ∂ t     2  d x d t    → 0 ,  ε → 0 .       



(36)




moreover, (24) and (25) imply that as   ε → 0  ,


        u 0   ∞  + ε     p −  − 2      ∫  Ω T    (  u ε 2  −  ε 2  −  u 2  ) d x d t    → 0 ,   



(37)






  ∇  u ε 2   → w  ∇  u  2   in   L  p ( x )    (  Ω T  )  .   



(38)




substituting (36)–(38) into (34), we have


    lim sup   ε → 0    ∫  Ω T          ∇  u ε 2      p ( x ) − 2   ∇  u ε 2  −     ∇  u  2      p ( x ) − 2   ∇  u  2    ∇  (  u ε 2  −  u 2  )  d x d t  ≤ 0 .  








this and Proposition 3 lead to


   lim  ε → 0    ∫  Ω T        ∇  u ε 2  − ∇  u  2      p ( x )   d x d t  = 0 .   



(39)




hence, in view of


  ∇  u ε 2  − ∇  u 2  = 2  u ε  ∇  u ε  − 2 u ∇ u = 2  u ε   ( ∇  u ε  − ∇ u )  + 2 ∇ u    u ε  − u   ,  










  ∇  u ε 2  − ∇  u 2  = 2  u ε  ∇  u ε  − 2 u ∇ u = 2 u  ( ∇  u ε  − ∇ u )  + 2 ∇  u ε   (  u ε  − u )  ,  








we have that as   ε → 0  ,


      2  p −    ∫  Ω T     u ε  p ( x )       ∇  u ε  − ∇ u     p ( x )   d x d t        ≤  2  p +    ∫  Ω T        ∇  u ε 2  − ∇  u 2      p ( x )   d x d t  +  4  p +    ∫  Ω T        ∇ u     p ( x )        u ε  − u     p ( x )   d x d t  → 0 ,     










      2  p −    ∫  Ω T     u  p ( x )       ∇  u ε  − ∇ u     p ( x )   d x d t        ≤  2  p +    ∫  Ω T        ∇  u ε 2  − ∇  u 2      p ( x )   d x d t  +  4  p +    ∫  Ω T        ∇  u ε      p ( x )        u ε  − u     p ( x )   d x d t  → 0 .     








note that    Q c ε  ⊂  Ω T   ,    Q c   ⊂  Ω T   . Then it is easy to see that as   ε → 0  ,


   c  p −    ∫  Q c ε        ∇  u ε  − ∇ u     p ( x )   d x d t  ≤  ∫  Ω T     u ε  p ( x )       ∇  u ε  − ∇ u     p ( x )   d x d t  → 0 ,  










   c  p −    ∫  Q c         ∇  u ε  − ∇ u     p ( x )   d x d t  ≤  ∫  Ω T     u  p ( x )       ∇  u ε  − ∇ u     p ( x )   d x d t  → 0 .  








thus, we prove (29) and (30). In addition, (28) is an immediate consequence of (29) and (30). □





Lemma 4.

As   ε → 0  , we have


          ∇  u ε      p ( x )   −     ∇ u     p ( x )       L 1   (  Ω T  )    → 0 ,    



(40)






       u ε      ∇  u ε      p ( x ) − 2   ∇  u ε  − u     ∇ u     p ( x ) − 2   ∇ u     L 1   (  Ω T  )    → 0 ,    



(41)






   −  β ε   (  u ε  −  u 0  )  → ξ ∈ G  ( u −  u 0  )  .    



(42)









Proof. 

Let   χ η   and   χ η  ( ε )    be the characteristic functions of     ( x , t )  ∈  Ω T  ; u  ( x , t )  < η    and   {  ( x , t )  ∈  Ω T  ;  u ε   ( x , t )  < η }  , respectively. Since    u ε  → u  , as   ε → 0  ,    χ η  ≤  χ η  ( ε )    , we have


       ∫  Ω T          ∇  u ε      p ( x )   −     ∇ u     p ( x )     d x d t        ≤  ∫  Ω T          ∇ u     p ( x )    χ η  −     ∇  u ε      p ( x )    χ η  ( ε )     d x d t         +  ∫  Ω T          ∇ u     p ( x )    ( 1 −  χ η  )  −     ∇  u ε      p ( x )    ( 1 −  χ η  ( ε )   )    d x d t        ≤  ∫  Ω T        ∇  u ε      p ( x )    χ η  ( ε )   d x d t  +  ∫  Ω T        ∇ u     p ( x )    χ η  d x d t         +  ∫  Ω T        ∇ u     p ( x )    (  χ η  ( ε )   −  χ η  )  d x d t         +  ∫  Ω T          ∇  u ε      p ( x )   −     ∇ u     p ( x )      ( 1 −  χ η  ( ε )   )  d x d t        =  H 1  +  H 2  +  H 3  +  H 4  .       



(43)




taking   α =   ( 1 − γ )       ( 1 − γ )  2      2    in Lemma 2 obtains


       H 1  =  ∫  Ω T        ∇  u ε      p ( x )     u ε α   u ε α    χ η  ( ε )   d x d t         ≤  η α   ∫  Ω T        ∇  u ε      p ( x )    u ε  − α    χ η  ( ε )   d x d t         ≤  η α   ∫  Ω T        ∇  u ε      p ( x )    u ε  − α   d x d t  → 0 ,   ( η → 0 )  .       



(44)




applying Lemma 3, (17), and the fact that    χ η  ≤  χ η  ( ε )    , implies


       H 2  ≤  ∫  Ω T     χ η  ( ε )       ∇ u     p ( x )   d x d t         ≤  ∫  Ω T     χ η  ( ε )       ∇  u ε      p ( x )   d x d t         +  ∫  Ω T     χ η  ( ε )       ∇  u ε  − ∇ u     p ( x )   d x d t  → 0 ,   ( η → 0 )  ,       



(45)






   H 4  → 0 ,   ( η → 0 )  .   



(46)




for fixed   η > 0  ,    χ η  ( ε )   →  χ η    (  ε → 0   ) a.e. in   Ω T  , we obtain


   H 3  → 0 ,   ( η → 0 )  .   



(47)




putting together (43)–(47), we have


   ∫  Ω T          ∇  u ε      p ( x )   −     ∇ u     p ( x )     d x d t  → 0 ,   ( η → 0 )  .   



(48)




thus, (40) holds.



Next, we prove (41). It follows by trigonometrical inequality that


       ∫  Ω T       u ε      ∇  u ε      p ( x ) − 2   ∇  u ε  − u     ∇ u     p ( x ) − 2   ∇ u   d x d t        ≤  ∫  Ω T       u ε  − u       ∇  u ε      p ( x ) − 1   d x d t  +  ∫  Ω T    u     ∇  u ε      p ( x ) − 2     ∇  u ε  − ∇ u   d x d t         +  ∫  Ω T    u   ∇ u   ·       ∇  u ε      p ( x ) − 2   −     ∇ u     p ( x ) − 2     d x d t  =  H 5  +  H 6  +  H 7  .       



(49)




from (17) and (24), and applying Proposition 1 (iii), we obtain


   H 5  ≤ C       u ε  − u     L  p ( x )    (  Ω T  )    p +   +     u ε  − u     L  p ( x )    (  Ω T  )    p −     → 0 ,   



(50)




where C is independent of  ε . With the inequality      a r  −  b r    ≤    a − b   r   (  r ∈ [ 0 , 1 ]  ,   a , b ≥ 0  ), Holder inequality and (27), we have


       H 7  =  ∫  Ω T    u   ∇  u ε    ·       ∇  u ε      p ( x ) − 2   −     ∇ u     p ( x ) − 2     d x d t          =  ∫  Ω T    u   ∇  u ε    ·     (     ∇  u ε      p ( x )   )    p ( x ) − 2   p ( x )    −   (     ∇ u     p ( x )   )    p ( x ) − 2   p ( x )      d x d t          ≤ C  ∫  Ω T      ∇  u ε    ·         ∇  u ε      p ( x )   −     ∇ u     p ( x )        p ( x ) − 2   p ( x )    d x d t  .       



(51)




applying Proposition 1 and (40), and choosing an  ε  small enough in (51), such that   ε → 0  ,


   H 7  ≤ C         ∇  u ε      p ( x )   −     ∇ u     p ( x )        L 1   (  Ω T  )     (  p −  − 2 )       (  p −  − 2 )   p +        p +         ∇ u     L  p ( x )    (  Ω T  )    p +   +    ∇ u     L  p ( x )    (  Ω T  )    p −     → 0 .   



(52)




finally, we estimate   H 6  . Using Proposition 1(ii), we arrive at


      H 6  ≤ C ∫   ∫  Ω T        ∇  u ε      p ( x ) − 2     ∇  u ε  − ∇ u   d x d t          ≤ 2 C       ∇  u ε      p ( x ) − 2      L   p ( x )   p ( x ) − 2     (  Ω T  )       ∇  u ε  − ∇ u     L   p ( x )  2    (  Ω T  )           ≤ 2 C      ∇  u ε      L  p ( x )    (  Ω T  )      p −   (  p −  − 2 )    p +    +    ∇  u ε      L  p ( x )    (  Ω T  )      p +   (  p +  − 2 )    p −         ∇  u ε  − ∇ u     L  p ( x )    (  Ω T  )    .     








thus, applying (11) and (40), we have that, as   ε → 0  ,


   H 6  → 0 .   



(53)




hence, (41) is proved by putting together (49), (50), (52), and (53).



Finally, we prove (42). Using (27) and the definition of   β ε  , we have


  −  β ε   (  u ε  −  u 0  )  → ξ  ( x , t )   as  ε → 0 .  








it follows by (10) and (13) that


  0 ≤ ξ  ( x , t )  ≤ 1  for  all   ( x , t )  ∈  Ω T  .   



(54)




thus, we only need to prove that


  u  (  x 0  ,  t 0  )  >  u 0   (  x 0  )  ⇒ ξ  (  x 0  ,  t 0  )  = 0 .   



(55)




in fact, if   u  (  x 0  ,  t 0  )  >  u 0   ( x )   , there exists a constant   λ > 0   and a  δ  neighborhood    B δ   (  x 0  ,  t 0  )   , such that if  ε  is small enough, we have


   u ε   ( x , t )  ≥  u 0   ( x )  + λ ,  ∀  ( x , t )  ∈  B δ   (  x 0  ,  t 0  )  .  








thus, if  ε  is small enough,


  0 ≥  β ε   (  u ε  −  u 0  )  ≥  β ε   ( λ )  = 0 ,  ∀  ( x , t )  ∈  B δ   (  x 0  ,  t 0  )  .  








furthermore, it follows by   ε → 0   that


  ξ  ( x , t )  = 0 ,  ∀  ( x , t )  ∈  B δ   (  x 0  ,  t 0  )  .  








hence, (42) holds, and the proof of Lemma 4 is completed.  □





Remark 2.

(54) and (55) imply that


   ξ  ( x , t )  = 0 ⇔ u  ( x , t )  >  u 0   ( x )  ,  ξ  ( x , t )  > 0 ⇔ u  ( x , t )  =  u 0   ( x )  .    



(56)









The proof of Theorem 1. 

Existence. Applying (8), (27), and (42), it is easy to see that (a), (b), and (c) in Definition 1 hold. Furthermore, by means of Lemma 4, we see that u satisfies the integral identity (d) in Definition 1. Now, we prove (e). Applying the Proposition 1, we obtain


      ∫ Ω      u ε μ   ( x , t )  −  u  0 ε  μ   ( x )    d x   | ≤   ∫ Ω      ∫ 0 t   ∂  ∂ s    u ε μ  d x   d x        ≤  t   ∫ Ω       ∫ 0 t       ∂  u ε μ    ∂ s     2  d t    d x  ≤  t    Ω   1 2   ∫   ∫  Ω T        ∂  u ε μ    ∂ s     2   d x d t .     








this and (16) imply


   ∫ Ω      u ε μ   ( x , t )  −  u  0 ε  μ   ( x )    d x  ≤ C  t  .   



(57)




applying trigonometrical inequality, (8), (24), and (57), and letting   ε → 0  ,   t → 0  , we have


      ∫ Ω      u μ   ( x , t )  −  u 0 μ   ( x )    d x        ≤  ∫ Ω      u μ   ( x , t )  −  u ε μ   ( x , t )    d x  +  ∫ Ω      u ε μ   ( x , t )  −  u  0 ε  μ   ( x )    d x         +  ∫ Ω      u  0 ε  μ   ( x , t )  −  u  0  μ   ( x )    d x  → 0 .     








thus, (e) in Definition 1 follows. Therefore, we can claim that problem (1) admits a weak solution in the sense of Definition 1.



Uniqueness. Assume that   (  u 1  ,  ξ 1  )   and   (  u 2  ,  ξ 2  )   are two solutions of (1). Let


   sgn δ   ( z )  = sgn  ( z )  inf  (   z       z  δ      δ  , 1 )  ,  








and denote


   φ  u 1   =   (  u 1  )   γ − 1    sgn δ     (  u 1  −  u 2  )  +   ,  φ  u 2   =   (  u 2  )   γ − 1    sgn δ     (  u 1  −  u 2  )  +   .  








then, using (d) in Definition 1, we obtain


     ∫   ∫  Ω T     γ  − 1    ∂ t   u 1 γ   sgn δ     (  u 1  −  u 2  )  +   +  u 1 γ      ∇  u 1      p ( x ) − 2   ∇  u 1  ∇  sgn δ     (  u 1  −  u 2  )  +   d x d t         = ∫   ∫  Ω T     ξ 1   u 1  γ − 1    sgn δ     (  u 1  −  u 2  )  +   d x d t   ,     










     ∫   ∫  Ω T     γ  − 1    ∂ t   u 2 γ   sgn δ     (  u 1  −  u 2  )  +   +  u 2 γ      ∇  u 2      p ( x ) − 2   ∇  u 2  ∇  sgn δ     (  u 1  −  u 2  )  +   d x d t         = ∫   ∫  Ω T     ξ 2   u 2  γ − 1    sgn δ     (  u 1  −  u 2  )  +   d x d t   .     








subtracting the two equations, we obtain


       γ  − 1   ∫   ∫  Ω T     ∂ t   (  u 1 γ  −  u 2 γ  )   sgn δ     (  u 1  −  u 2  )  +   d x d t         + ∫   ∫  Ω T       u 1 γ      ∇  u 1      p ( x ) − 2   ∇  u 1  −  u 2 γ      ∇  u 2      p ( x ) − 2   ∇  u 2    ∇  sgn δ     (  u 1  −  u 2  )  +   d x d t         = ∫   ∫  Ω T       ξ 1   u 1  γ − 1   −  ξ 2   u 2  γ − 1      sgn δ     (  u 1  −  u 2  )  +   d x d t   .       



(58)




if    u 1   ( x , t )  >  u 2   ( x , t )   , then    u 1   ( x , t )  >  u 0   ( x )   ; in this case    ξ 1  = 0 ≤  ξ 2   , which leads to


     ξ 1   u 1  γ − 1   −  ξ 2   u 2  γ − 1      sgn δ     (  u 1  −  u 2  )  +   ≤ 0 .  








if    u 1   ( x , t )  ≤  u 2   ( x , t )   , it is easy to see that


     ξ 1   u 1  γ − 1   −  ξ 2   u 2  γ − 1      sgn δ     (  u 1  −  u 2  )  +   = 0 .  








so, in any case, we have


  ∫   ∫  Ω T       ξ 1   u 1  γ − 1   −  ξ 2   u 2  γ − 1      sgn δ     (  u 1  −  u 2  )  +   d x d t   ≤ 0 .  








here, we use the fact that    ξ 1  ∈ G  (  u 1  −  u 0  )    and    ξ 2  ∈ G  (  u 2  −  u 0  )  .   Notice that   f  ( t )  =  c 1   a t  −  c 2   b t    is a monotone function where   a , b ,  c 1   , and   c 2   are positive constants. Thus, we have


      γ  − 1   ∫   ∫  Ω T     ∂ t   (  u 1 γ  −  u 2 γ  )   sgn δ     (  u 1  −  u 2  )  +   d x d t   + ∫   ∫  Ω T    F ( x , t ) d x d t   ≤ 0 ,     








where


     F ( x , t ) =       min {  ∫ Ω      u 1 γ      ∇  u 1       p −  − 2   ∇  u 1  −  u 2 γ      ∇  u 2       p −  − 2   ∇  u 2    ∇   (  u 1  −  u 2  )  +  ∇ sg    n ′   δ     (  u 1  −  u 2  )  +   d x ,         ∫ Ω      u 1 γ      ∇  u 1       p +  − 2   ∇  u 1  −  u 2 γ      ∇  u 2       p +  − 2   ∇  u 2    ∇   (  u 1  −  u 2  )  +  ∇ sg    n ′   δ     (  u 1  −  u 2  )  +    d x }   .     








from Proposition 3, we have


      ∫ Ω      u 1 γ      ∇  u 1       p −  − 2   ∇  u 1  −  u 2 γ      ∇  u 2       p −  − 2   ∇  u 2    ∇   (  u 1  −  u 2  )  +  ∇ sg    n ′   δ     (  u 1  −  u 2  )  +   d x        =  ∫ Ω        ∇ g (  u 1  )      p −  − 2   ∇ g  (  u 1  )  −     ∇ g (  u 2  )      p −  − 2   ∇ g  (  u 2  )              · ∇   ( g  (  u 1  )  − g  (  u 2  )  )  +  ∇ sg    n ′   δ     (  u 1  −  u 2  )  +   d x ≥ 0 .     








where   g  ( s )  =  s  1 +  γ     γ  (  p −  − 1 )        (  p −  − 1 )        1 +  γ     γ  (  p −  − 1 )        (  p −  − 1 )      − 1   .   For the same reason, we derive


   ∫ Ω      u 1 γ      ∇  u 1       p −  − 2   ∇  u 1  −  u 2 γ      ∇  u 2       p −  − 2   ∇  u 2    ∇   (  u 1  −  u 2  )  +  ∇ sg    n ′   δ     (  u 1  −  u 2  )  +   d x  ≥ 0 .  








combining the above, we drop the non-negative term in (58) to arrive at


  ∫   ∫  Ω T     ∂ t   (  u 1 γ  −  u 2 γ  )   sgn δ     (  u 1  −  u 2  )  +   d x d t   ≤ 0 .  








letting   δ → 0   yields


  ∫   ∫  Ω T     ∂ t   (  u 1 γ  −  u 2 γ  )  sgn    (  u 1  −  u 2  )  +   d x d t   ≤ 0 .  








using   sgn    (  u 1  −  u 2  )  +   = sgn    (  u 1 γ  −  u 2 γ  )  +    , we derive


   ∫ Ω     (  u 1 γ  −  u 2 γ  )  +  d x  ≤ 0 .  








so    u 1  ≤  u 2    a.e. in   Ω T  . Similarly, we may prove that    u 1  ≥  u 2    a.e. in   Ω T  . Thus, the proof is complete.  □






4. Nonexistence and Long-Time Behavior of Solutions


In this section, we obtain the following results on nonexistence and the long-time behavior of solutions.



The proof of Theorem 2. 

Assume that u is a weak solution. With Theorem 1, we have that


  0 ≤ u ∈  L ∞   (  Ω T  )  ∩  L  p ( x )     0 , T ;  W 0  1 , p ( x )    ( Ω )    .  








choosing   φ =  u μ    as a test function, we obtain


   ∫ Ω    u  1 + μ   d x  −  ∫ Ω    u 0  1 + μ   d x  =   1 + μ     γ − 1 − μ    ∫ 0 t    ∫ Ω       ∇ u     p ( x )    u μ  d x d τ   +  ( 1 + μ )   ∫ 0 t    ∫ Ω   ξ  u μ  d x d τ   .  








let   E  ( t )  =  ∫ Ω    u  1 + μ   d x   . Then, we have that


   d  d t   E  ( t )  =   1 + μ     γ − 1 − μ     ∫ Ω       ∇ u     p ( x )    u μ  d x   +  ( 1 + μ )    ∫ Ω   ξ  u μ  d x   .   



(59)




it follows   u ≥ 0   and   ξ ∈ G ( u −  u 0  )   that


    ∫ Ω   ξ  u μ  d x d τ   ≥ 0 .  








this and (59) lead to


   d  d t   E  ( t )  ≥   1 + μ     γ − 1 − μ     ∫ Ω       ∇ u     p ( x )    u μ  d x   .   



(60)




with Poincare’s inequality, we obtain


   ∫ Ω       ∇  u  1 +  μ     μ  p −        p −         p −   d x  ≥ C  ∫ Ω    u   p −  + μ   d x  ,   ∫ Ω       ∇  u  1 +  μ     μ  p +        p +         p +   d x  ≥ C  ∫ Ω    u   p +  + μ   d x  .  








applying Hold’s inequality, we have


   ∫ Ω    u  1 + μ   d x  ≤ C     ∫ Ω    u   p +  + μ   d x      ( 1 + μ )       ( 1 + μ )   (  p +  + μ )        (  p +  + μ )    ,  










   ∫ Ω    u  1 + μ   d x  ≤ C     ∫ Ω    u   p −  + μ   d x      ( 1 + μ )       ( 1 + μ )   (  p −  + μ )        (  p −  + μ )    ≤ C     ∫ Ω    u   p +  + μ   d x      ( 1 + μ )       ( 1 + μ )   (  p +  + μ )        (  p +  + μ )    .  








combining the above estimates, we can obtain


   ∫ Ω       ∇  u  1 +  μ     μ  p +        p +         p +   d x  ≥ C  E   (  p +  + μ )       (  p +  + μ )   ( 1 + μ )        ( 1 + μ )    ,   



(61)






   ∫ Ω       ∇  u  1 +  μ     μ  p −        p −         p −   d x  ≥ C  E   (  p +  + μ )       (  p +  + μ )   ( 1 + μ )        ( 1 + μ )    .   



(62)




for the case   γ > 3 ,   it thus follows from (60), (61), (62), and   γ > 1 + μ   that


   d  d t   E  ( t )  ≥ C  E   (  p +  + μ )       ( p + μ )   ( 1 + μ )        ( 1 + μ )    .   



(63)




from Theorem 1,   u ≥  u 0  ≥ 0   leads to


  E  ( t )  ≥  A  1 + μ   > 0 .  








recall that    p +  > 2  . Then, we can write (63) as


   d  d t    E   ( 1 −  p +  )       ( 1 −  p +  )   ( 1 + μ )        ( 1 + μ )    ≤ C   1 −  p +    1 + μ   .  








integrating over   ( 0 , t )   gives


   E   ( 1 −  p +  )       ( 1 −  p +  )   ( 1 + μ )        ( 1 + μ )    ≤  A  1 −  p +    +   ( 1 −  p +  ) C   1 + μ   t .   



(64)




since inequality (64) does not hold if    A  1 −  p +    +   ( 1 −  p +  ) C   1 + μ   t ≤ 0 ,   that is, for


  t ≤   1 + μ   ( 1 −  p +  ) C    A  1 −  p +    ,  








we conclude that the solution u blows up at finite time   T *  , which is bounded by


   T *  ≤   ( 1 + μ )   (  p +  − 1 ) C    A  1 −  p +    ,   



(65)




which is a contradiction. This proves (a).



For the case   0 < γ < 1 ,   it is easy to see that   γ < 1 + μ .   On the one hand, (27) and (55) imply


   ∫ Ω   ξ  u μ  d x  =  ∫  O t     u 0 μ  d x  ≤    u 0     L μ   ( Ω )   μ  ,   



(66)




where    O t  =  { x ∈ Ω   u ( x , t )   =  u 0   ( x )  }  .   Following the similar way as in the proof of (63), we have that


   d  d t   E  ( t )  + C  E   (  p +  + μ )       (  p +  + μ )   ( 1 + μ )        ( 1 + μ )    ≤  ( 1 + μ )     u 0     L μ   ( Ω )   μ  .   



(67)




on the other hand, considering (54), we use Holder inequalities to arrive at


  0 ≤  ∫ Ω   ξ  u μ  d x  ≤  ∫ Ω    u μ  d x  ≤ M E   ( t )   μ  1 + μ    .   



(68)




using (68) instead of (66), and repeating the proof of (67), we obtain


   d  d t   E  ( t )  + C  E   (  p +  + μ )       (  p +  + μ )   ( 1 + μ )        ( 1 + μ )    ≤ M E   ( t )   μ  1 + μ    .   



(69)




combining (67) and (69), there exists a constant   a > 0  ,


   d  d t   E  ( t )  + C  E   (  p +  + μ )       (  p +  + μ )   ( 1 + μ )        ( 1 + μ )    ≤ min  M E   ( t )   μ  1 + μ    ,     u 0     L μ   ( Ω )   μ   ≤ a E  ( t )  .   



(70)




applying differential inequalities technique,


  E  ( t )  ≤ C    1 −  e  − α t    +  e  − α t    A  1 −  p +      −   1 + μ   1 +  p +      ,  C > 0 ,  α > 0 ,  








which implies (5). The proof of Theorem 2 is complete.  □





The proof of Theorem 3. 

Assume that u satisfies    ∂  ∂ t   u ∈  L 2    Ω T     for some   T ≥ 1  . The function   φ =  u  u + ε     for   ε > 0   can be chosen as a test function in Definition 1. Then,


   ∫ 0 t    ∫ Ω      ∂ u   ∂ τ    u  u + ε   +   ε u      u + ε    2       ∇ u     p ( x )   +   1 − γ       ∇ u     p ( x )    u  u + ε      d x d τ =  ∫ 0 t    ∫ Ω   ξ  u  u + ε   d x d τ   .   



(71)




applying the inequality   4 a b ≤   ( a + b )  2   , we have that


     ∇ u    p ( x )     ε u   u + ε   ≤  1 4     ∇ u    p ( x )   ∈  L 1    Ω T   .  








recall that  Ω  is bounded domain in   R N  , and


     ∇ u    p ( x )     ε u   u + ε   → 0  as  ε → 0   a . e .  in    Ω T  .  








it is easy to prove that, for all   0 < t < T  


   ∫ 0 t    ∫ Ω     ε u      u + ε    2       ∇ u     p ( x )     d x d τ → 0  as  ε → 0 .  








similarly, we can show that


   ∫ 0 t    ∫ Ω     ∂ u   ∂ τ    u  u + ε     d x d τ →  ∫ 0 t    ∫ Ω    ∂ u   ∂ τ    d x d τ  as  ε → 0 ,  










   ∫ 0 t    ∫ Ω   ξ  u  u + ε   d x d τ   →  ∫ 0 t    ∫ Ω   ξ d x d τ    as  ε → 0 ,  










   ∫ 0 t    ∫ Ω       ∇ u     p ( x )    u  u + ε     d x d τ →  ∫ 0 t    ∫ Ω      ∇ u     p ( x )    d x d τ  ε → 0 .  








combining the above estimates and letting   ε → 0   in (71), we have


   ∫ 0 t    ∫ Ω    ∂ u   ∂ τ    d x d τ =  ( γ − 1 )   ∫ 0 t    ∫ Ω      ∇ u     p ( x )    d x d τ +  ∫ 0 t    ∫ Ω   ξ d x d τ   ,  








that is


   ∫ Ω   u ( t )  d x −  ∫ Ω   u 0  d x =  ( γ − 1 )   ∫ 0 t    ∫ Ω      ∇ u     p ( x )    d x d τ +  ∫ 0 t    ∫ Ω   ξ d x d τ   .  








it follows   ξ ≥ 0   that


   ∫ Ω   u ( t )  d x −  ∫ Ω   u 0  d x ≥  ( γ − 1 )   ∫ 0 t    ∫ Ω      ∇ u     p ( x )    d x d τ .  








define   E  ( t )  =  ∫ Ω   u ( t ) d x   . Applying Propositions 1 and 2, we obtain


      d  d t   E  ( t )  ≥  ( γ − 1 )  min  {    ∇ u     L  p ( x )    (  Ω T  )    p +   ,     ∇ u     L  p ( x )    (  Ω T  )    p −   }         ≥  ( γ − 1 )  C min  {   u    L  p ( x )    (  Ω T  )    p +   ,    u    L  p ( x )    (  Ω T  )    p −   }  .     








thus, if   γ > 1  , we can use Proposition 1(i) to arrive at


   d  d t   E  ( t )  ≥  ( γ − 1 )  C min  { E   ( t )   p +   ,  E   ( t )   p −   }  .  








thus, by arguing (62)–(64), if   A ≥ 2 max {    C (  p +  − 1 )    1  1 −  p +     , 2    C (  p −  − 1 )    1  1 −  p −     }  , the solutions of variational inequality (1) blow up at finite time   T *  , which satisfies    T *  ∈  (  2  1 − p   , T )   . This is contradictory with     ∂ u   ∂ t   ∈  L 2    Ω T    . Hence, (a) is proved.



If   γ < 1  , it follows from (65) that


   d  d t   E  ( t )  ≤ − C E   ( t )   p +   + a E  ( t )  .  








using an approach similar to the proof of (24), there exists positive constants C and  α ,


   E ( t )  ≤ C   ( 1 −  e  − α t   )   1 −  p +    , 0 ≤ t ≤ T ,  








which implies (6). The theorem is proved.  □






5. Conclusions


In this paper, we study weak solutions to the degenerate parabolic variational inequalities with initial-boundary conditions in Sobolev spaces with variable exponent


  min   L u , u −  u 0    = 0 ,  in   Ω T  ,   



(72)






  u  ( x , 0 )  =  u 0   ( x )  ,  in  Ω ,   



(73)






  u ( x , t ) = 0 ,  on  ∂ Ω × ( 0 , T ) ,  ( 74 )  








where L are nonlinear degenerate parabolic operators, satisfying


  L u =  u t  − u div       ∇ u     p ( x ) − 2   ∇ u   − γ    ∇ u    p ( x )   ,  








  p ( x )   is a measurable function. The existence and uniqueness of the solutions in the weak sense are proved by using the penalty method and the reduction method with an assumption


  2 <  p −  ≤ p  ( x )  ≤  p +  < ∞ , ∀ x ∈ Ω .  








however, there is a problem that has not been solved: when    p +  < 1   we can not use Lemma 1 to prove Lemma 3. We will continue to study this problem in the future. Finally, we also discussed the nonexistence and long-time behavior of solutions by a standard energy method. From Theorems 2 and 3, we see that if   0 < γ < 1   with    p −  > 2  , then problems (1)–(3) admit a weak solution, and that if   γ > 3  , then problems (1)–(3) have no weak solutions. In the case where   1 < γ < 3   with    p −  > 2  , we think that there should be global existence. Unfortunately, restricted by mathematical techniques and methods, we cannot prove this.
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Figure 1. The penalty function   β  0.2   . 






Figure 1. The penalty function   β  0.2   .
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Figure 2. The penalty functions   β  0.1    and   β  0.2   . 






Figure 2. The penalty functions   β  0.1    and   β  0.2   .
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