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Abstract: In this paper, by applying the Lie group method and the direct symmetry method, Lie
algebras of the Benjiamin Ono equation are obtained, and we find that results of the two methods
are same. Based on the Lie algebra, Lie symmetry groups, relationships between new solutions
and old solutions, two kinds of ODEs as symmetry reductions are obtained. Making use of the
power series method, the exact power series solution of the Benjiamin Ono equation has been
derived. We also give the conservation laws of Benjiamin Ono equation by means of Ibragimovs new
conservation Theorem.
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1. Introduction

With the development of science and technology, people pay more and more attention
in nonlinear evolution equations (NLPDEs). The search for exact solutions of nonlinear
evolution equations becomes an important subject. To solve NLPDEs, a variety of effective
methods have been proposed, such as the Jacobi elliptic function method [1], the extended
tanh method [2], the Exp-function method [3,4], the Backlund transformation [5], the
generalized algebraic method [6] and so on. To the best of our knowledge, Lie group
analysis is an efficient and direct method for finding exact solutions of nonlinear differential
equations [7-10]. Many equations have been studied by this method [11-17]. In this paper,
we study the following Benjiamin Ono (BO) equation by means of the classical Lie group.
The BO equation is written as

us + ,B (”2) + Yxxxx =0, (1)
xx

where 8 and 7 are nonzero constants. The BO equation is a famous nonlinear model for
representing the water wave motion with damping structure. Some exact periodic solutions
were obtained using the Jacobi elliptic function expansion method in [18]. Wang studied
this equation using the Riccati expansion method [19].

We construct the paper as follows: Lie symmetry analysis of BO equation are presented
in Section 2. Symmetry reduction and the exact power series solutions for BO equation are
obtained in Section 3. The conservation laws are derived in Section 4. Finally, the discussion
and conclusions are given in Section 5.

2. Lie Symmetry Analysis of BO Equation
We apply the Lie group approach in this section to consider the BO equation.
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2.1. Direct Symmetry

A one-parameter Lie group of infinitesimal transformation:
£ =t +et(x,t,u) 4+ o(e?),
x* = x+ec(x, t,u) +o(e?), )
u* =u+en(x,t,u)+o(e?),

where ¢ is a small parameter. The corresponding vector field can be expressed by

0 0 0
V:g(x,t,u)a—i—r(x,t,u)&+17(x,t,u)£. (3)

If the vector field (3) produces a symmetry of (1), so V must satisfy the Lie’s symmetry
condition

prve)| =0, @

where A = uy + B(u?)  + Yiixxxx = 0. Applying the fourth prolongation prV to (1),
then we can get the following symmetry equations

77tt + 4ﬁﬂx +2,B”xx77 + Zﬁmy"x + Vﬂxxxx — 0/ (5)
where

n' = Dy(n) — uxDy(g) — uDy(7),
0" = Dy (’7t) — uxtDi(g) — unDi(T),
1" = Dx(17) — uxDx(g) — utDx(7),

(6)
7 = Dx(1") — uxtDx(T) — uxxDx(g),
Wxxx = Dx(ﬂxx) - uxxth(T) - uxxxDx<g>/
nxxxx = Dx(ﬂxxx) - uxxxth(T) - uxxxxDx(Q)'
Here, D; represents a differential operator, which is defined as
0 0 0
D= —4+uj—+uj—+...,i=1,2 )
oox ou Yo,
and (x!,x?) = (t,x).
Solving (5) with the help of (6) gives
T:C1t+C2,g:%x+C3,T7:—(Clu+C4), (8)
where ¢, c3, c3 and ¢4 are arbitrary constants.
Therefore, four-dimensional Lie algebras can be obtained
0 d d Jd xd d
Vl—gfVz—arv3——£/V4—f§+§£—U£- )

It is easy to check that the vector fields are closed under the Lie bracket (see Table 1).

To get some exact solutions from known problems, we find the Lie symmetry group
from the corresponding symmetry and solve the following initial problem to obtain the Lie
symmetry group

(£, %,1)]e=0 = (£ x,u). (10)



Symmetry 2022, 14,1315 30f9

Table 1. Commutator of the Lie algebra of (1).

i V Vs Vy
i 0 0 0 141
Va 0 0 0 Ly
Vs 0 0 0 V3
Vi - - - 0

Therefore, we can obtain the following Lie symmetry group
g (tx,u) — (£%,1). (11)

Solving (10) can get the one-parameter group g;(¢) generated by V;(i = 1,2,3,4)

Q1 (t+ex,u),

o (tx+eu), 12
g (bx,u+e),

ga ¢ (tef, xet’?, ue™¢)

The symmetry groups g» and g3 explain the time-and-space-invariance of the equation,

and g refers to scaling symmetry. Applying above group g1, g2, 3 and g4, we can get the
Lie symmetry theorem:

Theorem 1. If u = f(x,t) is a solution of (1) then the expression of the corresponding
function solutions

§1(e)f(xt) = F(t — &),

g2(e)f(x, 1) = f(t,x —¢),

g2(e)f(xr,t) = flt,x —e), (13)
(&) f(x 1) = f(t,x,) —¢,

ga(e)f(x, 1) = et xe ).

In reference [18], Fu obtained the trigonometric function solution

u= ng (1 — 3csc? (l;x — 3k5t> ) (14)
So we can obtain the new exact solution of (1) by applying g1 and g3 as follows
U= gef%*’jk2 <1 — 3csc? <12cxé‘S — 3k5te€) ) , (15)
and
u= gl@ (1 — 3esc? (’zc(x —) — 3k5t> ) (16)

We can obtain many solutions by giving the arbitrary different constants.

Remark 1. A number of new invariant solutions can be found from the given solutions in [18] for
the BO equation.
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2.2. Generalized Symmetry

The symmetry group of (1) is obtained by classical Lie group method in Section 2.1.
Next, we will find the symmetries of (1) through the generalized symmetry method. The
essence of the generalized symmetry method is to find the symmetry of a known NPDE,

F(x/ t/ ul uJC/ ut/ MXXI uxtr utt,. . ) = 0/ (17)

o satisfies the following equation

F(u)o =0, (18)
where (18) reads as
oF oF oF oF oF
/ _ il
Fl(u)o = au(H— E)utat + o oy + i Oxx + i Oxt+ ... (19)

From (18), the symmetry equation of (1) must satisfy
o1t +4B0x + 2B0Uxy + 2Bu0xy + YOxxxx = 0. (20)
The symmetry of BO equation is
o =au+buy+cu+d, (21)

where a4, b, c and d are functions of x, f which will be determined later.
Substituting (21) into (20) and using (1) to make the coefficients of the polynomial zero
after simplification, we can obtain

a261t+C2,b:%x+C3,C:C1,d:C4, (22)

where ¢, c3, c3 and ¢4 are arbitrary constants.
Equivalently, (21) can also be written as

oc=c (t+§+u> + Cous + C3Uy + C4. (23)

The symmetry equivalent vector field can be represented as

[ 0 0 0
V= (EX+C3>£+(Clt+C2)§—(C1u+C4)$. (24)

The vector field V;(i = 1,2, 3,4) has been obtained in Section 2.1.

3. Symmetry Reduction and Exact Solutions for BO Equation
3.1. Symmetry Reduction

In this section, we present some discussions on (1) based on the symmetries (9). We
will discuss the following two situations:

case 1: V1 + uV,

From V; + 1V, = 0, we obtain the invariants and reduced equation as u = f(¢), where
¢ = x — ut. By substituting it into (1), we arrive at

W2+ 2Bf% +2Bf " + 1 fW =0, (25)

where f' = df/d¢.
case 2: Vy
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For this generator V, we obtain u = ! f(¢), where ¢ = xt™7 is the invariant solution.
By substituting it into (1), we get to the following ODE

Cf" 7 +8f + 8B + 8pff" —dvfW =0, 26)
where f' = df /d¢.

3.2. Particular Solutions for BO Equation

We use the power series method to research the exact solution of (25) in this section.
For (25), we will assume that the series solution is in the form of

&)=Y an", (27)
n=0

where 4,(0,1,2,3,...) are coefficients that will be determined below. We obtain by substi-
tuting (27) into (25),

200 + 1 Y (n+1) (1 +2)q0428" + 2B

n=1

+2p Z Z (k+1)(n+1—=k)qrr19n41-x8"
n=1k=

(28)
[e) n
+4Bqoq2 + 4B Z Z k+1)(n = k)qese1qns1-1E"

+24vq4 + v i (m+1)(n+2)(n+3)(n+4)q,+4¢" = 0.

n=1

For n = 0, by comparing all coefficients in (28), we obtain,

2 2
_ W2+ BT+ 2Bq092
qas = 127 . (29)

More generally, for n > 1, we have

1
It = i D+ 2)(n+3)(n + 4)y

n n
+2p Z (k+1)(n+1—=k)qri19np1-k +4 2 (k+1)(n = Kk)gks19n+1-k)
k=0 k=1

(u(n +1)(1 +2)4n12
(30)

from (28).

Clearly, a power series solution for (25) [20-23] can be found using the above process.
Hence, this power series solution (27) to (25) is an exact analytic solution.

In fact, the power series solution of (25) can be reached:

f(&) = g0+ 18 + 028 + 138 + qal* + Y nrac”

n=1
+ B> +2
=0+ q1& + 4287 + 38° — Kz 'lez Piod2 &
%

n
Z (k+1)(n+1—=k)qrr19nt1- k+42 (k+1) (n = k)qr19n41-x)G"
k=0 =1

Thus, the power series solution of BO equation can be obtained from solution (31)
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F(&) = qo+q(x — put) + ga(x — put)* + qa(x — pt)® + qa(x — ut)* + i Gura(x — pt)"

+

it

n=1
2 2
+ +2

= 0+ = )+ ol — ) - ga( = pr)? — IO IR (s

1 (32)
(n+1)(n+2)(n+3)(n +4),Y(P‘(” +1)(n+2)qn+2
n
+28) (k+1)(n+1—k)gk1qn1—k + 4 Z (k+1) (n = k) 1gn41-1) (x = pt)",
k=1

where g;(i = 0,...,4) are arbitrary constants. The other terms of the sequence g, (n > 4)

can be defined Contlnuously by (30).

Remark 2. Obviously, (26) can also be solved by the power series method, which has been ommitted
here. It is not difficult for us to find that the power series method is a useful method to solve PDEs
using the process above. As far as we know, the solutions obtained in this section were not found in
other references.

4. Conservation Laws of BO Equation

The conservation law of NLPDEs [24-27] plays an important role in nonlinear scientific
research. The law of conservation is widely used in the development of appropriate
numerical methods, mathematical analysis, in especially, uniqueness, existence, stability
analysis and so on. We will discuss the conservation law of (1) through using the adjoint
equation [28] and symmetry (9) in this section. The adjoint equation of (1) can be written as

Vst + 2BUVxr+YVxxrx = 0, (33)
and the formal Lagrangian for the system form is expressed as
L =v(ug + 2Ptiyy + 2PUllyy + Ylhsxxx)- (34)
Next, we will recall the “new conservation theorem” proposed by Ibragimov [28].

Theorem 2. Any Lie point, non-local symmetry and Lie-Bicklund

d
+n(x,t,u)=—

Ju (35)

d d
V =g¢(x, t,u)a + 7(x, t,u)g

of (1) supplies a conservation law D; (Tl) = 0 for the system comprising (1) and its adjoint
equation [29,30]. The conservation vector can be derived from the following formula

oL oL oL
du;® — D <8u,j ) +DDk<8uZ]k )]

+DZ-(W"‘)[ aLa _Dk< aLﬁ) + ...

aui]‘ auijk

gz L +Wa¢

(36)

where W* = y* — Ciuj"‘ is Lie characteristic function and L is determined by (34).

The operator V yields the conservation law D; (Tt) + Dy (T*) = 0, where the conserved
vector T = (T, T") is given by (36) and has the components

=L+ W(—1v) + Wi(v), (37)
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TY = &* L+ W[4Buyxv — Dyx(2Buv) — Dyxx(70)]
+ Dx(W)[2Buv + Dxx ()]
+ Dax(W)[—=Dx(70)]
+ Dyxx (W) (70).
Thus, the corresponding parts of the non-local conservation laws of (1) and (33) can be
defined using (37) and (38). The operator V of (1) has been obtained in Section 2.1.
We consider the conserved vectors for generators of BO equation. We have the
following cases for classical generators:

case1: V = %. Using this operator, we can get W = —u;. Thus, the conservation vector
of (1) can be obtained as

(38)

T = Zﬁvuxz + 2B0uttyy + YVUxxxx + UtDL,

(39)
T = _ut(z,Buxv —2Buvy — ')’Uxxx) - uxt(z,Buv + ’)/Uxx) + YUxxtOx — YUxxxt0.
For example, let v = xt here, then
T, = 2[3xtux2 + 2Bxtutiny + YX Uy + XUt, (40)

T1% = —us (2Bxtuy — 2Bxu) — 2Bxtutiye + Ytuyxr — YX Uxxxt-

The following situations are similar, and will not be explained one by one here.
case 2: V = aa—x. Using this operator, we can get W = —u,. Thus, the conservation
vector of (1) can be obtained as
T' = v — uxv,

T = U[utt + ,B(zuxz + 2ty + ’)’uxxxx)]

(41)
— Uy (Zﬁuxv — Z,BUUX - ')’Uxxx)
— Uxx (Zﬁuv + 'vax) + YUxxxUx — YUxxxx -
case 3: V= — %. Using this operator, we can get W = 1. Thus, the conservation vector
of (1) can be obtained as
Tt = —Ut,
(42)

T = 2Buxv — 2Buvy — YUxyx.
case 4: V = tot + 50x — udu. Using this operator, W = —u — tu; — ju,. Thus, the

conservation vector of (1) can be obtained as

x
T! = toluy + B(2uy® + 2utty) + Ylhxrrx] + (1 + Sl + tuy)vy

X
— (Qut + Sy + tuy)v.

2
X0 X
T = 7[utt + B(2uy® + 2utiyy) + Ylhxrrr] — (4 + Shx tuy) (2Buxv — 2Buvy — YUxxx) (43)
3 X X
- (Eux + Euxx - tuxt)(z,BuU + ')/uxx) + (zuxx - Euxxx + tuxxt)')’vx
5 X
- (Euxxx + Euxxxx - tuxxxt)’)/v-

This vector can obtain any solution V to the adjoint Equation (33) and provides an
unlimited number of conservation laws for the BO equation.

Remark 3. v is the solution of the adjoint equation. We can then find the solution u of Equation (1)
according to v. By taking different special solutions of V, more conservation laws of Equation (1)
can be obtained. The conservation laws listed here are trivial.
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Remark 4. The accuracy of the conservation vector (T', T*) has been checked using Maple software.

5. Conclusions

In this paper, using the Lie group analysis symmetry of the nonlinear Benjamin-Ono
equation, the classical Lie group symmetry and the relationship between the new solution
and the old solution, we can solve the new special solution of the BO equation. At the same
time, by reducing the original equation, we get the particular solution of the correlation
generator. Finally, according to the obtained Lie symmetry generator, we construct the
conservation law of the related classical vector field of the equation. These conclusions
may help to explain some practical physical problems and provide a theoretical basis and
methods for solving practical problems.
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