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Abstract

:

This paper applies modified analytical methods to the fractional-order analysis of one and two-dimensional nonlinear systems of coupled Burgers and Hirota–Satsuma KdV equations. The Atangana–Baleanu fractional derivative operator and the Elzaki transform will be used to solve the proposed problems. The results of utilizing the proposed techniques are compared to the exact solution. The technique’s convergence is successfully presented and mathematically proven. To demonstrate the efficacy of the suggested techniques, we compared actual and analytic solutions using figures, which are in strong agreement with one another. Furthermore, the solutions achieved by applying the current techniques at different fractional orders are compared to the integer order. The proposed methods are appealing, simple, and accurate, indicating that they are appropriate for solving partial differential equations or systems of partial differential equations.
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1. Introduction


Fractional calculus has recently become the most popular subject in ordinary calculus. In terms of discovery, ordinary calculus has reached its pinnacle. As a result, mathematicians and researchers require fractional calculus. This allows us to describe better real-world occurrences as opposed to the usual integer-order. Many researchers are active and have made significant contributions to the topic, including Fourier, Laplace, Riesz, and others. The Atangana–Baleanu fractional integral [1], the Caputo fractional derivative [2], and the Atangana–Baleanu fractional derivative [3,4,5] are modern examples of modern definitions of fractional-order derivatives and integrals that have ushered in a new era in fractional derivative history. Many processes in engineering, physics, chemistry, and other areas can be accurately represented by models based on fractional calculus. Furthermore, fractional calculus is used to simulate the frequency-dependent damping behavior of several viscoelastic materials [6,7], economics [8], and the dynamics of nano-particle–substrate interfaces [9].



Many engineering and physical concepts can be expressed mathematically utilizing fractional differential equations. They have gained popularity in natural and social sciences since they can appropriately model phenomena dominated by memory effects. FDEs generalize ordinary differential equations because they represent values at each point and differentiate the gaps between the two integers (ODEs). As a result of the invention of fractional calculus, it was discovered that FDEs have more real-world applications than ODEs [10,11]. FDEs in fractional calculus are widely used in many mathematical and scientific fields, including bioengineering, blood circulation phenomena, aircraft design, viscoelasticity, electronic systems, electro-analytical chemistry, neuroscience, control theory, finance, hydrogeology, and control mechanisms [12,13,14,15,16,17]. Symmetry analysis is beautiful, especially when it comes to the study of partial differential equations and, more specifically, those equations that come from the mathematics of finance. Symmetry is the key to understanding nature, but most things in nature do not show symmetry. The process of spontaneous symmetry-breaking is a deep way to hide symmetry. There are two kinds of symmetries: finite and infinitesimal. There are two kinds of finite symmetries: discrete and continuous. Nature has a few discrete symmetries, such as parity and time reversal. On the other hand, space is a continuous change. Patterns have always been interesting to mathematicians. In the 1800s, classifications of both planar and spatial patterns became more serious. In physics and applied mathematics, the importance of finding the nonlinear differential equation’s exact solution is still a major problem that requires new techniques to determine new approximate or exact solutions.



In all of these fields of study, investigating the exact and analytical results of fractional differential equations is essential, but as we do not have a technique for finding the exact solution of these types of fractional differential equations, we focus on approximation to the actual result [18,19,20,21,22,23]. In mathematics, determining the exact solution of such fractional differential equations and other applied science applications is challenging. Compared to the approximate solution [24], the exact solution helps us understand the mechanism and sophistication of the problem. Dealing with the difficulties of computations in these equations make obtaining exact analytic solutions of FDEs extremely difficult, if not impossible. Many scholars have solved the numerical and analytical methods, such as the variation iteration technique [25], homotopy perturbation technique [26], approximate analytical technique [27], residual power series technique [28], iterative Laplace transformation technique [29], Elzaki decomposition technique [30], reduced differential technique [31] and Adomian decomposition technique [32].



In 1915, Harry Bateman [33] proposed the Burgers equation. The Burgers equation has several implementations in engineering and science, particularly when combined with nonlinear systems. Burgers equation implementations have risen in popularity and interest between many math researchers and scholars. This scenario is widely accepted to describe a wide variety of concepts, including dynamics modelling, heat conduction, acoustic waves, turbulence, and many more [34,35,36,37]. Korteweg and de Vries invented the Korteweg–de Vries equation in 1895. The Korteweg–de Vries equation is utilised to forecast surface waves, tides, isolation waves, and wave propagation within a shallow canal. The Korteweg–de Vries equation is used in a number of fields, including viscoelasticity, signal processing, fluid mechanics, hydrology, and fractional kinetics.



In this paper, we propose two analytical techniques with the aid of the Elzaki transform and the Atangana–Baleanu fractional derivative operator for solving fractional-order systems. The first technique is a mixture of the variational iteration technique and Elzaki transformation, known as the variational iteration transformation technique, initially introduced by He [38]; it is an effective approach for a wide range of models in applied sciences [38,39,40]. The second important technique is the Elzaki transform and Adomian decomposition method, first introduced by George Adomian (1923–1996) in the 1980s for solving nonlinear functional equations. The method is based on the decomposition of the solution to a nonlinear functional equation into a series of functions.




2. Preliminaries


This section introduces the essential ideas of fractional derivatives, fractional integrals, and the Elzaki transform with and without a singular kernel.



Definition 1.

The fractional Caputo derivative (CFD) is given as [41,42,43,44]:


    D  ℘  ϱ   ( ℓ  ( ℘ )  )  =          1  Γ ( m − ϱ )    ∫  0  ℘     ℓ m   ( η )     ( ℘ − η )   ϱ + 1 − m    d η ,   m − 1 < ϱ < m ,            d m   d  ℘ m    ℓ  ( ℘ )  ,                  ϱ = m .        



(1)









Definition 2.

The derivative, in terms of the Atangana–Baleanu Caputo manner (ABC), is given as [41,42,43,44]:


    D  ℘  ϱ   ( ℓ  ( ℘ )  )  =   N ( ϱ )   1 − ϱ    ∫  m  ℘   ℓ   ′    ( η )   E ϱ   −   ϱ   ( ℘ − η )  ϱ    1 − ϱ    d η ,   



(2)




where   ℓ ∈  H 1   ( α , β )  , β > α , ϱ ∈  [ 0 , 1 ]   . A normalisation function equal to 1 when   ϱ = 0   and   ϱ = 1   is represented by   N ( ϱ )   in Equation (2).





Definition 3.

The ABC fractional integral operator is as [41,42,43,44]


    I  ℘  ϱ   ( ℓ  ( ℘ )  )  =   1 − ϱ   N ( ϱ )   ℓ  ( ℘ )  +  ϱ  Γ ( ϱ ) N ( ϱ )    ∫  m  ℘  ℓ  ( η )    ( ℘ − η )   ϱ − 1   d η .   



(3)









Definition 4.

The Elzaki transform’s exponential function is given as in set A [41,42,43,44]


   A = { ℓ  ( ℘ )  : ∃ G ,  p 1  ,  p 2  > 0 , | ℓ  ( ℘ )  | < G  e   | ℘ |   p j    , i f   ℘ ∈   ( − 1 )  j  ×  [ 0 , ∞ )  } .   



(4)




For a certain function in the set, G is a finite number, but   p 1   and   p 2   can be finite or infinite.





Definition 5.

For the function   ℓ ( ℘ )  , the transformation in terms of Elzaki is as [41,42,43,44]


   E  ℓ ( ℘ )   ( ϖ )  =  U ˜   ( ϖ )  = ϖ  ∫  0  ∞   e  −  ℘ ϖ    ℓ  ( ℘ )  d ℘ ,   



(5)




where   ℘ ≥ 0 ,  p 1  ≤ ϖ ≤  p 2   .





Theorem 6.

The Elzaki transformation convolution theorem, The following equality holds:


   E  { ℓ ∗ v }  =  1 ϖ  E  ( ℓ )  E  ( v )  ,   



(6)




where the Elzaki transform is indicated by   E { . }  .





Definition 7.

The Elzaki transform of the CFD operator    D ℘ ϱ   ( ℓ  ( ℘ )  )    is given by [41,42,43,44]


   E  {  D  ℘  ϱ   ( ℓ  ( ℘ )  )  }   ( ϖ )  =  ϖ  − ϱ    U ˜   ( ϖ )  −  ∑  k = 0   m − 1    ϖ  2 − ϱ + k    ℓ k   ( 0 )  ,   



(7)




where   m − 1 < ϱ < m  .





Theorem 8.

The ABC fractional derivative    D ℘ ϱ   ( ℓ  ( ℘ )  )    Elzaki transform is defined as


   E  {  D  ℘  ϱ   ( ℓ  ( ℘ )  )  }   ( ϖ )  =   N ( ϱ ) ϖ   ϱ  ϖ ϱ  + 1 − ϱ       U ˜   ( ϖ )   ϖ  − ϖ ℓ  ( 0 )   ,   



(8)




where   E  { ℓ  ( ℘ )  }  ϖ =  U ˜   ( ϖ )   .





Proof. 

From Definition 2, we have:


  E  {  D  ℘  ϱ   ( ℓ  ( ℘ )  )  }   ( ϖ )  = E    N ( ϱ )   1 − ϱ    ∫  0  ℘   ℓ   ′    ( η )   E ϱ   −   ϱ   ( ℘ − η )  ϱ    1 − ϱ    d η   ( ϖ )  .  



(9)




Then, taking into account the definition and convolution of the Elzaki transform, we have


     E {  D  ℘  ϱ   ( ℓ  ( ℘ )  )  }  ( ϖ )  =     E    N ( ϱ )   1 − ϱ    ∫  0  ℘   ℓ   ′    ( η )   E ϱ   −   ϱ   ( ℘ − η )  ϱ    1 − ϱ    d η       =      N ( ϱ )   1 − ϱ    1 ϖ  E   ℓ   ′    ( η )   E   E ϱ   −   ϱ  ℘ ϱ    1 − ϱ    d η       =      N ( ϱ )   1 − ϱ       U ˜   ( ϖ )   ϖ  − ϖ ℓ  ( 0 )     ∫  0  ∞   e  −  1 ϖ     E ϱ   −   ϱ  ℘ ϱ    1 − ϱ    d ℘       =      N ( ϱ ) ϖ   ϱ  ϖ ϱ  + 1 − ϱ       U ˜   ( ϖ )   ϖ  − ϖ ℓ  ( 0 )   .     



(10)







□






3. The General Implementation of the Elzaki Decomposition Method


Consider that the fractional partial differential equation is given as


     A B C    D ℘ ϱ   υ ( φ , ℘ )  +   G ¯  1   ( φ , ℘ )  +  N 1   ( φ , ℘ )  = F  ( φ , ℘ )  , 0 < ϱ ≤ 1 ,  



(11)




with the initial conditions


  υ  ( φ , 0 )  = φ  ( φ )  ,    ∂  ∂ ℘   υ  ( φ , 0 )  = ζ  ( φ )  .  








Applying the Elzaki transform of (1), we have


  E  [  D ℘ ϱ   υ ( φ , ℘ )  +   G ¯  1   ( φ , ℘ )  +  N 1   ( φ , ℘ )  ]  = E  [ F  ( φ , ℘ )  ]  .  



(12)




By the property of the ET differentiation, we achieve


  E  [ υ  ( φ , ℘ )  ]  = Θ  ( φ , ω )  −  ( 1 + ϱ  ( ω − 1 )  )  E  [   G ¯  1   ( φ , ℘ )  +  N 1   ( φ , ℘ )  ]  ,  



(13)




where   Θ  ( φ , ω )  =  1  ω  ϱ − 1     [  ω ϱ   g 0   ( φ )  +  ω  ϱ − 1    g 1   ( φ )  + ⋯ +  g 1   ( φ )  ]  +    ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    F  ( φ , ℘ )  .  



Now, applying the inverse Elzaki transformation, we achieve (4),


  υ  ( φ , ℘ )  = Θ  ( φ , ω )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  [   G ¯  1   ( φ , ℘ )  +  N 1   ( φ , ℘ )  ]   ,  



(14)




where   Θ ( φ , ω )   shows the term that comes from the source factor. EDM generates the result of the infinite series of   υ ( φ , ℘ )  


  υ  ( φ , ℘ )  =  ∑  j = 0  ∞   υ j   ( φ , ℘ )  .  



(15)




and the nonlinear operators   N 1   as


   N 1   ( φ , ℘ )  =  ∑  j = 0  ∞   A j  .  



(16)




where   A j   are Adomian polynomials, defined as


   A j  =  1  j !       ∂ j   ∂  ℓ j      N 1    ∑  j = 0  ∞   ℓ j   φ j  ,  ∑  j = 0  ∞   ℓ j   ℘ j      ℓ = 0   ,  



(17)




putting Equations (5) and (7) into (4) gives


   ∑  j = 0  ∞   υ j   ( φ , ℘ )  = Θ  ( φ , ω )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  [   G ¯  1   (  ∑  j = 0  ∞   φ j  ,  ∑  j = 0  ∞   ℘ j  )  +  ∑  j = 0  ∞   A j  ]   .  



(18)




The functions given are define as


   υ 0   ( φ , ℘ )  = Θ  ( φ , ω )  ,  



(19)






   υ 1   ( φ , ℘ )  =  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  [   G ¯  1   (  φ 0  ,  ℘ 0  )  +  A 0  ]   .  








The next terms for   j ≥ 1   are determined as.


   υ  j + 1    ( φ , ℘ )  =  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  [   G ¯  1   (  φ j  ,  ℘ j  )  +  A j  ]   .  












4. VITM Formulation


Consider the fractional partial differential equations, given as


           A B C    D  ℘  ϱ   υ ( φ , ℘ )  + M υ  ( ξ , ℘ )  + N υ  ( ξ , ℘ )  − P  ( ξ , ℘ )  = 0 ,   j − 1 < ϱ ≤ j ,     



(20)




with the initial conditions


  υ  ( φ , 0 )  =  g 1   ( φ )  .  



(21)




Using the Elzaki transformation of (10), we achieve


        E  [    A B C    D  ℘  ϱ   υ ( φ , ℘ )  ]  + E  [ M υ  ( φ , ℘ )  + N υ  ( φ , ℘ )  − P  ( φ , ℘ )  ]  = 0 .     



(22)




By the property of ET differentiation, we have


        E  [  υ ( φ , ℘ )  ]  =  1    ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )     E  M υ ( φ , ℘ ) + N υ ( φ , ℘ ) − P ( φ , ℘ )  .     



(23)




The VITM for Equation (13):


         υ  j + 1    ( φ , ℘ )  =  υ j   ( φ , ℘ )  + ϱ  ( s )    1    ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )     E  M υ ( φ , ℘ ) + N υ ( φ , ℘ ) − P ( φ , ℘ )   .     



(24)




  ϱ ( s )   is the Lagrange multiplier and


  ϱ  ( s )  = −    ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    .  



(25)




The Equation (14) series type result is achieved by applying the inverse Elzaki transformation


   υ 0   ( φ , ℘ )  = υ  ( 0 )  +  E  − 1    ϱ ( s ) E [ − P ( φ , ℘ ) ]  ,  










         υ 1   ( φ , ℘ )  =  E  − 1    ϱ ( s ) E [ M υ ( φ , ℘ ) + N υ ( φ , ℘ ) ]  ,         ⋮    










   υ  j + 1    ( φ , ℘ )  =  E  − 1    ϱ  ( s )  E  M   υ 0   ( φ , ℘ )  +  υ 1   ( φ , ℘ )  + ⋯ ,  υ j   ( φ , ℘ )    + N   υ 0   ( φ , ℘ )  +  υ 1   ( φ , ℘ )  , ⋯ ,  υ n   ( φ , ℘ )    .  












5. Numerical Results


5.1. Problem


Consider the fractional system of the Hirota–Satsuma KdV equation


             A B C    ∂ ϱ  υ   ∂  ℘ ϱ    =  1 2     ∂ 3  υ   ∂  φ 3    − 3 υ   ∂ υ   ∂ φ   + 3  ∂  ∂ φ    ( ϕ ℓ )  ,               A B C    ∂ ϱ  ϕ   ∂  ℘ ϱ    = 3 υ   ∂ ϕ   ∂ φ   −    ∂ 3  ϕ   ∂  φ 3    ,             A B C    ∂ ϱ  ℓ   ∂  ℘ ϱ    = 3 υ   ∂ ℓ   ∂ φ   −    ∂ 3  ℓ   ∂  φ 3    ,          0 < ϱ ≤ 1 ,     



(26)




with the initial source


  υ  ( φ , 0 )  = −  1 3  + 2  tanh 3  φ ,  ϕ  ( φ , 0 )  = tanh φ ,  ℓ  ( φ , 0 )  =  8 3  tanh φ .  








Applying the Elzaki transformation of (28), we achieve


          N ( ϱ )   ϱ  ω ϱ  + 1 − ϱ   E  [ υ  ( φ , ℘ )  ]  − ω υ  ( φ , 0 )  = E   1 2     ∂ 3  υ   ∂  φ 3    − 3 υ   ∂ υ   ∂ φ   + 3  ∂  ∂ φ    ( ϕ ℓ )   ,            N ( ϱ )   ϱ  ω ϱ  + 1 − ϱ   E  [ ϕ  ( φ , ℘ )  ]  − ω ϕ  ( φ , 0 )  = E  3 υ   ∂ ϕ   ∂ φ   −    ∂ 3  ϕ   ∂  φ 3     ,            N ( ϱ )   ϱ  ω ϱ  + 1 − ϱ   E  [ ℓ  ( φ , ℘ )  ]  − ω ℓ  ( φ , 0 )  = E  3 υ   ∂ ℓ   ∂ φ   −    ∂ 3  ℓ   ∂  φ 3     .     



(27)




When we use the Elzaki transform, we obtain


        υ  ( φ , ℘ )  = −  1 3  + 2  tanh 3  φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E   1 2     ∂ 3  υ   ∂  φ 3    − 3 υ   ∂ υ   ∂ φ   + 3  ∂  ∂ φ    ( ϕ ℓ )    ,          ϕ  ( φ , ℘ )  = tanh φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3 υ   ∂ ϕ   ∂ φ   −    ∂ 3  ϕ   ∂  φ 3      ,          ℓ  ( φ , ℘ )  =  8 3  tanh φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3 υ   ∂ ℓ   ∂ φ   −    ∂ 3  ℓ   ∂  φ 3      .     



(28)




Assume that the solution,   υ ( φ , ℘ )  ,   ϕ ( φ , ℘ )  , and   ℓ ( φ , ℘ )  , in the form of the infinite series, is given by


  υ  ( φ , ℘ )  =  ∑  j = 0  ∞   υ j   ( φ , ℘ )  ,  ϕ  ( φ , ℘ )  =  ∑  j = 0  ∞   ϕ j   ( φ , ℘ )  ,  ℓ  ( φ , ℘ )  =  ∑  j = 0  ∞   ℓ j   ( φ , ℘ )  .  



(29)




where   υ  υ φ  =  ∑  j = 0  ∞   A j   ,     ( ϕ ℓ )  ξ  =  ∑  j = 0  ∞   B j   ,   υ  ϕ ξ  =  ∑  j = 0  ∞   C j   , and   υ  ℓ ξ  =  ∑  j = 0  ∞   D j    are the so-called Adomian polynomials that represent the nonlinear terms, and so Equation (30) is rewritten as


         ∑  j = 0  ∞   υ j   ( φ , ℘ )  = −  1 3  + 2  tanh 3  φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 3  υ   ∂  φ 3    − 3  ∑  j = 0  ∞   A j  + 3  ∑  j = 0  ∞   B j    ,           ∑  j = 0  ∞   ϕ j   ( φ , ℘ )  = tanh φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  ∑  j = 0  ∞   C j  −    ∂ 3  ϕ   ∂  φ 3      ,           ∑  j = 0  ∞   ℓ j   ( φ , ℘ )  =  8 3  tanh φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  ∑  j = 0  ∞   D j  −    ∂ 3  ℓ   ∂  φ 3      .     



(30)




The decomposition of nonlinear functions by Adomian polynomials is given as in Equation (7),


         A 0  =  υ 0   υ  0 φ   ,   A 1  =  υ 1   υ  0 φ   +  υ 0   υ  1 φ   ,   A 2  =  υ 2   υ  0 φ   +  υ 1   υ  1 φ   +  υ 0   υ  2 φ   ,           B 0  =  ϕ 0   ℓ  0 φ   +  ℓ 0   ϕ  0 φ   ,   B 1  =  (  ϕ 0   ℓ  0 φ   +  ϕ 1   ℓ  0 φ   )  +  (  ℓ 1   ϕ  0 φ   +  ℓ 0   ϕ  1 φ   )  ,           B 2  =  (  ϕ 2   ℓ  0 φ   +  ϕ 1   ℓ  1 φ   +  ϕ 0   ℓ  2 φ   )  +  (  ℓ 2   ϕ  0 φ   +  ℓ 1   ϕ  1 φ   +  ℓ 0   ϕ  2 φ   )  ,           C 0  =  υ 0   ϕ  0 φ   ,   C 1  =  υ 1   ϕ  0 φ   +  υ 0   ϕ  1 φ   ,   C 2  =  υ 2   ϕ  0 φ   +  υ 1   ϕ  1 φ   +  υ 0   ϕ  2 φ   ,           D 0  =  υ 0   ℓ  0 φ   ,   D 1  =  υ 1   ℓ  0 φ   +  υ 0   ℓ  1 φ   ,   D 2  =  υ 2   ℓ  0 φ   +  υ 1   ℓ  1 φ   +  υ 0   ℓ  2 φ   .     



(31)




When comparing both sides of Equation (20)


         υ 0   ( φ , ℘ )  = −  1 3  + 2  tanh 2  φ ,           ϕ 0   ( φ , ℘ )  = tanh φ ,           ℓ 0   ( φ , ℘ )  =  8 3  tanh φ .     








For   j = 0  


         υ 1   ( φ , ℘ )  = 4  sech 2  φ tanh φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,           ϕ 1   ( φ , ℘ )  =  sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,           ℓ 1   ( φ , ℘ )  =  8 3   sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   .     








For   m = 1  


         υ 2   ( φ , ℘ )  = 4  sech 2  φ  ( 1 − 3  tanh 2  φ )      ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,           ϕ 2   ( φ , ℘ )  = −  sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,           ℓ 2   ( φ , ℘ )  = −  8 3   sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   .     








The analytic result of the series is given as


        υ  ( φ , ℘ )  =  ∑  j = 0  ∞   υ j   ( φ , ℘ )  =  υ 0   ( φ , ℘ )  +  υ 1   ( φ , ℘ )  +  υ 2   ( φ , ℘ )  + ⋯ .          ϕ  ( φ , ℘ )  =  ∑  j = 0  ∞   ϕ j   ( φ , ℘ )  =  ϕ 0   ( φ , ℘ )  +  ϕ 1   ( φ , ℘ )  +  ϕ 2   ( φ , ℘ )  + ⋯ .          ℓ  ( φ , ℘ )  =  ∑  j = 0  ∞   ℓ j   ( φ , ℘ )  =  ℓ 0   ( φ , ℘ )  +  ℓ 1   ( φ , ℘ )  +  ℓ 2   ( φ , ℘ )  + ⋯ .     










      υ  ( φ , ℘ )  = −  1 3  + 2  tanh 2  φ + 4  sech 2  φ tanh φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   + 4  sech 2  φ  ( 1 − 3  tanh 2  φ )  {  ( 1 − ϱ )  2 ϱ ℘ +   ( 1 − ϱ )  2         +     ϱ  2    ℘  2   2  } + ⋯ .        ϕ  ( φ , ℘ )  = tanh φ +  sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   −  sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .        ℓ  ( φ , ℘ )  =  8 3  tanh φ +  8 3   sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   −  8 3   sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .     








The exact results are given as


          υ  ( φ , ℘ )  = −  1 3  + 2  tanh 2   ( ℘ + φ )  ,          ϕ ( φ , ℘ ) = tanh ( ℘ + φ ) ,          ℓ  ( φ , ℘ )  =  8 3  tanh  ( ℘ + φ )  .      



(32)




By the VITM analytic solution:



For Equation (16), we apply the VITM, given as


         υ  j + 1    ( φ , ℘ )  =  υ j   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E   1 2     ∂ 3   υ j    ∂  φ 3    − 3  υ j    ∂  υ j    ∂ φ   + 3  ∂  ∂ φ    (  ϕ j   ℓ j  )    ,           ϕ  j + 1    ( φ , ℘ )  =  ϕ j   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  υ j    ∂  ϕ j    ∂ φ   −    ∂ 3   ϕ j    ∂  φ 3      ,           ℓ  j + 1    ( φ , ℘ )  =  ℓ j   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  υ j    ∂  ℓ j    ∂ φ   −    ∂ 3   ℓ j    ∂  φ 3      ,     



(33)




where


         υ 0   ( φ , ℘ )  = −  1 3  + 2  tanh 2  φ ,           ϕ 0   ( φ , ℘ )  = tanh φ ,           ℓ 0   ( φ , ℘ )  =  8 3  tanh φ .     








For   j = 0 , 1 , 2 , ⋯  


         υ 1   ( φ , ℘ )  =  υ 0   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E   1 2     ∂ 3   υ 0    ∂  φ 3    − 3  υ 0    ∂  υ 0    ∂ φ   + 3  ∂  ∂ φ    (  ϕ 0   ℓ 0  )    ,           υ 1   ( φ , ℘ )  = 4  sech 2  φ tanh φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,           ϕ 1   ( φ , ℘ )  =  ϕ 0   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  υ j    ∂  ϕ 0    ∂ φ   −    ∂ 3   ϕ 0    ∂  φ 3      ,           ϕ 1   ( φ , ℘ )  =  sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,           ℓ 1   ( φ , ℘ )  =  ℓ 0   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  υ 0    ∂  ϕ 0    ∂ φ   −    ∂ 3   ϕ 0    ∂  φ 3      ,           ℓ 1   ( φ , ℘ )  =  8 3   sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,     



(34)






         υ 2   ( φ , ℘ )  = =  υ 1   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E   1 2     ∂ 3   υ 1    ∂  φ 3    − 3  υ 1    ∂  υ 1    ∂ φ   + 3  ∂  ∂ φ    (  ϕ 1   ℓ 1  )    ,           υ 2   ( φ , ℘ )  = 4  sech 2  φ  ( 1 − 3  tanh 2  φ )      ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,           ϕ 2   ( φ , ℘ )  =  ϕ 1   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  υ 1    ∂  ϕ 1    ∂ φ   −    ∂ 3   ϕ 1    ∂  φ 3      ,           ϕ 2   ( φ , ℘ )  = −  sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,           ℓ 2   ( φ , ℘ )  =  ℓ 1   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E  3  υ 1    ∂  ϕ 1    ∂ φ   −    ∂ 3   ϕ 1    ∂  φ 3      ,           ℓ 2   ( φ , ℘ )  = −  8 3   sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,     



(35)






        υ  ( φ , ℘ )  = −  1 3  + 2  tanh 2  φ + 4  sech 2  φ tanh φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )            + 4  sech 2  φ  ( 1 − 3  tanh 2  φ )      ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .          ϕ  ( φ , ℘ )  = tanh φ +  sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   −  sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .          ℓ  ( φ , ℘ )  =  8 3  tanh φ +  8 3   sech 2  φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )          −  8 3   sech 2  φ tanh φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .     








The exact result is


          υ  ( φ , ℘ )  = −  1 3  + 2  tanh 2   ( ℘ + φ )  ,          ϕ ( φ , ℘ ) = tanh ( ℘ + φ ) ,          ℓ  ( φ , ℘ )  =  8 3  tanh  ( ℘ + φ )  .      



(36)







In Figure 1, the first graph shows the actual and analytic solutions and the second graph the fractional-order   ϱ = 0.8   for   υ ( φ , ℘ )   of problem 5.1. Figure 2, the first graph shows the analytic solution fractional-order at   ϱ = 0.6   and the different fractional-order  ϱ  for   υ ( φ , ℘ )   of problem 5.1. Similarly, Figure 3, Figure 4, Figure 5 and Figure 6 shows the actual and analytic solutions and the fractional-order  ϱ  with   ϕ ( φ , ℘ )   and   ℓ ( φ , ℘ )   of problem 5.1.




5.2. Problem


Consider the fractional one-dimensional system Burgers equation


             A B C    ∂ ϱ  υ   ∂  ℘ ϱ    =    ∂ 2  υ   ∂  φ 2    + 2 υ   ∂ υ   ∂ φ   −  ∂  ∂ φ    ( υ ϕ )  ,               A B C    ∂ ϱ  ϕ   ∂  ℘ ϱ    =    ∂ 2  ϕ   ∂  φ 2    + 2 ϕ   ∂ ϕ   ∂ φ   −  ∂  ∂ φ    ( υ ϕ )  ,        0 < ϱ ≤ 1 ,     



(37)




with the initial source


  υ ( φ , 0 ) = cos φ ,  ϕ ( φ , 0 ) = cos φ .  








Taking the Elzaki transform of (37), we have


          N ( ϱ )   ϱ  ω ϱ  + 1 − ϱ   E  [ υ  ( φ , ℘ )  ]  − ω υ  ( φ , 0 )  = E     ∂ 2  υ   ∂  φ 2    + 2 υ   ∂ υ   ∂ φ   −  ∂  ∂ φ    ( υ ϕ )   ,            N ( ϱ )   ϱ  ω ϱ  + 1 − ϱ   E  [ ϕ  ( φ , ℘ )  ]  − ω ϕ  ( φ , 0 )  = E     ∂ 2  ϕ   ∂  φ 2    + 2 ϕ   ∂ ϕ   ∂ φ   −  ∂  ∂ φ    ( υ ϕ )   .     



(38)




Applying the Elzaki transform, we have


        υ  ( φ , ℘ )  = cos φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2  υ   ∂  φ 2    + 2 υ   ∂ υ   ∂ φ   −  ∂  ∂ φ    ( υ ϕ )    ,          ϕ  ( φ , ℘ )  = cos φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2  ϕ   ∂  φ 2    + 2 ϕ   ∂ ϕ   ∂ φ   −  ∂  ∂ φ    ( υ ϕ )    .     



(39)




Suppose that the results,   υ ( φ , ℘ )   and   ϕ ( φ , ℘ )  , in the form of the infinite series, are given by


  υ  ( φ , ℘ )  =  ∑  j = 0  ∞   υ j   ( φ , ℘ )  ,  ϕ  ( φ , ℘ )  =  ∑  j = 0  ∞   ϕ j   ( φ , ℘ )  .  



(40)




where   υ  υ φ  =  ∑  j = 0  ∞   A j   ,     ( υ ϕ )  φ  =  ∑  j = 0  ∞   B j    and   ϕ  ϕ φ  =  ∑  j = 0  ∞   C j    are the so-called Adomian polynomials that represent the nonlinear terms, and so Equation (41) is rewritten as


         ∑  j = 0  ∞   υ j   ( φ , ℘ )  = cos φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2  υ   ∂  φ 2    + 2  ∑  j = 0  ∞   A j  −  ∑  j = 0  ∞   B j    ,           ∑  j = 0  ∞   ϕ j   ( φ , ℘ )  = cos φ +  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2  ϕ   ∂  φ 2    +  ∑  j = 0  ∞   C j  −  ∑  j = 0  ∞   B j    .     



(41)




The nonlinear functions by the Adomian polynomial is given as in Equation (7),


         A 0  =  υ 0   υ  0 φ   ,   A 1  =  υ 1   υ  0 φ   +  υ 0   υ  1 φ   ,   A 2  =  υ 2   υ  0 φ   +  υ 1   υ  1 φ   +  υ 0   υ  2 φ   ,           B 0  =  υ 0   ϕ  0 φ   +  ϕ 0   υ  0 φ   ,   B 1  =  (  υ 0   ϕ  0 φ   +  υ 1   ϕ  0 φ   )  +  (  ϕ 1   υ  0 φ   +  ϕ 0   υ  1 φ   )  ,           B 2  =  (  υ 2   ϕ  0 φ   +  υ 1   ϕ  1 φ   +  υ 0   ϕ  2 φ   )  +  (  ϕ 2   υ  0 φ   +  ϕ 1   υ  1 φ   +  ϕ 0   υ  2 φ   )  ,           C 0  =  ϕ 0   ϕ  0 φ   ,   C 1  =  ϕ 1   ϕ  0 φ   +  ϕ 0   ϕ  1 φ   ,   C 2  =  ϕ 2   ϕ  0 φ   +  ϕ 1   ϕ  1 φ   +  ϕ 0   ϕ  2 φ   .     



(42)




When comparing both sides of Equation (42)


         υ 0   ( φ , ℘ )  = cos φ ,           ϕ 0   ( φ , ℘ )  = cos φ .     








For   j = 0  


         υ 1   ( φ , ℘ )  = − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,           ϕ 1   ( φ , ℘ )  = − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   .     








For   m = 1  


         υ 2   ( φ , ℘ )  = cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,           ϕ 2   ( φ , ℘ )  = cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   .     








The analytical result of the series is given as


        υ  ( φ , ℘ )  =  ∑  j = 0  ∞   υ j   ( φ , ℘ )  =  υ 0   ( φ , ℘ )  +  υ 1   ( φ , ℘ )  +  υ 2   ( φ , ℘ )  + ⋯ .          ϕ  ( φ , ℘ )  =  ∑  j = 0  ∞   ϕ j   ( φ , ℘ )  =  ϕ 0   ( φ , ℘ )  +  ϕ 1   ( φ , ℘ )  +  ϕ 2   ( φ , ℘ )  + ⋯ .     










        υ  ( φ , ℘ )  = cos φ − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   + cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .          ϕ  ( φ , ℘ )  = cos φ − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   + cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .     








The exact result is by putting   ϱ = 1  


          υ  ( φ , ℘ )  = cos φ  ( 1 − ℘ +   ℘ 2  2  − ⋯ )  ,          ϕ  ( φ , ℘ )  = cos φ  ( 1 − ℘ +   ℘ 2  2  − ⋯ )  .      



(43)




The exact result is   υ  ( φ , ℘ )  = cos  ( φ )   exp  − ℘     and   ϕ  ( φ , ℘ )  = cos  ( φ )   exp  − ℘   .  



VITM analytic solutions:



For Equation (39), we have the iterative technique


         υ  j + 1    ( φ , ℘ )  =  υ j   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2   υ j    ∂  φ 2    + 2  υ j    ∂  υ j    ∂ φ   −  ∂  ∂ φ    (  υ j   ϕ j  )    ,           ϕ  j + 1    ( φ , ℘ )  =  ϕ j   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2   ϕ j    ∂  φ 2    + 2  ϕ j    ∂ ϕ   ∂ φ   −  ∂  ∂ φ    (  υ j   ϕ j  )    ,     



(44)




where


         υ 0   ( φ , ℘ )  = cos φ ,           ϕ 0   ( φ , ℘ )  = cos φ .     








For   j = 0 , 1 , 2 , ⋯  


         υ 1   ( φ , ℘ )  =  υ 0   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2   υ 0    ∂  φ 2    + 2  υ 0    ∂  υ 0    ∂ φ   −  ∂  ∂ φ    (  υ 0   ϕ 0  )    ,           υ 1   ( φ , ℘ )  = − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,           ϕ 1   ( φ , ℘ )  =  ϕ 0   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2   ϕ 0    ∂  φ 2    + 2  ϕ 0    ∂ ϕ   ∂ φ   −  ∂  ∂ φ    (  υ 0   ϕ 0  )    ,           ϕ 1   ( φ , ℘ )  = − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   ,     



(45)






         υ 2   ( φ , ℘ )  =  υ 1   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2   υ 1    ∂  φ 2    + 2  υ 1    ∂  υ 1    ∂ φ   −  ∂  ∂ φ    (  υ 1   ϕ 1  )    ,           υ 2   ( φ , ℘ )  = cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,           ϕ 2   ( φ , ℘ )  =  ϕ 1   ( φ , ℘ )  −  E  − 1       ϱ  ω ϱ  + 1 − ϱ   N ( ϱ )    E     ∂ 2   ϕ 1    ∂  φ 2    + 2  ϕ 1    ∂ ϕ   ∂ φ   −  ∂  ∂ φ    (  υ 1   ϕ 1  )    ,           ϕ 1   ( φ , ℘ )  = cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   ,     



(46)






        υ  ( φ , ℘ )  = cos φ − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   + cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .          ϕ  ( φ , ℘ )  = cos φ − cos φ    ϱ  ℘ ϱ    Γ ( ϱ + 1 )   +  ( 1 − ϱ )   + cos φ     ϱ 2   ℘  2 ϱ     Γ ( 2 ϱ + 1 )   + 2 ϱ  ( 1 − ϱ )    ℘ ϱ   Γ ( ϱ + 1 )   +   ( 1 − ϱ )  2   + ⋯ .     








We achieve the exact solution by putting   ϱ = 1  


          υ  ( φ , ℘ )  = cos φ  ( 1 − ℘ +   ℘ 2  2  − ⋯ )  ,          ϕ  ( φ , ℘ )  = cos φ  ( 1 − ℘ +   ℘ 2  2  − ⋯ )  .      



(47)




The exact result is   υ  ( φ , ℘ )  = cos  ( φ )   exp  − ℘     and   ϕ  ( φ , ℘ )  = cos  ( φ )   exp  − ℘    



In Figure 7, the first graph shows the actual and analytic solutions, and the second graph the fractional-order   ϱ = 0.8   for   υ ( φ , ℘ )   of problem 5.2. In Figure 8, the first graph shows the analytic solution of the fractional-order at   ϱ = 0.6   and the different fractional-order  ϱ  for   υ ( φ , ℘ )   of problem 5.2.





6. Conclusions


The coupled nonlinear PDEs were defined by applying the EDM and VITM. When the results of these approaches are compared to the actual solution, it is clear that the provided methods are incredibly basic and straightforward to deal with the nonlinear terms. The results obtained formed a series that gradually tended to the precise exact solution. By solving four nonlinear systems, it is shown that the proposed methods become very close to the exact solution. It has been verified that the suggested approaches require less computing labour, resulting in quick convergence. Furthermore, EDM and VITM are particularly productive and competitive in finding approximate analytic solutions to a broad variety of real-world engineering and scientific problems.
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Figure 1. The first graph shows the actual and analytic solutions and the second graph the fractional-order   ϱ = 0.8   for   υ ( φ , ℘ )   of problem 5.1. 






Figure 1. The first graph shows the actual and analytic solutions and the second graph the fractional-order   ϱ = 0.8   for   υ ( φ , ℘ )   of problem 5.1.
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Figure 2. The first graph shows the analytic solution of the fractional-order at   ϱ = 0.6   and second figure the different fractional-order  ϱ  for   υ ( φ , ℘ )   of problem 5.1. 
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Figure 3. The first graph shows the actual and analytic solutions and the second graph the fractional-order   ϱ = 0.8   for   ϕ ( φ , ℘ )   of problem 5.1. 
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Figure 4. The first graph shows the analytic solution of the fractional-order at   ϱ = 0.6   and second graph the different fractional-order  ϱ  for   ϕ ( φ , ℘ )   of problem 5.1. 
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Figure 5. The first graph shows the actual and analytic solutions and the second graph the fractional-order   ϱ = 0.8   for   ℓ ( φ , ℘ )   of problem 5.1. 
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Figure 6. The first graph shows the analytic solution of the fractional-order at   ϱ = 0.6   and second graph the different fractional-order  ϱ  for   ℓ ( φ , ℘ )   of problem 5.1. 
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Figure 7. The first graph shows the actual and analytic solutions and the second graph the fractional-order   ϱ = 0.8   for   ℓ ( φ , ℘ )   of problem 5.2. 
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Figure 8. The first graph shows the analytic solution of the fractional-order at   ϱ = 0.6   and second graph the different fractional-order  ϱ  for   ℓ ( φ , ℘ )   of problem 5.2. 
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