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Abstract: In this paper, we propose two scaled Dai—Yuan (DY) directions for solving constrained
monotone nonlinear systems. The proposed directions satisfy the sufficient descent condition in-
dependent of the line search strategy. We also reasonably proposed two different relations for
computing the scaling parameter at every iteration. The first relation is proposed by approaching
the quasi-Newton direction, and the second one is by taking the advantage of the popular Barzilai—
Borwein strategy. Moreover, we propose a robust projection-based algorithm for solving constrained
monotone nonlinear equations with applications in signal restoration problems and reconstructing
the blurred images. The global convergence of this algorithm is also provided, using some mild
assumptions. Finally, a comprehensive numerical comparison with the relevant algorithms shows
that the proposed algorithm is efficient.

Keywords: constrained monotone system; scaled conjugate gradient method; projection-based
algorithm; quasi-Newton direction

1. Introduction

Consider the constrained algebraic system

F(x) =0, x€M, 1
where the function F : () <— R" is a continuous mapping and is considered to be
monotone, i.e.,

(F(x) = F(y) (x—y) >0,

In addition, the set () is known to be a closed convex subset of R". If ) = R”,
the problem (1) is referred to as an unconstrained monotone nonlinear system. Both
cases have been extensively studied by many researchers. The constrained system (1)
appeared in many physical and mathematical applications, such as the financial forecasting
problems [1], compressive sensing [2], Bregman distances [3], and monotone variational
inequalities [4].

Moreover, the Newton method [5] and the quasi-Newton method [6,7] are well-known
methods of solving the system of nonlinear equations. However, these methods are
undesirable due to the Jacobian computation or its approximations at each iteration, as well
as the storage requirements for storing the Jacobian matrix or its approximations at each
iteration. Due to these limitations, these methods are unsuitable for large-scale problems
involving both smooth and nonsmooth systems. The spectral gradient (5G) and conjugate

X,y € M. @)
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gradient (CG) methods are another set of methods, which are used to solve systems of
nonlinear equations. These methods are matrix-free; they can successfully handle large-
scale problems, see [8-15] and the references therein. The main iterative procedure of CG
methods for the system of monotone equations given an initial point xg is

Xg+1 = Xk + ady, 3)

where ay is the step size that can be computed using the line search strategies. The term d
is the spectral gradient direction defined by

dk = —F(.X'k), k=0, dk = _F(xk) =+ IBkdk—ll k>1, (4)

the scalar parameter B is the parameter that differentiates the CG methods. Among the
most efficient CG parameters is one proposed by Dai and Yuan [16], given by

py _ b kT Fi
ko =T ) ®)
k—1Yk-1

where Fy = F(x;). Recently, the DY CG parameter and its modification have been used
to solve the monotone nonlinear systems, for example, the two descent DY algorithm for
monotone equations [17], the modified DY with sufficient descent property [18], the effi-
cient DY-type spectral CG method [19], and the descent three-term DY CG method with
application [20]. Most of these methods are efficient to some extent and apply to real-life
applications. Motivated by these DY approaches, we will present a scaled, Dai—Yuan,
projection-based conjugate gradient method to solve monotone equations with applications
in signal and image recovery. In addition, we reasonably propose different relations to
compute the scaling parameter at every iteration, namely, by tending the proposed di-
rection to approach the quasi-Newton direction, and by taking advantage of the popular
Barzilai-Borwein strategy.

The next section provides a detailed derivation of the proposed algorithm. Section 3
presents the convergence result. Section 4 provides the experimental findings in comparison
with some existing algorithms. We provide the conclusion in the last section.

2. A Scaled Dai-Yuan CG Methods

This section will present spectral DY CG methods for solving monotone equations
with the convex constrained. Among the well-known efficients is the one proposed by
Dai and Young [16]. Moreover, the scaling strategy proved to be an efficient strategy for
enhancing the performance of CG-based algorithms, see [21]. In this work, to enhance the
performance of the DY CG parameter, we present the following scaled DY CG parameter

o= opp, ©

such that |o| < 1. The main contribution of this work is to propose some reasonable ways
of computing the scalar ¢ at every iteration.

2.1. Scaling Parameter Based on the Quasi-Newton Approach

Newton and quasi-Newton directions contain the full Jacobian information or its
approximates. Recall that the quasi-Newton equation is defined as

Yk = Byt1sk, )

where By is a positive definite and symmetric Jacobian estimate. Again, assuming that
Hj. 11 is the inverse of By 1, the quasi-Newton direction is as follows:

dit1 = —Hpp1Fea- (8)
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Using Equation (4), and Equation (6), the spectral DY search direction is given as

T
Pk+1 Fiq

k

dgy1 = —Fep1 +0

Using the equality relation, and from Equations (8) and (9), we obtain

FkT+1Fk+1
—Hi1Fepr = =B + UdTidk- (10)
k Yk
Multiplying Equation (10) by —s{ and By to obtain
Bl 1 Fen
] Feyq = BraaSt Fepq — 022y s d,. (11)

dkT Yk

We further eliminate the matrix By ;1 in Equation (11) using the quasi-Newton Equation (7)
to obtain .
FeoiFe ¢

T T
Sk Fer1 = Yi Fev1 — 0 —7— Vi dk (12)
ALy
Solving for ¢ in Equation (12) to obtain
o = Wk =50 e 13
Bl

Furthermore, to achieve |o| < 1 and to benefit from the nonnegative restriction of
Polak-Ribiére-Polyak, we proposed the following modified version of Equation (14)

oy =min{1,|c|}. (14)

Moreover, to ensure the sufficient condition is satisfied, independent of the line search
procedure, we proposed the following scaled DY CG direction

dk-‘rl = _Tka-i-] =+ U—I:IBEdeI k= 0/ 1/ Tty (15)
where .
F, ,dk
T =1+0f St (16)
df vk

2.2. Scaling Parameter Based on Barzilai-Borwein Approach

The most prevalent choices for the spectral scalars are those offered by Barzilai—
Borwein [22], given as follows:

T T
S Sk S Yk
’y,% = —kT and 'y,% = —"T . (17)
Yi Sk Yi Yk

Now, considering the relations (4) and (6), the direction (9) can be written as
dO = _FO/ dk+1 = _Ak+le+l/ k= 0,1,---, (18)

where Ay is defined by
Fyjrdf

dkTyk '
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We aimed to take advantage of the Barzilai-Borwein [22] approach; hence, we put
forward the parameter ¢ as the solution to the following minimization problem:

min|| A1 — 1l |7, (20)
where ||. || stands for the Frobenius matrix norm and
Yk = max{ymin/ min{')/;{/ ')’max} }r ] =1,2, (21)

where the 0 < Ymin < Ymax < 0. Putting forward the relation || A||% = Trace(ATA), we
obtained the following solution for (20) as follows

T
Fe 1Yk

e (22)
[ di||*BRY

o = (1 =)

Furthermore, to achieve || < 1 and to benefit from the non-negative restriction of
Polak-Ribiére-Polyak, we proposed the following modified version of (22) as follows

of = min{1, |o[}. (23)

Moreover, to ensure the sufficient condition is satisfied, independent of the line search
procedure, we proposed the following scaled DY CG direction

dyir = —TcFer + 07 Brdy, k=0,1,---, (24)
where .
L FT d
t =14 0y KK, (25)
dk Yk

Next, we define the projection operator Mg, : R” — (), given by
Mq[x] = argmin{||x —z|||z € Q}, Vx eR", (26)
one of the appealing features of this operator is its non-expansive property, i.e.,
IMa[x] = Mo[2]]| < [lx =z, Vx,zeR" (27)

Now, we present the spectral DY CG projection-based algorithm (Algorithm 1) for
solving convex constrained monotone nonlinear equations.
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Algorithm 1: The spectral DY CG projection-based algorithm (SDYCG)
Step 0 Initialize: € > 0,4 € (0,1),b>0,¢>0,¢> 0,0 < Ymin < Ymax and

xo € R™. Setk =0and dy = —F.
Step 11If || F|| < e, stop; otherwise, go to Step 2.
Step 2 Compute the spectral DY CG directions dj using (15) or (24), where
Sk = hx — x, and yy = F(hy) — F + asy.
Step 3 Set i, = xy + ady and determine ay = max{bc' :i =0,1,2,-- }
satisfying

— F(hy)Tdy > goe||F () ||| |I* (28)

Step 4 If h; € Q and ||F(h)|| = 0 stop; otherwise
X1 = Mo xx — vcF ()], (29)

where 0 )T( )
F(hy)" (xg — I
— 2Ute) (X — M) (30)
T TR

Step 5 Set k = k + 1 and then go to Step 1.

3. Global Convergence

This section presents the SDYCG algorithm’s global convergence result using the
following assumptions:

* Al The solution set (2 is non-empty.
* A2 The function F is Lipschitz continuous for (), i.e., for L > 0

|F(x) —F(z)|| < L||jx —z|, Vx,ze€Q. (31)

e A3 The function F satisfies (2).
Remark:

1.  The proposed search directions (15) and (24) satisfy the sufficient descent condition
independent of the line-search procedure used.
2. Additionally, from the monotonicity assumption on F, we have

Sk Yk > a5( Sk. (32)
Lemma 1. Forall k > 0, the line search (28) is well-defined.
Proof. Assume that there exists kg > 0, such that, for any non-negative integer 7,
— F(xg, + be'dy,) Ty, < gbe'||F(xg, + be'dy, )| [, |1 (33)
Leti — oo in (33), we have
— F(xg,) dg, <0. (34)
From the sufficient condition of the HSGP direction, we have
— F(x) gy > |[F(xg,)[I> > 0, (35)
clearly, (34) contradicts (35), and so the proof is complete. O
Lemma 2. If the sequences {xy} and {by} are generated by HSGP algorithm, then

lim lxk”dkH =0. (36)
k— o0
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Proof. From the line search (28), we have
F(h)" (x¢ = i) = —F () " di > Aag || F () || 1| > 0. (37)
Assume that x* € () such that F(x*) = 0; using the monotonicity of F, we have

F(h) T (xe — x*) = F(he) T (x — hie) + F(he) " (g — x*)
(i) (x = hye) + F(x™) T (hye — x¥) (38)
(i) (e — ).

Y]

F
F

Using (37) and (38) to obtain

[xk1 — x*||? = |[Walxx — oeF () — x*||?
< |Jxx — ok F () — x*|| (39)
= |lxx — x*||2 = 20k F () T (2 — x*) + 0F | F () ||

Looking at the definition of vy, and the Cauchy-Schwarz inequality in (39), we obtain

Ixesr — |17 < [l — 2|12 — 200 F (hi) T (0 — h) + R | F (k) |1

(F(he)T (xx — i) )?
<l — x> = (40)
e =] ROIE
< g — x*)|* = g2l — b,
thus, we have
[xk1 = x| < [l —x*[, Vk=0. (41)

Therefore, {||x; — x*||} is a decreasing sequence and convergent. Now, utilizing (41)
and the Lispchitz continuity of F, we obtain

IE (il = [1F(xx) = F()| < Ll = 2"} < Lllxo —x7[| = T (42)
Using (28), monotonicity of F, and the Cauchy-Schwarz inequality, we obtain
SIE () 1k = il < F(hi) T (e — b)) < |[F (i) [l — e, (43)

which gives
8llxe — hiell < 1. (44)

From (44), we can see that the sequence {/} is bounded. From (40), we obtain

o [ee]
&Y e =l < Y (e — [ = iy — *7[|?) < oo (45)
k=0 k=0
This implies
Hm [Jxg — hl| = lim af|di]| = 0. (46)
k— o0 k— o0

The proof is now complete. [
Lemma 3. The directions generated by SDYCG algorithms are bounded.

Proof. Starting with (15) for the case k = 0,

do < [|[=Foll = [[Fol|- (47)
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Now, for k > 0, we obtain

dll = H—Tka+1 +‘71?ﬁz?ydkH
EL .dy Fl  Fiyq
— =140 k+1 Fk1+(7* k+1 dk
H ( Cdlye )T F dly
48)
Eo2ls (
< ||Fk+l||+2” k+l|| ||2k||
al|sll
T2 i}
<T+2—=T
al|sll

The first inequality directly follows from the Cauchy-Swartz inequality, (32) and the
main definition of hy, while the second inequality directly follows from (42) and (46).
The same result can be shown for the second search direction (24). O

Theorem 1. If the sequence {xy} is generated by SDYCG algorithm, then

lim inf|[F || = 0. (49)
k—o0

Proof. Suppose that (49) is not true. Then, there exists w > 0, such that
IF(xi)ll =2 w, Vke€N. (50)
Using the sufficient descent condition and the Cauchy-Schwartz inequality, we have
IFell> < —Fldx < ||Felllldill ¥k € N. (51)

Hence,
ldk]| > w > 0. (52)

Using Lemma 2 and the inequality (52), we obtain

lim a = 0. (53)
k— o0

By line-search (28), there is o, so that
— g+ o dg) Ty < ga' | P+ o) 1% (54)

From the fact that {x; } and {d} are bounded, there is an accumulation point x*, such
that limy_,, x; = x*, for k € By. Similarly, there is a set By C B; and an accumulation point
d*, such that limy_,, dy = d*, for k € B, where By, B, are infinite index sets. Hence, taking
the limit as k — co in (54), we can obtain

F(x*)Td* >o. (55)

Similarly, from the sufficient condition, taking the limit as k — oo in the sufficient
descent condition to obtain
F(x")Td* <. (56)

Clearly, (55) and (56) provide a contradiction. [

4. Numerical Experiment and Applications

This section comprises numerical experiments using the proposed algorithm to solve large-
scale constrained monotone nonlinear systems and image and signal restoration problems.
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4.1. Application to the Monotone Nonlinear Equations

The proposed two-direction algorithm was compared to the modified spectral gradient
projection (MSGP) algorithm [23] and the derivative-free spectral projection (DFSP) [24].
Furthermore, for the proposed algorithm, we set the starting parameters as follows: a = 0.1,
¢ =0.0001,c =099, b = 1, and epsilon = 10~°. Except for the stopping conditions, all of
the compared algorithms were implemented using the published values. The following
problems were tested:

Problem 1 ([25]).
F(x)=¢1-1,
F(x)=e'i+x;i1—1, i=23,---,n—1,and Q=R

Problem 2 ([25]).
Fi(x) =log(|x;| +1) =3, i=23,---,n,
amdQ={xeRL:Y" x;<n, x>-1 i=12,--,n}

Problem 3 ([26]).
Fi(x) = cos(x1) — 9+ 3x1 + 8exp(x2)
Fi(x) = cos(x;) —9 4 3x; +8exp(xj_p), fori =2,3,...,n,and QO = R’}

Problem 4 (This problem is from Reference).
Fi(x)=e¢i—-1, i=12,...,n,and Q=R
Problem 5 ([21]).
2
Fi(x) = 4x; + (xp0q —2%;) — 54 fori =1,2,...,n — 1,
2
Fa(x) = dxy + (x,-1 — 2x5) — 251, and Q = R7..

Problem 6 ([27]).
F(x;) = 2x; —sin|x;|, fori =1,2,3,...,n,and Q = R}

From Tables 1-6, The NORM the norm of the function F at the stopping point. The fol-
lowing initial points are considered: x(l) =(2,2,...,2), x% = (1, %, %, s, %), xg =(1,1,...,1),
=%, 0, =mn-Ln-2 . n-1),x=(233%..2),x=(1-11-
3 1-1%..,1—-Dandx§ =(-3-3,...,-3).

For the sake of the numerical comparison, we used the three parameters, namely, the
number of iterations (ITER), the number of function evaluations (FEV), and computational
or CPU time (TIME). Starting with Problem 1, the proposed algorithm successfully solves
the entire initial guess, with fewer ITER, FEV, and TIME. Additionally, the DFSP algorithm
solved all the initial guesses, with a relatively high ITER and FEV compared to the SDYCG
algorithm. We also observed that the MSGP algorithm failed for the three initial guesses
at the start, and failed for four initial guesses regarding dimension increases, although it
performed wonderfully for Problem 2 for all three parameters.
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Table 1. Numerical comparison of SDYCG algorithm versus DFSP [24], and MSGP algorithms [23].

Problem 1 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM FVAL TIME NORM
POINT
x} 2 27 0.178052 0 2 27 0.030794 0 121 1538 0102812 9.3 x 10710 7 73 0.051887 0
2 2 27 0.007911 0 2 27 0.010431 0 91 1173 0075893 858 x 10~ 4 45 0.025909 0
<3 2 27 0.004025 0 2 27 0.004284 0 95 1200 0146293 829 x 10~ 6 69 0.013521 0
xi 3 40 0.008521 0 3 40 0.008234 0  Fail Fail Fail Fail 5 57 0011795 0
500 X3 2 27 0.006885 0 2 27 0.006878 0 Fail Fail Fail Fail 5 56 0.011774 0
X8 2 27 0.005948 0 2 27 0.008259 0 57 725 0.042269 8.33 x 10°10 6 72 0.014265 0
Y 2 27 0.004092 0 2 27 0.006461 0 Fail Fail Fail Fail 5 56 0.01217 0
8 5 66 0.009501 0 5 66 0.013534 0 2 18 0.004343 0 2 17 0.07065 0
x 2 27 0.004634 0 2 27 0.008994 0 134 1706 0322519 9.92 x 10~10 8 84 0.022746 0
X3 2 27 0.009655 0 2 27 0.009192 0 91 1173 0225743 859 x 1071 4 45 0.012467 0
<3 2 27 0.008619 0 2 27 0.009266 0 89 1122 0212044 7.94x 107 9 78 0.01979% 0
x4 3 40 0.00906 0 3 40 0011755 0  Fail Fail Fail Fail 5 56 0.01559 0
1000 x5 2 27 0.006779 0 2 27 0.008895 0 Fail Fail Fail Fail 5 56 0.015161 0
x§ 2 27 0.004795 0 2 27 0.007495 0 57 725 0138729  7.84x 1071 6 72 0.019059 0
x] 2 27 0.006632 0 2 27 0.009641 0 Fail Fail Fail Fail 5 56 0.015644 0
8 5 66 0.017444 0 5 66  0.017055 0 2 18 0.004908 0 2 17 0.006929 0
X} 2 27 0.047267 0 2 27 0.041266 0 104 1311 1560793  9.44 x 1071 8 65  0.116677 0
P 2 27 0.03194 0 2 27 0.039564 0 91 1173 1997119 86 x 1071 4 45 0.080051 0
K3 2 27 0.031136 0 2 27 0.041833 0 98 1230 2.601348  9.08 x 1071 9 68 0123208 0
x4 3 40 0.057081 0 3 40 0.056858 0 Fail Fail Fail Fail 5 56 0.09662 0
10,000 x5 2 27 0035342 0 2 27 0.040675 0 Fail Fail Fail Fail 5 56 0.103659 0
x§ 2 27 0.027089 0 2 27 0.038279 0 56 712 1482753 9.8 x 1070 6 72 0126239 0
x] 2 27 0.041587 0 2 27 0.04066 0 Fail Fail Fail Fail 5 56 0.102553 0
8 5 66 0.089053 0 5 66  0.111986 0 2 18 0.042366 0 3 30 0.054729 0
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Table 1. Cont.
Problem 1 SDYCG() SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT

x} 2 27 0.119851 0 2 27 0.192334 0 103 1293 10.94405 9.7 x 10710 10 89 0.690911 0

x3 2 27 0.158001 0 2 27 0.181709 0 91 1173 8.038891 8.6 x 10710 4 45 0.329212 0

x3 2 27 0.1872 0 2 27 0.195489 0  Fail Fail Fail Fail 7 71 0.520311 0

xg 3 40 0.170595 0 3 40 0.294915 0  Fail Fail Fail Fail 5 56 0.425746 0

50,000 x5 2 27 0.182155 0 2 27 0.19715 0  Fail Fail Fail Fail 5 56 0.418211 0
x§ 2 27 0.118753 0 2 27 0.188444 0 56 712 4.008244  9.74 x 10710 6 72 0.527691 0

x5 2 27 0.191926 0 2 27 0.199747 0  Fail Fail Fail Fail 5 56 0.421186 0

x§ 5 66 0.363679 0 5 66 0.467007 0 2 18 0.142288 0 3 30 0.223121 0

x5 2 27 0.447002 0 2 27 0.423225 0 116 1456 17.30029  9.17 x 10710 9 67 1.114614 0

x3 2 27 0.282127 0 2 27 0.398508 0 91 1173 13.14327 8.6 x 10710 4 45 0.864917 0

x3 2 27 0.438826 0 2 27 0.439531 0  Fail Fail Fail Fail 11 124 1.896561 0

xg 3 40 0.459044 0 3 40 0.630171 0  Fail Fail Fail Fail 5 56 0.951345 0

100,000 xg 2 27 0.457132 0 2 27 0.441214 0  Fail Fail Fail Fail 5 56 1.073445 0
x§ 2 27 0.387432 0 2 27 0.398113 0 56 712 8451864  9.73 x 1010 6 72 1.197623 0

x5 2 27 0.512523 0 2 27 0.424911 0  Fail Fail Fail Fail 5 56 0.959261 0

x§ 5 66 0.76242 0 5 66 0.992397 0 2 18 0.266698 0 3 30 0.545118 0
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Table 2. Numerical comparison of SDYCG algorithm versus DFSP [24], and MSGP algorithms [23].

Problem 2 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 7 15 0016995 110710 7 15 0009055 1x 1071 2 5 0.003311 0 2 5 0006153 0
x2 1 34 0010415 0 4 20 0.008933 0 3 7 0.004031 0 4 13 0.007909 0
3 6 13 0006106 19 x1071° 6 13 0008533 1.9x10°1 2 5 0.004184 0 17 35 0016027 9.24x 10710
x4 5 11 0005878 0 5 11 0008165 0 4 20 0.008457 0 5 12 0007036 0
500 x5 5 11 0.005853 0 5 11 0008164 0 4 20 0.007013 0 5 12 0.007406 0
X8 6 13 0.008509 0 4 9 0.006486 0 3 7 0004293 0 4 9 0007139 0
X7 5 11 0.006749 0 5 11 0007685 0 4 20 0.00637 0 5 12 0.008024 0
8 1 3 0.003592 0 1 3 0004139 0 1 3 0003345 0 1 3 0003913 0
x 7 15 0009224 174 x 10! 7 15 0011962 174 x 10! 2 5 0.00456 0 2 5 0008143 0
P 4 9 0.00694 0 4 20 0.011606 0 3 7 0.005106 0 4 13 0.009123 0
K3 6 13 0009309 3.6x 1071 6 13 0010888 3.6 x 107! 2 5 0004814 0 18 37 0022215 5.1x10°1
x4 5 11 0009144 0 5 11 0.008701 0 4 20 0.009211 0 5 12 0.00947 0
1000 x5 5 11 0.008489 0 5 11 0.008808 0 4 20 0.009244 0 5 12 0.009505 0
x5 3 7 0.005678 0 4 9 0.008407 0 3 7 0.004977 0 4 9 0.008368 0
Y 5 11 0.008087 0 5 11 0009238 0 4 20 0.008604 0 5 12 0.009677 0
8 1 3 0.0038 0 1 3 0.004987 0 1 3 0.005321 0 1 3 0.004467 0
x} 7 15 0045708 1.11x 10713 7 15 0043334 133 x 1071 2 5 0.02446 0 2 5 0017714 0
2 4 9 0.02586 0 4 20 0.04929 0 3 7 0017497 0 4 13 0.03338 0
K3 6 13 0038779 355x 10713 6 13 0043985 3.77x10°13 2 5 0015054 0 20 41 0108359 3.63x 10710
x4 5 11 0032356 0 5 11 0030417 0 4 20 0.047689 0 5 12 0.03619 0
10,000 x5 5 11 0033364 0 5 11 0034083 0 4 20 0.05494 0 5 12 0.038086 0
X8 3 7 0022243 0 4 9 0.026586 0 3 7 0027866 0 4 9 002689 0
b 5 11 0032746 0 5 11 0031654 0 4 20 0.047107 0 5 12 0036912 0
8 1 3 0009583 0 1 3 0009103 0 1 3 001039 0 1 3 0.01129 0
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Table 2. Cont.
Problem 2 SDYCG() SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 6 13 0.130026  4.01 x 101° 6 13 0.134782  4.01 x 10710 2 5 0.051851 0 21 43 0.445089 3.8 x 10710
x3 4 9 0.082732 0 4 20 0.159078 0 3 7 0.074055 0 4 13 0.117798 0
x3 6 13 0.109939  4.97 x 10~ 6 14 0136721  1.34 x 1071 2 5 0.051362 0 21 43 0417691  4.89 x 10~1°
xg 5 11 0.096546 0 5 11 0.106255 0 4 20 0.163909 0 5 12 0.120821 0
50,000 x5 5 11 0.094329 0 5 11 0.10836 0 4 20 0.170905 0 5 12 0.114635 0
x§ 3 7 0.058725 0 4 9 0.092347 0 3 7 0.069873 0 4 9 0.089748 0
x5 5 11 0.101219 0 5 11 0.113213 0 4 20 0.168554 0 5 12 0.118881 0
x§ 1 3 0.026044 0 1 3 0.028872 0 1 3 0.027349 0 1 3 0.02784 0
x5 6 13 0229267  2.71 x 10710 6 13 0267816  2.71 x 10710 2 5 0.104652 0 22 45 0.877074  4.89 x 1071°
x3 4 9 0.145292 0 4 20 0.344569 0 3 7 0.131366 0 4 13 0.253001 0
x3 5 11 0208255  9.27 x 1010 5 1 021464  9.27 x 10710 2 5 0.095152 0 21 43 0.848432  9.42 x 10710
xg 5 11 0.171397 0 5 11 0.214585 0 4 20 0.320318 0 5 12 0.233611 0
100,000 xg 5 11 0.167816 0 5 1 0.213382 0 4 20 0.34222 0 5 12 0.262368 0
x§ 3 7 0.127268 0 4 9 0.17047 0 3 7 0.132036 0 4 9 0.199059 0
x5 5 11 0.162501 0 5 11 0.214841 0 4 20 0.321408 0 5 12 0.264622 0
x§ 1 3 0.054556 0 1 3 0.051797 0 1 3 0.051647 0 1 3 0.055688 0
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Table 3. Numerical comparison of SDYCG algorithm versus DFSP [24], and MSGP algorithms [23].

Problem 3 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM FVAL TIME NORM
POINT

x} 1 14 0.0239 0 1 14 0.00767 0 1 14 0.00708 0 2 26 0.010194 0

x3 1 14 0.007732 0 1 14 0.008647 0 3 40 0.01239 0 2 24 0.009397 0

x3 1 14 0.007985 0 1 14 0.007406 0 1 14 0.007757 0 2 24 0.010515 0

xg 1 14 0.007445 0 1 14 0.007337 0  Fail Fail Fail Fail 5 63 0.019328 0

500 x3 1 14 0.007483 0 1 14 0.007494 0 3 40 0.011605 0 5 63 0.020952 0
x§ 1 14 0.006083 0 1 14 0.007518 0  Fail Fail Fail Fail 2 24 0.008674 0

x5 1 14 0.006988 0 1 14 0.006873 0 3 40 0.011505 0 5 63 0.019238 0

x§ 2 27 0.016347 0 2 27 0.015556 0 1 12 0.006715 0 1 9 0.006439 0

x 1 14 0.00895 0 1 14 0.009538 0 1 14 0.009487 0 2 26 0.01487 0

x3 1 14 0.007879 0 1 14 0.008877 0 3 40 0.01747 0 2 24 0.011346 0

x3 1 14 0.008755 0 1 14 0.00954 0 1 14 0.009751 0 2 24 0.01299 0

xg 1 14 0.009495 0 1 14 0.009276 0  Fail Fail Fail Fail 5 63 0.030107 0

1000 x3 1 14 0.00908 0 1 14 0.008924 0 3 40 0.016945 0 5 63 0.028482 0
x§ 1 14 0.008038 0 1 14 0.008538 0  Fail Fail Fail Fail 2 24 0.012681 0

x5 1 14 0.008972 0 1 14 0.009078 0 3 40 0.016225 0 5 63 0.027616 0

x§ 2 27 0.021469 0 2 27 0.023114 0 1 12 0.008773 0 1 9 0.007666 0

x5 1 14 0.036132 0 1 14 0.039536 0 1 14 0.042494 0 2 26 0.069214 0

x3 1 14 0.031156 0 1 14 0.038291 0 3 40 0.098848 0 2 24 0.059419 0

x3 1 14 0.038817 0 1 14 0.045399 0 1 14 0.038984 0 2 24 0.064127 0

xg 1 14 0.036851 0 1 14 0.047515 0  Fail Fail Fail Fail 5 63 0.14985 0

10,000 xg 1 14 0.047204 0 1 14 0.041347 0 3 40 0.096622 0 5 63 0.146482 0
x§ 1 14 0.031515 0 1 14 0.037743 0  Fail Fail Fail Fail 2 24 0.056053 0

x5 1 14 0.03524 0 1 14 0.038517 0 3 40 0.094222 0 5 63 0.160358 0

x§ 2 27 0.087458 0 2 27 0.092896 0 1 12 0.033203 0 1 9 0.024582 0
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Table 3. Cont.

Problem 3 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 1 14 0.154012 0 1 14 0.148305 0 1 14 0.146243 0 2 26 0.258653 0
x3 1 14 0.128182 0 1 14 0.134815 0 3 40 0.384249 0 2 24 0.21526 0
x3 1 14 0.152506 0 1 14 0.146604 0 1 14 0.14895 0 2 24 0.229867 0
xg 1 14 0.134076 0 1 14 0.160741 0  Fail Fail Fail Fail 5 63 0.62062 0
50,000 x§ 1 14 0.15077 0 1 14 0.152467 0 3 40 0.297547 0 5 63 0.563123 0
x§ 1 14 0.119791 0 1 14 0.129554 0  Fail Fail Fail Fail 2 24 0.231704 0
x5 1 14 0.145513 0 1 14 0.150596 0 3 40 0.359077 0 5 63 0.675605 0
x§ 2 27 0.331784 0 2 27 0.393617 0 1 12 0.090385 0 1 9 0.068757 0
x} 1 14 0.247586 0 1 14 0.29132 0 1 14 0.229091 0 2 26 0.516286 0
x3 1 14 0.238248 0 1 14 0.261577 0 3 40 0.586183 0 2 24 0.349797 0
x3 1 14 0.252227 0 1 14 0.284209 0 1 14 0.230378 0 2 24 0.496748 0
xg 1 14 0.210766 0 1 14 0.314589 0  Fail Fail Fail Fail 5 63 1.300943 0
100,000 x3 1 14 0.26294 0 1 14 0.294359 0 3 40 0.735556 0 5 63 1.678595 0
x§ 1 14 0.204092 0 1 14 0.265777 0  Fail Fail Fail Fail 2 24 0.454425 0
x5 1 14 0.234871 0 1 14 0.287143 0 3 40 0.70266 0 5 63 1.259794 0
x§ 2 27 0.66677 0 2 27 0.815461 0 1 12 0.134747 0 1 9 0.175668 0
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Table 4. Numerical comparison of SDYCG algorithm versus DFSP [24], and MSGP algorithms [23].

Problem 4 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 1 14 0.014439 0 1 14 0.006118 0 7 40 0.007555 0 21 54 0.012805  3.36 x 1010
x3 2 27 0.005311 0 2 27 0.007617 0 5 52 0.009625 0 6 66 0.012711 0
x3 1 14 0.004658 0 1 14 0.005807 0 6 35 0.006392 0 21 45 0.013598  3.34 x 101°
xg 2 27 0.006039 0 2 27 0.00744 0 93 1167 0.126211  9.31 x 101° 5 46 0.010058 0
500 xg 2 27 0.007802 0 2 27 0.007552 0 92 1154 0.14209 9.1 x 10710 6 60 0.012141 0
x§ 2 27 0.006542 0 2 27 0.007702 0 31 385 0.044429  6.01 x 1010 5 50 0.010774 0
x5 2 27 0.007244 0 2 27 0.007673 0 92 1154 0256753 9.1 x 1010 6 60 0.012402 0
x§ 1 3 0.003637 0 1 3 0.003558 0 1 3 0.002732 0 1 3 0.003719 0
x5 1 14 0.007838 0 1 14 0.00718 0 8 56 0.021892 0 21 54 0.021797  4.76 x 1071°
x3 2 27 0.009188 0 2 27 0.009234 0 5 52 0.021223 0 6 66 0.016802 0
x3 1 14 0.005851 0 1 14 0.006695 0 5 25 0.013147 0 21 45 0.016618  4.74 x 10~1°
xg 2 27 0.007817 0 2 27 0.009626 0 107 1347 0.226685  9.14 x 1010 5 46 0.013843 0
1000 x3 2 27 0.008671 0 2 27 0.010016 0 107 1348 0373635  9.05 x 10~1° 6 59 0.016737 0
x§ 2 27 0.008867 0 2 27 0.008653 0 31 385 0.118865  5.98 x 1010 5 50 0.01304 0
x5 2 27 0.008939 0 2 27 0.009434 0 107 1348 0222399 9.05 x 10~1° 6 59 0.01518 0
x§ 1 3 0.004102 0 1 3 0.004062 0 1 3 0.003508 0 1 3 0.003979 0
x} 1 14 0.022733 0 1 14 0.025232 0 7 33 0.076215 0 22 56 0.100193  4.57 x 1010
x3 2 27 0.034866 0 2 27 0.039607 0 5 52 0.058953 0 6 66 0.080801 0
x3 1 14 0.019616 0 1 14 0.023444 0 6 29 0.04933 0 22 47 0.081846  4.61 x 1071°
xg 2 27 0.034486 0 2 27 0.03894 0 134 1693 221205  9.46 x 10710 6 59 0.077072 0
10,000 xg 2 27 0.034804 0 2 27 0.039725 0 134 1693 2177277  9.54 x 10710 6 59 0.094729 0
x§ 2 27 0.033743 0 2 27 0.038146 0 31 385 0.509865  5.96 x 10~1° 5 50 0.060477 0
x5 2 27 0.03721 0 2 27 0.04104 0 134 1693 2.145371  9.54 x 10710 6 59 0.083734 0
x§ 1 3 0.008865 0 1 3 0.009299 0 1 3 0.008254 0 1 3 0.007881 0
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Table 4. Cont.

Problem 4 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT

x} 1 14 0.076932 0 1 14 0.087556 0 7 33 0.202677 0 23 58 0379123 3.14 x 10 1°
x3 2 27 0.135061 0 2 27 0.141828 0 5 52 0.289193 0 6 66 0.33015 0
x3 1 14 0.070861 0 1 14 0.080542 0 6 28 0.17549 0 23 49 0333141  3.22x 1071
xg 2 27 0.14223 0 2 27 0.147057 0 143 1813 9.16387  9.66 x 10710 6 59 0.299475 0

50,000 x3 2 27 0.140522 0 2 27 0.14851 0 143 1813 8.803139  9.68 x 10~1° 6 59 0.319691 0
x§ 2 27 0.146285 0 2 27 0.139833 0 31 385 1.871516  5.96 x 10710 5 50 0.258848 0
x5 2 27 0.141941 0 2 27 0.146955 0 143 1813 750336 9.68 x 10710 6 59 0.311193 0
x§ 1 3 0.027715 0 1 3 0.022438 0 1 3 0.017293 0 1 3 0.024975 0
x 1 14 0.160405 0 1 14 0.159961 0 7 33 0.360256 0 23 58 0.777767 451 x 1010
x3 2 27 0.268115 0 2 27 0.277038 0 5 52 0.534201 0 6 66 0.801637 0
x3 1 14 0.136486 0 1 14 0.156991 0 6 28 0.31303 0 23 49 0.728779 4.7 x 1010
x3 2 27 0.27761 0 2 27 0.297949 0 147 1865 164068  9.46 x 1010 6 59 0.729595 0

100,000 xg 2 27 0.256903 0 2 27 0.285998 0 147 1865 16.00851  9.47 x 1010 6 59 0.739932 0
x§ 2 27 0.263076 0 2 27 0.283114 0 31 385 2.045793  5.96 x 1010 5 50 0.600872 0
x5 2 27 0.236317 0 2 27 0.287023 0 147 1865 13.37062  9.47 x 10710 6 59 0.748439 0
x§ 1 3 0.040207 0 1 3 0.041483 0 1 3 0.042568 0 1 3 0.045916 0
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Table 5. Numerical comparison of SDYCG algorithm versus DFSP [24], and MSGP algorithms [23].

Problem 5 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 1 14 0.021506 0 1 14 0.007261 0 6 41 0.011468 0 9 85 0.024421  9.27 x 10~
x3 1 14 0.008549 0 1 14 0.007703 0 8 92 0.019629 0 6 71 0.018679 0
x3 1 14 0.006508 0 1 14 0.007023 0 6 45 0.019822 0 9 85 0.025187  4.01 x 10~
xg 1 14 0.006233 0 1 14 0.00694 0 120 1522 0293443  9.13 x 10 1° 5 58 0.018668 0
500 xg 1 14 0.006146 0 1 14 0.006566 0 121 1540 0282529  9.12 x 10~1° 5 58 0.017161 0
x§ 1 14 0.005834 0 1 14 0.006413 0 71 901 0215492  8.85x 10~1° 6 71 0.020237 0
x5 1 14 0.006965 0 1 14 0.007415 0 121 1540 0.499558  9.12 x 1010 5 58 0.017493 0
x§ 1 3 0.004355 0 1 3 0.00417 0 1 3 0.003339 0 1 3 0.005034 0
x5 1 14 0.007873 0 1 14 0.007946 0 6 35 0.022229 0 9 85 0.030314  1.38 x 1071°
x3 1 14 0.008308 0 1 14 0.007937 0 8 92 0.044925 0 6 71 0.027931 0
x3 1 14 0.00827 0 1 14 0.008861 0 6 42 0.013574 0 9 85 0.03155  5.69 x 10~
xg 1 14 0.008426 0 1 14 0.008309 0 141 1792 0.845762  9.32 x 10~1° 5 58 0.022619 0
1000 x3 1 14 0.008186 0 1 14 0.008268 0 136 1733 0.860175  9.81 x 10~1° 5 58 0.020516 0
x§ 1 14 0.007483 0 1 14 0.007944 0 71 901 0225184  9.41 x 1010 6 71 0.026813 0
x5 1 14 0.006036 0 1 14 0.007867 0 136 1733 0.749835  9.81 x 1010 5 58 0.024208 0
x§ 1 3 0.004891 0 1 3 0.004726 0 1 3 0.003693 0 1 3 0.004639 0
x} 1 14 0.038383 0 1 14 0.035689 0 6 35 0.132843 0 9 85 0.219583  5.85 x 1010
x3 1 14 0.035904 0 1 14 0.034471 0 8 92 0.174444 0 6 71 0.170278 0
x3 1 14 0.038673 0 1 14 0.034298 0 7 45 0.090831 0 9 85 0243069  1.85 x 10~1°
xg 1 14 0.034179 0 1 14 0.035263 0  Fail Fail Fail Fail 5 58 0.140085 0
10,000 xg 1 14 0.038989 0 1 14 0.037575 0 145 1844 510125  9.92 x 10710 5 58 0.144594 0
x§ 1 14 0.034517 0 1 14 0.036054 0 71 901 2.172107  9.93 x 10710 6 71 0.166404 0
x5 1 14 0.035881 0 1 14 0.03835 0 145 1844 4761964  9.92 x 10710 5 58 0.138295 0
x§ 1 3 0.01122 0 1 3 0.012854 0 1 3 0.01033 0 1 3 0.015678 0
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Table 5. Cont.

Problem 5 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT

x} 1 14 0.149694 0 1 14 0.149678 0 7 40 0.601808 0 10 96 1.005554  6.02 x 10~
x3 1 14 0.147631 0 1 14 0.152282 0 8 92 0.824379 0 6 71 0.75667 0
x3 1 14 0.135184 0 1 14 0.149976 0 7 39 0.578662 0 9 85 0940741  4.31x 1071°
xg 1 14 0.160898 0 1 14 0.144812 0  Fail Fail Fail Fail 5 58 0.624748 0

50,000 x3 1 14 0.142256 0 1 14 0.154083 0 157 1995 18.94711  9.08 x 10710 5 58 0.612333 0
x§ 1 14 0.155172 0 1 14 0.144641 0 71 901 5.746775  9.98 x 10710 6 71 0.762054 0
x5 1 14 0.140437 0 1 14 0.151539 0 157 1995 17.56905  9.08 x 1010 5 58 0.617805 0
x§ 1 3 0.035545 0 1 3 0.038543 0 1 3 0.030092 0 1 3 0.040141 0
x 1 14 0.273227 0 1 14 0.29604 0 7 39 0.709299 0 10 96 1.96393  1.05x 10710
x3 1 14 0.305759 0 1 14 0.28919 0 8 92 2.144781 0 6 71 2.116682 0
x3 1 14 0.265332 0 1 14 0.282444 0 7 40 0.935991 0 9 85 1.804135  6.28 x 10710
x3 1 14 0.280076 0 1 14 0.290106 0  Fail Fail Fail Fail 5 58 1.264132 0

100,000 xg 1 14 0.26493 0 1 14 0.287867 0  Fail Fail Fail Fail 5 58 1.640461 0
x§ 1 14 0.272053 0 1 14 0.287873 0 71 901 19.87081  9.99 x 1010 6 71 1.57878 0
x5 1 14 0.276199 0 1 14 0.293467 0  Fail Fail Fail Fail 5 58 1.646327 0
x§ 1 3 0.066375 0 1 3 0.070481 0 1 3 0.055997 0 1 3 0.074297 0
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Table 6. Numerical comparison of SDYCG algorithm versus DFSP [24], and MSGP algorithms [23].

Problem 6 SDYCG(1) SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 1 14 0.022624 0 1 14 0.006415 0 5 31 0.009245 0 21 45 0.018109  8.78 x 1010
x3 2 27 0.008015 0 2 27 0.00818 0 5 54 0.013084 0 6 56 0.014451 0
x3 1 14 0.005822 0 1 14 0.005567 0 5 30 0.009862 0 20 42 0.016839  6.95 x 10~ 1°
xg 2 27 0.007301 0 2 27 0.009212 0  Fail Fail Fail Fail 5 43 0.01177 0
500 xg 2 27 0.008102 0 2 27 0.008367 0  Fail Fail Fail Fail 6 56 0.013896 0
x§ 2 27 0.007734 0 2 27 0.008301 0 136 1704 029359  9.82 x 10710 6 57 0.013973 0
x5 2 27 0.008453 0 2 27 0.008059 0  Fail Fail Fail Fail 6 56 0.013635 0
x§ 2 27 0.008123 0 2 27 0.008796 0 1 7 0.003092 0 1 6 0.004603 0
x} 1 14 0.007487 0 1 14 0.007598 0 6 43 0.014542 0 22 47 0.022623  3.76 x 10~ 1°
x3 2 27 0.009685 0 2 27 0.00896 0 5 54 0.016321 0 6 56 0.018095 0
x3 1 14 0.007171 0 1 14 0.006439 0 6 39 0.014019 0 20 42 0.021935  9.87 x 10°1°
xg 2 27 0.010274 0 2 27 0.00929 0  Fail Fail Fail Fail 6 56 0.018509 0
1000 x3 2 27 0.010131 0 2 27 0.009105 0  Fail Fail Fail Fail 6 57 0.0188 0
x§ 2 27 0.011014 0 2 27 0.01066 0 136 1704 0.431967  9.88 x 1010 6 57 0.018837 0
x5 2 27 0.010828 0 2 27 0.009933 0  Fail Fail Fail Fail 6 57 0.019487 0
x§ 2 27 0.010742 0 2 27 0.010966 0 1 7 0.003346 0 1 6 0.004771 0
x} 1 14 0.027581 0 1 14 0.029092 0 6 37 0.06886 0 23 49 0.113196  3.84 x 10~1°
x3 2 27 0.045375 0 2 27 0.046186 0 5 54 0.092398 0 6 56 0.093238 0
x3 1 14 0.027145 0 1 14 0.02555 0 6 31 0.061397 0 21 44 0.101149  9.68 x 10~1°
xg 2 27 0.051507 0 2 27 0.049899 0  Fail Fail Fail Fail 6 56 0.096773 0
10,000 xg 2 27 0.055737 0 2 27 0.046071 0  Fail Fail Fail Fail 6 56 0.096053 0
x§ 2 27 0.048279 0 2 27 0.046802 0 136 1704 2623827  9.93 x 1010 6 57 0.093759 0
x5 2 27 0.053576 0 2 27 0.047814 0  Fail Fail Fail Fail 6 56 0.098486 0
8 2 27 0.055324 0 2 27 0.053102 0 1 7 0.014141 0 1 6 0.015449 0
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Table 6. Cont.
Problem 6 SDYCG() SDYCG(2) MSGP DFSP
DIMENSION  INITIAL ITER FVAL TIME NORM FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM
POINT
x} 1 14 0.10161 0 1 14 0.101955 0 6 32 0.236257 0 23 49 0.445818  9.78 x 10710
x3 2 27 0.188288 0 2 27 0.18744 0 5 54 0.375475 0 6 56 0.382023 0
x3 1 14 0.102065 0 1 14 0.097173 0 5 23 0.176346 0 22 46 0.459486  6.89 x 1071°
xg 2 27 0.201473 0 2 27 0.190649 0  Fail Fail Fail Fail 5 43 0.311194 0
50,000 x5 2 27 0.194281 0 2 27 0.188893 0  Fail Fail Fail Fail 5 43 0.321151 0
x§ 2 27 0.189766 0 2 27 0.178816 0 136 1704 9.810722  9.94 x 1010 6 57 0.393791 0
x5 2 27 0.188747 0 2 27 0.189613 0  Fail Fail Fail Fail 5 43 0.311808 0
x§ 2 27 0.202092 0 2 27 0.198067 0 1 7 0.054461 0 1 6 0.048922 0
x5 1 14 0.200437 0 1 14 0.207021 0 6 31 0.315882 0 24 51 093727 457 x 10710
x3 2 27 0.375252 0 2 27 0.374575 0 5 54 0.504352 0 6 56 0.931854 0
x3 1 14 0.1908 0 1 14 0.183819 0 5 23 0.440007 0 23 48 0.872302  3.05 x 1010
xg 2 27 0.355745 0 2 27 0.370361 0  Fail Fail Fail Fail 5 43 0.709785 0
100,000 xg 2 27 0.356704 0 2 27 0.375388 0  Fail Fail Fail Fail 5 43 0.653336 0
x§ 2 27 0.36915 0 2 27 0.362355 0 136 1704 18.08103  9.94 x 10710 6 57 0.908398 0
x5 2 27 0.378124 0 2 27 0.371835 0  Fail Fail Fail Fail 5 43 0.64292 0
x§ 2 27 0.432772 0 2 27 0.448033 0 1 7 0.090026 0 1 6 0.091768 0
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Moreover, for Problem 3, the proposed algorithm won in terms of the minimum ITER,
FEV, and CPU time. In addition, the DFSP algorithm showed a high level of efficiency for
the three parameters, but MSGP uniformly failed for three initial guesses across all five
dimensions. For Problem 4, all the algorithms successfully and efficiently solved all the
initial guesses. The SDYCG algorithm was the winner, followed by the DFSP algorithm and,
lastly, the MSGP algorithm, for the three parameters. A similar observation can be made for
Problems 5-6; it can also be seen the MSGP algorithm is relatively dimension-dependent,
as the failure for the initial guesses increases as the dimension increases.

Furthermore, to ease the numerical comparisons in the above tables, we used the
well-known Dolan and Moré technique [28] performance profile method. The three figures
were plotted for ITER, TIME, and FVAL. Figures 1-3 show that, on average, the SDYCG
algorithm has less ITER, computing time, and the number of function evaluations than the
DFSP and MSGP algorithms.

e SDYCG(2)
— MSGP

DFSP

Figure 1. Performance profile of SDYCG algorithm versus MSGP algorithms [23], and DFSP [24] for
number of iterations.

SDYCG(1)

SDYCG(2)

MSGP

DFSP

m | | |

7

Figure 2. Performance profile of SDYCG algorithm versus MSGP algorithms [23], and DFSP [24] for
the CPU time.
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Figure 3. Performance profile of SDYCG algorithm versus MSGP algorithms [23], and DFSP [24] for
number of function evaluations.

4.2. Application in Signal Recovery

This subsection Considers the pursuit of denoising problem. Let x* be the original
sparse signal, and f € R® be an observation satisfying

m=Yx*. (57)

The standard sparse /;-regularization problem sparse term is represented as
. 1 2
minw|[x|l; + 5 [[Yx —mf3, (58)

this problem arises in compressive sensing, where w is a nonnegative parameter, m € R¥
is an observation, Y € R¥"(k << n) is a linear operator, x € R”, and |.|;, ||.||, represent
the /1 and [ norms, respectively, see [2,29-31]. The problem (58) can be transformed to the
following monotone nonlinear system

F(u) = min{u, Mu +r} =0, (59)
! ~YTm YTy —yTy T
whereu—(Z >,r—wezﬂ—|—< YT >,M—< YTy YTy ),en—(l,l,...,l) €

R" and x = | — z, for some [ > 0 and z > 0. The function (59) is Lipschitz-continuous,
and the monotone, for more detail information about the transformation of (59) from (58),
see [32,33]. This was omitted to avoid repeats. The SDYCG algorithm will be used to
address this problem. Similar methods have been employed to deal with this problem;
see [34-36].

All codes in this work are written in Matlab R2014a and run on an HP core i5, 8th
Gen personal computer. We carried out two restoration experiments: signal and im-
age restoration. Further, we employed the direction (15) for signal restoration and the
direction (24) for image restoration. Mean square error (MSE) is defined as

1
MSE = —||x* — x|)?,
n

and the recovered image signal-to-ratio (SNR) as

[

The primary purpose of the signal restoration experiment is to reconstruct a sparse
signal with a length n from observations of length k. We initialized the following free
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variables: 2 = 0.4, g = 0.00001, c = 1, and b = 0.9. We conducted the experiment on
the signal of length n = 4096 from observations of length k = 1024 using 128 original
signal’s randomly nonzero components. Y is the Gaussian matrix produced by the MAT-
LAB instruction rand(s, n). Furthermore, the measurement w is noise distributed, that is,
w = Yx x 40, where 6 is Gaussian noise distributed normally with mean 0 and variance
10~%. We used xo = YTm, f(x) = wl|x||; + 5[ Yx — m||% as the merit function and stopped
the iterations when

fe—fir g4, (60)
fr1

In comparison to the PCG [37] and MSP [38] algorithms, we used the SDYCG algo-
rithm and restored the signal to almost its original form in a few iterations, MSE, and CPU
time. We rua each code from the same starting point and used the same continuation
strategy on parameter w. The convergence behavior of each algorithm was observed
to achieve an accurate solution. As shown in Figures 4 and 5, which has been repli-
cated more than a hundred times with remarkably similar results. The SDYCG algo-
rithm recovers the sparse single with a minimal processing time and minimal MSE error.
Furthermore, for the objective function and MSE, the SDYCG method reduces faster than
the PCG and MSP algorithms.

In addition, for the image restoration experiment, we used Y as a partial DWT matrix,
with s rows chosen at random from the n x 7 DWT matrix. This type of encoding matrix
Y does not need storage and allows for quick matrix-vector multiplications of Y and
YT. As a result, it may be tested on large images without the need to store any matrix.
a=02,g=0.000001, c =9, and b = 0.4 are the parameter values. The initial parameter
values are a = 0.2, g = 0.000001, ¢ = 9, and b = 0.4. In this experiment, we utilized the
standard Lena colour image with a size of 512 x 512 and the colour baby image with a
size of 256 x 256. In contrast, for performance comparison, we considered the well-known
PSGM [34], CGD [35], and TPRP [36] iterative algorithms. The iteration procedure of all
algorithms began at Y7m and ended when (60) was less than 10~>. Figures 6 and 7 show
the original, blurred, and reconstructed images generated by each algorithm. As can be
seen from the figures, all of the algorithms considered generated images of similar quality.
However SDYCG was quicker. As a result, we can infer that SDYCG is the winner.

Original (n = 4096, number of nonzeros = 128)
T T T i 1 T T

L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000
Measurement
0.5 T T T I T I T I

05 ! | | | I | |
0 100 200 300 400 500 600 700 800 900 1000

SDYCG (MSE = 1.37x 107, Iter = 89, Time = 1.385)
T T T 1 1 T T
-2 I I 1 1 I | |
0 500 1000 1500 2000 2500 3000 3500 4000
PCG (MSE = 2.09x 107, Iter = 122, Time = 2.47s)
T T T [ 0 T T

L 1 1 L L L
0 500 1000 1500 2000 2500 3000 3500 4000
MSP (MSE = 1.49x 10757 Iter = 105, Time = 1.78s)
T T T i 1 T T

L L 1 1 L L L L
0 500 1000 1500 2000 2500 3000 3500 4000

Figure 4. The original picture, measurement, and recovered signals using SDYCG, PCG, and MSP
algorithms are shown from top to bottom.
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n =4096, k = 1024, w = 0.0031125
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Figure 5. Comparison of the SDYCG, PCG, and MSP algorithms. The x-axes represent the number
of iterations and the CPU time in seconds, respectively. MSE and objective function values are
represented on the y-axes.
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Original blurred SDYCGP

)

Figure 6. Original image, blurred image, restored image by SDYCG with ITER = 10, obj = 8.128 x 10°,
TIME = 3.27, MSE = 6.3421 x 10!, SNR = 20.65, SSIM = 0.90, restored image by PSGM with ITER = 45,
obj =7.365 x 105, TIME = 14.00, MSE = 3.8961 x 10!, SNR = 22.77, SSIM = 0.93, restored image by
CGD with ITER = 713, obj = 7.268 x 10°, TIME = 167.89, MSE = 4.4565 x 10!, SNR = 22.19, SSIM = 0.93,
and restored image by TPRP with ITER = 104, obj = 7.445 x 10, TIME = 3049.66, MSE = 3.8931 x 10!,
SNR =22.77, SSIM = 0.92

Original SDYCGP

Figure 7. Original image, blurred image, restored image by SDYCG with ITER = 25, obj = 1.251 x 10°,
TIME = 5.67, MSE = 6.7866 x 10!, SNR = 22.55, SSIM = 0.85, restored image by PSGM with ITER = 29,
obj = 1.222 x 10°, TIME = 6.03, MSE =5.8080 x 10!, SNR = 23.23, SSIM = 0.87, restored image by CGD
with ITER = 491, obj = 1.214 x 10°, TIME = 106.47, MSE = 6.0494 x 10!, SNR = 23.05, SSIM = 0.88,
and restored image by TPRP with ITER = 41, obj = 1.256 x 10°, TIME = 4069.64, MSE = 7.0079 x 10!,
SNR = 22.41, SSIM = 0.85

5. Conclusions

We suggested a scaled DY projection-based CG algorithm for solving convex constraint
nonlinear monotone equations, with applications for signal and image restoration problems.
Independent of the line search strategy that was employed, the proposed directions satisfied
the sufficient descent condition. We also offer two alternate ways of determining the scaling
parameter at each iteration, namely by tending the proposed direction to approach the
quasi-Newton direction and by utilizing the popular Barzilai-Borwein [22] technique.
The proposed algorithm’s global convergence result was established using some mild
assumptions. The robustness of the proposed algorithm was demonstrated by its ability to
solve large-scale monotone nonlinear systems with convex constraints. These two proposed
directions may be employed in all fields of CG method application, such as unconstrained
optimization problems, control motion of robotic manipulators, etc.
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