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Abstract: The stagnation point flow of unsteady compressible Casson hybrid nanofluid flow over a
vertical stretching sheet was analyzed. The comparative study of Yamada Ota, Tiwari Das, and Xue
hybrid nanofluid models was performed. The Lorentz force was applied normal to flow directions. The
effect of nonlinear radiation was studied. We considered the SWCNT (signal wall carbon nanotube)
and MWCNT (multi-wall carbon nanotube) with base liquid (water). Under the flow suppositions,
a mathematical model was settled by means of boundary layer approximations in terms of partial
differential equations. The suitable transformation was developed by using the lie symmetry method.
Partial differential equations were transformed into ordinary differential equations by suitable transfor-
mations. The dimensionless system was elucidated through a numerical technique named bvp4c. The
impacts of pertinent flow parameters on skin friction, Nusselt number, and temperature and velocity
distributions were depicted through tabular form as well as graphical form. In this study, the Yamada
Ota model achieved a higher heat transfer rate compared to the Tiwari Das and Xue hybrid nanofluid
models. The skin friction (CfxRe−1/2) increased and temperature gradient (NuxRe−1/2) declined due
to the increment of solid nanoparticle concentration (φ2). Physically, skin friction increased because
the higher values of the solid nanoparticles increased resistance to the fluid motion.

Keywords: Casson hybrid nanofluid; nonlinear radiation; MHD; thermal slip; viscous dissipation

1. Introduction

A new generation of nanofluids has been studied extensively; these liquids are referred
to as hybrid nanofluids. Due to their combined action on multiple nano-elements with
base fluid, hybrid nanofluids have developed thermal properties. Due to several positive
advantages over nanofluids, this latest development, which was caused by the addition of
various nanoparticles in the working liquid, has become a popular topic among scientists.
A hybrid nanofluid is a mixture of two solid nanoparticles and based fluids. The base
fluid (ordinary fluid) has less thermal conductivity and low heat transfer phenomena exist.
Additions of solid nanoparticles in the base fluid (ordinary fluid) increased the heat transfer
rate due to increment physical characteristics because the thermal conductivity of the liquid
is lesser than solid nanoparticles. In the beginning, the word nanofluid was initiated by Choi
and Eastman [1]. They assembled the mixture of nanosized solid particles with ordinary
fluid (base fluid). This imitative work is much attracted due to the increment of heat
transfer phonemes exist. Reddy et al. [2] highlighted the impacts of the chemical reaction
and thermal radiation with base fluid Casson nanofluid at a stretching surface. They
presented their work numerically under the influence of source and sink. Vajravelu et al. [3]
discussed the comparative analysis of nanofluid using the different nanoparticles namely
silver and copper with base ordinary fluid (water) at a stretching surface. Furthermore,
energy crises are one of the most problems in the world. Every researcher developed the
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models which improved the heat transfer phenomena at less cost. New develop a model
of modified nanofluid in these problems namely hybrid nanofluid. The hybrid nanofluid
is a mixture of two solid nanoparticles and base fluid (ordinary liquid). This invention of
hybrid nanofluid attracted the investigators to provide the area of research in different flow
assumptions. Suresh et al. [4] proposed the model of hybrid nanofluid flow and achieved
the results experimentally. They considered two solid nanosized particles namely: copper
and aluminium oxide with base fluid (liquid water). They highlighted the results and
achieved a heat transfer rate of more than twice as compared to simple ordinary fluid.
Suresh et al. [5] implemented the hybrid nanofluid model for boundary layer flow. They
get the results of heat transfer rate well twice times as compared to simple ordinary fluid.
Takabi and Shokouhmand [6] discussed the hybrid nanofluid effects on turbulent regimes.
Nadeem et al. [7] initiated the results of hybrid nanofluid flow at a stretching cylinder. They
worked for stagnation flow with MHD and slip effects. Nadeem and Abbas [8] studied the
influences of hybrid nanofluid at stretching cylinder. They also considered the micropolar
fluid model with slip and MHD effects. They also discussed the impacts of stagnation
regions with weak and strong concentration. Nadeem et al. [9] indicated the impacts of
hybrid nanofluid flow at stretching curved surfaces. They considered the SWCNT and
MWCNT with base fluid (ordinary fluid). The thermal slip is considered in their analysis.
Abbas et al. [10] considered the inclined magnetic hydrodynamics flow of hybrid nanofluid
at a stretching cylinder. They extended the Yamada Ota and Xue model in terms of hybrid
nanofluid. They achieved the results of Yamada Ota model of hybrid nanofluid with more
heat transfer rate as compared to the Xue model of hybrid nanofluid. Abbas et al. [11]
investigated the numerical results of hybrid nanofluid flow at the permeable stretching
curved surface. In recent days, several researchers developed the heat transfer phenomena
for different assumptions of fluid flow see Refs. [12,13].

Casson fluid model is one of the classes of non-Newtonian fluid which defined the
properties of yield stress. Casson fluid is commonly used in real-life namely: in jelly, honey,
sauce, concentrated fruit juices, and soup, etc. Furthermore, its wide applications in the
fields of industries which improved day by day. The study of the non-Newtonian fluid is
much more difficult dynamically as well as complex nature and interactions. Casson fluid
lies in the type of dilatant fluids because it has zero shear stress at infinity viscosity. If the
yield stress is greater than applied stress than fluid behavior like solid but yield stress is
lesser than applied stress than fluid behavior like to liquid move. Casson [14] initiated the
equation of the Casson fluid model. This model was developed and many researchers were
attracted to solve the problem. Abbas and Shatanawi [15] scrutinized the casson nanofluid
flow at the stretching sheet. Nadeem et al. [16] highlighted the influence of magnetic
hydrodynamics of Casson nanofluid with convective boundary conditions. They also
discussed the Brownian motion and thermophoresis influence. Oyelakin et al. [17] explored
the time-dependent flow of Casson fluid flow at a stretching sheet. They studied the effects
of thermal radiation, slip and convective boundary conditions. They also depicted the
influences of Brownian motion and thermophoresis. Ibrahim et al. [18] investigated the
mixed convection of Casson nanofluid with MHD and viscous dissipation. They achieved
the numerical results with impacts of heat source and chemical reaction. Amjad et al. [19]
considered the Casson micropolar fluid flow at a curved surface. They discussed the
induced magnetic hydrodynamics with Brownian and thermophoresis motion. Lanjwani
et al. [20] scrutinized triple solutions of Casson nanofluid at the vertical nonlinear stretching
sheet. Several authors studied the influence of various physical parameters under flow
assumption see Refs. [21–23].

Little attention to unsteady flow over-stretching sheets is one of the most important
topics developed in the literature. Yang [24] initiated the idea of unsteady flow under
the stagnation region. He solved the Navier–Stokes equations and achieved the results
in a closed-form solution. Furthermore, Wang [25] extended the idea of Yang [24] on the
fluid film. He reduced the Navier–Stokes equations into nonlinear ordinary differential
equations. The reduced system is solved numerically and asymptotically. These results
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are near to the closed-form solutions. Abbas et al. [26] indicated the influence of non-
Newtonian liquid at stretching surface. They implemented the HAM technique using the
Mathematica software packages. Mabood and Shateyi [27] investigated the effects of time
depending on MHD flow at a permeable stretching sheet. They considered the impacts
of nonlinear radiation and multiple slips and implemented the numerical technique to
solve the problem. Fuzhang et al. [28] studied the unsteady flow of non-Newtonian fluid at
stretching curved surfaces. Recently, some authors developed the ideas to investigate the
unsteady flow due to various assumptions see Refs. [29,30].

In this study, we considered the stagnation point unsteady flow of Casson hybrid
nanofluid flow at the vertical stretching sheet. The Lorentz force is applied normal to
flow directions. The effects of the nonlinear radiation are studied. Three types of hybrid
nanofluid models are investigated in the current analysis. The SWCNT and MWCNT
with base fluid water are considered. Under the above suppositions, a mathematical
model is constructed in differential equations (Partial Differential Equations) utilizing BLA
(Boundary Layer Approximations). Thermal and velocity slip impacts are analyzed. From
the above assumptions, the coupled nonlinear PDEs transformed into nonlinear coupled
ODEs using the set of suitable transformations. The nonlinear coupled ODEs are solved
through numerical technique along the Runge-Kutta scheme. The MHD stagnation point
flow of unsteady Casson hybrid nanofluid with nonlinear radiation over vertical stretching
sheet is not discussed using three models of hybrid nanofluids namely: Yamada Ota model,
Tiwari Das model and Xue model under the thermal sip. The influence of dimensionless
physical parameters is presented through graphs and tables.

2. Materials and Methods

Two-dimensional unsteady flow of incompressible stagnation point flow of Casson
hybrid nanofluid over vertical stretching sheet is considered which is seen in Figure 1.
Two slid different nanoparticles (SWCNT and MWCNT) with base fluid (H2O) are used to
analyze the comparative results of Yamada and Ota [31], Xue [32] and Tiwari and Das [33]
for hybrid nanofluid. The constant wall temperature (Tw) is stretched along the vertical
direction as y→ 0 . The ambient temperature is for away from the stretching sheet as
y→ ∞ . The B0 is induced to stretched sheet in normal direction as a transverse uniform
magnetic field. Moreover, the induced magnetic field is considered negligible in comparison
to the applied magnetic field because the magnetic Reynold number is very small. The
influence of thermal radiation is considered in the thermal boundary layer equation. The
main assumptions of the governing equations are presented below:

• Unsteady flow of Casson hybrid nanofluid
• Stagnation point flow
• Thermal slip and nonlinear radiation
• MHD
• Vertical stretching sheet

Using the above assumptions, the mathematical model is developed using the bound-
ary layer approximations in terms of partial differential equations. The system of differential
equations is presented below (see Refs. [9–11]).

∂u
∂x

+
∂v
∂y

= 0, (1)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= ue
∂ue

∂x
+ νhnf

(
1 +

1
β

)
∂2u
∂y2 −

σe B0
2

ρhnf
(u− ue) + g

(βT)hnf
ρhnf

(T− T∞), (2)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂T
∂y2 +

σe B0
2(

ρcp

)
hnf

(ue − u)2 − 1
(ρc)hnf

∂qr
∂y

. (3)
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Having the boundary conditions are

u = 0, v = 0, T = Tw + γ2
k∗hnf
k∗f

∂T
∂y , as y→ 0,

u = ue, T = T∞ as y→ ∞.

}
(4)

The suitable transformations are introduced,

ue = ax√
1−αt

, η =
√

a
vf (1−αt)y, u= ax

1−αt F′(η),

v = −
√

a νf
1−αt F(η), θ(η) = T−T∞

Tw−T∞
, qr = −

16 σ T3

3
∂T
∂y .

 (5)

The suitable transformations are implemented on the above differential equations
which are as following:

(
1
A

+
1
β

)(
1
B

)
F′′′ (η) + 1−

(
δ

B

)(
F′(η)− 1

)
+ F′′ (η)F(η)−

(
F′(η)

)2 − α

2B
(

F′(η)− η F′′ (η)
)
+
( τ

B

)
θ(η) = 0 , (6)

k∗hnf
Prk∗f C

(
1 +

4
3

Rd

)
θ′′ (η) + F(η) θ′(η) +

Aα

2C
η θ′(η) +

δ

C
(

F′(η)− 1
)(

F′(η)− 1
)
= 0 , (7)

concerning the boundary conditions are:

F(0) = 0, F′(0) = 0, F′(∞) = 1, θ(0) = 1 +
k∗hnf
k∗f

λ θ′(0), θ(∞) = 0. (8)

where, A = ((1 +φ2)(1 +φ1))
2.5, B =

(
(1−φ2)(1−φ1) +φ2

(
ρs2
ρf

)
+φ1

(
ρs1
ρf

))
and

C =

(
(1−φ2)(1−φ1) +φ1

(
(ρcp)s1
(ρcp)f

)
+φ2

(
(ρcp)s2
(ρcp)f

))
.

The nanofluid models were proposed by Yamada and Ota [31] and Xue [32]. Tiwari
and Das [33] proposed hybrid nanofluid model. The Yamada and Ota [31] and Xue [32] of
nanofluid were extended by Abbas et al. [34] and Abbas et al. [35]. They considered the
two solid nanoparticles in this analysis. The models of hybrid nanofluid were introduced.
The expression of the Yamada-Ota model is presented below:

k∗bf
k∗f

=
1+ k∗f

k∗s1

L
Rφ0.2

1 +

(
1− k∗f

k∗s1

)
φ1

L
Rφ0.2

1 +2φ1

(
k∗s1

k∗s1−k∗f

)
ln
(

k∗s1+k∗f
2k∗s1

)
1−φ1+2φ1

(
k∗f

k∗s1−k∗f

)
ln
(

k∗s1+k∗f
2k∗f

) ,

k∗hnf
k∗bf

=
1+ k∗bf

k∗s2

L
Rφ0.2

2 +

(
1− k∗bf

k∗s2

)
φ2

L
Rφ0.2

2 +2φ2

(
k∗s2

k∗s2−k∗bf

)
ln
(

k∗s2+k∗bf
2k∗s2

)
1−φ2+2φ2

(
k∗bf

k∗s2−k∗bf

)
ln
(

k∗s2+k∗bf
2k∗bf

) ,

The expression of the Xue model is presented below:

k∗bf
k∗f

=
1−φ1+2φ1

(
k∗s1

k∗s1−k∗f

)
ln
(

k∗s1+k∗f
2k∗f

)
1−φ1+2φ1

(
k∗f

k∗s1−k∗f

)
ln
(

k∗s1+k∗f
2k∗f

) ,

k∗hnf
k∗bf

=
1−φ2+2φ2

(
k∗s2

k∗s2−k∗bf

)
ln
(

k∗s2+k∗bf
2k∗bf

)
1−φ2+2φ2

(
k∗bf

k∗s2−k∗bf

)
ln
(

k∗s2+k∗bf
2k∗bf

) .
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The expression of the Tiwari-Das model is presented below:

k∗bf
k∗f

=
(n−1)k∗f−(k∗f−k∗s1)φ1(n−1)+k∗s1

(k∗f−k∗s1)φ1+(n−1)k∗f+k∗s1
,

k∗hnf
k∗bf

=
(n−1)k∗bf−(k∗bf−k∗s2)φ2(n−1)+k∗s2

(k∗bf−k∗s2)φ2+(n−1)k∗bf+k∗s2
.

The physical properties are defined as below (see Refs. [34,35]):

Thermophysical properties MWCNT SWCNT H2O

ρ
(

Jkg−1K−1
)

1600 2600 997.1

k∗
(

kgm−3
)

3000 6600 0.613

cp

(
Wm−1K−1

)
796 425 4179

Solution Procedure

The system of differential equations is a nonlinear boundary value problem. There are
several methods that have been applied to solve the nonlinear boundary value problem
arising in the fluid dynamics (see Refs. [36,37]). The system of nonlinear higher-order
differential Equations (6) and (7) subject to boundary conditions (8) is solved through the
Runge-Kutta-Fehlberg scheme (shooting method). The higher-order nonlinear differential
equations are transformed into first-order differential equations. The procedure is defined
as follows:

F(η) = y(1); (9)

F′(y) = y(2); (10)

F′′ (y) = y(3); (11)

F′′′ (y) = yy1; (12)

yy1 = −
((

1
A

+
1
β

)−1
)

B

y(1) y(3) + 1− y(2)y(2) +
(
α
2 B
)

(x y(3)− y(2))
−
(
δ
B

)
(y(2)− 1) + τ

B y(4)

, (13)

θ(η) = y(4); (14)

θ′(η) = y(5); (15)

θ′′ (η) = yy2; (16)

yy2 = −

(Prk∗f
k∗hnf

) C(
1 + 4

3 Rd

)
(y(5) y(1) +

(α
2

)
x y(5) +

(
δ

C

) (
(y(2)− 1)2

))
. (17)

With relevant boundary conditions are

y0(1); y0(2); yinf(2)− 1; y0(4)− 1− k∗hnf
k∗f

λy0(5); yinf(4); (18)

The nonlinear higher-order differential system is solved by using the fifth-order Runge-
Kutta-Fehlberg scheme. The average time of the CPU is 16.8765 s. The numerical results
will convergence if the boundary residuals (R1(u1, u2), R2(u1, u2)) are less than tolerance
error i.e., 10−6. Something else, introductory approximations are altered with the Newton
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method and the method is repeated unless it meets the required convergence basis. The
boundary residuals are presented as:

R1(u1, u2) = |y2(∞)− ŷ2(∞)|,
R2(u1, u2) = |y4(∞)− ŷ4(∞)|.

Hence, ŷ2(∞) and ŷ4(∞) are computed boundary values. The residuals of velocity
and temperature are plotted in Figures 2 and 3. It turns out that 40 iterations are sufficient
to achieve the desired accuracy of the calculated solution.

Figure 1. The flow pattern of Casson hybrid nanofluid at the vertical sheet.

Figure 2. Residual R1(u1, u2).
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Figure 3. Residual R2(u1, u2).

3. Results and Discussion

The impacts of physical parameters namely: unsteadiness parameter (α), solid nanopar-
ticle concentration (φ2), Casson fluid parameter (β), magnetic field parameter (δ), nonlinear
radiation parameter (Rd), bouncy force parameter (τ) and thermal slip (λ) on the tem-
perature function (θ(η)), velocity function (F′(η)), Nusselt number (NuxRe−1/2) and skin
friction (CfxRe−1/2) presented through graphs and tabular form. Figures 4–7. indicated
the impacts of solid nanoparticle concentration (φ2), Casson fluid parameter (β), unsteadi-
ness parameter (α) and magnetic field parameter (δ) on the velocity function (F′(η)). The
variation of velocity function (F′(η)) and solid nanoparticle concentration (φ2) are indi-
cated in Figure 4. The curves of the velocity function revealed declining behaviour due
to higher values of solid nanoparticle concentration (φ2). Because higher values of the
solid nanoparticles, which are increased resistance to the fluid motion, result in improved
effective viscosity of hybrid nanoparticles with base fluid which declined the velocity of
the fluid. Figure 5 indicated the influence of Casson fluid parameter (β) on the velocity
function (F′(η)). The behaviour of velocity function (F′(η)) and Casson fluid parameter
(β) were found to be the same increasing. The elasticity of the parameter is due to the
relationship between relaxation and delay time. As the Casson parameter increases, the
flow profile increases, indicating that the thickness of the lower confinement surface stops
at zero. In fact, the higher the Casson value, the higher the primary velocity for the Newton
case. Figure 6 revealed the variation of velocity function (F′(η)) and unsteadiness param-
eter (α). The curves of velocity function (F′(η)) revealed the declining behaviour due to
the increment of the unsteadiness parameter (α). As the numerical contribution to the
unsteadiness parameter increases, the thickness of the boundary layer associated with the
velocity gradient decreases in both conditions. The unsteadiness parameter depends on
buoyancy and the influence of buoyancy is strong, so the flow is upward and the velocity
field of the liquid flow is reduced. The impacts of the magnetic field parameter (δ) on the
velocity function (F′(η)) are revealed in Figure 7. The values of magnetic field (δ) increased
which enhanced the curves of velocity function (F′(η)). Physically, when a magnetic field is
applied to the boundary layer, Lorentz force is generated, and the Lorentz force is strength-
ened to increase the strength of the magnetic field. This force has a flow and increases the
shear stress on the surface, resulting in an increase in thermal velocity. It should be noted
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that the results of this study are inconsistent with those physical phenomena due to the
interaction between the magnetic field and the flow discontinuity. The impacts of Casson
fluid parameter (β), thermal slip (λ), unsteadiness parameter (α), magnetic field parameter
(δ), nonlinear radiation parameter (Rd) and solid nanoparticle concentration (φ2) on the
temperature function (θ(η)) which is indicated in Figures 8–13. Figure 8 highlighted the
influence of Casson fluid parameter (β) on the temperature function (θ(η)). The curves of
the temperature function (θ(η)) revealed declining due to improving the value of Casson
fluid parameter (β). It is observed that as Casson fluid parameter (β) increases, the thermal
boundary layer thickness decreases. Figure 9 highlighted the influence of thermal slip (λ)
on the temperature function (θ(η)). The curves of the temperature function (θ(η)) revealed
declining due to improving the value of thermal slip (λ). Physically, the increment in
thermal slip declined the surface drag leading to a decline in the production of heat amount
which reduced the temperature distribution. Figure 10 highlighted the influence of the
unsteadiness parameter (α) on the temperature function (θ(η)). The curves of the temper-
ature function (θ(η)) revealed declining due to improving the value of the unsteadiness
parameter (α). The impacts of the magnetic field parameter (δ) on the temperature function
(θ(η)) are revealed in Figure 11. The values of magnetic field (δ) increased which enhanced
the curves of temperature function (θ(η)). The impacts of nonlinear radiation parame-
ter (Rd) on the temperature function (θ(η)) are revealed in Figure 12. The values of the
nonlinear radiation parameter (Rd) increased which enhanced the curves of temperature
function (θ(η)). The impacts of solid nanoparticle concentration (φ2) on the temperature
function (θ(η)) are revealed in Figure 13. The values of solid nanoparticle concentration
(φ2) increased which enhanced the curves of temperature function (θ(η)). Physically, the
thermal conductivity of the fluid enhanced which enhanced the heat transfer rate.

Figure 4. Impacts of solid nanoparticle concentration on the velocity profile.
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Figure 5. Impacts of Casson fluid parameter on the velocity profile.

Figure 6. Impacts of unsteadiness parameter on the velocity profile.
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Figure 7. Impacts of magnetic field parameter on the velocity profile.

Figure 8. Impacts of Casson fluid parameter on the temperature profile.
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Figure 9. Impacts of thermal slip on the temperature profile.

Figure 10. Impacts of unsteadiness parameter on the temperature profile.
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Figure 11. Impacts of magnetic field parameter on the temperature profile.

Figure 12. Impacts of radiation parameter on the temperature profile.
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Figure 13. Impacts of solid nanoparticle concentration on the temperature profile.

The impacts of physical parameters namely: unsteadiness parameter (α), solid nanopar-
ticle concentration (φ2), Casson fluid parameter (β), magnetic field parameter (δ), bouncy
force parameter (τ), nonlinear radiation parameter (Rd) and thermal slip (λ) on the magni-
tude of temperature gradient (NuxRe−1/2) and skin friction (CfxRe−1/2) presented through
Table 1. The variation of unsteadiness parameter (α) and temperature gradient (NuxRe−1/2)
and skin friction (CfxRe−1/2) are revealed in Table 1. It is seen that skin friction (CfxRe−1/2)
reduced while temperature gradient (NuxRe−1/2) increased due to increment of unsteadi-
ness parameter (α). The unsteadiness parameter depends on buoyancy and the influence of
buoyancy is strong, so the flow is upward which reduced the skin friction. Table 1 indicated
the impacts of solid nanoparticle concentration (φ2) on temperature gradient (NuxRe−1/2)
and skin friction (CfxRe−1/2). It is seen that skin friction (CfxRe−1/2) increased and temper-
ature gradient (NuxRe−1/2) declined due to increment of solid nanoparticle concentration
(φ2). Physically, skin friction increased because higher values of the solid nanoparticles,
increased resistance to the fluid motion. Table 1 indicated the impressions of the Casson
fluid parameter (β) on the temperature gradient (NuxRe−1/2) and skin friction (CfxRe−1/2).
It is seen that skin friction (CfxRe−1/2) declined and temperature gradient (NuxRe−1/2) in-
creased due to the increment of Casson fluid parameter (β). Table 1 indicated the variation
of magnetic field parameter (δ) and temperature gradient (NuxRe−1/2) and skin friction
(CfxRe−1/2). It is seen that skin friction (CfxRe−1/2) increased and temperature gradient
(NuxRe−1/2) declined due to increment of magnetic field parameter (δ). Table 1 indicated
the variation of bouncy force parameter (τ) and temperature gradient (NuxRe−1/2) and skin
friction (CfxRe−1/2). It is seen that skin friction (CfxRe−1/2) increased but the temperature
gradient (NuxRe−1/2) also increased due to the increment of bouncy force parameter (τ)
because the temperature buoyancy increased which leads to an increase in the skin friction
and Nusselt number. Table 1 indicated the variation of the nonlinear radiation parameter
(Rd) and temperature gradient (NuxRe−1/2) and skin friction (CfxRe−1/2). It is seen that
skin friction (CfxRe−1/2) reduced and temperature gradient (NuxRe−1/2) increased due
to increment of nonlinear radiation parameter (Rd). As the radiation increased which
increased the heat transfer rate ultimately, the temperature gradient increased because of
greater radiative structures characteristic of higher Nusselt numbers and much less thermal
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irreversibilities. Table 1 indicated the variation of thermal slip (λ) and temperature gradient
(NuxRe−1/2) and skin friction (CfxRe−1/2). It is seen that skin friction (CfxRe−1/2) and
temperature gradient (NuxRe−1/2) increased due to increment of thermal slip (λ). Table 2
shows the comparative results of Wang [38] and Bachok et al. [39] with present results
when the rest of the physical parameters are zero. It was found to be in good agreement
with decay results.

Table 1. Numerical results of Nusselt Number and skin friction for different physical parameters.

Physical Parameters Yamada−Ota Model Xue Model Tiwari−Das Model

α φ2 β δ τ Rd λ CfxRe−1/2 NuxRe−1/2 CfxRe−1/2 NuxRe−1/2 CfxRe−1/2 NuxRe−1/2

0.0 0.04 0.2 0.3 0.4 0.3 0.1 2.813517 0.064449 3.201124 0.06349211 2.952714 0.3956732

0.1 - - - - - - 2.787466 0.068066 3.174606 0.06706521 2.94213 0.4376753

0.2 - - - - - - 2.762156 0.07180177 3.148938 0.0707445 2.910595 0.4808478

0.3 - - - - - - 2.737585 0.07566124 3.124121 0.07453456 2.880131 0.5236461

0.1 0.005 - - - - - 2.471826 0.131037 2.724885 0.1291255 2.62251 0.4898163

- 0.02 - - - - - 2.61435 0.09045102 2.910737 0.09189513 2.754804 0.4682181

- 0.04 - - - - - 2.813517 0.064449 3.174606 0.06706521 2.94213 0.4376753

- 0.06 - - - - - 3.026112 0.0511425 3.464069 0.05403433 3.1396 0.4104443

- 0.04 0.1 - - - - 4.767978 0.04864135 5.241534 0.04724491 4.986934 0.1545644

- - 0.2 - - - - 3.577552 0.05691918 3.988893 0.05771476 3.74122 0.3087939

- - 0.3 - - - - 3.089422 0.06148109 3.469644 0.06339232 3.234315 0.388141

- - 0.4 - - - - 2.813517 0.064449 3.174606 0.06706521 2.94213 0.4376753

- - 0.4 0.0 - - - 2.687217 0.0715124 3.014848 0.0777291 2.735188 0.7980804

- - - 0.1 - - - 2.751091 0.06793449 3.069072 0.07410157 2.806276 0.6741822

- - - 0.2 - - - 2.813517 0.064449 3.122306 0.07054838 2.875193 0.5541646

- - - 0.3 - - - 2.874588 0.06104927 3.174606 0.06706521 2.94213 0.4376753

- - - 0.3 0.1 - - 2.874588 0.06104927 2.719003 0.06171291 2.719003 0.406732

- - - - 0.2 - - 3.030551 0.06280768 2.870635 0.06353266 2.794193 0.4173458

- - - - 0.3 - - 3.186904 0.06453459 3.022497 0.06531596 2.868553 0.4276537

- - - - 0.4 - - 3.343658 0.06623203 3.174606 0.06706521 2.94213 0.4376753

- - - - 0.3 0.0 - 3.195023 0.05628139 3.179911 0.0580914 2.929671 0.3019853

- - - - - 0.1 - 3.191362 0.05909484 3.177421 0.06117104 2.934200 0.3490249

- - - - - 0.2 - 3.186904 0.06453459 3.175746 0.06415904 2.93833 0.3941719

- - - - - 0.3 - 3.185521 0.06717115 3.174606 0.06706521 2.94213 0.4376753

- - - - - 0.3 0.0 3.017863 0.03731803 3.01565 0.03958416 2.929241 0.3856542

- - - - - - 0.1 3.186904 0.06453459 3.174606 0.06706521 2.94213 0.4376753

- - - - - - 0.2 3.388235 0.1307413 4.45698 0.3207012 2.96317 0.5063074

- - - - - - 0.3 3.593576 0.1636163 3.206887 0.4635417 2.985742 0.6004818
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Table 2. Comparative results of Wang [38] and Bachok et al. [39] with existent outcomes when the
rest of the physical parameters are zero.

∈ Wang [38] Bachok et al. [39] Present Results

0.0 1.232588 1.232588 1.231534

0.5 0.71330 0.713295 0.712761

1.0 0.0 0.0 0.0

2.0 −1.88731 −1.887307 −1.885872

4. Conclusions

The magnetic hydrodynamics time-dependent flow of Casson hybrid nanofluid at
vertical stretching sheet is considered. The influence of the stagnation point region under
the viscous dissipation and nonlinear electrically Lorentz forces are discussed. The system
of differential equations is solved through numerical technique. The main results are
presented below:

• The temperature function (θ(η)) revealed to be declining due to improving the value
of thermal slip (λ). Physically, the increment in thermal slip declined the surface drag
leading to a decline in the production of heat amount which reduced the temperature
distribution.

• The skin friction (CfxRe−1/2) and magnitude of temperature gradient (NuxRe−1/2)
declined due to increment of thermal slip (λ).

• The skin friction (CfxRe−1/2) increased and temperature gradient (NuxRe−1/2) de-
clined due to increment of solid nanoparticle concentration (φ2). Physically, skin
friction increased because of higher values of the solid nanoparticles, which increased
resistance to the fluid motion.

• The curves of the temperature function (θ(η)) revealed declining due to improving
the value of Casson fluid parameter (β).

• The values of the nonlinear radiation parameter (Rd) increased which enhanced the
curves of temperature function (θ(η)) due

• The skin friction (CfxRe−1/2) and magnitude of temperature gradient (NuxRe−1/2)
declined due to increment of magnetic field parameter (δ).

• Yamada-Ota model of hybrid nanofluid achieved higher values as compared to Tiwari
Das and Xue models of hybrid nanofluid.
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Nomenclature

νhnf Kinematic viscosity hybrid nanofluid
k∗s1 (SWCNT) Thermal conductivity of solid nanoparticle
k∗s2 (MWCNT) Thermal conductivity of solid nanoparticle
u, v Velocity components
a Stretching rate
vf Kinematic viscosity fluid
ue Free stream velocity
θ(η) Temperature function
F(η) Velocity function
Tw Wall temeparature
T∞ Ambient temperature
φ1(SWCNT) Solid nanopartcile concentration
β Casson fluid parameter
φ2(MWCNT) Solid nanopartcile concentration(
cp
)

s1
(SWCNT) Heat capacity of solid nanoparticle

ρs2 (MWCNT) Density of solid nanoparticle
Khnf Thermal conductivity of hybrid nanofluid
λ Thermal slip
Pr Prandtle number
α Unsteadyness parameter
ρf Density of fluid(
cp
)

s2
(MWCNT) Heat capacity of solid nanoparticle(

cp
)

f Heat capacity of fluid
ρs1 (SWCNT) Density of solid nanoparticle
k∗f Thermal conductivity of fluid
Rd Radiation parameter
τ Bouncy forces
δ Magnetic field
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