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Abstract: This paper presents a new method for calculating the area of shear stirrups of steel-
reinforced concrete frame joints based on inverse reliability theory. The method can calculate the
shear stirrup area of steel-reinforced concrete frame joints by using inverse reliability analysis theory
on the premise that the target reliability index and the randomness of structural parameters are given.
The method is used to calculate the shear stirrup area of a steel-reinforced concrete frame joint, and
the sensitivity of the parameters is analyzed. The rationality of the area of the shear stirrup is also
discussed. The results show that the randomness of parameters has a great influence on the area of
shear stirrups of steel-reinforced concrete frame joints. Ignoring the randomness of parameters will
affect the shear safety of steel-reinforced concrete frame joints.

Keywords: steel-reinforced concrete; frame joints; shear capacity; stirrup area; probability
calculation method

1. Introduction

Steel-reinforced, ultra-high-strength concrete composite structures have good mechan-
ical performance [1–5]. Additionally, the frame joint is an important part of the connecting
beams and columns, transferring the internal force of the building beams and columns.
Additionally, the safety and reliability of the frame joint is the premise of the normal work
for the building. Chen et al. [6] carried out experimental research on concrete compos-
ite columns with built-in profiled steel, and analyzed the influencing factors of seismic
performance, including axial compression ratio, stirrup ratio, steel section form, etc. The
design principle of “strong column and weak beam, strong joint and weak member” is put
forward in the current code [7], which fully illustrates the importance of frame joints in
structural design.

However, due to the randomness of structural parameters and load parameters in
practical engineering, it is necessary to analyze the shear capacity reliability of joints.
Through analyzing the test data and taking the design parameters of steel-reinforced,
ultra-high-strength concrete frame joints as random variables, Chang et al. [8] analyzed the
frame joints’ reliability of shear strength and bearing capacity and counted the variation
rule of reliability with various factors by using the JC checking point method in reliability
theory. The results show that the shear-bearing capacity reliability of steel-reinforced ultra-
high-strength concrete frame joints increases with the increase in stirrup volume ratio in the
joints’ core area while decreasing with the increase of load–effect ratio, and when the axial
compression ratio of the columns increases, the reliability increases slightly at first and then
decreases. Xiao et al. [9] calculated the reliability index β of shear capacity for reinforced-
concrete sandwich joints by using Monte Carlo method in combination with a practical
project, and the effects of load–effect ratio, axial compression ratio, structural importance,
concrete strength of joints, stirrup spacing and strength in the core area of joints, etc., on it
are quantitatively analyzed. According to the requirements of GBJ68-84 “Unified Standard
for Building Structural Design”, Bai et al. carried out the reliability analysis based on the
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formulas for calculating the shear capacity of joints and the experimental and theoretical
analysis [10].

The allocation of stirrups is the main problem for the shear capacity of steel-reinforced
concrete frame joints, the key factor to measure and reflect the technical and economic
index of a building structure, and the important symbol to determine the rationality and
economy of a building structure design. Although the current design code for building
structures has entered the stage of the probability limit state design method, the rein-
forcement calculation of steel-reinforced concrete frame joints still mainly stays using the
deterministic calculation model. As we all know, there are a lot of uncertainties in the
concrete engineering of building structures. Additionally, the uncertainties will affect the
calculation of reinforcement quantity. Calculating the shear stirrup area of steel-reinforced
concrete frame joints from the perspective of probability provides an effective method for
considering objective uncertainty.

Random analysis provides an effective analysis method for considering the random
influence of parameters in the study of the shear stirrup area of steel-reinforced concrete
symmetry frame joints. The current design code has developed into a performance-based
design concept; that is, the target reliability index of the structure is given in advance so that
the safety of the structure can be ensured in its design [11,12]. In this way, it is necessary to
correct the design parameter of the shear stirrup area of steel-reinforced concrete symmetry
frame joints to ensure the predetermined reliability. However, the current research methods
for the shear stirrup area of steel-reinforced concrete symmetry frame joints are not suitable
for analyzing this problem. On the basis of previous studies, this paper presents a method
to calculate the shear stirrups area of steel-reinforced concrete frame joints based on the
inverse reliability theory, and calculates the shear stirrups area of steel-reinforced concrete
frame joints in a practical project and explores the rationality of the values.

2. Inverse Reliability Theory

Der Kiureghian A. et al. [13] defines the problem of structural inverse reliability
as follows:

‖u‖ − βT = 0 (1)

u +
‖u‖

‖∇uG(u, θ)‖∇uG(u, θ) = 0 (2)

G(u, θ) = 0 (3)

where u is the vector of the normal distribution space; βT is the target reliability index of
the structure, G(u, θ) is the structural function; ∇u is the gradient operator; and θ is the
design parameter to be determined.

The basic idea for solving the parameter to be determined is to solve θ when knowing
βT so that the parameter to be determined can satisfy βT and G = G(u, θ) = 0.

According to the primary reliability analysis theory, the parameter vector satisfies the
following formula at the design point:

u = [
(∇uG)T

(∇uG)T]∇uG
(4)

Then, the target reliability index of the structure is obtained as follows:

βT =
−(∇uG)T

[(∇uG)]T
1/2 (5)

By the simultaneous Equations (4) and (5) it can be obtained as follows:

u =
−βT(∇uG)T

[(∇uG)T1/2 (6)
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By the linear Taylor expansion of θ at θ0 through β, and setting u = u0, we can obtain
the following equation:

β
(
u0, θ

)
= β

(
u0, θ0

)
+

∂β
(
u0, θ

)
∂θ

∣∣∣∣∣
θ0

(
θ− θ0

)
= 0 (7)

Then,

θ = θ0 −
β
(
u0, θ0

)
∂β(u0,θ)

∂θ

∣∣∣∣
θ0

(8)

where θ and θ0 are the corresponding iteration values of the parameters, respectively,
in accordance with the reliability index β of limit state function G

(
u0, θ

)
. We can use

Equation (8) to calculate the design parameter of shear stirrup area of steel-reinforced
concrete symmetry frame joint.

We can use Formula (7) and (8) to give the design parameter and the reliability index
at the same time. The gradient of β to θ is as follows:

∂β

∂θ
=

∂G
∂θ

‖ ∂G
∂x σx ‖

(9)

Equation (9) is used as the convergence criterion of the inverse reliability analysis
method adopted in this paper:

(‖βk+1 − βk‖2 + ‖θk+1 − θk2‖)1/2

(‖βk+1‖2 + ‖θk+1‖2)
1/2 ≤ ε (10)

where ε is taken as a smaller number and 0.0001 can be taken for specific calculation.

3. Calculation Method of Shear Stirrup Area

The procedure to calculate the shear stirrup area of steel-reinforced concrete frame
joints by using the above inverse reliability analysis method is as follows:

Step 1: Assume the initial value of the shear stirrup area of steel-reinforced con-
crete frame joints and the random variables. Determine the target reliability index βt
and the convergence error ε of the structure. The initial value of random variables can
be taken as the mean of probability distribution, and the initial value of shear stirrup
area of steel-reinforced concrete frame joints can be taken as the deterministic model
calculation value.

Step 2: Initialize the iteration number k = 1.
Step 3: Use Equation (6) to calculate the updated value u.
Step 4: The value u calculated in the Step 3 is substituted in Equation (8) to calculate

the updated value θ.
Step 5: Check the convergence according to the convergence criterion of Equation (9).

If the convergence criterion is not satisfied, set k = k + 1 and go to Step 3. If it is satisfied,
stop the calculation and output the calculation results.

4. Example Verification

An example is given to verify the accuracy and validity of the proposed method.
Consider the following limit state equation [14]:

G = exp[−η(x1 + 2x2 + 3x3)]− x4 + 1.5 (11)

where the random variables (x1, x2, x3, x4) obey the standard normal distribution and are
independent of each other. η, obeying the lognormal distribution and whose variation
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coefficient is 0.3, is the design variables to be solved. The results of η obtained by using the
inverse reliability analysis method presented in this paper are shown in Table 1.

Table 1. Comparison of inverse reliability analysis results.

Iteration Times
Results in the Literature [14] Results in This Paper

η β η β

1 0.150000 1.56751 0.150000 1.56751
2 0.377286 1.86782 0.200000 1.74562
3 0.373484 1.93275 0.320504 1.81672
4 0.373421 1.97483 0.356061 1.91827
5 0.372946 1.98782 0.371120 1.96782
6 0.372609 1.99874 0.372131 1.98782
7 0.372553 1.99999 0.372498 2.00000

By analyzing the data in Table 1, it can be seen that the calculation results by using
the inverse reliability analysis for the random parameters are in good agreement with the
literature results of the stochastic parameter problem which is carried out. Compared to the
results in the literature [14], the proposed method could give the design parameter and the
reliability index at the same time. It proves that the inverse reliability analysis results using
the method proposed in this paper are accurate and reliable, and the calculation accuracy
can meet the engineering requirements.

5. Application in Engineering

Aiming at the shear capacity of steel-reinforced ultra-high-strength concrete frame
joints, through the analysis of experimental data in document [15], the author put forward
the formula for calculating the shear capacity of the steel-reinforced ultra-high-strength
concrete frame joints (as shown in Equation (12)). In the experiment, the steel-reinforced
ultra-high-strength concrete frame beam–column members (the specimen as shown in
Figure 1) were subjected to repeated low-cycle loads at the end of the beam, taking into
account the three factors that were steel-reinforced form, stirrup ratio and axial compression
ratio of the column. The formula is shown as follows:

Vj = (0.22 + 0.09n)ϕhjbjfc + 0.67fatwhw + fyvAsv
(
h0 − a′s

)
/s (12)

where ϕ is the strength reduction factor of ultra-high-strength concrete, which is taken
as l; bj is the effective checking width of the joint core area, which is taken as the value
according to the relevant provisions of the regulation [9]; hj is the effective checking height
of the joint core area; fa is the tensile yield strength of steel bones; fyv is the tensile strength
of stirrups; Asv is the total area of stirrups in the same section; tw and hw are, respectively,
the thickness and height of steel webs; h0 is the calculated height of the beam section; a′s is
the distance between the beam top surface and the stirrups center; s is the distance between
stirrups in the core area.
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According to the “Unified Standard for Architectural Structural Design”, the shear
effect S of frame joints is as follows:

S = 1.2SGk + 1.4SQk (13)

where S represents the shear effect caused by loads on frame joints, SGk represents the
standard value of the load effect caused by dead loads, and SQk represents the standard
value of the load effect caused by live loads.

5.1. Function of Frame Joints

The function of the frame node is defined as

Z = R− S = Vj − 1.2SGk − 1.4SQk (14)

Substituting Equation (11) into Equation (13), we can obtain

Z = (0.22 + 0.09n)ϕhjbjfc + 0.67fatwhw + fyvAsv
(
h0 − a′s

)
/s− 1.2SGk − 1.4SQk (15)

Statistical characteristics of each random variable [16] in Equation (15) are shown in
Table 2.

Table 2. Statistical Characteristics of Random Variables.

Random
Variables Distribution Types Station

Parameter µ
Scale

Parameter σ
Coefficient of
Variation σ/µ

hj Normal distribution 1 0.01 0.01
bj Normal distribution 1 0.01 0.01
h0 Normal distribution 1 0.02 0.02
hw Normal distribution 1 0.05 0.05
tw Normal distribution 1 0.05 0.05
s Normal distribution 1 0.07 0.07
a′s Normal distribution 0.85 0.026 0.03

Asv Normal distribution 1 0.014 0.014
fyv Normal distribution 1.21 0.097 0.08
fc Normal distribution 1.15 0.092 0.08
fa Normal distribution 1.08 0.086 0.08

SGk Normal distribution 1.060 0.074 0.07
SQk Extreme I distribution 0.860 0.198 0.23

The formulas of normal distribution are shown as follows.

f (x) =
1√
2πσ

e−
1
2 (

x−µ
σ )

2

(16)

F(x) =
∫ x

−∞

1√
2πσ

e−
1
2 (

t−µ
σ )

2

dt (17)

where µ and σ are the station and scale parameters, respectively.
The formulas of extreme I distribution are shown in as follows.

f (x) =
1
σ

exp[− x− µ

σ
− exp(− x− µ

σ
)] (18)

F(t) = exp
{
− exp[−( x− µ

σ
)]

}
(19)

where µ and σ are the station and scale parameters, respectively.



Symmetry 2022, 14, 1521 6 of 9

5.2. Determination of Target Reliability Index

Target reliability is the lowest reliability index in structural design, which reflects
the level of structural safety in a country or region. According to the “Unified Standard
for Reliability Design of Building Structures” (GB 50068-2001), the shear failure mode of
steel-reinforced concrete frame joints is brittle failure. The structural target reliability index
of the first safety grade is 4.2. The structural target reliability index of the second safety
grade is 3.7. Additionally, the structural target reliability index of the third safety grade is
3.2. If there is no special explanation in the following section, the safety level of the example
building structure is level 2, and the target reliability index is 3.7.

5.3. Calculation of Shear Stirrup Area

When the statistical parameters of random variables related to load and resistance
are determined and the target reliability index is 3.7, the calculated shear stirrup area of
steel-reinforced concrete frame joints is 663 mm2, while it is 615 mm2 according to the
deterministic calculation model. Through comparative analysis, it can be seen that the
shear stirrup area of SRC frame joints based on probability is larger than that based on
determination because of the uncertainty of parameters. It shows that the randomness of
parameters has an important influence on the shear stirrup area of SRC frame joints.

In order to illustrate the advantages of the proposed method, the forward reliability
analysis, the inverse reliability method in this paper, and the Monte Carlo method were
used to calculate the shear stirrup area of SRC frame joints; the results are shown in Table 3.

Table 3. Comparison of methods to calculate the shear stirrup area of SRC frame joints.

Method Proposed Method Forward Reliability Monte Carlo

Iterative times 6 13 More than 100,000

Shear stirrup area
(mm2) 663 665 664

Target reliability At the same time Trial and error No

From the results of Table 3, we can see that the proposed method can give the shear
stirrup area of the SRC frame joints meeting with the target reliability and have less
iteration times to calculate the results of the shear stirrup area of SRC frame joints at
the same time. Compared with the result of the Monte Carlo method using more than
100,000 iterative times, the proposed method was only several iterative times achieving the
target design parameter of shear stirrup area of a steel-reinforced concrete symmetry frame
joint. Compared with the result of the forward reliability method using a trial-and-error
test, the proposed method can give the shear stirrup area of SRC frame joints and the
target reliability index at every iterative time. So, the proposed method can recommend
calculating the shear stirrup area of SRC frame joints using the probabilistic method.

5.4. Sensitivity Analysis of Parameters

In order to quantitatively analyze the influence of random parameters on the shear
stirrup area of steel-reinforced concrete frame joints, the following factors are considered:
(1) target reliability index; (2) mean value of random variables; (3) variation coefficient of
random variables; (4) probability distribution type of random variables.

(1) Effect of target reliability index on stirrup area

When the target reliability indexes are taken as 4.2, 3.7 and 3.2, respectively, the cal-
culated shear stirrup area of steel-reinforced concrete frame joints are shown in Table 4.
The analysis in Table 4 shows that the stirrup area required for shear resistance of the
steel-reinforced concrete frame joints decreases with the decrease in target reliability index,
which indicates that the stirrup area has an important influence on the reliability index of
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structures. Conversely, the stirrup area required for different target reliability index is dif-
ferent. Therefore, when calculating the shear stirrup area of steel-reinforced concrete frame
joints in building structures, the influence of random parameters should be considered.

Table 4. Effect of target reliability index on stirrup area (mm2).

Target reliability index 4.2 3.7 3.2
Stirrup area 702 mm2 663 mm2 619 mm2

(2) The influence of random variable mean value on stirrup area

The mean values of random variables are changed to 0.9, 1.0 and 1.1 times the original
mean values. The mean value of one random variable is changed each time, while the mean
values of the others are taken as the original values. The calculated shear stirrup area of the
reinforced concrete frame joints is shown in Table 5.

Table 5. The influence of random variables’ mean value on stirrup area (mm2).

Random Variables
Mean Value

0.9 1.0 1.1

hj 674 663 659
bj 674 663 659
h0 682 663 647
hw 671 663 654
tw 671 663 654
s 603 663 729
a′s 647 663 682

Asv 729 663 603
fyv 729 663 603
fc 674 663 659
fa 671 663 654

SGk 655 663 671
SQk 655 663 671

Table 5 shows that the stirrups’ area required is different when the mean of random
variables changes. Therefore, when calculating the shear stirrups area of steel-reinforced
concrete frame joints in building structures, the influence of the statistical parameters’ mean
value should be taken into account accurately.

(3) The influence of the random variables’ variation coefficient on the stirrups area

The variation coefficients of random variables are taken as 0.5, 1.0 and 2 times the
original mean, respectively. The variation coefficient of one random variable is changed
each time. The variation coefficients of the others are taken as the original values. The
calculated shear stirrup areas of steel concrete frame joints are shown in Table 6.

Table 6 shows that the stirrups area required is different when the variation coefficient
of random variables changes. Therefore, when calculating the shear stirrup area of steel-
reinforced concrete frame joints in building structures, the influence of parameters’ variation
should be taken into account accurately.

(4) The influence of random variables’ probability distribution type on stirrups area

The probability distribution types of random variables are taken as different distribu-
tion (as shown in Table 2), all normal distribution, all logarithmic normal distribution and
all extreme I distribution. The calculated shear stirrup areas of steel-reinforced concrete
frame joints are shown in Table 7.
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Table 6. The influence of random variables’ variation coefficient on stirrups area (mm2).

Random Variables
Variation Coefficient

0.5 1.0 2.0

hj 692 663 628
bj 694 663 626
h0 688 663 639
hw 674 663 651
tw 686 663 638
s 677 663 650
a′s 669 663 658

Asv 699 663 621
fyv 683 663 641
fc 693 663 627
fa 679 663 649

SGk 681 663 646
SQk 685 663 642

Table 7. The influence of random variables’ probability distribution types on stirrup area (mm2).

Distribution Types of
Random Variables

Different
Distribution

All Normal
Distribution

All Logarithmic
Normal Distribution

All Extreme I
Distribution

Stirrup area 663 678 639 601

Table 7 shows that the stirrups area required is different when the distribution type
of random variables changes. Therefore, when calculating the shear stirrups area of
steel-reinforced concrete frame joints in building structures, the influence of parameters’
statistical distribution types should be taken into account accurately.

6. Conclusions

In this paper, a method for calculating the shear stirrups area of steel-reinforced
concrete frame joints based on the inverse reliability analysis is presented. Through the
previous analysis, the following conclusions are drawn:

(1) When calculating the shear stirrups area of steel-reinforced concrete frame joints, the
influence of random parameters should be considered according to the actual situation.

(2) The target reliability index has an important influence on the shear stirrups area of
steel-reinforced concrete frame joints. The appropriate target reliability index should
be selected according to the importance and safety level of the structure, and then the
shear stirrups area of steel-reinforced concrete frame joints can be determined.

(3) Compared with the result of the Monte Carlo method using more than 100,000 iterative
times, the proposed method was used only several iterative times achieving the target
design parameter of the shear stirrup area of a steel-reinforced concrete symmetry
frame joint. The proposed method was recommended to calculate the shear stirrup
area of a steel-reinforced concrete symmetry frame joint.

(4) Random variables have an important influence on the shear stirrups area of steel-
reinforced concrete frame joints. In the practical engineering design, accurate statisti-
cal characteristics of random variables should be determined according to the actual
situation, so as to provide data support for reasonably calculating the shear stirrups
area of steel-reinforced concrete frame joints.
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