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Abstract

:

We consider three new classes of meromorphic functions defined by an extension of the Wanas operator and two integral operators, in order to study some preservation properties of the classes. The purpose of the paper is to find the conditions such that, when we apply the integral operator   J  p , γ    to some function from the new defined classes   Σ  S  p , q  n   ( α , δ )   , respectively   Σ  S  p , q  n   ( α )   , we obtain also a function from the same class. We also define a new integral operator on the class of meromorphic functions, denoted by   J  p , γ , h   , where h is a normalized analytic function on the unit disc. We study some basic properties of this operator. Then we look for the conditions which allow this operator to preserve a particular subclass of the classes mentioned above.
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1. Introduction and Preliminaries


Many operators have been used since the beginning of the study of analytic functions. The most interesting of these are the differential and integral operators. Since the beginning of the 20th century, many mathematicians have worked on integral operators applied to classes of analytic functions, but papers on integral operators applied to classes of meromorphic functions are smaller in number. This is happening because there is a need of new integral operators on meromorphic functions.



The first author of the present paper started in 2010 to work on integral operators on meromorphic functions (see [1]). In the same period, new results regarding the same topic were published in papers such as [2,3,4] etc.



The literature on meromorphic functions is very large, but in the field of geometric theory of meromorphic functions there is still more to say. Recent results on this topic may be found in [5,6,7,8,9].



In this work we introduce a new integral operator on the class of meromorphic functions and we prove that it is well defined. We also introduce new classes of meromorphic functions, with the use of the Wanas operator, and we study some preserving properties of these classes.



Using the integral operator introduced in this paper, beautiful results can be obtained in terms of class conservation.



We consider   U = { z ∈ C : | z | < 1 }  , the unit disc,    U ˙  = U \  { 0 }    and


  H ( U ) = { f : U → C : f    is holomorphic in  U } .  











For   p ∈  N ∗   , we have    Σ p  =   g / g  ( z )  =   a  − p    z p   +  a 0  +  a 1  z + ⋯ ,  z ∈  U ˙  ,   a  − p   ≠ 0    , the class of meromorphic functions in U.



We also use:



   Σ p ∗   ( α )  =  g ∈  Σ p  : Re    −   z  g ′   ( z )    g ( z )     > α ,  z ∈ U   , where   α < p  .



   Σ 1 ∗   ( α )    is the class of meromorphic starlike functions of order  α , where   0 ≤ α < 1  .



   Σ p ∗   ( α , δ )  =  g ∈  Σ p  : α < Re    −   z  g ′   ( z )    g ( z )     < δ ,  z ∈ U   , where   α < p < δ ,  



  H  [ a , n ]  = { f ∈ H  ( U )  : f  ( z )  = a +  a n   z n  +  a  n + 1    z  n + 1   + … }   for   a ∈ C  ,   n ∈  N ∗   .



Corollary 1

([1]). Let   p ∈  N ∗  ,  γ ∈ C   and   α < p < δ ≤ Re  γ  . If   g ∈  Σ p ∗   ( α , δ )   , then


  G =  J  p , γ    ( g )  ∈  Σ p ∗   ( α , δ )  .  








where     J  p , γ    ( g )   ( z )  =   γ − p   z γ    ∫ 0 z  g  ( t )   t  γ − 1   d t .   





Corollary 2

([1]). Let   p ∈  N ∗  ,  β > 0 , γ ∈ C   and   α < p <    Re  γ  β    .



If   g ∈  Σ p ∗   ( α )   , with


   β   z  g ′   ( z )    g ( z )   + γ ≺  R  γ − p β , p    ( z )  ,  z ∈ U ,   








then   G =  J  p , β , γ    ( g )  ∈  Σ p ∗   ( α )   .





Corollary 3

([1]). Let   p ∈  N ∗  ,  γ ∈ C   and   α < p <  Re  γ  ≤ δ  .



If   g ∈  Σ p ∗   ( α , δ )   , with


     z  g ′   ( z )    g ( z )   + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U ,   








then   G =  J  p , γ    ( g )  ∈  Σ p ∗   ( α , δ )   .





Lemma 1

([1]). Let   n ∈  N ∗  ,  α , β ∈ R ,  γ ∈ C   with   Re  [ γ − α β ] ≥ 0  . If we have   P ∈ H [ P ( 0 ) , n ]   with   P ( 0 ) ∈ R   and   P ( 0 ) > α  , then


  Re   P  ( z )  +   z  P ′   ( z )    γ − β P ( z )    > α ⇒ Re  P  ( z )  > α ,  z ∈ U .  













Theorem 1

([1]). Let   p ∈  N ∗   ,   Φ , φ ∈ H [ 1 , p ]   with   Φ ( z ) φ ( z ) ≠ 0 ,  z ∈ U  . Let   α , β , γ , δ ∈ C   with   β ≠ 0 ,  δ + p β = γ + p α   and   Re  ( γ − p β ) > 0 .   Let   g ∈  Σ p    and suppose that


  α   z  g ′   ( z )    g ( z )   +   z  φ ′   ( z )    φ ( z )   + δ ≺  R  δ − p α , p    ( z )  ,  z ∈ U .  











If   G =  J  p , α , β , γ , δ   Φ , φ    ( g )    is


   G  ( z )  =  J  p , α , β , γ , δ   Φ , φ    ( g )   ( z )  =     γ − p β    z γ  Φ  ( z )     ∫ 0 z   g α   ( t )  φ  ( t )   t  δ − 1   d t   1 β   ,   



(1)




then   G ∈  Σ p    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


   Re   β   z  G ′   ( z )    G ( z )   +   z  Φ ′   ( z )    Φ ( z )   + γ  > 0 ,  z ∈ U .   











All powers in (1) are principal ones.





Theorem 2

([10], ([11], p. 209)). Let be   p ∈ H [ a , n ]   with   Re  a > 0  . If   ψ ∈  Ψ n   { a }   , then


  Re  ψ ( p  ( z )  , z  p ′   ( z )  ,  z 2   p ″   ( z )  ; z ) > 0 ,  z ∈ U ⇒ Re  p  ( z )  > 0 ,  z ∈ U .  













For   0 < q < p ≤ 1  , the   ( p , q )  -derivative operator for a function f is defined by


   D  p , q   f  ( z )  =   f ( p z ) − f ( q z )   ( p − q ) z     ( z ∈  U ˙  = U \  0  )  ,  



(2)




and


   D  p , q   f  ( 0 )  =  f ′   ( 0 )  ,  








see [12,13].



For an analytic function f we have


   D  p , q   f  ( z )  = 1 +  ∑  k = 2  ∞    [ k ]   p , q    b k   z  k − 1   ,  



(3)




where the   ( p , q )  -bracket number, or twin-basic    [ k ]   p , q   , is given by


    [ k ]   p , q   =    p k  −  q k    p − q   =  p  k − 1   +  p  k − 2   q +  p  k − 3    q 2  + ⋯ + p  q  k − 2   +  q  k − 1     ( p ≠ q )  ,  



(4)




which is a natural generalization of the q-number, and we have


   lim  p →  1 −      [ k ]   p , q   =   [ k ]  q  =   1 −  q k    1 − q   .  











For more details on the concepts of   ( p , q )  -calculus, or q calculus (in the case when   p = 1  ), see [12,13].



There are many interesting works in which the operator   D  p , q    is used; see [14,15,16,17,18,19,20,21,22,23,24,25].



Inspired by the Wanas operator for analytic functions (see [26,27,28,29,30,31,32,33,34]), we build an extension of it on the class of meromorphic functions.



For   p ∈  N ∗  ,  n ∈ N   and   0 < q < 1   we consider the extension of the Wanas operator for meromorphic functions, denoted by    W  q  n  :  Σ p  →  Σ p   , as


   W  q  n   ( g )   ( z )  =   a  − p    z p   +  ∑  k = 0  ∞      1 −  q  k + 1     1 − q    n   a k   z k  ,   z ∈  U ˙  ,  








where   g ∈  Σ p    is   g  ( z )  =     a  − p    z p   +  ∑  k = 0  ∞   a k   z k  ,  with   z ∈  U ˙  ,   a  − p   ≠ 0 .    



We have the properties:




	(1)

	
    W q 0  g  ( z )  = g  ( z )    ;




	(2)

	
    W q 1  g  ( z )  =   a  − p    z p   +  ∑  k = 0  ∞    [ k + 1 ]  q   a k   z k    ;




	(3)

	
    W  q  n   α  g 1  + β  g 2    ( z )  = α  W  q  n   (  g 1  )   ( z )  + β  W  q  n   (  g 2  )   ( z )  ,  α , β ∈ C ,   g 1  ,  g 2  ∈  Σ p    ;




	(4)

	
    W  q  n    W  q  m   ( g )   ( z )   =  W  q  m    W  q  n   ( g )   ( z )   =  W  q   n + m    ( g )   ( z )    ;




	(5)

	
    W q n   z  g ′   ( z )   = z ·    W q n  g  ( z )   ′    .










2. Main Results


Definition 1.

For   p ∈  N ∗  ,  n ∈ N  ,   0 < q < 1   and   α < p < δ   let


   Σ  S  p , q  n   ( α , δ )  =  g ∈  Σ p  / α < Re   −   z    W q n  g  ( z )   ′     W q n  g  ( z )     < δ ,  z ∈ U .  ,   



(5)






   Σ  S  p , q  n   ( α )  =  g ∈  Σ p  / Re   −   z    W q n  g  ( z )   ′     W q n  g  ( z )     > α ,  z ∈ U .  ,   



(6)




and   Σ  S  p , q  n  = Σ  S  p , q  n   ( 0 )  .  





It is easy to see that, for   n = 0  , the class   Σ  S  p , q  0   ( α , δ )    is the class    Σ p ∗   ( α , δ )    and the class   Σ  S  p , q  0   ( α )    is the class    Σ p ∗   ( α )   , which were studied in [1].



Next, we give the link between the sets   Σ  S  p , q  n   ( α , δ )    and   Σ  S  p , q   n − 1    ( α , δ )   , respectively   Σ  S  p , q  n   ( α )    and   Σ  S  p , q   n − 1    ( α )   .



Remark 1.

Let   p ,  n ∈ N ,  p ≠ 0 ,  0 < q < 1  ,   α < p < δ   and   g ∈  Σ p   . Then


   g ∈ Σ  S  p , q  n   ( α , δ )  ⇔  W q   ( g )  ∈ Σ  S  p , q   n − 1    ( α , δ )  ,   








respectively


   g ∈ Σ  S  p , q  n   ( α )  ⇔  W q   ( g )  ∈ Σ  S  p , q   n − 1    ( α )  .   













Proof. 

We have   g ∈ Σ  S  p , q  n   ( α , δ )    equivalent to    W q n  g ∈  Σ p ∗   ( α , δ )   .



Since    W q n  g =  W q  n − 1    (  W q 1  g )   , we get    W q  n − 1    (  W q 1  g )  ∈  Σ p ∗   ( α , δ )   , which is equivalent to


   W q   ( g )  ∈ Σ  S  p , q   n − 1    ( α , δ )  .  











The second equivalence can be proved in the same way. □





Theorem 3.

Let   p ,  n ∈ N ,    with   p ≠ 0  , and   0 < q < 1  . We consider also   α ,  δ ∈ R   and   γ ∈ C   satisfying   α < p < δ ≤ Re  γ  . If   g ∈ Σ  S  p , q  n   ( α , δ )   , then    J  p , γ    ( g )  ∈ Σ  S  p , q  n   ( α , δ )  ,   where    J  p , γ    ( g )   ( z )  =     γ − p   z γ    ∫ 0 z  g  ( t )   t  γ − 1   d t .    





Proof. 

Because   g ∈ Σ  S  p , q  n   ( α , δ )    we have    W q n   ( g )  ∈  Σ p ∗   ( α , δ )   , hence, from Corollary 1, we get


   J  p , γ    (  W q n   ( g )  )  ∈  Σ p ∗   ( α , δ )  .  











We will prove now that we have


   J  p , γ    (  W q n   ( g )  )  =  W q n   (  J  p , γ    ( g )  )  .  











We have


   W q n   ( g )   ( z )  =   a  − p    z p   +  ∑  k = 0  ∞      1 −  q  k + 1     1 − q    n   a k   z k  ,   z ∈  U ˙  ,  








where   g ∈  Σ p    is   g  ( z )  =     a  − p    z p   +  ∑  k = 0  ∞   a k   z k  ,  z ∈  U ˙  ,   a  − p   ≠ 0 .    



It is well known that the operator


   J  p , λ    ( g )   ( z )  =     λ − p   z λ    ∫ 0 z   t  λ − 1   g  ( t )  d t    








can be also written as


   J  p , λ    ( g )   ( z )  =   a  − p    z p   +   ∑  k = 0  ∞      λ − p   k + λ     a k   z k  ,  where  g  ( z )  =   a  − p    z p   +  ∑  k = 0  ∞   a k   z k  .  











Therefore, we have


   J  p , γ    (  W q n   ( g )   ( z )  )  =   a  − p    z p   +   ∑  k = 0  ∞      λ − p   k + λ        1 −  q  k + 1     1 − q    n   a k   z k  ,  








and


   W q n   (  J  p , γ    ( g )   ( z )  )  =   a  − p    z p   +  ∑  k = 0  ∞      1 −  q  k + 1     1 − q    n     λ − p   k + λ     a k   z k  ,  








this meaning that


   J  p , γ    (  W q n   ( g )  )  =  W q n   (  J  p , γ    ( g )  )  .  











We get that


   W q n   (  J  p , γ    ( g )  )  ∈  Σ p ∗   ( α , δ )  ,  








therefore    J  p , γ    ( g )  ∈ Σ  S  p , q  n   ( α , δ )  .  



□





If we consider, in the above theorem, the case that   n = 0   we obtain:



Corollary 4.

Let   p ∈  N ∗  ,  0 < q < 1 ,  γ ∈ C   and   α < p < δ ≤ Re  γ  . Then


   g ∈  Σ p ∗   ( α , δ )  ⇒  J  p , γ    ( g )  ∈  Σ p ∗   ( α , δ )  .   













Proof. 

The proof is obvious since we have   Σ  S  p , q  0   ( α , δ )  =  Σ p ∗   ( α , δ )  .   □





The result of Corollary 4 was also found in [1].



Theorem 4.

Let   p , n ∈ N   with   p ≠ 0   and   0 < q < 1 ,  γ ∈ C   with   α < p < Re  γ  . If   g ∈ Σ  S  p , q  n   ( α )   , with


     z  g ′   ( z )    g ( z )   + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U ,   








then    J  p , γ    ( g )  ∈ Σ  S  p , q  n   ( α )  .  





Proof. 

We omit the proof since it is similar to the proof of Theorem 3, except that we now use, instead of Corollary 1, Corollary 2 with   β = 1  . □





Proposition 1.

Let   p ,  n ∈ N ,    with   p ≠ 0  , and   0 < q < 1  . We consider also   α ,  δ ∈ R   and   γ ∈ C   satisfying   α < p < Re  γ ≤ δ  . If the function   g ∈   Σ  S  p , q  n   ( α , δ )      satisfies the condition


     z   (  W q n  g )  ′   ( z )     W q n  g  ( z )    + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U ,   








then    J  p , γ    ( g )  ∈ Σ  S  p , q  n   ( α , δ )   .





Proof. 

We have   g ∈ Σ  S  p , q  n   ( α , δ )  ⇔  W q n   ( g )  ∈  Σ p ∗   ( α , δ )   , hence, from Corollary 3, we obtain


   J  p , γ    (  W q n   ( g )  )  ∈  Σ p ∗   ( α , δ )  .  











Since


   J  p , γ    (  W q n   ( g )  )  =  W q n   (  J  p , γ    ( g )  )  ,  








we obtain that


   W q n   (  J  p , γ    ( g )  )  ∈  Σ p ∗   ( α , δ )  ,  








which is equivalent to    J  p , γ    ( g )  ∈ Σ  S  p , q  n   ( α , δ )  .   □





If we consider   δ → ∞   in Proposition 1 we get:



Corollary 5.

Let   n ∈ N ,  p ∈  N ∗  ,  0 < q < 1 ,  γ ∈ C   and   α < p < Re  γ  . If   g ∈   Σ  S  p , q  n   ( α )      and satisfies the condition


     z   (  W q n  g )  ′   ( z )     W q n  g  ( z )    + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U ,   








then    J  p , γ    ( g )  ∈ Σ  S  p , q  n   ( α )   .





Next we define the operator   J  p , γ , h   . Let   p ∈  N ∗   ,   γ ∈ C   with   Re  γ > p   and   h ∈ A  . We define


   J  p , γ , h   :  Σ p  →  Σ p  ,   J  p , γ , h    ( g )  =   γ − p    h γ   ( z )     ∫ 0 z  g  ( t )   h  γ − 1    ( t )   h ′   ( t )  d t .  



(7)







It is easy to see that for the   h ( z ) = z   we have    J  p , γ , h   =  J  p , γ    , where


   J  p , γ    ( g )   ( z )  =     γ − p   z γ    ∫ 0 z  g  ( t )   t  γ − 1   d t   ,  








found in [1], was used in different papers.



Theorem 5.

Let   p ∈  N ∗   ,   γ ∈ C   with   Re  γ > p   and   h ∈ A   with      h ( z )  z   ·  h ′   ( z )  ≠ 0  . Let   g ∈  Σ p    with


     z  g ′   ( z )    g ( z )   +   z  h ″   ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 ≺  R  γ − p , p    ( z )  ,  z ∈ U .   











If   G =  J  p , γ , h    ( g )    is defined by (7), then   G ∈  Σ p    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


   Re     z  G ′   ( z )    G ( z )   + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .   











All powers in (7) are principal ones.





Proof. 

We consider Theorem 1 with


  α = β = 1 ,  δ = γ ,  Φ  ( z )  =     h ( z )  z   γ  ,  φ  ( z )  =     h ( z )  z    γ − 1   ·  h ′   ( z )  .  











Using the above notations we show that the subordination


  α   z  g ′   ( z )    g ( z )   +   z  φ ′   ( z )    φ ( z )   + δ ≺  R  δ − p α , p    ( z )  ,  z ∈ U ,  








is equivalent to


    z  g ′   ( z )    g ( z )   +   z  h ″   ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 ≺  R  γ − p , p    ( z )  ,  z ∈ U .  











From


  φ  ( z )  =     h ( z )  z    γ − 1   ·  h ′   ( z )  ,  








by using the logarithmic differential, we get


     φ ′   ( z )    φ ( z )   =  ( γ − 1 )     h ′   ( z )    h ( z )   −  ( γ − 1 )   1 z  +    h ″   ( z )     h ′   ( z )    ,  








thus


    z  φ ′   ( z )    φ ( z )   =  ( γ − 1 )    z  h ′   ( z )    h ( z )   − γ + 1 +   z  h ″   ( z )     h ′   ( z )    .  



(8)







We have now


  α   z  g ′   ( z )    g ( z )   +   z  φ ′   ( z )    φ ( z )   + δ =   z  g ′   ( z )    g ( z )   +  ( γ − 1 )    z  h ′   ( z )    h ( z )   − γ + 1 +   z  h ″   ( z )     h ′   ( z )    + γ  










  =   z  g ′   ( z )    g ( z )   +   z  h ″   ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 .  











Therefore, the subordination from the hypothesis of Theorem 1 is satisfied.



Since all the other conditions from the hypothesis of Theorem 1 are met, we get from Theorem 1 that


  G  ( z )  =  J  p , 1 , 1 , γ , γ   Φ , φ    ( g )   ( z )  =   γ − p    z γ  Φ  ( z )     ∫ 0 z  g  ( t )  φ  ( t )   t  γ − 1   d t  










  =   γ − p    h γ   ( z )     ∫ 0 z  g  ( t )   h  γ − 1    ( t )   h ′   ( t )  d t =  J  p , γ , h    ( g )   ( z )  ,  








belongs to the class   Σ p   with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


  Re     z  G ′   ( z )    G ( z )   +   z  Φ ′   ( z )    Φ ( z )   + γ  > 0 ,  z ∈ U .  











Taking into account the fact that we have   Φ  ( z )  =      h ( z )  z   γ    , by using the logarithmic differential we get


     Φ ′   ( z )    Φ ( z )   = γ    h ′   ( z )    h ( z )   − γ  1 z  ,  








so


    z  Φ ′   ( z )    Φ ( z )   = γ   z  h ′   ( z )    h ( z )   − γ ,  








this meaning that the inequality


  Re     z  G ′   ( z )    G ( z )   +   z  Φ ′   ( z )    Φ ( z )   + γ  > 0 ,  z ∈ U ,  








is equivalent to the inequality


  Re     z  G ′   ( z )    G ( z )   + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .  











Therefore, the proof of the theorem is complete. □





If we consider in Theorem 5 that   h ( z ) = z  , since the requirements on h are satisfied, we get:



Corollary 6.

Let   p ∈  N ∗   ,   γ ∈ C   with   Re  γ > p  . Let   g ∈  Σ p    with


     z  g ′   ( z )    g ( z )   + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U .   











Then   G =  J  p , γ    ( g )  ∈  Σ p    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


   Re     z  G ′   ( z )    G ( z )   + γ  > 0 ,  z ∈ U .   













The above corollary is a particular case of Corollary 2 from [1] (considering   β = 1  ).



Proposition 2.

Let   p ∈  N ∗   ,   γ ∈ C   with   Re  γ > p   and   h ∈ A   with      h ( z )  z   ·  h ′   ( z )  ≠ 0  . We denote by H the function    H  ( z )  =   h ( z )    h ′   ( z )      . Let   g ∈  Σ p    and   G =  J  p , γ , h    ( g )  .   Then we have the equality


   −   z  g ′   ( z )    g ( z )   = α  ( z )  p  ( z )  +   z  p ′   ( z )    R ( z )   ,   








where


   p  ( z )  = −   z  G ′   ( z )    G ( z )   ,  α  ( z )  =   z γ + z  H ′   ( z )  − H  ( z )   ( 1 + p  ( z )  )    z γ − H ( z ) p ( z )   ,  R  ( z )  =   z γ − H ( z ) p ( z )   H ( z )   .   













Proof. 

From    G  ( z )  =  J  p , γ , h    ( g )   ( z )  =   γ − p    h γ   ( z )     ∫ 0 z  g  ( t )   h  γ − 1    ( t )   h ′   ( t )  d t    we have


  γ  h  γ − 1    h ′  G +  h γ   G ′  =  ( γ − p )  g  h  γ − 1    h ′  ⇔ γ G +  h  h ′    G ′  =  ( γ − p )  g ,  








thus


  γ G  ( z )  + H  ( z )   G ′   ( z )  =  ( γ − p )  g  ( z )  ,  z ∈ U .  



(9)







From (9), after differentiating, we obtain


  γ  G ′   ( z )  +  H ′   ( z )   G ′   ( z )  + H  ( z )   G ″   ( z )  =  ( γ − p )   g ′   ( z )  ,  z ∈ U .  



(10)







We use the notation    p  ( z )  = −   z  G ′   ( z )    G ( z )      and we get:


  z  G ′   ( z )  = − p  ( z )  G  ( z )  ,    z 2   G ″   ( z )  =  p  ( z )  +  p 2   ( z )  − z  p ′   ( z )   G  ( z )  .  



(11)







From (9) and (10) we obtain


     g ′   ( z )    g ( z )   =   γ  G ′   ( z )  +  H ′   ( z )   G ′   ( z )  + H  ( z )   G  ′ ′    ( z )    γ G  ( z )  + H  ( z )   G ′   ( z )    ,  








so


  −   z  g ′   ( z )    g ( z )   = −   γ z  G ′   ( z )  + z  H ′   ( z )   G ′   ( z )  + z H  ( z )   G  ′ ′    ( z )    γ G  ( z )  + H  ( z )   G ′   ( z )    .  











In the last equality we replace   G ′   and   G ″  , from (11), and we get:


  −   z  g ′   ( z )    g ( z )   =    γ p  ( z )  G  ( z )  + p  ( z )   H ′   ( z )  G  ( z )  −   H ( z )  z   p  ( z )  +  p 2   ( z )  − z  p ′   ( z )   G  ( z )      γ G  ( z )  −   H ( z )  z  p  ( z )  G  ( z )      










  =   γ z p  ( z )  + z p  ( z )   H ′   ( z )  −  H ( z )   p  ( z )  +  p 2   ( z )  − z  p ′   ( z )     γ z −  H ( z )  p ( z )    










  = p  ( z )  ·   z γ + z  H ′   ( z )  − H  ( z )   ( 1 + p  ( z )  )    z γ − H ( z ) p ( z )   + z  p ′   ( z )  ·   H ( z )   z γ − H ( z ) p ( z )   .  











Using now the notations from the hypothesis we obtain that


  −   z  g ′   ( z )    g ( z )   = α  ( z )  p  ( z )  +   z  p ′   ( z )    R ( z )   ,  








where


  α  ( z )  =   z γ + z  H ′   ( z )  − H  ( z )   ( 1 + p  ( z )  )    z γ − H ( z ) p ( z )   ,  R  ( z )  =   z γ − H ( z ) p ( z )   H ( z )   .  











□





For the next results we need the following lemma:



Lemma 2.

Let   n ∈  N ∗    and the functions   α : U → R ,    R : U → C   with   Re  R ( z ) > 0  ,   z ∈ U  . If   p ∈ H [ a , n ]   with   Re  a > 0  , then


   Re   α  ( z )  p  ( z )  +   z  p ′   ( z )    R ( z )    > 0 ⇒ Re  p  ( z )  > 0 ,  z ∈ U .   













Proof. 

To prove this result we use the class of admissible functions. We consider the function    ψ  ( r , s , t ; z )  = α  ( z )  r +  s  R ( z )      and the set   Ω = { w ∈ C : Re  w > 0 }  .



We need to show that   Re  ψ ( ρ i , σ , μ + i ν ; z ) ∉ Ω  , when   ρ , σ , μ , ν ∈ R ,     z ∈ U ,   with


  σ ≤   −  n 2  ·    | a − i ρ |  2   Re  a     ,  σ + μ ≤ 0 ,  








this meaning that we have   ψ ∈  Ψ n   { a }   .



We have


  Re  ψ  ( ρ i , σ , μ + i ν ; z )  = Re   α  ( z )  ρ i +  σ  R ( z )    = Re   σ  R ( z )   < 0 ,  








since   σ < 0   and   Re  R ( z ) > 0 .  



From Theorem 2, since   ψ ∈  Ψ n   { a }    and   Re  ψ ( p  ( z )  , z  p ′   ( z )  ,  z 2   p ″   ( z )  ; z ) > 0 ,    for   z ∈ U  , we get   Re  p ( z ) > 0 .   □





Theorem 6.

Let   n ∈ N  ,   p ∈  N ∗  ,  0 < q < 1 ,      γ ∈ C  ,   Re  γ > p   and   h ∈ A   with      h ( z )  z   ·  h ′   ( z )  ≠ 0  . We denote by H the function    H  ( z )  =   h ( z )    h ′   ( z )      . Let   g ∈ Σ  S  p , q  n    with


     z  g ′   ( z )    g ( z )   +   z  h ″   ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 ≺  R  γ − p , p    ( z )  ,  z ∈ U ;   



(12)






     z   (  W q n  g )  ′   ( z )     W q n  g  ( z )    +   z  h ″   ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 ≺  R  γ − p , p    ( z )  ,  z ∈ U .   



(13)







If   G =  J  p , γ , h    ( g )    is defined by (8) and verifies


       z  H ′   ( z )  − H  ( z )    W q n  G  ( z )    z  γ  W q n  G  ( z )  + H  ( z )   W q n   G ′   ( z )     ∈ R ,  z ∈ U ,    



(14)






    J  p , γ , h    (  W q n  g )  =  W q n   ( G )    



(15)




then   G ∈ Σ  S  p , q  n    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   z p   W q n  G  ( z )  ≠ 0 ,  z ∈ U ,  


   Re     z  G ′   ( z )    G ( z )   + γ   z  h ′   ( z )    h ( z )    > 0 ,   and   Re     z   (  W q n  G )  ′   ( z )     W q n  G  ( z )    + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .   













Proof. 

We have   g ∈ Σ  S  p , q  n   , so   g ∈  Σ p    with    W q n  g ∈  Σ p ∗   . Since all the conditions from the hypothesis of Theorem 5 are met we have   G ∈  Σ p    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


  Re     z  G ′   ( z )    G ( z )   + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .  











Let us denote    W q n  g =  g 1   . Since    W q n  g ∈  Σ p ∗  ⊂  Σ p    and satisfies (13) it follows from Theorem 5 that    G 1  =  J  p , γ , h    (  g 1  )  ∈  Σ p    with


   z p   G 1   ( z )  ≠ 0 ,  z ∈ U ,   and   Re     z  G 1 ′   ( z )     G 1   ( z )    + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .  



(16)







From (15) we have    G 1  =  J  p , γ , h    (  g 1  )  =  J  p , γ , h    (  W q n  g )  =  W q n  G ,   therefore (16) is the same with


   z p   W q n  G  ( z )  ≠ 0 ,  z ∈ U ,   and   Re     z   (  W q n  G )  ′   ( z )     W q n  G  ( z )    + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .  











We also have    g 1  ∈  Σ p ∗  ,   this meaning that   Re    −   z  g 1 ′   ( z )     g 1   ( z )      > 0 .  



Since    G 1  =  J  p , γ , h    (  g 1  )    we get from Proposition 2 that


  −   z  g 1 ′   ( z )     g 1   ( z )    = α  ( z )  p  ( z )  +   z  p ′   ( z )    R ( z )   ,  








where


  p  ( z )  = −   z  G 1 ′   ( z )     G 1   ( z )    ,  α  ( z )  =   z γ + z  H ′   ( z )  − H  ( z )   ( 1 + p  ( z )  )    z γ − H ( z ) p ( z )   ,  R  ( z )  =   z γ − H ( z ) p ( z )   H ( z )   .  











We have   Re    −   z  g 1 ′   ( z )     g 1   ( z )      > 0 ,  z ∈ U ,   therefore


  Re   α  ( z )  p  ( z )  +   z  p ′   ( z )    R ( z )    > 0 ,  z ∈ U .  











Next, we prove that   α ( z ) ∈ R ,  z ∈ U .  



We have


  α  ( z )  = 1 +   z  H ′   ( z )  − H  ( z )    z γ − H ( z ) p ( z )   = 1 +    z  H ′   ( z )  − H  ( z )    G 1   ( z )    z  γ  G 1   ( z )  + H  ( z )   G 1 ′   ( z )      










   = 1 +    z  H ′   ( z )  − H  ( z )    W q n  G  ( z )    z  γ  W q n  G  ( z )  + H  ( z )   W q n   G ′   ( z )     ∈ R ,  z ∈ U ,   








because, from (14),       z  H ′   ( z )  − H  ( z )    W q n  G  ( z )    z  γ  W q n  G  ( z )  + H  ( z )   W q n   G ′   ( z )     ∈ R ,  z ∈ U .   



On the other hand, since


  R  ( z )  =   z γ − H ( z ) p ( z )   H ( z )   =   z γ   H ( z )   − p  ( z )  = γ   z  h ′   ( z )    h ( z )   +   z  G 1 ′   ( z )     G 1   ( z )     








we obtain, from (16),   Re  R ( z ) > 0 .  



We have the functions   α : U → R ,    R : U → C   with   Re  R ( z ) > 0  ,   z ∈ U   and   p ∈ H [ p , n ]  . Therefore, since


  Re   α  ( z )  p  ( z )  +   z  p ′   ( z )    R ( z )    > 0  








we get from Lemma 2 that   Re  p ( z ) > 0 ,  z ∈ U .  



Thus,   Re    −   z  G 1 ′   ( z )     G 1   ( z )      > 0 ,  z ∈ U ,   this meaning that    G 1  =  W q n  G ∈  Σ p ∗  ,   which is equivalent to   G ∈ Σ  S  p , q  n  .   □





Taking   n = 0   in Theorem 6, since   Σ  S  p , q  0  =  Σ p ∗   ,    W q 0  g = g  , we get the next result:



Corollary 7.

Let   p ∈  N ∗   ,   γ ∈ C   with   Re  γ > p   and   h ∈ A   with      h ( z )  z   ·  h ′   ( z )  ≠ 0  . We denote by H the function    H  ( z )  =   h ( z )    h ′   ( z )      . Let   g ∈  Σ p ∗    with


     z  g ′   ( z )    g ( z )   +   z  h  ′ ′    ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 ≺  R  γ − p , p    ( z )  ,  z ∈ U .   











If   G =  J  p , γ , h    ( g )    is defined by (8) and verifies       z  H ′   ( z )  − H  ( z )   G  ( z )    z  γ G  ( z )  + H  ( z )   G ′   ( z )     ∈ R ,  z ∈ U ,    then   G ∈  Σ p ∗    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


   Re     z  G ′   ( z )    G ( z )   + γ   z  h ′   ( z )    h ( z )    > 0 ,  z ∈ U .   













Considering in Theorem 6   h ( z ) = z  , we have


    J  p , γ , h   =  J  p , γ   ,   J  p , γ    (  W q n  g )  =  W q n   ( G )  ,    z  h ′   ( z )    h ( z )   = 1 ,  H  ( z )  = z ,  z  H ′   ( z )  − H  ( z )  = 0   








and


    z  h ″   ( z )     h ′   ( z )    +  ( γ − 1 )    z  h ′   ( z )    h ( z )   + 1 = γ .  











Thus we get:



Corollary 8.

Let   n ∈ N  ,   p ∈  N ∗  ,  0 < q < 1 ,      γ ∈ C  ,   Re  γ > p  . Let   g ∈ Σ  S  p , q  n    with


     z  g ′   ( z )    g ( z )   + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U ,     z   (  W q n  g )  ′   ( z )     W q n  g  ( z )    + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U .   











If   G =  J  p , γ    ( g )   , then   G ∈ Σ  S  p , q  n    with    z p  G  ( z )  ≠ 0 ,    z p   W q n  G  ( z )  ≠ 0 ,  z ∈ U ,  


   Re     z  G ′   ( z )    G ( z )   + γ  > 0 ,   and   Re     z   (  W q n  G )  ′   ( z )     W q n  G  ( z )    + γ  > 0 ,  z ∈ U .   













Taking   n = 0   in the above result, since   Σ  S  p , q  0  =  Σ p ∗   ,    W q 0  g = g  , we have:



Corollary 9.

Let   p ∈  N ∗   ,   γ ∈ C   with   Re  γ > p  . Let   g ∈  Σ p ∗    with


     z  g ′   ( z )    g ( z )   + γ ≺  R  γ − p , p    ( z )  ,  z ∈ U .   











If   G =  J  p , γ    ( g )   , then   G ∈  Σ p ∗    with    z p  G  ( z )  ≠ 0 ,  z ∈ U ,   and


   Re     z  G ′   ( z )    G ( z )   + γ  > 0 ,   U .   













This Corollary was also obtained in [1].




3. Discussion


In this paper we first introduced two new classes of meromorphic functions, denoted by   Σ  S  p , q  n   ( α , δ )   , respectively   Σ  S  p , q  n   ( α )   , that used an extension of the Wanas operator to meromorphic functions. We appealed to the Wanas operator because we noticed that it is a well-known operator in recent papers. It is shown that classes of starlike functions of the order  α  are obtained for specific values of   n .   Some interesting preserving problems concerning these classes are discussed in the theorems and corollaries.



We have given the conditions for having the function    J  p , γ    ( g )    (where   J  p , γ    is a well-known integral operator) in one of the classes   Σ  S  p , q  n   ( α , δ )   , respectively   Σ  S  p , q  n   ( α )   , when g is a function from the same class. It can be seen that these conditions are relatively simple.



Next, we have introduced a new integral operator on meromorphic functions, denoted by   J  p , γ , h   , proved that it is well-defined and looked for the conditions which allow this operator to preserve the class   Σ  S  p , q  n   . The preservation of   Σ  S  p , q  n   -like classes, following the application of this operator, can be investigated in future works.



Examples were given as corollaries for particular cases of the function h. The new operator defined in this paper can be used to introduce other subclasses of meromorphic functions. Quantum calculus can be also associated for future studies and symmetry properties can be investigated.







Author Contributions


Conceptualization, methodology, software, validation, formal analysis, investigation, resources, data curation, writing—original draft preparation by E.-A.T., writing—review and editing, visualization, supervision, project administration, funding acquisition by L.-I.C. All authors have read and agreed to the published version of the manuscript.




Funding


This research received no external funding.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


Not applicable.




Acknowledgments


The authors would like to thank the referees for their careful reading and helpful comments.




Conflicts of Interest


The authors declare no conflict of interest in this paper.




References


	



Totoi, A. On integral operators for meromorphic functions. Gen. Math. 2010, 18, 91–108. [Google Scholar]

	



Mohammed, A.; Darus, M. Integral operators on new families of meromorphic functions of complex order. J. Inequalities Appl. 2011, 2011, 121. [Google Scholar] [CrossRef]

	



Frasin, B.A. On an integral operator of meromorphic functions. Mat. Vesn. 2012, 64, 167–172. [Google Scholar]

	



Mohammed, A.; Darus, M. On New -Valent Meromorphic Function Involving Certain Differential and Integral Operators. Abstr. Appl. Anal. 2014, 2014, 208530. [Google Scholar] [CrossRef]

	



Güney, H.Ö.; Breaz, D.; Owa, S. A New Operator for Meromorphic Functions. Mathematics 2022, 10, 1985. [Google Scholar] [CrossRef]

	



Ghanim, F.; Al-Janaby, H.F.; Bazighifan, O. Geometric properties of the meromorphic functions class through special functions associated with a linear operator. Adv. Contin. Discret. Models 2022, 2022, 17. [Google Scholar] [CrossRef]

	



Khadr, M.A.; Ali, A.M.; Ahmed, F.G. New Subclass of Meromorphic Functions Associated with Hypergeometric Function. AL-Rafidain J. Comput. Sci. Math. 2021, 15, 63–71. [Google Scholar] [CrossRef]

	



Aouf, M.K.; El-Emam, F.Z. Fekete–Szegö Problems for Certain Classes of Meromorphic Functions Involving -Al-Oboudi Differential Operator. J. Math. 2022, 2022, 4731417. [Google Scholar] [CrossRef]

	



Yu, H.; Li, X.M. Results on Logarithmic Borel Exceptional Values of Meromorphic Functions with Their Difference Operators. Anal Math. 2022. [Google Scholar] [CrossRef]

	



Miller, S.S.; Mocanu, P.T. Differential Subordinations. Theory and Applications; Marcel Dekker Inc.: New York, NY, USA; Basel, Switzerland, 2000. [Google Scholar]

	



Mocanu, P.T.; Bulboacă, T.; Sălăgean, Ş.G. The Geometric Theory of Univalent Functions; Casa Cărţii de Ştiinţă: Cluj-Napoca, Romania, 2006. (In Romanian) [Google Scholar]

	



Jackson, F.H. On q-functions and a certain difference operator. Trans. R. Soc. Edinb. 1908, 46, 253–281. [Google Scholar] [CrossRef]

	



Jackson, F.H. On q-definite integrals. Q. J. Pure Appl. Math. 1910, 41, 193–203. [Google Scholar]

	



Cătaş, A. On the Fekete-Szegö problem for certain classes of meromorphic functions using p,q—Derivative operator and a p,q-wright type hypergeometric function. Symmetry 2021, 13, 2143. [Google Scholar] [CrossRef]

	



Shah, S.A.; Noor, K.I. Study on the q-analogue of a certain family of linear operators. Turk. J. Math. 2019, 43, 2707–2714. [Google Scholar] [CrossRef]

	



Shamsan, H.; Latha, S. On generalized bounded Mocanu variation related to q-derivative and conic regions. Ann. Pure Appl. Math. 2018, 17, 67–83. [Google Scholar] [CrossRef]

	



Srivastava, H.M. Some generalizations and basic (or q-) extensions of the Bernoulli, Euler and Genocchi polynomials. Appl. Math. Inf. Sci. 2011, 5, 390–444. [Google Scholar]

	



Srivastava, H.M. Operators of basic (or q-) calculus and fractional q-calculus and their applications in geometric function theory of complex analysis. Iran. J. Sci. Technol. Trans. A Sci. 2020, 44, 327–344. [Google Scholar] [CrossRef]

	



Srivastava, H.M.; Raza, N.; AbuJarad, E.S.A.; Srivastava, G.; AbuJarad, M.H. Fekete-Szegö inequality for classes of (p, q)-starlike and (p, q)-convex functions. Rev. Real Acad. Cienc. Exactas, FÍSicas Nat. Ser. Mat. (RACSAM) 2019, 113, 3563–3584. [Google Scholar] [CrossRef]

	



Uçar, Ö.; Mert, O.; Polatoǧlu, Y. Some properties of q-close-to-convex functions. Hacet. J. Math. Stat. 2017, 46, 1105–1112. [Google Scholar] [CrossRef]

	



Srivastava, H.M.; Wanas, A.K.; Srivastava, R. Applications of the q-Srivastava-Attiya operator involving a certain family of bi-univalent functions associated with the Horadam polynomials. Symmetry 2021, 13, 1230. [Google Scholar] [CrossRef]

	



Khan, Q.; Arif, M.; Raza, M.; Srivastava, G.; Tang, H. Some applications of a new integral operator in q-analog for multivalent functions. Mathematics 2019, 7, 1178. [Google Scholar] [CrossRef]

	



Khan, B.; Srivastava, H.M.; Tahir, M.; Darus, M.; Ahmad, Q.Z.; Khan, N. Applications of a certain q-integral operator to the subclasses of analytic and bi-univalent functions. AIMS Math. 2021, 6, 1024–1039. [Google Scholar] [CrossRef]

	



Mahmood, S.; Raza, N.; Abujarad, E.S.A.; Srivastava, G.; Srivastava, H.M.; Malik, S.N. Geometric properties of certain classes of analytic functions associated with a q-integral operator. Symmetry 2019, 11, 719. [Google Scholar] [CrossRef]

	



Hu, Q.; Shaba, T.G.; Younis, J.; Khan, B.; Mashwani, W.K.; Çağlar, M. Applications of q-derivative operator to subclasses of bi-univalent functions involving Gegenbauer polynomials. Appl. Math. Sci. Eng. 2022, 30, 501–520. [Google Scholar] [CrossRef]

	



Wanas, A.K.; Cotîrlǎ, L.I. Initial coefficient estimates and Fekete–Szegö inequalities for new families of bi-univalent functions governed by (p-q)-Wanas operator. Symmetry 2021, 13, 2118. [Google Scholar] [CrossRef]

	



Wanas, A.K.; Hammadi, N.J. Applications of Fractional Calculus on a Certain Class of Univalent Functions Associated with Wanas Operator. Earthline J. Math. Sci. 2022, 9, 117–129. [Google Scholar] [CrossRef]

	



Shaba, T.G.; Wanas, A.K. Coefficient bounds for a certain families of m-fold symmetric bi-univalent functions associated with q-analogue of Wanas operator. Acta Univ. Apulensis 2021, 68, 25–37. [Google Scholar]

	



Wanas, A.K.; Murugusundaramoorthy, G. Differential sandwich results for Wanas operator of analytic functions. Math. Moravica 2020, 24, 17–28. [Google Scholar] [CrossRef]

	



Altınkaya, Ş.; Wanas, A.K. Some Properties for Fuzzy Differential Subordination Defined by Wanas Operator. Earthline J. Math. Sci. 2020, 4, 51–62. [Google Scholar] [CrossRef]

	



Wanas, A.K.; Altınkaya, Ş. Differential Subordination Results for Holomorphic Functions Associated with Wanas Operator. Earthline J. Math. Sci. 2020, 3, 249–261. [Google Scholar] [CrossRef]

	



Wanas, A.K.; Pall-Szabo, A.O. Some Properties for Strong Differential Subordination of Analytic Functions Associated with Wanas Operator. Earthline J. Math. Sci. 2020, 4, 29–38. [Google Scholar] [CrossRef]

	



Wanas, A.K. Fuzzy differential subordinations for analytic functions involving Wanas operator. Ikonion J. Math. 2020, 2, 1–9. [Google Scholar]

	



Wanas, A.K.; Choi, J.; Cho, N.E. Geometric properties for a family of holomorphic functions associated with Wanas operator defined on complex Hilbert space. Asian-Eur. J. Math. 2021, 14, 07. [Google Scholar] [CrossRef]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  symmetry-14-01545


  
    		
      symmetry-14-01545
    


  




  





media/file0.png





