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Abstract: We consider three new classes of meromorphic functions defined by an extension of the
Wanas operator and two integral operators, in order to study some preservation properties of the
classes. The purpose of the paper is to find the conditions such that, when we apply the integral
operator Jp,, to some function from the new defined classes XS}, ,(«, J), respectively £57 ; («), we
obtain also a function from the same class. We also define a new integral operator on the class of
meromorphic functions, denoted by ], , y, where & is a normalized analytic function on the unit disc.
We study some basic properties of this operator. Then we look for the conditions which allow this
operator to preserve a particular subclass of the classes mentioned above.

Keywords: meromorphic functions; Wanas operator; integral operators

1. Introduction and Preliminaries

Many operators have been used since the beginning of the study of analytic functions.
The most interesting of these are the differential and integral operators. Since the beginning
of the 20th century, many mathematicians have worked on integral operators applied
to classes of analytic functions, but papers on integral operators applied to classes of
meromorphic functions are smaller in number. This is happening because there is a need of
new integral operators on meromorphic functions.

The first author of the present paper started in 2010 to work on integral operators on
meromorphic functions (see [1]). In the same period, new results regarding the same topic
were published in papers such as [2—4] etc.

The literature on meromorphic functions is very large, but in the field of geometric
theory of meromorphic functions there is still more to say. Recent results on this topic may
be found in [5-9].

In this work we introduce a new integral operator on the class of meromorphic func-
tions and we prove that it is well defined. We also introduce new classes of meromorphic
functions, with the use of the Wanas operator, and we study some preserving properties of
these classes.

Using the integral operator introduced in this paper, beautiful results can be obtained
in terms of class conservation.

We consider U = {z € C: |z| < 1}, the unit disc, U = U \ {0} and

H(U) ={f:U — C: f is holomorphic in U}.

a_ )
For p € N¥, we have ¥, = {g/g(z) = 7;""”0""”12"'"' ,zel, ay #0},the

class of meromorphic functions in U.
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We also use:

() { €Xp: Re{ Zg;g)} >(x,z€U},Where(x<p.

Y («) is the class of meromorphic starlike functions of order a, where 0 < a < 1.

/
(a,6) = { €Xy: (x<Re{ Zg(g)}<5,z€ll},wherezx<p<5,

Hla,n] = {f € HU) : f(z) = a+ayz" +a, 12" +...} fora € C, n € N*.

Corollary 1 ([1]). Letp € N*, y € Canda < p <6 <Rev. Ifg € X3(w,0), then
G =Jpr(8) € Zy(a, ).

— Z
where ]p,v(g) (z) = % A g(t)t”fldt.

Re'y

Corollary 2 ([1]). Let p e N*, >0,y € Canda < p < B

Ifg € Zy(a), with

z9'(z
B g(i)) +9=< R%pﬁ,p(z), zel,
then G = Jp,(g) € Ly ().

Corollary 3 ([1]). Let p e N*, y € Canda < p <Rey < 4.
Ifg € £5(a,0), with

zg'(z)

8(2)

+9 < Ry—pp(z),z€U,
then G = Jp,(8) € Zj (e, 9).

Lemma1 ([1]). Letn € N*, a, p € R, v € Cwith Re [y — af] > 0. If we have P € H[P(0), n]
with P(0) € Rand P(0) > a, then

zP'(z)
7= BP(2)

Theorem 1 ([1]). Let p € N*, ®, ¢ € HJ[1, p| with ®(z)¢(z) # 0,z € U. Let a,p,v,6 € C
with B # 0, § + pB = v + paand Re (y — pB) > 0. Let g € X, and suppose that

Re |P(z) + >a=ReP(z) >ua,ze€ U

20, 29()

4+ < Rs_pap(2), z€ U
5@ T ol a-pap(2)

IfG = paﬁy(s(g) .

1
B
Gla) = Iydsl0)) = | L5 [t trotre ], 0
then G € X, with zPG(z) #0, z € U, and

zG'(z)  z®'(z)
ke {5 G | o)

+’y} >0,zeU.

All powers in (1) are principal ones.
Theorem 2 ([10], ([11], p. 209)). Let be p € H[a, n] withRea > 0. Ifp € ¥, {a}, then

Re(p(z),zp'(2),22p" (2);z) >0,z € U= Rep(z) >0,z € U.
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For 0 < g < p <1, the (p, q)-derivative operator for a function f is defined by

Dpaf(e) = =Lz eur—un op), @

and
Dp,qf(o) = f/(o),

see [12,13].
For an analytic function f we have

Dpqf(z) =1+ Y [K]pqbiz" !, (3)
k=2

where the (p, g)-bracket number, or twin-basic [k], 4, is given by

k _ .k
[Klpg = % =P P TP TP g g (), @

which is a natural generalization of the g-number, and we have

. 1—¢g
1 klpq, = [kl = .
pgll{[ Ing = [klg 1—¢

For more details on the concepts of (p,q)-calculus, or g calculus (in the case when
p =1),see[12,13].

There are many interesting works in which the operator Dy, ; is used; see [14-25].

Inspired by the Wanas operator for analytic functions (see [26-34]), we build an
extension of it on the class of meromorphic functions.

For p € N*, n € Nand 0 < g < 1 we consider the extension of the Wanas operator for
meromorphic functions, denoted by Wi : &, — X, as

n sy &(1-g"1\" -
Wi (8)(z) = —+ ) =g ) % zed
k=0
where g € X, is g(z) = Ilz;pp + Y a2k, withz e U, a_p, #0.
k=0
We have the properties:
(1) Wyg(z) =g(2);

2) g —pp—kik—i—lqakz
k=0
() Wiagi +Bg2)(2) = aWy (1) (2) + BWy (32)(2), a, B € C, 81,82 € T
@ W"(W’"> ) = ,;”( (z):wg”mg 2);
6 Wi(zg'@) =z ( ;g<z>).

2. Main Results
Definition 1. Forp e N*, n e N, 0 <g <landa <p < let

/
P o) = % R Z<ng Z)) 1) u 5
pq(,0) = {8 EXy/a <Re BTON <9d,zel,, ®)
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2(Wrg(2)

- Wrg(z)

28y () = g €Xp/Re >wu,zeUy, (6)

and £S5y, = 1Sy, ,(0).

It is easy to see that, for n = 0, the class nglq(tx, 6) is the class £ (a, §) and the class
ZSglq(oc) is the class X (a), which were studied in [1].

Next, we give the link between the sets £S5} . («,4) and ZSZ;1 (a, ), respectively
LSy, (a) and 25%1(&).

Remark 1. Letp,n €N, p#0,0<g<l,a <p<dandg € X,. Then
g € 1Sy . (a,8) & Wy(g) € 255" (v, 6),

respectively
g € XSy (a) & Wy(g) € £S5, ().

Proof. We have g € 25} ,(«,5) equivalent to Wj'g € X7 (a,d).
Since Wj'g = Wg‘_l (W,}g), we get W;_l (W[}g) € Xy (a, ), which is equivalent to

Wy(g) € 28y " (a,6).
The second equivalence can be proved in the same way. O

Theorem 3. Let p,n € N, with p # 0, and 0 < q < 1. We consider also «, 6 € R and
v € Csatisfying v < p < 6 < Rewy. Ifg € LS} ,(a,6), then Jp,(g) € LS} ,(a,5), where

_r=p 7 7-1
@)@ = 122 g tan
Proof. Because g € LS} ,(a,5) we have W/ (g) € Z;(a,J), hence, from Corollary 1, we get
Tpy (Wi (8)) € Zp(a, ).
We will prove now that we have
Jon (Wi (8)) = Wi (Tpn(8))-
We have

n oy S(1-g1\" :
Wi (g)(z) = —-+ ), T mzk, z e,
a_ d .
where g € X, is g(z) = Z—pp + k:ZOakzk, zelU,a_p #0.

It is well known that the operator

A—p

Joa(8)(z) = - “lg(t)dt

0
can be also written as

a_ _ 00
Jpa(8)(z) = = Zk+/\akz where g(z) 7 Z
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Therefore, we have

n
n ”—P 1—g! k
]P/Y(Wq(g) - Zk“—)\( 1_q axz-,

and

a_ oo 1_qk+1 n)\_p
W;(]prv(g)(z))zj‘Fl;)( 1-q ) k+a™ 2

this meaning that
Ton(Wg (8)) = Wq (Jp4(8))-
We get that
Wi Upr(8)) € Zp(a,0),

therefore [, (g) € £S} ,(a,6).
O

If we consider, in the above theorem, the case that n = 0 we obtain:
Corollary 4. Let p e N*, 0 < g <1,y € Canda < p < < Rey. Then
g€ Z;(zx,é) = Jpn(8) € Z’;,(rx,é).

Proof. The proof is obvious since we have ngrq(zx, 6) =Zp(a,0). O

The result of Corollary 4 was also found in [1].

Theorem 4. Let p,n € Nwithp # 0and 0 < g < 1,7 € Cwitha < p < Revy. If
g € X5 . (a), with
28'(2)
8(2)

+9 < Ry—pp(z),z€U,
then ] (8) € Sy 4 (a).

Proof. We omit the proof since it is similar to the proof of Theorem 3, except that we now
use, instead of Corollary 1, Corollary 2 with § =1. O

Proposition 1. Let p, n € N, with p # 0,and 0 < g < 1. We consider alsow, 6 € Rand y € C
satisfying « < p < Revy < 4. If the function g € 1.S}, ,(a, 0) satisfies the condition

z(W;g)'(2)
———— 4+ 7 <Rypy(z), z€ U,
W‘;lg(Z) Y Y }7,}7( )

then Jp,y(8) € LS} 4(a,0).
Proof. We have g € £S5} (w,8) < Wi (g) € X3 (w, 6), hence, from Corollary 3, we obtain

Jon (WG (8)) € 2 (a,0).

Since
Jon (Wi (8)) = Wy (Jpy(8)),
we obtain that
Wi (Jpy(8)) € Zy(a, 6),

which is equivalent to Jp,, (g) € £S5y ,(a,6). O

If we consider 6 — oo in Proposition 1 we get:
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Corollary 5. Letn € N, p e N*,0< g <1, y€Canda <p <Rev. Ifg € LS (a) and
satisfies the condition
z(Wgg)'(2)

+v9<Ry_ps(2),z€ U,
Wf?g(z) i T p'p( )
then ]p,')/(g) S ng,q((’()

Next we define the operator ], ;. Let p € N*, v € CwithRey > pand h € A. We
define

Ton 2 Zp = Zp, Tpyn(8 hV P HRY L (H)H (t)dt. 7)

It is easy to see that for the /(z) = z we have ]p,%h = Jp,y, where
Y—p [* -1
Tpn(8)(2) = —+~ ; g()t" ™ dt,

found in [1], was used in different papers.

h
Theorem 5. Let p € N*, v € CwithRey > pand h € A with g "W (z) #0. Let g € &,

with
z8'(z) | 2h"(2) zh'(2)
glz) ~ H(z) h(z)
If G = J,0n(8) is defined by (7), then G € £, withzPG(z) #0, z € U, and

+(y—1) +1 <Ry py(z),z€ U,

z2G'(z) zh'(z)
¢z TG

All powers in (7) are principal ones.

Re[ }>O,ZEU.

Proof. We consider Theorem 1 with

K= p=1,6=7 d() = (h“)” o(z) = (}’(‘7‘))7_1 H(z).

4 4

Using the above notations we show that the subordination

+0 < Rs_pap(z), z€ U,

is equivalent to

zh'(2)
h(z)

From

9(z) = (MZ))“ H(2),

z

by using the logarithmic differential, we get

¢(z) h(z) z ' W(z)’
thus (=) W) W(2)
Z(P zZ - 4 zZ . 4 4
o TV T ey ®
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We have now

W) 2 . zg(2) 2 (2) ' (2)
o) el 0T gl T TV T i T
zg'(z)  zh"(z) 2 (z)

s "W TV T

Therefore, the subordination from the hypothesis of Theorem 1 is satisfied.
Since all the other conditions from the hypothesis of Theorem 1 are met, we get from
Theorem 1 that

G(2) = Ty 0 (9)(2) = ZZ;(Z) /0 Tttt

Z%L?[gmw”wﬁmmzhmﬂwwx

belongs to the class X, with 2P G(z) # 0, z € U, and

zG'(z) = z®'(2)
Re [ G + >(2) +7] >0,ze U.
. h(z)\” ) .
Taking into account the fact that we have ®(z) = e by using the logarithmic

differential we get

SO

this meaning that the inequality

zG'(z)  z®'(z)
M[Gm'*¢@

+')/] >0,zel,

is equivalent to the inequality

zG'(z) zh (z)
R0 i

Therefore, the proof of the theorem is complete. [

}>0,z€ll.

If we consider in Theorem 5 that h(z) = z, since the requirements on  are satisfied,
we get:

Corollary 6. Let p € N*, v € CwithRey > p. Let ¢ € ¥, with

!
M +9 < Ry—pp(z),z€U.

8(z)

Then G = Jp(8) € Xp withzPG(z) #0, z € U, and

Re [ZSES) +'y} >0,zeU.

The above corollary is a particular case of Corollary 2 from [1] (considering g = 1).
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Proposition 2. Let p € N*, v € CwithRey > pand h € A with h(Z—Z) -1 (z) # 0. We denote

by H the function H(z) = h(z) Let g € Xpand G = ], ;(8). Then we have the equality

h(z)’
_28'3) _ () o P2
s “OPET R
where
_ _zG(z) _ 2y +zH'(2) — H(z)(1 + p(2)) _zy—H(z)p(z)
PE) =g 1) a-HopE NPT HE
Proof. From G(z) = J,,1(8 zp B t)dt we have
VWG + TG = (y — p)gh" ™' = G + :, G'=(r=-rl
thus

7G(z) + H(2)G'(z) = (v — p)g(2), z € U. )

From (9), after differentiating, we obtain

7G'(z) + H'(z)G'(2) + H(2)G"(2) = (v — p)§'(2), z € UL (10)
We use the notation p(z) = — ZSLS) and we get:
2G'(2) = —p()G(z), 22G"(2) = [p(z) + p(z) — 2/ (2)] G(2). an

From (9) and (10) we obtain

8'(z) _ 71G'(2) + H'(2)G'(z) + H(2)G"(2)
8(2) 7G(2) + H(z)G'(2) '

% _z8'(z) _ zG'(z) +zH'(2)G'(2) + zH(2)G" (2)

gz) 7G(2) + H(z)G'(2)
In the last equality we replace G’ and G”, from (11), and we get:
ag(z) _ WEIGE) +pRH()G() - B o) 1 ) - 2'(2)]6(2)
8(z) H(z)

16(2) - —=p(2)G(2)
_ 72p(2) +2p(z)H'(z) — H(z) [p(2) + p*(2) — 2P/ (2)]
vz — H(z)p(2)
— zy+zH'(z) — H(z)(1+ p(z)) L2 H(z)

zy — H(z)p(2) zy = H(z)p(z)
Using now the notations from the hypothesis we obtain that

@ )
g(z) - ( )P( )+ R(Z) ’

where
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For the next results we need the following lemma:

Lemma 2. Let n € N* and the functionsa : U - R, R: U — CwithReR(z) >0,z € U. If
p € Hla,n| withRea > 0, then

zp'(z)
R(z)

Proof. To prove this result we use the class of admissible functions. We consider the

s
@andthesetQ_{wGC.Rew>0}.

We need to show that Re ¢(pi, o, pt +iv;z) ¢ ), whenp,o, i, v € R, z € U, with

Re a(z)p(z) +

>0=Rep(z) >0,zeU.

function ¢(r,s,t;z) = a(z)r +

n la—ipl?
< .
7=73 Rea

, 0+ u <0,

this meaning that we have ¢ € ¥,,{a}.
We have

. . .o T
Rey(pi, o, jt + iv;z) = Re {tx(z)pz + R(z)] =Re RG <0,
since ¢ < 0 and Re R(z) > 0.
From Theorem 2, since ¢ € ¥,{a} and Rey(p(z),zp'(z),2%p"(z);z) > 0, forz € U,
we getRep(z) >0. O

h
Theorem6. Letn € N,p e N*,0< g <1, y€C Rey > pandheAwithg%’(z) # 0.

We denote by H the function H(z) = h(z) . Let g € XS} , with

W (z)
zg'(z)  zh"(z) zh (z) '
@) + () +(y—1) ) +1 <Ry pp(z),zell; (12)
z(Wig)'(z)  zh'(2) zh' (z)
W;g(z) W) T (y—1) e T Ry—pp(z), z € U. (13)

If G = Jp,n(8) is defined by (8) and verifies

(zH'(z) — H(z) )W} G(z)
z [yquc(z) + H(z)w;cf(z)]

€R, zel, (14)

Jpan(Wig) = Wi (G) (15)
then G € ZS'I;,,, withzPG(z) #0,z € U, ZPWL';G(Z) #0,z€e U,

zh'(z)

z(WyG)'(z)  zi(z)
h(z) Z

WG Thz)

+7 >0,zeU.

Re [zG’(z)

G@) } > 0, and Re

Proof. We have g € X5}, ;, so ¢ € X, with Wj¢ € X7, Since all the conditions from the
hypothesis of Theorem 5 are met we have G € L, with z/G(z) # 0, z € U, and

zG'(z) zh (z2)
Re[ ¢z )

}>O,z€l,l.
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Let us denote Wjg = g1. Since Wi'g € X3 C X, and satisfies (13) it follows from
Theorem 5 that Gy = ], 1(g1) € Zp with

zG}(z) zl (z)
Gi(2) h(z)

From (15) we have G = Jp,4(81) = Jpyn(Wig) = W/G, therefore (16) is the
same with

Z’G1(z) #0,z € U, andRe[ + v ] >0,zeU. (16)

WO @]

WG G

Z"PW{G(z) #0,z € U, and Re

/
We also have g; € ¥}, this meaning that Re [— 21 (2)} > 0.

81(2)

Since G1 = J,,,1(g1) we get from Proposition 2 that

4@ - HE(A4pE) o 7y HEp)
- 6T R '

Re [oc(z)p(z) + ZR(z) >0,zeU.

Next, we prove that a(z) € R, z € U.
We have

zH'(z) —H(z) _, n (zH'(z) — H(z))Gi1(2)
zy — H(z)p(z) z[vGi(z) + H(z)G{(2)]
(zH'(z) — H(z) )W}/ G(z)

z [7W§’G(z) + H(Z)W'?G/(Z)}

a(z) =1+

eR,zel,

(zH'(z) — H(z) )W G(2)

(
z {’ngG(z) + H(Z)W;G/(Z)}
On the other hand, since

because, from (14), eR,ze U.

o —HE@pE _ o
RO=""He  ~He "7

we obtain, from (16), Re R(z) > 0.
We have the functionsa : U — R, R: U — CwithReR(z) >0,z € Uand p € H[p,n].
Therefore, since

Re [a(z)p(z) + ZII{)/((;;) >0

we get from Lemma 2 that Re p(z) > 0, z € U.
G/

Thus, Re {—Z 12)

Gi(z)

equivalentto G € £5;,,. [

] > 0,z € U, this meaning that G; = W,;IG € Z;‘,, which is
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Taking n = 0 in Theorem 6, since ZS?W = Z;, Wg g = & we get the next result:

Corollary 7. Let p € N*, v € CwithRey > pand h € A with @
. h(z) .
H the function H(z) = W) Let g € X with

-h'(z) # 0. We denote by

+1 <Ry pp(z),zeU.

! —
If G = Jpn(g) is defined by (8) and verifies Z(ZH (z) — H(z)G

)
€ R,z € U, then
[7G(z) + H(2)G'(z)] ' '
Ge Z;‘, with zZPG(z) # 0,z € U, and

zG'(z) zh (z)
G )

Considering in Theorem 6 h(z) = z, we have

Re >0,zeU.

zh (2)

Tooun = oo Tp(Wyg) = W (G), Zosm =1, H(z) =2, zH'(z) — H(z) = 0
and () W)
zh"(z zh'(z
() +(v—1) nz) +1=1.
Thus we get:

Corollary 8. Letn € N,p e N*, 0 <q <1, y € C,Rey > p. Let g € 1.5} , with

z8'(z) z(Wyg)'(z)
2(2) +9<Rypp(z),z€U, W

IfG = Jpy(g) then G € LSy, withzPG(z) # 0, ZPWJG(z) #0,z € U,

z(WJG)'(2)

WIG(z)

+9 < Ry—pp(z), z€ U

2G'(z)
G(z)

Re[ +7}>0,andRe +v9| >0,z¢eU.

Taking n = 0 in the above result, since ng,q =X, Wg g = g we have:
Corollary 9. Let p € N*, v € CwithRey > p. Let g € X}, with

z8'(2)
8(z)

IfG = Jpy(g) then G € L) withzPG(z) #0, z € U, and

Re [ZSES) +7} >0, U

This Corollary was also obtained in [1].

+9 < Ry—pp(z), z€ U.

3. Discussion

In this paper we first introduced two new classes of meromorphic functions, denoted
by £S5} ,(«,0), respectively X57  («), that used an extension of the Wanas operator to
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meromorphic functions. We appealed to the Wanas operator because we noticed that it
is a well-known operator in recent papers. It is shown that classes of starlike functions
of the order « are obtained for specific values of n. Some interesting preserving problems
concerning these classes are discussed in the theorems and corollaries.

We have given the conditions for having the function ], (g) (Where ], is a well-
known integral operator) in one of the classes 2.5} , («, ), respectively £S7 (), when g is
a function from the same class. It can be seen that these conditions are relatively simple.

Next, we have introduced a new integral operator on meromorphic functions, denoted
by Jyn, proved that it is well-defined and looked for the conditions which allow this
operator to preserve the class £S5}, ;. The preservation of £.5} -like classes, following the
application of this operator, can be investigated in future works.

Examples were given as corollaries for particular cases of the function /. The new
operator defined in this paper can be used to introduce other subclasses of meromorphic
functions. Quantum calculus can be also associated for future studies and symmetry
properties can be investigated.
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