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Abstract: We apply the theory of Lie point symmetries for the study of a family of partial differential
equations which are integrable by the hyperbolic reductions method and are reduced to members
of the Painlevé transcendents. The main results of this study are that from the application of the
similarity transformations provided by the Lie point symmetries, all the members of the family of the
partial differential equations are reduced to second-order differential equations, which are maximal
symmetric and can be linearized.
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1. Introduction

In [1], Ferapontov et al. classified the partial differential equations of the form

(AG)) gz + (B))y, + (C(1))y +2((P(1))y + (QUu) )y + (PW),) =0, ()

which are integrable under the method of hydrodynamic reductions [2] and can be reduced
into an Painlevé equation [3]. There are five partial differential equations of the form (1)
which are integrable by the hydrodynamic reductions method [1]

Ha = uxx +uyy — (In(e" — 1)), — (In(e" = 1)), =0, ()
Hp = tixx + 1y — ("), =0, )

He = (e —u), + 21y + ("), =0, (@)

Hp = txt — (Utiy), — tyy =0, (5)

Heg = (u2)xx + uyy + 2uy = 0. (6)

Equations (3) and (5) are the Boyer-Finley [4,5] and dispersionless Kadomtsev—
Petviashvili [6] equations, respectively. For these two equations, it is known that they
are reduced into Painlevé transcendents by applying the central quadric ansatz. The
hydrodynamic reductions method was found to provide more general solutions. Indeed,
by studying the dispersionless Kadomtsev—Petviashvili with the hydrodynamic reduc-
tions and the central quadric ansatz, it was found that the solutions coming from the later
method form a subclass of two-phase solutions provided by the hydrodynamic reductions
approach [1].

As far as the reduction of Equations (2)—(6) into a Painlevé equation is concerned, it
was found that equation H 4 reduces to the Painlevé Py equation, and that the Boyer—
Finley equation Hp reduces into the Py equation reducible to Pjj;. Moreover, H ¢ reduces
to Py, the dispersionless Kadomtsev—Petviashvili is related with the Pj; with a reduction
to Pj, while the fifth equation H[ is reduced to Pjy [1]. For extensions of the results of [1]
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and a connection of the hydrodynamic reductions method with the conformal structure of
Einstein—-Weyl geometry, we refer the reader to [7].

In this work, we apply the Lie symmetry analysis [8-11] in order to investigate the algebraic
properties and the similarity transformations for the five partial differential Equations (2)—(6).
The method of Lie symmetries of differential equations was established by Sophus Lie at the
end of the 19th century, and provides a systematic approach for the study and determination of
solutions and conservation laws for nonlinear differential equations.

The novelty of symmetry analysis is that invariant functions can be determined
for a given differential equation. From the invariant functions we can define similarity
transformations, which are necessary to simplify the differential equation. The similarity
transformations are used to reduce the given differential equation into an equivalent
equation with less dynamical variables. In the case of partial differential equations, the
independent variables are reduced, while in the case of ordinary differential equations, the
order of the equation, that is, the dependent variables, are reduced. There is a plethora
of applications in the literature on the symmetry analysis of various dynamical systems.
The method of symmetry analysis is applied in various systems of fluid dynamics in
the studies [12-24]. The Burgers-heat system is investigated by applying the symmetry
analysis in the studies [25,26]. A recent application of the Lie symmetry approach on
time-fractional systems is presented in [27]. However, Lie symmetries are very useful for
the study of ordinary differential equations. Some studies on the symmetry analysis on the
geodesic equations in curved spaces are presented in [28-31]. Finally, in [32] a discussion
is given on the novelty on the application of the Lie symmetry analysis in gravitational
physics and cosmology.

Another important application of the Lie symmetry approach is the classification
scheme of differential equations according to the admitted group of symmetries, and to the
construction of equivalent transformation which transform a given differential equation
into another differential equation of the same order, when the admitted Lie symmetries
form the same Lie algebra [33-35]. Recently, in [36] the authors investigated which of the
six ordinary differential equations of the Painlevé transcendents admit nontrivial Lie point
symmetries. It was found that equations Pyjj, Py and Py have nontrivial symmetries for
special values of the free parameters. On the other hand, in [37] the method of Jacobi last
multiplier is applied in order to determine generalized symmetries for a particular case
of the Pxjy equation. By using generalized-hidden symmetries, the linearization of the
Painleve-Ince equation was proved in [38]. The plan of the paper in as follows.

In Section 2 we present the basic properties and definitions for the Lie symmetry
analysis of differential equations. In Sections 3-7 we determine the Lie point symmetries
for the five equations of our analysis. We determine the commutators and the Adjoint
representation such that to derive, when it is feasible, the one-dimensional optimal system.
Equation H 4 admits a finite dimensional Lie algebra of dimension four, in particular
the Ay 5 in the Patera-Winternitz classification scheme [39]. However, the rest of the
equations admit infinity Lie point symmetries. We were able to define four-dimensional Lie
subalgebras. The main observation of this work is that the application of the Lie invariants
define similarity transformation where the partial differential equations reduce to maximal
symmetric second-order equations. That is an important result because we are able to
investigate the integrability properties of Equations (2)-(6) by using the symmetry analysis.
In Section 8 we summarize our results and we draw our conclusions. The main result of this
analysis is given in a proposition where we show that Equations (2)—(6) can be linearized
with the application of Lie invariants.
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2. Preliminaries

Assume the infinitesimal one-parameter point transformation

= t+ect(t,x,yu),
X' = x+el*(t,x,y,u),
vy = y+ed(txyu),
u = u+ten(txyu),

where ¢ is the infinitesimal parameter, e — 0, and infinitesimal generator
X = & (t,x, y,u)0r + &N (X, y,u)0x + &Y (t, x,y,u)dy +1(t, x,y,u)0,.

We define the second extension X2/ of X in the jet space {t, x,y, u, us, iy, Uy, Utt, Uxx, Uyy,
Uty, Uy } as follows

X =249, + 720, + Mo, +ntPo, .

in which 7401, 742] are defined as

where = (t,x,v).

By definition a partial differential equation 1 = H(t, x,y, u, us, tix, Uy, Ust, Uxx, Uyy, Utx,
Uyy) is invariant under the action of the one-parameter point transformation with infinitesi-
mal generator the vector field X if and only if there exist a function A such that [8-11]

in which Ly is the Lie derivative with respect to the vector field X @,

Lie symmetries are mainly applied for the construction of similarity transformations.
The latter are necessary in order to simplify a given differential equation by means of
reduction. The exact and analytic solutions which are determined by the application of the
Lie symmetries are known as similarity solutions.

In order to perform a complete derivation of all the possible similarity solutions we
should find the admitted one-dimensional optimal system. Consider the n-dimensional Lie
algebra G, with elements X, X5, ..., X, admitted by the differential equation H.

The vector fields [8-11]

7 =

n n
a;X;, W= Z b;X;, a;, b; are constants.
i=1 i=1

are equivalent if and only W = Ad(exp(¢g;X;))Z or W = cZ where c is a constant.
Operator Ad(exp(eX;))X; = Xj —e[X;, Xj] + 1e2[X;, [X;, X;j]] 4 ... is known as the
the adjoint representation. They derive all the independent similarity transformations for a

given differential equation, so the adjoint representation of the admitted Lie algebra should
be determined. This leads to the construction of the one-dimnesional optimal system.

3. Lie Symmetry Analysis for Equation H 4

The first equation of our analysis, equation # 4, admits the Lie point symmetries
X{ =0, X8 =0y, X§ =0y, X§' =3 + x0x + ydy

with commutators and Adjoint representation as presented in Tables 1 and 2. The ad-
mitted Lie algebra is As5. The one-dimensional system for the finite Lie algebra con-
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sists of the one-dimensional Lie algebras: {XA} {x8, (x4}, {xX3}, (X + X3},
{X{ +ax}, (X4 +aXs} and {XP +aXE + BX4H.

Table 1. Commutators for the Lie point symmetries of Equation (2).

(X1, Xj] X4 x4, XA XAy
X4 0 0 0 xg
X4, 0 0 0 X3t
X4 0 0 0 X3

A A A A
X4y —-X{ —-X3 —-X3 0

Table 2. Adjoint representation for the Lie point symmetries of Equation (2).

Ad (D) x; X4 X4, X4 x4
X4 xg X3 x4 Xgt —exft
X;‘Z Xi: Xi xi ng — sxg
X3 X{ X5 X5 XP —eX§
X4y e X4 e X4 e X4 X3

Application of {X{! +aX3'} , {X{! + pX4'} provides the reduced equation
2
(P =) (@ ) () i (4 ) <0 0

withu =U(c)and o =y — Bt + gx.

Equation (7) is a second-order ordinary differential equation of the form
Uyr + L(ll)(llg)2 = 0, which means that iy is maximally symmetric. It admits eight
Lie point symmetries which form the s/(3, R) algebra. Thus, according to the main theorem
of S. Lie theorem, Equation (7) can be linearized [8-11]. Indeed the transformation which
linearized the differential equation is of the form V = [ e LWAU 1] We remark that any
reduction of Equation (2) with any Lie symmetries provided by the optimal system of the
Abelian Lie subalgebra { X{!, X3!, X3!} provides a similar result.

On the other hand, reduction with {X{'} provides the partial differential equation

0 = (eu — 1) (Ugg (ézeu + 1) + Uww (eu <w2 — 1) + 1) + Zwéqugw>
et ((Ugg + Uaw)? = 2(e = 1) (Ugl + Uow) + U ), ®)

withu = U({,w),{ = 4 and w = %, is the similarity transformation. Equation (8) does not
possess any Lie point symmetry; thus, we cannot reduce further the differential equation.

Moreover, reduction with the symmetry vectors {X? + ocXg‘} and later with the
reduced symmetry of { X;!}, provides the ordinary differential equation

(ocz (eu - 1) -1- eupz) Upp + (eUEL_Il) (p2 + 1) (U,)?* —20eU, =0, )

y—ax

where u = U(p) and p =
Without loss of generality we assume a? = 1. Then, Equation (9) is written in the

equivalent form

:0/

u et(p* +1) 2¢4
U, @D - -2 ) @i )2
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that is U o u u
%—1- el UpeH p? + 2eHp — Upe

u, eli—1"* A1) +2

Hence, we can write easily the later equation as follows

;}(ln(up) - ln(eu - 1) + ln(eu (p2 - 1) +2)) =0.
Therefore, the conservation law is

Up (e (p* — 1) +2)

= Iy. 1
U _ 1 0 (0)

We observe that Equation (10) can be written in a linear form after the change of

the independent variable dx = (eu(;;{%ll)ﬂ)dp, and U = U(x). Thus, Equation (10) be-

comes U, = Iy which is nothing other than the conservation law for the maximal symmetric
second-order ordinary differential equation Uy, = 0.

Last but not least, we remark that we find similar result if we apply first the reduction
of any one-dimensional Lie algebra of the three-dimensional Abelian subalgebra and then

we consider the { X }.

4. Lie Symmetry Analysis for Equation Hp
In order to proceed with the analysis for equation Hp we select a new set of inde-
pendent variables (z,zZ) = %(u+v,i(u —v)), such that Equation (3) has to be written

as follows
uzz — (e"), = 0. (11)

Application of the Lie symmetry conditions indicates that Equation (11) admits the

Lie symmetry vectors
Xf; = at , Xg = tat + uall/

X5 = ®(2)9: — ®(2),0u, X§ = ¥(2)9: — ¥(2),0u.

The vector fields X} , X¥ indicates the infinite number of solutions for the Laplace
operator u,;. The commutators and the Adjoint representation for the admitted symmetry
vectors are presented in Tables 3 and 4, respectively, as well as the Lie point symmetries,
from the finite Lie algebra A, ; plus the infinite algebra consisted by the vector fields X¥
and X2. In Tables 3 and 4 we assumed that functions ® and ¥ are specific and not arbitrary,
because in general it holds [XF (), XJ (P,)] = X5 (®3).

Table 3. Commutator table for the Lie point symmetries of Equation (3).

(X1, Xp] XxB, xB, XB; XxB,
X5 0 xB 0 0
XB, . 0 0 0
XEB, 0 0 0 0
XB, 0 0 0 0

Ad(e(sxf)>xl- X5, x5, X5, X5,
X3, xP X5 — exP Xg Xg

B B B
X5 5 e X X
X8, Xt x5 X3 X2
X8, X7 x5 X5 Xy
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Hence, from Tables 3 and 4 it follows that one-dimensional optimal system is consisted
by the following one-dimensional Lie algebras, {XB} {XB} {XB} {XBg {XB + aXB}
{XB+axB}, {XB+axB}, {XP+aXxB}, (XP+aXP}, {XP+aXx{+pXP} and
{XP +aXB + BXP}. We proceed with the reduction of the equation and the determination
of similarity solutions.

Consider now reduction with the use of the symmetry vector { X8}, then it follows

= —In®(z) + InU(t,2), with the reduced equation

Uy =0, U(f,f) = U1<Z)t + U()(Z).

We remark that the reduced equation is that of the free particle and it is maximally
symmetric; thus, it admits eight Lie point symmetries which form the s/(3, R) Lie algebra.
A similar result it follows if we assume reduction with respect to the field X5.

Let us assume now reduction with the field {X? + XF}. The reduced equation is
found to be

u
Wer + (e )TT =0 12)
where T =t — \I,d(‘; and u = —In(¥(2)) + U(T, x).

Equation (12) admits the symmetry vectors X} = 97, X, = Tor + 9y and X§ =
®(z)d; — P(z),dy . Hence, application for the ﬁeld XP + XP gives the similarity transfor-
mation U(T,x) = —In(®(z))+V(t), T=T— f with the reduced equation, maximal
symmetric ordinary differential equatlon

4

m(VT)2 =0.

VTT -

Moreover, application of the vector field X, + X% in (12) provides the reduced equation
V(e =2) +e" (1) = va =0, (13)

where A = Te=5(), M(z) = Siz, and U(T,z) = S(z) +In(S(z),) + V(Te‘s(z)).
Equation (13) is not maximally symmetric, however it can be integrated and it can
written in the equivalent form

Vi=——" 2, A=V—InA, V=(VA—1)""
Mal)x the latter differential

equation becomes V), = I, which is the conservation 1aw for the maximal symmetric
differential equation V), = 0.

Therefore, if we do the change of variables dA' =

5. Lie Symmetry Analysis for Equation H ¢
As far as the Lie symmetries of H¢ are concerned, they are calculated

X{ =0, X§ =0y, X§ = t3; + x0x + Yy,

X{(Z(y)) = Z(y)(9x — 20y) +2Z(y) Ou-

Hence, we can infer that equation H¢ admits infinity Lie symmetries. The nonzero
commutators are

[x§,x5] = xS, [x§,x§(z()] = x§(2(v),) .

X5, x5 )] = x5 (vzw), - 2w)) -
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and
[X§(Z W), X§ W ()| =2X§ (1 (y)) with Y(y) = W) Z(y), — Z1)W (),

We observe that for Z(y), = 0, a finite-dimensional Lie algebra exists, the four-
dimensional Lie algebra A4 5 ofy equation H 4.

Consider the application of the Lie point symmetries { X 4+ aX§, X$ + a9, }, then the
reduced equation is derived

0= (afe = 1) + 28 +ape ) Uso + (14 B2 ac! (Us)?, (14)

where now u = U(0), 0 = y — at 4 gx. We observe that Equation (14) is a maximally
symmetric second-order ordinary differential equation.

We proceed with the second reduction approach, where we apply the Lie symmetries
{XS +aX§, XS +aX§}. Hence, equation ¢ is reduced to the second-order ordinary
dlfferentlal equat10n

0= ((DCZ + w2>eu —w(w+ 2)) Upew + (zxz + w2> eu(l,lw)2 + Z(w (eu - 1) - 1) (Uw),

where 1 = U(w) and w = ¥4

. The latter equation can be integrated as follows
Uw(<zx2+w2)eu—w(w+2)) =1 (15)

which can be written in the equivalent form U, = Io.
Let us assume reduction with respect to the Lie symmetry vector { X + X$(Z(y))}.

The similarity transformationis u = U(T,X) with T =t — [ m and X =y + 2x,
while the reduced equation is
(trr + (Ur)? +4(Uyy + (Uy)?) ) +2Ury = 0. (16)

The latter equation admits the reduced symmetry vectors {dr,dy, Tdr + Yoy }.
follows that reduction with respect to the symmetry vector {dr + Bdy } givesU = V(z), z =
LT — Y in which V(z) is a solution of the maximal symmetric second-order ordinary
differential equation

((4+ /32)eV - 2[—5) Voo + (/52 —|—4)6V(VZ)2 =0.

On the other hand, reduction of Equation (16) with respect to the similarity transfor-
mation provided by Tor + Ydy gives

((4/\2 + 1)eV - 2/\) Via + (4/\2 + 1)eV(VA)2 + (8Aev - 2) Vy =0,

thatis
V/\<(4A2 + 1)eV - ZA) — I,

which can be written as a maximal symmetric second-order differential equation.
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6. Lie Symmetry Analysis for Equation Hp

We proceed our analysis with the derivation of the Lie symmetry vectors for equation
Hp. The application of the Lie symmetry condition shows us that equation Hp admits
infinity Lie symmetries as they are described by the following families of vector fields

1 1 2
XP(@o(t) = @(t)a+ (6<I>tty2 + 3x<1>>8x + 3y Pidy

1 1
—3 (q)ttx + Ethtt]/Z — 2q’tu> Oy,
X7 (¥() =¥ (t)ax — ¥ (),0u,
1 1
XP(E(t)) = Eztyax + X0y — Eztt]/au/

and
XE = 2x0x + dy + 2udy,.

The nonzero commutators of the admitted Lie symmetries are

[P (@), xP(1)] = xP (0%, - Joy),

[xP (@), xP )] = 3 (G, - 30m,),

XP(),xP| =2xP(e), [xPE@),xP]| = xP (@),
| XP (@), XP(@(t)] = XP (@ — day),
[XP((t), xP(E(1)] = xP (£ —E%1).
For ®(t) =1, ¥Y(t) =1 and X(t) = 1, we find the four-dimensional subalgebra
&
XP =0, XF =0,, X =0, X{,

which form the A3 3 ® A; Lie algebra. The commutators and the Adjoint representation of
the four dimensional Lie algebra {X? , XD, XD, XD} are presented in Tables 5 and 6.

Table 5. Commutators for the elements which form the finite Lie algebra of Equation (5).

(X1, X)] Xxb, xPb, XD, xP,
XP, 0 0 0 0
xPb, 0 0 0 2xb
XP, 0 0 0 xP

v D v D
XD, 0 —2Xk 2.5 0

Table 6. Adjoint representation for the elements which form the finite Lie algebra (5).

Ad <e(sxf)>Xj XP, xPb, XP, xP,
xb, xP xp xp xp
XD, xP xb xb XP —2eXP
XD, ):(g X7 X3 XP — XD
xDy X; XD e XD xp

We proceed with the application of the Lie symmetries for the finite Lie algebra Az 3 ®
A1 for the reduction of the partial differential equation Hp. From Table 6 we derive the
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one-dimensional optimal system, which is consisted by the one-dimensional Lie algebras
(XP}, (XD}, {XP}, (XD}, {XP +aXP}, (XD +aXP}, (XD +aXD}, {XP +aXP},
{XP +aXP + XD}

Therefore, by applying the Lie symmetries { XP + aXP}, {XP + BXD} for the reduc-
tion of Equation (5), we end with the second-order ordinary differential equation

(062 + U + rx,82> Use + BA(Uy)2 =0, (17)

withu = U(c) and 0 =y — Bt + gx. Equation (17) is maximally symmetric and can be
linearized.

On the other hand, from the Lie symmetry {X? + XP} we find the second-order
partial differential equation

Uy; + Uyy + UUyy + (Uy)z =0. (18)

where u = U(t,Y), Y = y — x. Equation (18) admits infinity Lie symmetries consisted
by the vector fields YP = 9; , YP = to; + (U—1)ay, YP = Yoy + (U+1)9y , YP =
24+ tY0r + (Y — (U 4 1))dy and Y2 = {(+)dy + {(t),0y. Vector fields {YP, YD, YP} form
the s/(2, R) Lie algebra.

Hence, from the vector field {YlD + och } it follows the similarity transformation
U= —1+V(x)e", x = Ye ™, with the reduced equation, the differential equation Vi +
. (VK)2 = 0, which can be integrated further

V—xua

Ny = %(1 +aN)® with N = (Ve =)' and x = V — xa. (19)

Easily, Equation (19) can be written as Nj; = 0. A similar result follows if we perform the
reduction of Equation (18) with the rest of the symmetry vectors.

7. Lie Symmetry Analysis for Equation HEg

The fifth equation of our study, namely equation H g admits the following Lie symmetries
E 1 1 1
Xl (CD(t)) = CD(t)at + E]/@tay + Zlq)tty_ Eq)tlxl au,

1
X5 =0y, X5(X(t)) = X(t)0, + 5 Zt0u,
Xf = 2x0dx + ydy + udy,.

The Lie symmetries form an infinity Lie algebra, with nonzero commutators

XE (@), xE@(1)] = xP e —20m), |XE, x| =2xF,

(X5, x§| = xE@(),

and
XE (@), xF(®(1)] = Xf(@D; — D).

The four-dimensional finite algebra Az3 ® A; follows for ®(¢t) = 1 and X(t) = 1,
that is, A33 ® A; is consisted by the Lie symmetry vectors { X}, XF, XE, xF}. We pro-
ceed with the application of the Lie symmetry vectors and the determination of the
similarity transformations
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From the symmetry vectors { XF + aXE}, {XE + BXL'} we find the similarity transforma-
tionu =U(r),c =y — pt+ gx with the reduced equation, the maximal symmetric equation

(2UB +a = B) Uso +28(Us)* = 0.

On the other hand, reduction with the symmetry vector {X% + X'} provides the
second-order partial differential equation

Vyi — Vyy + 2V Vyy + Z(Vy)z =0, (20)

where u = V(t,Y), Y = y — x. Equation (20) is of the form of Equation (18). Indeed, if we
replace in (20) V = —%U and t — —t Equation (20) is written in the form of Equation (18).

8. Conclusions

We applied the Lie symmetry analysis for a family of five partial differential equations
of the form (1) which are integrable with the method of hydrodynamic reductions. In
particular, we determined the Lie point symmetries and we studied the algebraic properties
of the admitted symmetries. Moreover, from the invariant functions provided by the Lie
symmetries, we defined similarity transformations which were used to reduce the number
of independent variables for the differential equations. With the application of two different
similarity transformations we were able to reduce the partial differential equations into
a second-order ordinary differential equation. We summarize this result in the following
proposition.

Proposition 1. The five partial differential equations Ha, Hp, Hc, Hp and Hg which are
integrable with the method of hydrodynamic reductions can be linearized with the use of similaritry
transformations given by the Lie point symmetries.

Equation H 4 admits a finite Lie algebra of four dimensions, while the remaining
differential equations, Hg, Hc, Hp and Hg admit infinity Lie point symmetries which,
however, are constructed by four generic vector fields. The application of the Lie point
symmetries for these equations indicates that these five equations posses a common feature:
they are reduced to a maximal symmetric ordinary differential equation which can be
linearized. We show that this is possible not only when we investigate for “travel-wave”
solutions but also for more general reductions.

In a future study we plan to investigate further by applying the theory of Lie symme-
tries and other differential equations, which are integrable by the method of hydrodynamic
reductions.
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