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Abstract: Fuzzy sets are a major simplification and wing of classical sets. The extended concept of
set theory is rough set (RS) theory. It is a formalistic theory based upon a foundational study of the
logical features of the fundamental system. The RS theory provides a new mathematical method for
insufficient understanding. It enables the creation of sets of verdict rules from data in a presentable
manner. An RS boundary area can be created using the algebraic operators union and intersection,
which is known as an approximation. In terms of data uncertainty, fuzzy set theory and RS theory
are both applicable. In general, as a uniting theme that unites diverse areas of modern arithmetic,
symmetry is immensely important and helpful. The goal of this article is to present the notion of
rough fuzzy ideals (RFI) in the gamma ring structure. We introduce the basic concept of RFI, and the
theorems are proven for their characteristic function. After that, we explain the operations on RFI,
and related theorems are given. Additionally, we prove some theorems on rough fuzzy prime ideals.
Furthermore, using the concept of rough gamma endomorphism, we propose some theorems on the
morphism properties of RFI in the gamma ring.

Keywords: Γ Ring; rough set; rough fuzzy set; rough fuzzy ideals; Γ-homomorphism; Γ-endomorphism

1. Introduction

L.A.Zadeh introduced the fuzzy set concept [1]. Fuzzy set theory is a method of
investigation that can be used to solve problems involving ambiguous, subjective, and
inaccurate senses or judgments. Fuzzy set theory is a valuable tool for describing the data.
Many researchers have discussed fuzzy versions of various algebraic structures. One of the
algebraic structures is the gamma ring. Almost all the axioms of the ring and gamma ring
are the same. In 1964, the concept of the gamma ring was introduced by N.Nobusawa [2].
Nobusawa’s definition of the gamma rings was slightly weakened by W.E.Barnes [3]. These
two papers were widely read by mathematicians after being published and had interesting
results on gamma rings. Y.B.Jun et al. used the idea of the fuzzy set in the theory of
gamma rings [4,5]. Gamma rings have been used to extend several fundamental ring
theory conclusions. The number of generalizations that are identical to the corresponding
parts of S.Kyuno’s ring theory was investigated using the gamma ring structure [6]. Many
researchers developed theorems and examples of fuzzy sets on algebraic structures [7,8].
Pure mathematics uses algebraic structures to learn the symmetry of geometrical objects.
The most important functions in ring theory are those that preserve ring operation, often
called homomorphisms.

The extension of a fuzzy set is an intuitionistic fuzzy set (IFS). The IFS was introduced
by Atanssov to tackle the problem of non-determinacy caused by a single membership
function in the fuzzy set. The IFS is very useful in providing a flexible model to elaborate on
the uncertainty and vagueness involved in decision making. Palaniappan et.al. developed
and proved certain results on intuitionistic fuzzy ideals in both gamma near rings and the
gamma ring structure [9–11]. In 2011, the structures of Artinian and Noetherian nearrings
were examined by Ezhilmaran and Palaniappan [12]. Wen presented findings on the
IF overlap function [13]. Alolaiyan et.al. and Altassan stated their findings on fuzzy
isomorphisms of fuzzy subrings [14,15]. In 2013, Uddin proved gamma endomorphism’s
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function [16]. Pawlak proposed RS theory, a novel mathematical way of dealing with
inexact and imprecise knowledge [17]. RS is a new branch of uncertainty mathematics
intimately related to fuzzy set theory. RS theory is intended to handle uncertainty in
addition to fuzzy set theory, which uses concepts such as approximation, dependence,
and reduction of attributes. Almost all the applications of a RSs and fuzzy sets are similar.
However, fuzzy sets and RSs have distinctive characteristics which make RSs better than
fuzzy sets. In fuzzy sets, a membership function is determined a priori, and data are fitted
to the theory, but an RS does not need any assumptions about the membership function.
According to an RS, each subset of a universe is made up of two subsets called the lower
and upper approximations. An RS identifies partial or total reliance, purges superfluous
data, and supplies an approach to null values, missing data, dynamic data, and others. The
various structures of algebra are explained in terms of an RS by Biswas and Nandha [18]
and Z. Bonikowaski [19]. Ali examined some properties of generalized RSs as well as some
properties of generalized upper and lower approximations [20]. B.Davvaz studied the
new rough algebraic structural results [21–25]. The following are some rough algebraic
structures described by mathematicians. V.S.Subha et al. Stated the fuzzy rough prime
and semi-prime ideals in semigroups and discussed their properties. Bagirmaz described
the rough image and inverse image of the prime ideals [26–28]. Zhan and Marynirmala
proposed RFI and hearings [29]. Bo et.al. investigated three kinds of neutrosophic rough
sets and multigranulation neutrosophic rough sets [30]. The concepts of rough sets have
been extended to the fuzzy environment, in which the results are called the Rough Fuzzy
Set (RFS) and fuzzy rough set. A pair of fuzzy sets called “RFS” is produced when a fuzzy
set is approximated in a crisp approximation space. A RFS can be useful with improbability
in classification, especially vagueness. Dubois and Prade showed the difference between
an RFS and a fuzzy rough set [31]. Wang et al. and Zhan primarily focused on rough fuzzy
subsemigroups and rough fuzzy prime ideals [32,33]. The objective of the current work
is to provide the RFI in the gamma ring structure. In this article, some basic concepts are
given in Sections 2 and 3 contain the definition of RFI with examples and some properties
of RFI. Sections 4 and 5 explain the characteristic functions of RFI in gamma rings and some
operations on RFI in gamma rings. Then, Section 6 deals with prime ideals in RFI. The
two additional theorems of rough gamma endomorphism are demonstrated in Section 7.
Section 8 concludes with a succinct summary.

2. Prerequisites

The required definitions are incorporated in this section.

Definition 1 ([3]). Consider (N, Γ) an abelian group where N = {p, q, r} and Γ = {α, β, γ . . .},
and for all p, q, r ε N and α, βεΓ, the following conditions are satisfied:

(1) pαq ε N;
(2) (p + q)αr = pαr + qαr, p(α + β)q = pαq + pβq, pα(q + r) = pαq + pαr;
(3) If (pαq)β r = pα(qβr), then N is called a Γ Ring;

This was later the improved by W.E.Barnes [3]:

(1’) pαqεNαpβεΓ;
(2’) (p + q)αr = pαr + qαr, p(α + β)q = pαq + pβq, pα(q + r) = pαq + pαr;
(3’) (pαq)βr = p(αqβ)r = pα(qβr);
(4’) pαq = 0 f or all p, qεN, which implies α = 0.

Definition 2 ([17]). Suppose K = (U,R), in each subset P ⊆ U, and an equivalence relation
R εIND(K). We associated two subsets apr(P) = ∪{pi ∈ U/R | [pi] ⊆ P} and
apr(P) = ∪{pi ∈ U/R | [pi] ∩ P 6= φ }, called the apr-lower and apr-upper approximations of

P, respectively. A set of pairs
(

apr, apr
)

is called the RS in K and symbolized by P =
(

apr, apr
)

.
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Definition 3 ([31]). Let X be a set, R be an equivalence relation on X and η be a fuzzy subset of N.
Then upper and lower approximation of apr(p) and apr(p) of a fuzzy subsets η by R are the fuzzy
set U/R with membership funcution defined by
µapr(η)(Xi) = sup

{
µη(x)/ω(Xi) = [x]R

}
µapr(η)(Xi) = in f

{
µη(x)/ω(Xi) = [x]R

}
where µapr(η)(Xi)(resp. µapr(η)(Xi))

is the degree of membership of Xi in apr(η) (resp. apr(η)) .
(

apr(η) , apr(η)
)

is called an RFS.

Definition 4. A function θ : g1 → g2 where g1 and g2 are Γ Rings is said to be a Γ-homomorphism if

(1) θ(p + q) = θ(p) + θ(q);
(2) θ(pαq) = θ(p)αθ(q) for all p, q, ε N, αεΓ.

Definition 5. A function θ : g1 → g2 , where θ is a Γ-homomorphism and g1 and g2 are Γ Rings,
is called a Γ-endomorphism if g2 ⊆ g1.

3. Main Contribution

A definition of RFI and an example are given in this section, and we then discuss the
basic concepts of RFI.

Definition 6. An RFS η = < aprη , apr
η
> in N is called a rough fuzzy upper ideal (resp. rough

fuzzy lower ideal) (RFUI (resp. RFLI)) of a Γ Ring N for all p, q ε N and αε Γ given the following:

(1) aprη(p− q) ≥
{

aprη(p) ∧ aprη(q)
}

, aprη(pαq) ≥ aprη(q)
[
resp.aprη(pαq) ≥ aprη(p)

]
;

(2) apr
η
(p− q) ≤

{
apr

η
(p) ∨ apr

η
(q)
}

, apr
η
(pαq) ≤ apr

η
(q)[resp.apr

η
(pαq) ≤ apr

η
(p)].

Example 1. Let N = {a, b, c, d} and α = {e, f, g, h} define N and α as follows:
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aprη(p) =


0.5 i f x = a, e
0.6 i f x = b, f

0.6 i f x = c, d, g, h
, apr

η
(p)=


0.7 i f x = a, e
0.5 i f x = b, f

0.4 i f x = c, d, g, h

By routine calculation, clearly, N is an RF ideal of N.

Theorem 1. Consider χ an ideal of a Γ Ring. Then, the RFS χ̂ = < aprχ, aprχ > in N is a RFI of N.

Proof. Let p, q ε N. If the elements p, q are in the ideal χ and αε Γ, then p− q εχ and pαq εχ , since

χ is an ideal of N. Hence, aprχ(p− q) = 1 ≥
{

aprχ(p) ∧ aprχ(q)
}

and aprχ(pαq) = 1 ≥ aprη(q).

Additionally, 0 = 1 − aprχ(p− q) = aprχ(p− q) ≤
{

aprχ(p) ∨ aprχ(q)
}

and 0 = 1 − aprχ(pαq) =

aprχ(pαq) ≤ aprχ(q). If p and q are not in the ideal χ, then aprχ(p) = 0 or aprχ(q) = 0, and we

find aprχ(p− q) ≥
{

aprχ(p) ∧ aprχ(q)
}

and aprχ(pαq) ≥ aprχ(q). In addition, apr χ ¯(p− q) ≤{
aprχ(p) ∨ aprχ(q)

}
= {1 − aprχ(p)

}
∨
{

1− aprχ(q)
}

= 1 and aprχ(pαq) = 1 − aprχ(pαq) ≤
1− aprχ(q) = apr

χ
(q). Therefore, χ̂ = < aprχ, aprχ > is a RFI of N. Similiarly, χ̂ = < apr

χ
, apr

χ
>

is also a RFI of N. �

Definition 7. A RFUI (resp. RFLI) η = < aprη , apr
η
> of a Γ Ring N is normal if

aprη(0) = 1 and apr
η
(0) = 0.
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Example 2. Let R be the set of all integers. Then, R is a ring. Take N = Γ= R, and let a,b ε N, αε Γ. Suppose
aαbε N is the product of a, α, and b. Then, N is a Γ Ring. Define the RFS
η = < aprη , apr

η
> in N as follows:

aprη(p) =
{

1 i f p = 0
t i f p = ±1,±2 . . . ,

apr
η
(p) =

{
0 i f p = 0
s i f p = ±1,±2 . . .

where tε [0, 1), s ε (0, 1]and t + s ≤ 1. By routine calculation, clearly η is a RFI. Here,
aprη(0) = 1 and apr

η
(0) = 0. Therefore, η is normal.

Theorem 2. Assume that η is a RFUI (resp. RFLI) of a Γ Ring N, and let aprη
+(p) = aprη(p) +

1 − aprη(0), apr
η
+(p) = apr

η
(p) − apr

η
(0). I f aprη

+(p) + apr
η
+(p) ≤ 1 f or all pεN . Then

η+ = < aprη
+, apr

η
+ > is a normal RFUI (resp. RFLI) of N.

Proof. We observe that aprη
+(0) = 1, apr

η
+(0) = 0 and aprη

+(p), apr
η
+(p)ε[0, 1]

f or every pεN. Therefore, η+ = < aprη , apr
η
> is a normal RFS. To prove it is a RFUI (resp. RFLI),

let p, q ε N and αε Γ. Then, aprη
+(p− q), and by our condition, we find aprη(p− q) + 1− aprη(0) ≥{

aprη(p) ∧ aprη(q)
}

+ 1 − aprη(0)=
{

aprη(p) + 1− aprη(0) }

∧
{

aprη(q) + 1− aprη(0) } = aprη
+(p) ∧ aprη

+(q) and aprη
+(pαq) = aprη(pαq) + 1− aprη(0) ≥

aprη(q) + 1− aprη(0) = aprη
+(q). A similar condition also holds for lower ideals. This shows that

η+ = < aprη
+, apr

η
+ > is a RFUI (resp. RFLI) of N. �

4. Characteristic Function on RFI in Γ Rings
The following section includes the characteristics of RFI and discusses some related theorems.

Theorem 3. η is an ideal of a Γ Ring N if and only if η̃ = < aprη̃ , apr
η̃
>, where

aprη̃(p) =
{

1 p ∈ η

0 otherwise
and apr

η̃
(p) =

{
1 p ∈ η

0 otherwise
Then, η̃ is a RFUI (resp. RFLI) of N.

Proof. Assume that η is an ideal of N, and let p, q ∈ N and αε Γ. If p, q ∈ η, and pαq ∈ η. Therefore,
aprη̃(p− q) = 1.

Apply the condition of the RFI and aprη̃(pα q) = 1 ≥ aprη̃(q) (as well as a similar p). Supposing
the elements are not ideal, then we have aprη̃(p) = 0 and apr

η̃
(p) = 0, and we find aprη(p− q) ≥{

aprη(p) ∧ aprη(q)
}

, aprη(pαq) ≥ aprη(q) (also resp. p).
In the same manner, lower ideals are also implemented. Hence, η̃ is a RFUI (resp. RFLI)

of N. Conversely, let us assume that η̃ is a RFUI (resp. RFLI) of N. Let p, q ∈ N and α ε Γ. If

p, q ∈ η, aprη̃(p− q) ≥
{

aprη̃(p) ∧ aprη̃(q)
}

= 1, then apr
η̃
(p− q) ≤

{
aprη̃(p) ∨ aprη̃(q)

}
= 0, and

therfore p− q ∈ η.aprη̃(pα q) ≥ aprη̃(q) = 1, (which is also similiar for the element p). apr
η̃
(pαq) ≤

apr
η̃
(q) = 0 such that pαq ∈ η.

Therefore η is a RFUI (resp. RFLI) of N. �

Theorem 4. Let I be the ideal of N. If the RFS η = < aprη , apr
η
> in N is defined by

aprη(p) =
{

a i f p ∈ I
b otherwise

and apr
η

(p) =
{

c i f p ∈ I
d otherwise

then for all p∈ N and α ε Γ, where 0 ≤ b < a , 0 ≤ d < c, a + c ≤ 1, and b + d ≤ 1, then η is a RFUI (resp.
RFLI) of N and U(aprη ; a) = I = L(apr

η
;c).

Proof. If p, q ∈ η and α ε Γ, suppose atleast one of the p and q does not fit in I. Then, aprη(p− q) ≥ b
= {aprη(p) ∧ aprη(q)}, apr

η
(p− q) ≤ d. If p, q ∈ I, then p − q ∈ I, and so aprη(p− q) = a =

{aprη(p)∧aprη(q)}. Suppose that q ∈ I, p ∈ N, and αε Γ. Then, pαq ∈ I and aprη(pαq) = a =

aprη(q) (also resp. the element p). In the case where q /∈ I, then aprη(pαq) = b = aprη(q) (also
resp. the element p). In addition to the same steps, we also used a lower approximation, resulting
in p, q ∈ I , then apr

η
(p− q) = d. If q ∈ I, then apr

η
(pαq) = c, and if q /∈ I, then apr

η
(pαq) = d.

We can conclude that η is a RFUI (resp. RFLI) of N. �
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Theorem 5. An RFS η =
〈

aprη , apr
η

〉
in a Γ Ring N is an RFUI (resp. RFLI) if andonly if η〈t,s〉 =

{p∈ N
∣∣∣aprη(p) ≥ t, apr

η
( p) ≤ s} is an upper (resp. lower) ideal of N for aprη(0) ≥ t,apr

η
(0) ≤ s.

Proof. Let η be a RFUI (resp. RFLI) of N, and let aprη(0) ≥ t and apr
η

(0) ≤ s. If we take two

elements p,q∈ η<t,s> and α ε Γ, then aprη(p) ≥ t,aprη(q) ≥ t, and apr
η
(p) , apr

η
(q)≤ s. We know

the RFI conditions aprη(p− q) = {aprη(p)∧ aprη(q)} ≥ t and aprη(pαq) ≥ aprη(q) ≥ t (also resp. p).
Similarly, the same steps are also followed by lower ideals, and finally we have apr

η
(p− q) ≤

s and apr
η
(pαq) ≤ s.

Therefore, η<t,s> is a RFUI (resp. RFLI) of N.
Conversely, assume that η〈t,s〉 is a RFUI (resp. RFLI) of N. Then, aprη(0) ≥ t and apr

η
(0) ≤ s.

Let p, q ∈ N be such that aprη(p) = t1, aprη(q) = t2, and apr
η
(p) = s1,apr

η
(q) = s2. Then, p∈ η<t,s>

and q ∈ η<t,s> such that t2 ≤ t1 and s2 ≥ s1.
Without loss of generality, we may assume that it follows that η<t2,s2> ⊆ η〈t1,s1〉 such that

p, q ∈ η〈t1,s1〉. Since η〈t1,s1〉 is an ideal of N, we have p − q ∈ η〈t1,s1〉 and pαq ∈ η〈t1,s1〉 for all
αε Γ, where aprη(p− q) ≥ t1 ≥ t2 = {aprη(p)∧ aprη(q)},aprη(pαq)) ≥ t1 ≥ t2 = aprη(q) and
apr

η
(p− q) ≤ s1 ≤ s2 = {apr

η
(p)∧ apr

η
(q)},apr

η
(pαq))) ≤ s1 ≤ s2 = apr

η
(q).

We conclude that η is a RFUI (resp. RFLI) of N. �

Theorem 6. If the RFS η = < aprη , apr
η
>is a RFUI (resp. RFLI) of a Γ Ring, then the sets Naprη =

{p ∈ N/ aprη(p) = aprη(0)
}

and Napr
η

(P) = {p ∈ N/ apr
η
(p) = apr

η
(0)
}

are upper (resp.lower) ideals.

Proof. Consider p, q ∈ N aprη and αε Γ. Then, aprη(p) = aprη(0) and aprη(q) = aprη(0), since η is a
RFUI (resp. RFLI). aprη(p− q) ≥ {aprη(p)∧ aprη(q)}=aprη(0), but aprη(0) ≥ aprη(p− q). Therefore,
p− q ∈ N aprη and aprη(pαq) ≥ aprη(q) = aprη(0) (also resp. the element p). Hence, pαq ∈ N aprη ,
and therefore N aprη is the upper (resp. lower) ideal of M. We followed the same steps followed by
the lower ideals and finally arrived at p− q ∈ N apr

η
and pαq ∈ N apr

η
. Therefore, Napr

η
is the

upper (resp. lower) ideal of N. �

5. Operations on RFI in Rings
A few operators of RFI and their related theorems are presented in this section.

Definition 8. Let X = < aprX , apr
X
> and Y = < aprY , apr

Y
> be two rough fuzzy subsets of a Γ Ring

N. Then, the rough sum of X and Y is defined to be the rough fuzzy set X⊕Y = < aprX⊕Y , apr
X⊕Y

> in N
given by

aprX⊕Y(P) =


∨

p=q+r
{aprX(q) ∧ aprY(r)} i f p = q + r

0 otherwise

apr
X⊕Y

(P) =


∧

p=q+r

{
apr

X
(q) ∨ apr

Y
(r)
}

i f p = q + r

1 otherwise

Theorem 7. If X = < aprX , apr
X
> and Y = < aprY , apr

Y
> are two RFUI (resp. RFLI) ideals of N, then

the rough sum X⊕Y = < aprX⊕Y , apr
X⊕Y

> is a RFUI (resp. RFLI) of N.

Proof. For any p, q ∈ N, we have aprX⊕Y(p) ∧ aprX⊕Y(q), and by the definition of A⊕ B, we find
= ∨{aprX(x) ∧ aprY(y) : p = x + y} ∧ ∨{aprX(c) ∧ aprY(d) : q = c + d} =
∨{(aprX(x) ∧ aprY(y)) ∧ (aprX(c) ∧ aprY(d)) : p = x + y , q = c + d}
By substituting −q = −c− d into the above equation, we obtain
= ∨{(aprX(x) ∧ aprY(y)) ∧ (aprX(−c) ∧ aprY(−d)) : p = x + y,−q = −c− d}
= ∨{(aprX(x) ∧ aprX(−c)) ∧ (aprY(y) ∧ aprY(−d))} : p = x + y,−q = −c− d}
≤ ∨{aprX(x− c) ∧ aprX(y− d) : p− q = (x− c) + (y− d)} = aprX⊕Y(p− q),
We also we aprX⊕Y(p) = ∨{(aprX(x) ∧ aprY(y) : p = x + y} ≤ ∨{aprX(xαq)∧
aprX(yαq)) : pαq = xαq + yαq} = ∨{(aprX(u) ∧ aprY(v) : pαq = u + v} = aprX⊕Y(pαq).
Similar conditions also hold for the lower ideals. Therefore, we conclude that X ⊕ Y is a RFUI
(resp. RFLI) of N. �
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Definition 9. Let X = < aprX , apr
X
> and Y = < aprY , apr

Y
> be two rough fuzzy subsets of a Γ Ring

N. Then, the composition of X and Y is X ◦Y = < apr X◦Y , apr
X◦Y > in N, given by

aprX◦Y = (p) =
∨

∧
1≤i≤k

{aprX(xi) ∧ aprY(yi)} : p =
k
∑
1

xiαyi, xiyiεN, αεΓ, kεZ+,

0 otherwise

apr
X◦Y(p) =

∧
∨

1≤i≤k

{
apr

A
(xi) ∨ apr

B
(yi)

}
: p =

k
∑
1

xiαyi, xiyiεN, αεΓ, kεZ+,

1 otherwise

Theorem 8. Let X = < aprX , apr
X
> and Y = < aprY , apr

Y
> be two RFI in a Ring N. Then, X ◦Y is a

RFUI (resp. RFLI) in N.

Proof. For any p, q ∈ N, we have aprAX◦Y(p− q), and by the definition of X ◦Y, we have

aprX◦Y(p− q) =
∧{ ∧

1≤i≤k
aprX(ui) ∧ aprY(vi) : p− q =

k
∑
1

uiαvi, ui, viεN, αεΓ, kεZ+

}

≥ ∨
{( ∧

1≤i≤m
aprX(xi) ∧ aprY(yi)

)
∧
( ∧

1≤i≤k
aprX(−ci) ∧ aprY(di)

)
: p =

m
∑
1

xiαyi,−q =
n
∑
1
−ciαdi, xi, y,−ci, diεM, αεΓ and m.nεZ+

}
= ∨

{( ∧
1≤i≤m

aprX(xi) ∧ aprY(yi)

)
∧
( ∧

1≤i≤k
aprX(−ci) ∧ aprY(di)

)
: p =

m
∑
1

xiαyi, q =
n
∑
1

ciαdi, xi, y,−ci, diεM, αεΓ and m.nεZ+

}
= ∨

{( ∧
1≤i≤m

aprX(xi) ∧ aprY(yi)

)
: p =

m
∑
1

xiαyi, xi, yiεN, αεΓ and mεZ+

}
∧

∨
{( ∧

1≤i≤k
aprX(−ci) ∧ aprY(di)

)
, q =

n
∑
1

ciαdi, xi, yi, ci, diεN, αεΓ and nεZ+

}
aprX◦Y(p− q) = aprX◦Y(p) ∧ aprX◦Y(q)

and aprX◦Y(p) = ∨
{( ∧

1≤i≤m
aprX(xi) ∧ aprY(yi)

)
: p =

m
∑
1

xiαyixi, yiεN, αεΓ and mεZ+

}

≤ ∨
{( ∧

1≤i≤m
aprX(xi) ∧ aprY(yi)

)
: pαq =

m
∑
1

xiα(yiαq)xi, yiαqεM, αεΓ and mεZ+

}

= ∨
{( ∧

1≤i≤m
aprX(ui) ∧ aprY(vi)

)
: pαq =

m
∑
1

uiαvi, ui, viεM, αεΓ and mεZ+

}
=

aprX◦Y(pαq).
The same steps are also followed by lower ideals, and finally we obtain

apr
X◦Y(p− q) = apr

X◦Y(p) ∧ apr
X◦Y(q) and apr

X◦Y(pαq) ≤ apr
X◦Y(p). Therefore, X ◦ Y is a RFUI

(resp. RFLI) of N. �

Definition 10. Let X = < aprX , apr
X
> and Y = < aprY , apr

Y
> be two RF subsets in a Ring N. Then,

the product of A and B, constructed as AΓB, is

aprXΓY(P) =

{ ∨
p=qαr

{aprX(q) ∧ aprY(r)}i f p = qαr

0 otherwise

apr
XΓY

(P) =


∧

p=qαr

{
apr

X
(q) ∨ apr

Y
(r)
}

i f p = qαr

1 otherwise

Theorem 9. Let X = < aprX , apr
X
>and Y = < aprY , apr

Y
> be two RFUIs (resp. RFLIs) of N. Then,

A∩B is a RFUI (resp. RFLI) of N. If X is a rough fuzzy right ideal, and Y is a rough fuzzy left ideal,
then XΓY ⊆ X ∩Y.

Proof. Consider X and Y to be RFUIs (resp. RFLIs) of N, and let p, qεN. Then, aprX∩Y(p− q)
= aprX∩Y(p− q) ∧ aprX∩Y(p− q). By applying the condition of RFI and combining the terms p and
q, we finally obtain { aprX∩Y(p) ∧ aprX∩Y(q)}.
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Additionally, aprX(pαq) ≥ aprX(q)[resp.aprX(pαq) ≥ aprX(p)] and aprY(pαq) ≥
aprY(q)[resp.aprY(pαq) ≥ aprY(p)]. Now, aprX∩Y(pαq) = aprX(pαq) ∧ aprY(pαq) ≥
aprX(q) ∧ aprX(q) = aprX∩Y(q) (also resp. p).

The same steps are also followed by the lower ideals. Therefore, X ∩Y is an RFUI (resp. RFLI)
of N. To prove the second part if aprXΓY(p) = 0 and apr

XΓY
(p) = 1, there is nothing to show.

By the definition of XΓY, aprX(p)=aprX(qαr) ≥ aprX(q), apr
X
(p) = apr

X
(qαr) ≤ apr

X
(q), since X

is a rough fuzzy right ideal, and Y is a rough fuzzy left ideal, we have aprX(p) = aprX(qαr) ≥
aprX(q) and aprY(p) = aprY(qαr) ≥ aprY(r) and apr

X
(p) = apr

X
(qαr) ≤ apr

X
(q) and apr

Y
(p) =

apr
Y
(qαr) ≤ apr

Y
(r).

By definition we have
aprXΓY(P) =

∨
p=qαr

{aprX(q) ∧ aprY(r)} ≤ aprX(q) ∧ aprY(r) = aprX∩Y(p),

apr
XΓY

(P) =
∧

p=qαr

{
apr

X
(q) ∨ apr

Y
(r)
}
≥
{

apr
X
(q) ∨ apr

Y
(r)
}
= apr

X∩Y
(p)

Hence, XΓY ⊆ X ∩Y. �

Corollary 1. If X = < aprX , apr
X
> and Y = < aprY , apr

Y
> are two RFUIs (resp. RFLI) of N,

then X ∪Y is a RFUI (resp. RFLI) of N.

Definition 11. A Γ Ring N is regular if there exists p ∈ N, ∀ x ∈ N and α, β ∈ Γ, and then x = xαpβx.

Result 1. A Γ Ring N is said to be regular ⇔ i f IΓJ = I ∩ J for each right ideal I and for each left ideal J
of N.

Theorem 10. A Γ Ring N is regular if for each rough fuzzy right ideal X and for each rough fuzzy left ideal Y
of N, XΓY = X ∩Y.

Proof. Suppose N is regular by Theorem 9, where XΓY ⊆ X ∩ Y. To prove X ∩ Y ⊆ XΓY, let x ∈ N
and α, β ∈ Γ. Then, by definition, ∃ p ∈ N such that x = xαpβx. Thus aprX(x) = aprX(xαpβx) ≥
aprX(xαp) ≥ aprX(x)and, apr

X
(x) = apr

X
(xαpβx) ≤ apr

X
(xαp) ≤ apr

X
(x).aprX(xαa) ≥ aprX(x)

and apr
X
(xαa) ≤ apr

X
(x). On the other hand, aprXΓY(x) = ∨x=xαpβx{aprX(xαp) ∧ aprY(x)} ≥

aprX(x) ∧ aprY(x) = aprX∩Y(x) and apr
XΓY

(P) = ∨x=xαpβx

{
apr

X
(xαp) ∨ apr

Y
(x)
}
≤
{

apr
X
(x)∨

apr
Y
(x)
}
= apr

X∩Y
(x). Thus, X ∩Y ⊆ XΓY, and hence XΓY = X∩Y. �

Definition 12. If {ηi} iεj is an arbitrary family of RFS in X, where ηi =
〈
∧aprηi

,∨apr
ηi

〉
for each

i ∈ J, then (i) ∩ ηi =
〈
∧aprηi

,∨apr
ηi

〉
(ii) ∪ ηi =

〈
∨, aprηi

, , ,∧, apr
ηi

〉
.

Theorem 11. If {ηi} iεj is a family of RFUI (resp. RELI) of N, then ∪ηi = 〈∨aprηi
,∧apr

ηi
〉; is a RFUI

(resp. RFLI) of N.

Proof. Let p, q ∈ N and αε Γ. Then,
(
∪i∈J aprηi

)
(p− q). By definition, we have(

∨i∈J aprηi
(p− q)

)
≥ ∨i∈J

(
aprηi

(p) ∧ aprηi
(q)
)

=
(
∨i∈J aprηi

(p)
)
∧
(
∨i∈J aprηi

(q)
)

=(
∪i∈J aprηi

)
(p) ∧

(
∪i∈J aprηi

)
(q).

In addition,
(
∪i∈J aprηi

)
(pαq) = ∨i∈J aprηi

(pαq) ≥ ∨i∈J aprηi
(q) =

(
∪i∈J aprηi

)
(q) and(

∪i∈J aprηi

)
(pαq) ≥

(
∪i∈J aprηi

)
(p). The same is also true for lower ideals. Finally, we obtain(

∪i∈J apr
ηi

)
(p− q) =

(
∪i∈J apr

ηi

)
(p) ∨

(
∪i∈J apr

ηi

)
(q) and

(
∪i∈J apr

ηi

)
(pαq) ≤

(
∪i∈J apr

ηi

)
(q).(

resp.
(
∪i∈J apr

ηi

)
(pαq) ≤

(
∪i∈J apr

ηi

)
(p)
)

.

Consequently, ∪i∈Jηi is a RFUI (resp. RFLI) of N. �

6. Rough Fuzzy Prime Ideals (RFPIs) in
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such that 𝑝, 𝑞 ∈ 𝜂ழ௧భ,௦భவ . Since 𝜂ழ௧భ,௦భவ  is an ideal of N, we have 𝑝 − 𝑞 ∈ 𝜂ழ௧భ,௦భவ  and 𝑝𝛼𝑞 ∈ 𝜂ழ௧భ,௦భவ  for all 𝛼𝜖 Γ , where 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ 𝑡ଵ ≥ 𝑡ଶ  = 
{ 𝑎𝑝𝑟തതതതതఎ (p) ⋀ 𝑎𝑝𝑟തതതതതఎ (q)}, 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞)) ≥ 𝑡ଵ ≥ 𝑡ଶ = 𝑎𝑝𝑟തതതതതఎ(𝑞)  and 𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑠ଵ ≤ 𝑠ଶ  = 
{𝑎𝑝𝑟ఎ(p)⋀ 𝑎𝑝𝑟ఎ(q)},𝑎𝑝𝑟ఎ(𝑝𝛼𝑞))) ≤ 𝑠ଵ ≤ 𝑠ଶ = 𝑎𝑝𝑟ఎ(𝑞). 

We conclude that 𝜂 is a RFUI (resp. RFLI) of N. 

Theorem 6. If the RFS 𝜂 =< 𝑎𝑝𝑟തതതതതఎ, 𝑎𝑝𝑟ఎ > 𝑖𝑠 𝑎 RFUI (resp. RFLI) of a 𝛤 𝑅𝑖𝑛𝑔, then the sets 
N𝑎𝑝𝑟തതതതതఎ  = {p ∈ 𝑁/𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑎𝑝𝑟തതതതതఎ(0)} and N𝑎𝑝𝑟ఎ  (P) = {p ∈ 𝑁/𝑎𝑝𝑟ఎ(𝑝) = 𝑎𝑝𝑟ఎ(0)} are upper 
(resp.lower) ideals. 

Proof. Consider 𝑝, 𝑞 ∈ N 𝑎𝑝𝑟തതതതതఎ 𝑎𝑛𝑑 𝛼𝜖 Γ. Then, 𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑎𝑝𝑟തതതതതఎ(0) and 𝑎𝑝𝑟തതതതതఎ(𝑞) = 𝑎𝑝𝑟തതതതതఎ(0), 
since 𝜂 is a RFUI (resp. RFLI). 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ {𝑎𝑝𝑟തതതതതఎ(𝑝)⋀ 𝑎𝑝𝑟തതതതതఎ(𝑞)}=𝑎𝑝𝑟തതതതതఎ(0), but 𝑎𝑝𝑟തതതതതఎ(0) ≥𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞). Therefore, 𝑝 − 𝑞 ∈ 𝑁 𝑎𝑝𝑟തതതതതఎ and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) ≥  𝑎𝑝𝑟തതതതതఎ(q) = 𝑎𝑝𝑟തതതതതఎ(0) (also resp. the 
element p). Hence, 𝑝𝛼𝑞 ∈ N 𝑎𝑝𝑟തതതതതതఎ, and therefore 𝑁 𝑎𝑝𝑟തതതതതఎ is the upper (resp. lower) ideal 
of M. We followed the same steps followed by the lower ideals and finally arrived at 𝑝𝑝 −𝑞 ∈ N 𝑎𝑝𝑟ఎ 𝑎𝑛𝑑  𝑝𝛼𝑞 ∈ N 𝑎𝑝𝑟ఎ. Therefore, N  𝑎𝑝𝑟ఎ is the upper (resp. lower) ideal of N. 

5. Operations on RFI in 𝚪 Rings 
A few operators of RFI and their related theorems are presented in this section. 

Definition 8. Let 𝑋 =< 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > and 𝑌 =< 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > be two rough fuzzy 

Rings
A few theorems are proven regarding the rough fuzzy prime ideals discussed in this section.

Definition 13. An ideal P of the Γ Ring N is said to be prime if, for any ideals X and Y of N,
XΓY ⊆ P ⇒ X ⊆ P or Y ⊆ P .
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Definition 14. Let P be a rough fuzzy ideal (RFI) of a Γ Ring N. Then, P is said to be prime if P is not a
constant mapping and, for any RFI X, Y of a Γ Ring N, XΓY ⊆ P implies X ⊆ P or Y ⊆ P .

Theorem 12. Let U be an ideal of a Γ Ring N 3 U 6= N Then, U is a prime ideal of N if
(

aprχU
, apr

χU

)
is a

RFPI of N.

Proof. Suppose that U is a prime ideal of N, and let U =
(

aprχU
, apr

χU

)
. Since U 6= N,P is not

a constant mapping on N. Let X and Y be two RFI of N such that XΓY ⊆ P and X

Symmetry 2022, 14, x  8 of 11 
 

 

Corollary 1. If 𝑋 = < 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 >  𝑎𝑛𝑑 𝑌 = < 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > are two RFUIs (resp. RFLI) of N, 
then 𝑋 ∪ 𝑌 is a RFUI (resp. RFLI) of N. 

Definition 11. A 𝛤 Ring N is regular if there exists 𝑝 ∈ 𝑁, ∀ 𝑥 ∈ 𝑁and 𝛼, 𝛽 ∈ 𝛤, and then 
x=x𝛼𝑝𝛽𝑥. 

Result 1. A 𝛤 Ring N is said to be regular ⟺  𝑖𝑓 𝐼𝛤𝐽 = 𝐼⋂𝐽 for each right ideal I and for each 
left ideal J of N. 

Theorem 10. A 𝛤 Ring N is regular if for each rough fuzzy right ideal X and for each rough 
fuzzy left ideal Y of N, 𝑋𝛤𝑌 = 𝑋⋂𝑌. 
Proof. Suppose N is regular by Theorem 9, where 𝑋Γ𝑌 ⊆ X⋂𝑌. To prove X⋂𝑌 ⊆ 𝑋Γ𝑌, let 𝑥 ∈ 𝑁 and 𝛼, 𝛽 ∈ 𝛤. Then, by definition, ∃ 𝑝 ∈ 𝑁 such that x = x𝛼𝑝𝛽𝑥. Thus 𝑎𝑝𝑟തതതതത(𝑥) =𝑎𝑝𝑟തതതതത(x𝛼𝑝𝛽𝑥) ≥ 𝑎𝑝𝑟തതതതത(x𝛼𝑝) ≥ 𝑎𝑝𝑟തതതതത(𝑥)and , 𝑎𝑝𝑟(𝑥) = 𝑎𝑝𝑟(x𝛼𝑝𝛽𝑥) ≤ 𝑎𝑝𝑟(x𝛼𝑝) ≤𝑎𝑝𝑟(𝑥). 𝑎𝑝𝑟തതതതത(x𝛼𝑎) ≥ 𝑎𝑝𝑟തതതതത(x) and 𝑎𝑝𝑟(x𝛼𝑎) ≤ 𝑎𝑝𝑟(x). On the other hand, 𝑎𝑝𝑟തതതതത(𝑥) =⋁ {𝑎𝑝𝑟തതതതത(x𝛼𝑝) ∧ 𝑎𝑝𝑟തതതതത(𝑥)} ≥୶ୀ୶ఈఉ௫ 𝑎𝑝𝑟ଡ଼(𝑥)⋀𝑎𝑝𝑟ଢ଼(𝑥) = 𝑎𝑝𝑟ଡ଼⋂(𝑥)  and 𝑎𝑝𝑟(𝑃) =⋁ ቄ𝑎𝑝𝑟(x𝛼𝑝)⋁𝑎𝑝𝑟(𝑥)ቅ୶ୀ୶ఈఉ௫ ≤ ቄ𝑎𝑝𝑟(𝑥)⋁𝑎𝑝𝑟(𝑥)ቅ = 𝑎𝑝𝑟ଡ଼⋂(𝑥).  Thus, 𝑋⋂𝑌 ⊆ 𝑋𝛤𝑌 , 
and hence 𝑋𝛤𝑌 = X⋂𝑌. 
Definition 12. If {𝜂} ఢ  is an arbitrary family of RFS in X, where 𝜂 = 〈⋀𝑎𝑝𝑟തതതതതఎ,∨ 𝑎𝑝𝑟ఎ〉 for 
each 𝑖 ∈ 𝐽, then (𝑖)⋂𝜂 = 〈⋀𝑎𝑝𝑟തതതതതఎ,∨ 𝑎𝑝𝑟ఎ〉 (𝑖𝑖)⋃𝜂 = 〈∨ 𝑎𝑝𝑟തതതതതఎ,∧ 𝑎𝑝𝑟ఎ〉. 
Theorem 11. If  {𝜂} ఢ is a family of RFUI (resp. RELI) of N, then ⋃𝜂 = 〈∨ 𝑎𝑝𝑟തതതതതఎ,∧ 𝑎𝑝𝑟ఎ〉 is 
a RFUI (resp. RFLI) of N. 

Proof. Let 𝑝, 𝑞 ∈ 𝑁  and 𝛼𝜖 Γ . Then, ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝 − 𝑞) . By definition, we have ൫⋁ 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞)∈ ൯ ≥ ⋁ ቀ𝑎𝑝𝑟തതതതതఎ(𝑝) ∧ 𝑎𝑝𝑟തതതതതఎ(𝑞)ቁ∈ = ൫⋁ 𝑎𝑝𝑟തതതതതఎ(𝑝)∈ ൯ ∧൫⋁ 𝑎𝑝𝑟തതതതതఎ(𝑞)∈ ൯=൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝) ∧ ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑞). 
In addition, ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝𝛼𝑞) = ⋁ 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞)∈ ≥ ⋁ 𝑎𝑝𝑟തതതതതఎ(𝑞)∈ = ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑞) 

and ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝𝛼𝑞) ≥ ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝).  The same is also true for lower ideals. Finally, 
we obtain ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝 − 𝑞) = ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝) ∨ ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑞)  and ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝𝛼𝑞) ≤ ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑞). (resp. ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝𝛼𝑞) ≤ ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝)). 

Consequently, ⋃ 𝜂∈  is a RFUI (resp. RFLI) of N. 

6. Rough Fuzzy Prime Ideals (RFPIs) in 𝚪 Rings 
A few theorems are proven regarding the rough fuzzy prime ideals discussed in this 

section. 

Definition 13. An ideal 𝒫 of the 𝛤 Ring N is said to be prime if, for any ideals X and Y of N, 𝑋𝛤𝑌 ⊆ 𝒫 ⇒ 𝑋 ⊆ 𝒫 or 𝑌 ⊆ 𝒫. 
Definition 14. Let 𝒫 be a rough fuzzy ideal (RFI) of a 𝛤 Ring N. Then, 𝒫 is said to be prime 
if 𝒫 is not a constant mapping and, for any RFI X, Y of a 𝛤 Ring N, 𝑋𝛤𝑌 ⊆ 𝒫 implies 𝑋 ⊆ 𝒫 
or 𝑌 ⊆ 𝒫 . 
Theorem 12. Let 𝒰  be an ideal of a 𝛤  Ring N ∋ 𝒰 ≠ 𝑁  Then, 𝒰 is a prime ideal of Nif ቀ𝑎𝑝𝑟തതതതതఞ𝒰, 𝑎𝑝𝑟ఞ𝒰ቁ is a RFPI of N. 

Proof. Suppose that 𝒰 is a prime ideal of N, and let 𝒰 = ቀ𝑎𝑝𝑟തതതതതఞ𝒰, 𝑎𝑝𝑟ఞ𝒰ቁ.  Since 𝒰 ≠ 𝑁,𝒫 
is not a constant mapping on N. Let X and Y be two RFI of N such that 𝑋𝛤𝑌 ⊆ 𝒫 and 𝑋 ⊄ 𝒫 P or Y
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Corollary 1. If 𝑋 = < 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 >  𝑎𝑛𝑑 𝑌 = < 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > are two RFUIs (resp. RFLI) of N, 
then 𝑋 ∪ 𝑌 is a RFUI (resp. RFLI) of N. 

Definition 11. A 𝛤 Ring N is regular if there exists 𝑝 ∈ 𝑁, ∀ 𝑥 ∈ 𝑁and 𝛼, 𝛽 ∈ 𝛤, and then 
x=x𝛼𝑝𝛽𝑥. 

Result 1. A 𝛤 Ring N is said to be regular ⟺  𝑖𝑓 𝐼𝛤𝐽 = 𝐼⋂𝐽 for each right ideal I and for each 
left ideal J of N. 

Theorem 10. A 𝛤 Ring N is regular if for each rough fuzzy right ideal X and for each rough 
fuzzy left ideal Y of N, 𝑋𝛤𝑌 = 𝑋⋂𝑌. 
Proof. Suppose N is regular by Theorem 9, where 𝑋Γ𝑌 ⊆ X⋂𝑌. To prove X⋂𝑌 ⊆ 𝑋Γ𝑌, let 𝑥 ∈ 𝑁 and 𝛼, 𝛽 ∈ 𝛤. Then, by definition, ∃ 𝑝 ∈ 𝑁 such that x = x𝛼𝑝𝛽𝑥. Thus 𝑎𝑝𝑟തതതതത(𝑥) =𝑎𝑝𝑟തതതതത(x𝛼𝑝𝛽𝑥) ≥ 𝑎𝑝𝑟തതതതത(x𝛼𝑝) ≥ 𝑎𝑝𝑟തതതതത(𝑥)and , 𝑎𝑝𝑟(𝑥) = 𝑎𝑝𝑟(x𝛼𝑝𝛽𝑥) ≤ 𝑎𝑝𝑟(x𝛼𝑝) ≤𝑎𝑝𝑟(𝑥). 𝑎𝑝𝑟തതതതത(x𝛼𝑎) ≥ 𝑎𝑝𝑟തതതതത(x) and 𝑎𝑝𝑟(x𝛼𝑎) ≤ 𝑎𝑝𝑟(x). On the other hand, 𝑎𝑝𝑟തതതതത(𝑥) =⋁ {𝑎𝑝𝑟തതതതത(x𝛼𝑝) ∧ 𝑎𝑝𝑟തതതതത(𝑥)} ≥୶ୀ୶ఈఉ௫ 𝑎𝑝𝑟ଡ଼(𝑥)⋀𝑎𝑝𝑟ଢ଼(𝑥) = 𝑎𝑝𝑟ଡ଼⋂(𝑥)  and 𝑎𝑝𝑟(𝑃) =⋁ ቄ𝑎𝑝𝑟(x𝛼𝑝)⋁𝑎𝑝𝑟(𝑥)ቅ୶ୀ୶ఈఉ௫ ≤ ቄ𝑎𝑝𝑟(𝑥)⋁𝑎𝑝𝑟(𝑥)ቅ = 𝑎𝑝𝑟ଡ଼⋂(𝑥).  Thus, 𝑋⋂𝑌 ⊆ 𝑋𝛤𝑌 , 
and hence 𝑋𝛤𝑌 = X⋂𝑌. 
Definition 12. If {𝜂} ఢ  is an arbitrary family of RFS in X, where 𝜂 = 〈⋀𝑎𝑝𝑟തതതതതఎ,∨ 𝑎𝑝𝑟ఎ〉 for 
each 𝑖 ∈ 𝐽, then (𝑖)⋂𝜂 = 〈⋀𝑎𝑝𝑟തതതതതఎ,∨ 𝑎𝑝𝑟ఎ〉 (𝑖𝑖)⋃𝜂 = 〈∨ 𝑎𝑝𝑟തതതതതఎ,∧ 𝑎𝑝𝑟ఎ〉. 
Theorem 11. If  {𝜂} ఢ is a family of RFUI (resp. RELI) of N, then ⋃𝜂 = 〈∨ 𝑎𝑝𝑟തതതതതఎ,∧ 𝑎𝑝𝑟ఎ〉 is 
a RFUI (resp. RFLI) of N. 

Proof. Let 𝑝, 𝑞 ∈ 𝑁  and 𝛼𝜖 Γ . Then, ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝 − 𝑞) . By definition, we have ൫⋁ 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞)∈ ൯ ≥ ⋁ ቀ𝑎𝑝𝑟തതതതതఎ(𝑝) ∧ 𝑎𝑝𝑟തതതതതఎ(𝑞)ቁ∈ = ൫⋁ 𝑎𝑝𝑟തതതതതఎ(𝑝)∈ ൯ ∧൫⋁ 𝑎𝑝𝑟തതതതതఎ(𝑞)∈ ൯=൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝) ∧ ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑞). 
In addition, ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝𝛼𝑞) = ⋁ 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞)∈ ≥ ⋁ 𝑎𝑝𝑟തതതതതఎ(𝑞)∈ = ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑞) 

and ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝𝛼𝑞) ≥ ൫⋃ 𝑎𝑝𝑟തതതതതఎ∈ ൯(𝑝).  The same is also true for lower ideals. Finally, 
we obtain ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝 − 𝑞) = ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝) ∨ ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑞)  and ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝𝛼𝑞) ≤ ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑞). (resp. ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝𝛼𝑞) ≤ ቀ⋃ 𝑎𝑝𝑟ఎ∈ ቁ (𝑝)). 

Consequently, ⋃ 𝜂∈  is a RFUI (resp. RFLI) of N. 

6. Rough Fuzzy Prime Ideals (RFPIs) in 𝚪 Rings 
A few theorems are proven regarding the rough fuzzy prime ideals discussed in this 

section. 

Definition 13. An ideal 𝒫 of the 𝛤 Ring N is said to be prime if, for any ideals X and Y of N, 𝑋𝛤𝑌 ⊆ 𝒫 ⇒ 𝑋 ⊆ 𝒫 or 𝑌 ⊆ 𝒫. 
Definition 14. Let 𝒫 be a rough fuzzy ideal (RFI) of a 𝛤 Ring N. Then, 𝒫 is said to be prime 
if 𝒫 is not a constant mapping and, for any RFI X, Y of a 𝛤 Ring N, 𝑋𝛤𝑌 ⊆ 𝒫 implies 𝑋 ⊆ 𝒫 
or 𝑌 ⊆ 𝒫 . 
Theorem 12. Let 𝒰  be an ideal of a 𝛤  Ring N ∋ 𝒰 ≠ 𝑁  Then, 𝒰 is a prime ideal of Nif ቀ𝑎𝑝𝑟തതതതതఞ𝒰, 𝑎𝑝𝑟ఞ𝒰ቁ is a RFPI of N. 

Proof. Suppose that 𝒰 is a prime ideal of N, and let 𝒰 = ቀ𝑎𝑝𝑟തതതതതఞ𝒰, 𝑎𝑝𝑟ఞ𝒰ቁ.  Since 𝒰 ≠ 𝑁,𝒫 
is not a constant mapping on N. Let X and Y be two RFI of N such that 𝑋𝛤𝑌 ⊆ 𝒫 and 𝑋 ⊄ 𝒫 P .
Then, ∃ p, q ∈ N such that aprX(p) > aprP (p) = apr

χU
(p), apr

X
(p) < aprP (p) = apr

χU
(p) and

aprY(p) > aprP (p) = apr
χU

(p), apr
Y
(p) > aprP (p) < apr

χU
(p). Thus, aprX(p) 6= 0, apr

X
(p) 6=

1 andaprY(q) 6= 0, apr
Y
(q) 6= 1, but apr

χU
(p) = 0 and apr

χU (p) = 0 and apr
χU (q) = 0 such

that p 6= U , q 6= U . Since U is a prime ideal of N, it follows from Theorem 5 [3] that there exists
r ∈ N and α, β ∈ Γ such that pαrβq /∈ U . Let c = pαrβq. Then, apr

χU
(c) = 0 and apr

χU
(c) = 1.

Thus, XΓY(c) = (0, 1), but aprXΓY(c) = ∨c=mγn[aprX(m) ∧ aprY(n)] ≥ aprX(pαr) ∧ aprY(q) (by the
definition of c) ≥ aprX(p) ∧ aprY(q) > 0 (since it is 6= 0), and by following the same steps for the
lower ideals, we find apr

X
(p) ∨ apr

Y
(q) < 1.

Then, XΓY(a) 6= (0, 1). This contradicts the result. Hence, for any two RFI X and Y, XΓY ⊆ P ,
which implies X ⊆ P or Y ⊆ P . Hence, P is a RFPI of N. (⇐) Suppose that P is not a constant
mapping on N, where U 6= N. Let X and Y be two ideals of N such that XΓY ⊆ U , and let X =(

aprχX
, apr

χX

)
and Y =

(
aprχY

, apr
χY

)
be two fuzzy ideals of N. Consider XΓY ⊆ U . Let p ∈ N if

XΓY(x) = (0, 1). Then, clearly XΓY ⊆ U .
Suppose XΓY 6= (0, 1). Then, aprXΓY(p) = ∨p=qγr[aprχX

(q) ∧ aprχY
(r)] 6= 0 and apr

XΓY
(p) =

∧p=qγr

[
apr

χX
(q) ∨ apr

χY
(r)
]
6= 1. There exists q, r ∈ N with p = qαr such that aprχX

(q) 6=
0,apr

χX
(q) 6= 1, and apr

χY
(r) 6= 0, apr

χY
(r) 6= 1. Therefore, aprχY

(q) = 1, apr
χY

(q) = 0 and

aprχY
(r) = 1, apr

χY
(r) = 0.

This implies q ∈ X and r ∈ Y. Thus, p = qαr ∈ XΓY ⊆ U . Therefore, aprχU (p) = 1, apr
χU

(q) =

1. It follows that XΓY(p) ⊆ U . Since U is a RFPI of N, either X ⊆ P or Y ⊆ P . Thus, either X ⊆ U
or Y ⊆ U . Hence, U is a prime ideal of N. �

7. Properties of Rough
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𝑎𝑝𝑟തതതതതఎ(p) =  ቄ 𝑎𝑖𝑓𝑝 ∈ 𝐼𝑏𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 and 𝑎𝑝𝑟ఎ (p) = ቄ 𝑐𝑖𝑓𝑝 ∈ 𝐼𝑑𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

then for all p∈  𝑁 𝑎𝑛𝑑 𝛼 𝜖 𝛤, where 0 ≤ 𝑏 < 𝑎 , 0 ≤ 𝑑 < 𝑐, a + c ≤ 1, and b + d ≤ 1, then 𝜂 isa 
RFUI (resp. RFLI) of N and U(𝑎𝑝𝑟തതതതതఎ; 𝑎) = I = L(𝑎𝑝𝑟ఎ;c). 

Proof. If 𝑝, 𝑞 ∈ 𝜂 and 𝛼 𝜖 Γ, suppose atleast one of the p and q does not fit in I. Then, 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ 𝑏  = {𝑎𝑝𝑟തതതതതఎ (p)  ⋀ 𝑎𝑝𝑟തതതതതఎ (q)},  𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑑 . If 𝑝, 𝑞 ∈ 𝐼 , then 𝑝 − 𝑞 ∈ 𝐼 , and 
so 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) = a = {𝑎𝑝𝑟തതതതതఎ(p)⋀ 𝑎𝑝𝑟തതതതതఎ(q)}. Suppose that 𝑞 ∈ 𝐼, 𝑝 ∈ 𝑁, and 𝛼𝜖 Γ. Then, p𝛼𝑞 ∈𝐼 and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) = 𝑎 = 𝑎𝑝𝑟തതതതതఎ(𝑞) (also resp. the element p). In the case where 𝑞 ∉ 𝐼, then 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) = 𝑏 = 𝑎𝑝𝑟തതതതതఎ(𝑞) (also resp. the element p). In addition to the same steps, we also 
used a lower approximation, resulting in 𝑝, 𝑞 ∈ I , 𝑡ℎ𝑒𝑛 𝑎𝑝𝑟ఎ (𝑝 − 𝑞) = 𝑑 . If 𝑞 ∈ 𝐼, then 𝑎𝑝𝑟ఎ(𝑝𝛼𝑞) = 𝑐 , and if 𝑞 ∉ 𝐼, then 𝑎𝑝𝑟ఎ  (𝑝𝛼𝑞) = 𝑑. We can conclude that 𝜂  is a RFUI 
(resp. RFLI) of N. 

Theorem 5. An RFS 𝜂 = < 𝑎𝑝𝑟തതതതതఎ, 𝑎𝑝𝑟ఎ > in a 𝛤 𝑅𝑖𝑛𝑔 𝑁 𝑖𝑠 𝑎𝑛 RFUI (resp. RFLI) if andonly 
if𝜂ழ௧,௦வ = {p∈ 𝑁|𝑎𝑝𝑟തതതതതఎ(𝑝)  ≥ 𝑡, 𝑎𝑝𝑟ఎ (𝑝) ≤ 𝑠} is an upper (resp. lower) ideal of N for 𝑎𝑝𝑟തതതതതఎ(0)  ≥𝑡,𝑎𝑝𝑟ఎ (0) ≤ 𝑠. 
Proof. Let 𝜂 be a RFUI (resp. RFLI) of N, and let 𝑎𝑝𝑟തതതതതఎ(0)  ≥ 𝑡 and 𝑎𝑝𝑟ఎ (0) ≤ 𝑠. If we 
take two elements p,q ∈ 𝜂ழ௧,௦வ  and  𝛼 𝜖 Γ, then 𝑎𝑝𝑟തതതതതఎ(𝑝)  ≥ 𝑡 , 𝑎𝑝𝑟തതതതതఎ(𝑞)  ≥ 𝑡,𝑎𝑛𝑑 𝑎𝑝𝑟ఎ(p) , 𝑎𝑝𝑟ఎ(q)≤ 𝑠. We know the RFI conditions 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) = {𝑎𝑝𝑟തതതതതఎ(p)⋀ 𝑎𝑝𝑟തതതതതఎ(q)} ≥𝑡 and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) ≥ 𝑎𝑝𝑟തതതതതఎ(𝑞) ≥ t (also resp. p). 

Similarly, the same steps are also followed by lower ideals, and finally we have 𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑠 𝑎𝑛𝑑 𝑎𝑝𝑟ఎ(𝑝𝛼𝑞) ≤ 𝑠. 
Therefore, 𝜂ழ௧,௦வ is a RFUI (resp. RFLI) of N. 
Conversely, assume that 𝜂ழ௧,௦வ is a RFUI (resp. RFLI) of N. Then, 𝑎𝑝𝑟തതതതതఎ(0) ≥ 𝑡 and 𝑎𝑝𝑟ఎ  ( 0) ≤ 𝑠.  Let 𝑝, 𝑞 ∈ 𝑁  be such that 𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑡ଵ , 𝑎𝑝𝑟തതതതതఎ(𝑞) = 𝑡ଶ , and 𝑎𝑝𝑟ఎ(𝑝) =𝑠ଵ,𝑎𝑝𝑟ఎ(𝑞) = 𝑠ଶ. Then, p∈ 𝜂ழ௧,௦வ and q ∈ 𝜂ழ௧,௦வ such that 𝑡ଶ ≤ 𝑡ଵ and 𝑠ଶ ≥ 𝑠ଵ. 
Without loss of generality, we may assume that it follows that 𝜂ழ௧మ,௦మவ ⊆ 𝜂ழ௧భ,௦భவ 

such that 𝑝, 𝑞 ∈ 𝜂ழ௧భ,௦భவ . Since 𝜂ழ௧భ,௦భவ  is an ideal of N, we have 𝑝 − 𝑞 ∈ 𝜂ழ௧భ,௦భவ  and 𝑝𝛼𝑞 ∈ 𝜂ழ௧భ,௦భவ  for all 𝛼𝜖 Γ , where 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ 𝑡ଵ ≥ 𝑡ଶ  = 
{ 𝑎𝑝𝑟തതതതതఎ (p) ⋀ 𝑎𝑝𝑟തതതതതఎ (q)}, 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞)) ≥ 𝑡ଵ ≥ 𝑡ଶ = 𝑎𝑝𝑟തതതതതఎ(𝑞)  and 𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑠ଵ ≤ 𝑠ଶ  = 
{𝑎𝑝𝑟ఎ(p)⋀ 𝑎𝑝𝑟ఎ(q)},𝑎𝑝𝑟ఎ(𝑝𝛼𝑞))) ≤ 𝑠ଵ ≤ 𝑠ଶ = 𝑎𝑝𝑟ఎ(𝑞). 

We conclude that 𝜂 is a RFUI (resp. RFLI) of N. 

Theorem 6. If the RFS 𝜂 =< 𝑎𝑝𝑟തതതതതఎ, 𝑎𝑝𝑟ఎ > 𝑖𝑠 𝑎 RFUI (resp. RFLI) of a 𝛤 𝑅𝑖𝑛𝑔, then the sets 
N𝑎𝑝𝑟തതതതതఎ  = {p ∈ 𝑁/𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑎𝑝𝑟തതതതതఎ(0)} and N𝑎𝑝𝑟ఎ  (P) = {p ∈ 𝑁/𝑎𝑝𝑟ఎ(𝑝) = 𝑎𝑝𝑟ఎ(0)} are upper 
(resp.lower) ideals. 

Proof. Consider 𝑝, 𝑞 ∈ N 𝑎𝑝𝑟തതതതതఎ 𝑎𝑛𝑑 𝛼𝜖 Γ. Then, 𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑎𝑝𝑟തതതതതఎ(0) and 𝑎𝑝𝑟തതതതതఎ(𝑞) = 𝑎𝑝𝑟തതതതതఎ(0), 
since 𝜂 is a RFUI (resp. RFLI). 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ {𝑎𝑝𝑟തതതതതఎ(𝑝)⋀ 𝑎𝑝𝑟തതതതതఎ(𝑞)}=𝑎𝑝𝑟തതതതതఎ(0), but 𝑎𝑝𝑟തതതതതఎ(0) ≥𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞). Therefore, 𝑝 − 𝑞 ∈ 𝑁 𝑎𝑝𝑟തതതതതఎ and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) ≥  𝑎𝑝𝑟തതതതതఎ(q) = 𝑎𝑝𝑟തതതതതఎ(0) (also resp. the 
element p). Hence, 𝑝𝛼𝑞 ∈ N 𝑎𝑝𝑟തതതതതതఎ, and therefore 𝑁 𝑎𝑝𝑟തതതതതఎ is the upper (resp. lower) ideal 
of M. We followed the same steps followed by the lower ideals and finally arrived at 𝑝𝑝 −𝑞 ∈ N 𝑎𝑝𝑟ఎ 𝑎𝑛𝑑  𝑝𝛼𝑞 ∈ N 𝑎𝑝𝑟ఎ. Therefore, N  𝑎𝑝𝑟ఎ is the upper (resp. lower) ideal of N. 

5. Operations on RFI in 𝚪 Rings 
A few operators of RFI and their related theorems are presented in this section. 

Definition 8. Let 𝑋 =< 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > and 𝑌 =< 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > be two rough fuzzy 

-Endomorphism of
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𝑎𝑝𝑟തതതതതఎ(p) =  ቄ 𝑎𝑖𝑓𝑝 ∈ 𝐼𝑏𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 and 𝑎𝑝𝑟ఎ (p) = ቄ 𝑐𝑖𝑓𝑝 ∈ 𝐼𝑑𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

then for all p∈  𝑁 𝑎𝑛𝑑 𝛼 𝜖 𝛤, where 0 ≤ 𝑏 < 𝑎 , 0 ≤ 𝑑 < 𝑐, a + c ≤ 1, and b + d ≤ 1, then 𝜂 isa 
RFUI (resp. RFLI) of N and U(𝑎𝑝𝑟തതതതതఎ; 𝑎) = I = L(𝑎𝑝𝑟ఎ;c). 

Proof. If 𝑝, 𝑞 ∈ 𝜂 and 𝛼 𝜖 Γ, suppose atleast one of the p and q does not fit in I. Then, 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ 𝑏  = {𝑎𝑝𝑟തതതതതఎ (p)  ⋀ 𝑎𝑝𝑟തതതതതఎ (q)},  𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑑 . If 𝑝, 𝑞 ∈ 𝐼 , then 𝑝 − 𝑞 ∈ 𝐼 , and 
so 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) = a = {𝑎𝑝𝑟തതതതതఎ(p)⋀ 𝑎𝑝𝑟തതതതതఎ(q)}. Suppose that 𝑞 ∈ 𝐼, 𝑝 ∈ 𝑁, and 𝛼𝜖 Γ. Then, p𝛼𝑞 ∈𝐼 and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) = 𝑎 = 𝑎𝑝𝑟തതതതതఎ(𝑞) (also resp. the element p). In the case where 𝑞 ∉ 𝐼, then 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) = 𝑏 = 𝑎𝑝𝑟തതതതതఎ(𝑞) (also resp. the element p). In addition to the same steps, we also 
used a lower approximation, resulting in 𝑝, 𝑞 ∈ I , 𝑡ℎ𝑒𝑛 𝑎𝑝𝑟ఎ (𝑝 − 𝑞) = 𝑑 . If 𝑞 ∈ 𝐼, then 𝑎𝑝𝑟ఎ(𝑝𝛼𝑞) = 𝑐 , and if 𝑞 ∉ 𝐼, then 𝑎𝑝𝑟ఎ  (𝑝𝛼𝑞) = 𝑑. We can conclude that 𝜂  is a RFUI 
(resp. RFLI) of N. 

Theorem 5. An RFS 𝜂 = < 𝑎𝑝𝑟തതതതതఎ, 𝑎𝑝𝑟ఎ > in a 𝛤 𝑅𝑖𝑛𝑔 𝑁 𝑖𝑠 𝑎𝑛 RFUI (resp. RFLI) if andonly 
if𝜂ழ௧,௦வ = {p∈ 𝑁|𝑎𝑝𝑟തതതതതఎ(𝑝)  ≥ 𝑡, 𝑎𝑝𝑟ఎ (𝑝) ≤ 𝑠} is an upper (resp. lower) ideal of N for 𝑎𝑝𝑟തതതതതఎ(0)  ≥𝑡,𝑎𝑝𝑟ఎ (0) ≤ 𝑠. 
Proof. Let 𝜂 be a RFUI (resp. RFLI) of N, and let 𝑎𝑝𝑟തതതതതఎ(0)  ≥ 𝑡 and 𝑎𝑝𝑟ఎ (0) ≤ 𝑠. If we 
take two elements p,q ∈ 𝜂ழ௧,௦வ  and  𝛼 𝜖 Γ, then 𝑎𝑝𝑟തതതതതఎ(𝑝)  ≥ 𝑡 , 𝑎𝑝𝑟തതതതതఎ(𝑞)  ≥ 𝑡,𝑎𝑛𝑑 𝑎𝑝𝑟ఎ(p) , 𝑎𝑝𝑟ఎ(q)≤ 𝑠. We know the RFI conditions 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) = {𝑎𝑝𝑟തതതതതఎ(p)⋀ 𝑎𝑝𝑟തതതതതఎ(q)} ≥𝑡 and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) ≥ 𝑎𝑝𝑟തതതതതఎ(𝑞) ≥ t (also resp. p). 

Similarly, the same steps are also followed by lower ideals, and finally we have 𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑠 𝑎𝑛𝑑 𝑎𝑝𝑟ఎ(𝑝𝛼𝑞) ≤ 𝑠. 
Therefore, 𝜂ழ௧,௦வ is a RFUI (resp. RFLI) of N. 
Conversely, assume that 𝜂ழ௧,௦வ is a RFUI (resp. RFLI) of N. Then, 𝑎𝑝𝑟തതതതതఎ(0) ≥ 𝑡 and 𝑎𝑝𝑟ఎ  ( 0) ≤ 𝑠.  Let 𝑝, 𝑞 ∈ 𝑁  be such that 𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑡ଵ , 𝑎𝑝𝑟തതതതതఎ(𝑞) = 𝑡ଶ , and 𝑎𝑝𝑟ఎ(𝑝) =𝑠ଵ,𝑎𝑝𝑟ఎ(𝑞) = 𝑠ଶ. Then, p∈ 𝜂ழ௧,௦வ and q ∈ 𝜂ழ௧,௦வ such that 𝑡ଶ ≤ 𝑡ଵ and 𝑠ଶ ≥ 𝑠ଵ. 
Without loss of generality, we may assume that it follows that 𝜂ழ௧మ,௦మவ ⊆ 𝜂ழ௧భ,௦భவ 

such that 𝑝, 𝑞 ∈ 𝜂ழ௧భ,௦భவ . Since 𝜂ழ௧భ,௦భவ  is an ideal of N, we have 𝑝 − 𝑞 ∈ 𝜂ழ௧భ,௦భவ  and 𝑝𝛼𝑞 ∈ 𝜂ழ௧భ,௦భவ  for all 𝛼𝜖 Γ , where 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ 𝑡ଵ ≥ 𝑡ଶ  = 
{ 𝑎𝑝𝑟തതതതതఎ (p) ⋀ 𝑎𝑝𝑟തതതതതఎ (q)}, 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞)) ≥ 𝑡ଵ ≥ 𝑡ଶ = 𝑎𝑝𝑟തതതതതఎ(𝑞)  and 𝑎𝑝𝑟ఎ(𝑝 − 𝑞) ≤ 𝑠ଵ ≤ 𝑠ଶ  = 
{𝑎𝑝𝑟ఎ(p)⋀ 𝑎𝑝𝑟ఎ(q)},𝑎𝑝𝑟ఎ(𝑝𝛼𝑞))) ≤ 𝑠ଵ ≤ 𝑠ଶ = 𝑎𝑝𝑟ఎ(𝑞). 

We conclude that 𝜂 is a RFUI (resp. RFLI) of N. 

Theorem 6. If the RFS 𝜂 =< 𝑎𝑝𝑟തതതതതఎ, 𝑎𝑝𝑟ఎ > 𝑖𝑠 𝑎 RFUI (resp. RFLI) of a 𝛤 𝑅𝑖𝑛𝑔, then the sets 
N𝑎𝑝𝑟തതതതതఎ  = {p ∈ 𝑁/𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑎𝑝𝑟തതതതതఎ(0)} and N𝑎𝑝𝑟ఎ  (P) = {p ∈ 𝑁/𝑎𝑝𝑟ఎ(𝑝) = 𝑎𝑝𝑟ఎ(0)} are upper 
(resp.lower) ideals. 

Proof. Consider 𝑝, 𝑞 ∈ N 𝑎𝑝𝑟തതതതതఎ 𝑎𝑛𝑑 𝛼𝜖 Γ. Then, 𝑎𝑝𝑟തതതതതఎ(𝑝) = 𝑎𝑝𝑟തതതതതఎ(0) and 𝑎𝑝𝑟തതതതതఎ(𝑞) = 𝑎𝑝𝑟തതതതതఎ(0), 
since 𝜂 is a RFUI (resp. RFLI). 𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞) ≥ {𝑎𝑝𝑟തതതതതఎ(𝑝)⋀ 𝑎𝑝𝑟തതതതതఎ(𝑞)}=𝑎𝑝𝑟തതതതതఎ(0), but 𝑎𝑝𝑟തതതതതఎ(0) ≥𝑎𝑝𝑟തതതതതఎ(𝑝 − 𝑞). Therefore, 𝑝 − 𝑞 ∈ 𝑁 𝑎𝑝𝑟തതതതതఎ and 𝑎𝑝𝑟തതതതതఎ(𝑝𝛼𝑞) ≥  𝑎𝑝𝑟തതതതതఎ(q) = 𝑎𝑝𝑟തതതതതఎ(0) (also resp. the 
element p). Hence, 𝑝𝛼𝑞 ∈ N 𝑎𝑝𝑟തതതതതതఎ, and therefore 𝑁 𝑎𝑝𝑟തതതതതఎ is the upper (resp. lower) ideal 
of M. We followed the same steps followed by the lower ideals and finally arrived at 𝑝𝑝 −𝑞 ∈ N 𝑎𝑝𝑟ఎ 𝑎𝑛𝑑  𝑝𝛼𝑞 ∈ N 𝑎𝑝𝑟ఎ. Therefore, N  𝑎𝑝𝑟ఎ is the upper (resp. lower) ideal of N. 

5. Operations on RFI in 𝚪 Rings 
A few operators of RFI and their related theorems are presented in this section. 

Definition 8. Let 𝑋 =< 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > and 𝑌 =< 𝑎𝑝𝑟തതതതത, 𝑎𝑝𝑟 > be two rough fuzzy 

Rings
In this section, we propose some theorems about the morphism properties of RFI in the gamma

ring based on rough gamma endomorphism.

Definition 15. Mapping θ : N → N of the Γ Ring N into itself is called a rough Γ-endomorphism of N.
If for p, q ∈ N, αε Γ,then

(i)apr(p + q)θ = apr(pθ) + apr(qθ), apr(p + q)θ = apr(pθ) + apr(qθ) (1)

(ii)apr(pαq)θ = apr(pθαqθ), apr(pαq)θ = apr(pθαqθ) (2)

Let ∆ denote the set of all rough Γ-endomorphisms of the Γ Ring N.The multiplication and
addition on the set are as ∆ follows. If x, y ∈ ∆, then

apr(p(xαy)) = apr((px)αy))p ∈ N, αεΓ, apr(p(xαy)) = apr((px)αy)
p ∈ N, αε Γ

(3)

apr(p(x + y)) = apr(px) + apr(py))p ∈ N, apr(p(x + y)) = apr(px) + apr(py)
p ∈ N, αε Γ

(4)

Theorem 13. If ∆ is the set of all rough Γ-endomorphisms of a Γ Ring N, then ∆ is a Γ-endomorphism of a Γ
Ring with unity with respect to the usual operations.

Proof: Given that ∆ is the set of all rough Γ-endomorphisms of a Γ-ring M, toprove ∆ is a Γ Ring
with unity, welet x, y, z ∈ ∆, αε Γ, p ε N. Then, the condition of the Γ Ring is apr(p(x + y)αc =
apr(p(x + y))αz).
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By applying the distributive law and the condition of rough gamma endomorphism, we finally
get apr p(xαz) + apr p(yαz) = apr(p(xαz + yαz)) and apr(p(x(α + β)z)) =
apr((px)αz) + apr((px)βz) = apr(p(xαz + xβz)), x, z ∈ ∆, α, βε Γ, pεN.

Similiarly, apr(p(xαy)βz) = apr(((px)αy)βz) = apr (p(xα(yβz))) ∀x, y, z ∈ ∆, α, βε Γ. Like-
wise, the three conditionsalso satisfythe lower case.

For all x ∈ ∆, there exists a unity element 1 ∈ ∆ such that apr(p(1αx)) =
apr(((p1)α)x) = apr(px), αεΓ, pεN, and hence apr(p(1αx)) = apr(p(xα1)) =
px andapr(p(1αx)) = apr(p(xα1)) = px. Thus ∆ satisfies all the conditions of the Γ Ring, and-
hence ∆ is a Γ Ring with unity. �

Theorem 14. Let ∆ be the set of all rough endomorphisms of the Γ Ring N. If xε∆, then a has a multiplicative
inverse in ∆ if and only if x is a one-to-one function.

Proof. Assume ∆ to be the set of all rough Γ-endomorphisms of a Γ Ring M. If xε∆, then x
has an inverse in ∆. To prove x is a one-to-one function, let x have an inverse y in ∆. xαy =
yαx = 1, αεΓ. Then, for each pεN, we get apr((py)αx) = apr(p(yαx)) = apr(p). A similar con-
dition holds for the lower approximation, which x is clearly on. Furthermore, p1, p2εN such that
apr(p1x) = apr(p2x) and apr(p1) = apr(p1.1) = apr(p1(xαy)) = apr((p1.1)αy) = apr((p2.1)αy) =
apr(p2). Therefore, x is a one-to-one mapping. Conversely, let us assume that the Γ-endomorphism
x is a one-to-one mapping of N onto N so that each element of N is of the form px, pεN. We
define a mapping d of N into N as follows: apr(((px)α)y) = apr(p), pεN, αεΓ. If p, qεN, then
apr(((px + qx)α)y), and by this assumption, we get apr(p + q). Through asimple calculation, we
finally get apr(((px)α)y) + apr(((qx)α)y) and apr((pxαqx)α)y) = apr(((pαq)xα)y = apr(pαq) =
apr(((px)α)y)α apr(((qx)α)y).

A similar condition holds for the lower approximation. We see that b is a rough Γ-endomorphism
of M. Furthermore, apr((px)αy) = apr(p(xαy) = apr(p) for every p in N, and hence xαy = 1. Finally,
pεN, where apr(((px)α(yαx)) = apr((p(xαy))αx) = apr((p(1))αx) = apr(p(1αx)) = apr(px).
Similiarly, apr(((px)α(yαx)) = apr(px). That is equivalent to the statement that apr(q(yαx)) =
apr(q) and apr(q(yαx)) = apr(q) for every q εN. Hence, yαx = 1, and y is the inverse of x in ∆. �

8. Conclusions
Recently, many algebraic structures have been viewed in terms of rough structures. The chief

purpose of RS analysis is the induction of approximation. The topical extension of RS theory has
developed a new method for the decay of large datasets. In this paper, some new rough operations
were discovered. Furthermore, we hashed out characterizations of rough fuzzy ideals and discussed
some morphism properties. Finally, we introduced the rough gamma endomorphism and discussed
the set of all rough Γ-endomorphisms of the Γ Ring as a gamma ring with unity. Error tolerance
is a major limitation of the classical rough sets. In future work, the rough fuzzy concept may be
applied in other algebraic structures such as Γ fields, Γ modules, Γ near rings, and Γ near fields. In
addition, various algebraic structures and their properties may be investigated through rough soft
sets. Researchers are finding a new way to visualize the various structures.

Author Contributions: Conceptualization, validation, investigation: E.D.; Methodology: D.P. All
authors have read and agreed to the published version of the manuscript.

Funding: Vellore Institute of Technology, Vellore, India.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the editor and reviewers for the valuable
comments, suggestions and ideas. Also, the authors would like to thank the management of Vellore
Institute of Technology, Vellore, India.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Zadeh, L.A. Fuzzy sets. Inf. Control 1991, 8, 338–353. [CrossRef]
2. Nobusawa, N. On a generalization of the ring theory. Osaka J. Math. 1964, 1, 81–89.

http://doi.org/10.1016/S0019-9958(65)90241-X


Symmetry 2022, 14, 1705 10 of 10

3. Barnes, W.E. On the Г-rings of Nobusawa. Pac. J. Math. 1966, 18, 411–422. [CrossRef]
4. Jun, Y.B.; Lee, C.Y. Fuzzy Г rings. East Asian Math. J. 1992, 8, 163–170.
5. Ozturk, M.A.; Uçkun, M.; Jun, Y.B. Fuzzy ideals in gamma-rings. Turk. J. Math. 2003, 27, 369–374.
6. Kyuno, S. On prime gamma rings. Pac. J. Math. 1978, 75, 185–190. [CrossRef]
7. Emniyet, A.; Sahin, M. Fuzzy normed rings. Symmetry 2018, 10, 515. [CrossRef]
8. Addis, G.M.; Kausar, N.; Munir, M. Fuzzy homomorphism theorems on rings. J. Discret. Math. Sci. Cry. 2020, 23, 1–20. [CrossRef]
9. Palaniappan, N.; Ezhilmaran, D. On Intuitionistic Fuzzy prime ideal of gamma-near-rings. Adv. Appl. Math. 2011, 4, 41–49.
10. Palaniappan, N.; Veerappan, P.S.; Ezhilmaran, D. A note on characterization of intuitionistic fuzzy ideals in Γ-near-rings. Int. J.

Comput. Sci. Math. 2011, 3, 61–71.
11. Palaniappan, N.; Ramachandran, M. A Note on characterization of intuitionistic fuzzy ideals in Γ-rings. Int. Math. Forum 2010, 5,

2553–2562.
12. Ezhilmaran, D.; Palaniappan, N. Characterizations of intuitionistic fuzzy artinian and noetherian Γ-near-rings. Int. Math. Forum

2011, 6, 3387–3395.
13. Wen, X.; Zhang, X.; Lei, T. Intuitionistic fuzzy (IF) overlap functions and IF-rough sets with applications. Symmetry 2021, 13, 1494.

[CrossRef]
14. Alolaiyan, H.; Mateen, M.H.; Pamucar, D.; Mahmmod, M.K.; Arslan, F. A certain structure of bipolar fuzzy subrings. Symmetry

2021, 13, 1397. [CrossRef]
15. Altassan, A.; Mateen, M.H.; Pamucar, D. On Fundamental Theorems of Fuzzy Isomorphism of Fuzzy Subrings over a Certain

Algebraic Product. Symmetry 2021, 13, 998. [CrossRef]
16. Uddin, M.S.; Islam, M.S. Gamma Rings of Gamma Endomorphisms. Int. J. Pure Appl. Math. 2013, 3, 94–99.
17. Pawlak, Z. Rough Sets: Theoretical Aspects of Reasoning about Data; Kluwar Acedemic Publishers: Dordrecht, The Netherlands, 1991;

pp. 1–126.
18. Biwas, R.; Nanda, S. Rough Groups and Rough Subgroups. Bull. Pol. Acad. Sci. Math. 1994, 42, 170–179.
19. Bonikowaski, Z. Algebraic Structures of Rough Sets. Rough Sets, Fuzzy Sets and Knowledge Discovery; Wojciech, P., Ziarko, B., Eds.;

Springer: Berlin/Heidelberg, Germany, 1994; pp. 242–247.
20. Ali, M.I.; Davvaz, B.; Shabir, M. Some properties of generalized rough sets. Inf. Sci. 2013, 224, 170–179. [CrossRef]
21. Davvaz, B. Rough Algebraic Structures Corresponding to Ring Theory. Algebraic Methods in General Rough Sets; Mani, A., Gianpiero, C.,

Ivo, D., Eds.; Springer: Berlin/Heidelberg, Germany, 2018; pp. 657–695.
22. Davvaz, B. Roughness in rings. Inf. Sci. 2004, 164, 147–163. [CrossRef]
23. Davvaz, B.; Mahdavipour, M. Roughness in modules. Inf. Sci. 2006, 176, 3658–3674. [CrossRef]
24. Ardakani, L.K.; Davvaz, B.; Huang, S. On derivations of prime and semi-prime Gamma rings. Bol. Da Soc. Parana. De Mat. 2019,

37, 157–166. [CrossRef]
25. Kazancı, O.; Davvaz, B. On the structure of rough prime (primary) ideals and rough fuzzy prime (primary) ideals in commutative

rings. Inf. Sci. 2008, 178, 1343–1354. [CrossRef]
26. Subha, V.S.; Thillaigovindan, N.; Sharmila, S. Fuzzy rough prime and semi-prime ideals in semigroups. AIP Conf. Proc. 2019,

2177, 020093.
27. Subha, V.S.; Dhanalakshmi, P. Rough Approximations of Interval rough fuzzy ideals in Gamma-semigroups. Ann. Math. 2020,

3, 326.
28. Bagirmaz, N. Rough Prime Ideals in Rough Semigroups. Math. Forum 2016, 11, 369–377. [CrossRef]
29. Marynirmala, J.; Sivakumar, D. Rough ideals in rough near-rings. Adv. Math. Sci. J. 2020, 9, 2345–2352. [CrossRef]
30. Bo, C.; Zhang, X.; Shao, S.; Smarandache, F. New multigranulation neutrosophic rough set with applications. Symmetry 2018,

10, 578. [CrossRef]
31. Dubois, D.; Prade, H. Rough fuzzy sets and fuzzy rough sets. Int. J. Gen. Syst. 1990, 17, 191–209. [CrossRef]
32. Zhan, J.M.; Liu, Q.; Kim, H.S. Rough fuzzy (fuzzy rough) strong h-ideals of hemirings. Ital. J. Pure Appl. Math. 2015, 34, 483–496.
33. Wang, Q.; Zhan, J. Rough semigroups and rough fuzzy semigroups based on fuzzy ideals. Open Math. J. 2016, 14, 1114–1121.

[CrossRef]

http://doi.org/10.2140/pjm.1966.18.411
http://doi.org/10.2140/pjm.1978.75.185
http://doi.org/10.3390/sym10100515
http://doi.org/10.1080/09720529.2020.1809777
http://doi.org/10.3390/sym13081494
http://doi.org/10.3390/sym13081397
http://doi.org/10.3390/sym13060998
http://doi.org/10.1016/j.ins.2012.10.026
http://doi.org/10.1016/j.ins.2003.10.001
http://doi.org/10.1016/j.ins.2006.02.014
http://doi.org/10.5269/bspm.v37i2.31658
http://doi.org/10.1016/j.ins.2007.10.005
http://doi.org/10.12988/imf.2016.6114
http://doi.org/10.37418/amsj.9.4.96
http://doi.org/10.3390/sym10110578
http://doi.org/10.1080/03081079008935107
http://doi.org/10.1515/math-2016-0102

	Introduction 
	Prerequisites 
	Main Contribution 
	Characteristic Function on RFI in  Rings 
	Operations on RFI in Rings 
	Rough Fuzzy Prime Ideals (RFPIs) in [scale=1]Definitions/symmetry-1839264-i003.pdf Rings 
	Properties of Rough [scale=1]Definitions/symmetry-1839264-i003.pdf-Endomorphism of [scale=1]Definitions/symmetry-1839264-i003.pdf Rings 
	Conclusions 
	References

