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Abstract: Fuzzy sets are a major simplification and wing of classical sets. The extended concept of
set theory is rough set (RS) theory. It is a formalistic theory based upon a foundational study of the
logical features of the fundamental system. The RS theory provides a new mathematical method for
insufficient understanding. It enables the creation of sets of verdict rules from data in a presentable
manner. An RS boundary area can be created using the algebraic operators union and intersection,
which is known as an approximation. In terms of data uncertainty, fuzzy set theory and RS theory
are both applicable. In general, as a uniting theme that unites diverse areas of modern arithmetic,
symmetry is immensely important and helpful. The goal of this article is to present the notion of
rough fuzzy ideals (RFI) in the gamma ring structure. We introduce the basic concept of RFI, and the
theorems are proven for their characteristic function. After that, we explain the operations on RFI,
and related theorems are given. Additionally, we prove some theorems on rough fuzzy prime ideals.
Furthermore, using the concept of rough gamma endomorphism, we propose some theorems on the
morphism properties of RFI in the gamma ring.

Keywords: I Ring; rough set; rough fuzzy set; rough fuzzy ideals; I'-homomorphism; I'-endomorphism

1. Introduction

L.A.Zadeh introduced the fuzzy set concept [1]. Fuzzy set theory is a method of
investigation that can be used to solve problems involving ambiguous, subjective, and
inaccurate senses or judgments. Fuzzy set theory is a valuable tool for describing the data.
Many researchers have discussed fuzzy versions of various algebraic structures. One of the
algebraic structures is the gamma ring. Almost all the axioms of the ring and gamma ring
are the same. In 1964, the concept of the gamma ring was introduced by N.Nobusawa [2].
Nobusawa’s definition of the gamma rings was slightly weakened by W.E.Barnes [3]. These
two papers were widely read by mathematicians after being published and had interesting
results on gamma rings. Y.B.Jun et al. used the idea of the fuzzy set in the theory of
gamma rings [4,5]. Gamma rings have been used to extend several fundamental ring
theory conclusions. The number of generalizations that are identical to the corresponding
parts of S.Kyuno’s ring theory was investigated using the gamma ring structure [6]. Many
researchers developed theorems and examples of fuzzy sets on algebraic structures [7,8].
Pure mathematics uses algebraic structures to learn the symmetry of geometrical objects.
The most important functions in ring theory are those that preserve ring operation, often
called homomorphisms.

The extension of a fuzzy set is an intuitionistic fuzzy set (IFS). The IFS was introduced
by Atanssov to tackle the problem of non-determinacy caused by a single membership
function in the fuzzy set. The IFS is very useful in providing a flexible model to elaborate on
the uncertainty and vagueness involved in decision making. Palaniappan et.al. developed
and proved certain results on intuitionistic fuzzy ideals in both gamma near rings and the
gamma ring structure [9-11]. In 2011, the structures of Artinian and Noetherian nearrings
were examined by Ezhilmaran and Palaniappan [12]. Wen presented findings on the
IF overlap function [13]. Alolaiyan et.al. and Altassan stated their findings on fuzzy
isomorphisms of fuzzy subrings [14,15]. In 2013, Uddin proved gamma endomorphism’s
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function [16]. Pawlak proposed RS theory, a novel mathematical way of dealing with
inexact and imprecise knowledge [17]. RS is a new branch of uncertainty mathematics
intimately related to fuzzy set theory. RS theory is intended to handle uncertainty in
addition to fuzzy set theory, which uses concepts such as approximation, dependence,
and reduction of attributes. Almost all the applications of a RSs and fuzzy sets are similar.
However, fuzzy sets and RSs have distinctive characteristics which make RSs better than
fuzzy sets. In fuzzy sets, a membership function is determined a priori, and data are fitted
to the theory, but an RS does not need any assumptions about the membership function.
According to an RS, each subset of a universe is made up of two subsets called the lower
and upper approximations. An RS identifies partial or total reliance, purges superfluous
data, and supplies an approach to null values, missing data, dynamic data, and others. The
various structures of algebra are explained in terms of an RS by Biswas and Nandha [18]
and Z. Bonikowaski [19]. Ali examined some properties of generalized RSs as well as some
properties of generalized upper and lower approximations [20]. B.Davvaz studied the
new rough algebraic structural results [21-25]. The following are some rough algebraic
structures described by mathematicians. V.S5.Subha et al. Stated the fuzzy rough prime
and semi-prime ideals in semigroups and discussed their properties. Bagirmaz described
the rough image and inverse image of the prime ideals [26-28]. Zhan and Marynirmala
proposed RFI and hearings [29]. Bo et.al. investigated three kinds of neutrosophic rough
sets and multigranulation neutrosophic rough sets [30]. The concepts of rough sets have
been extended to the fuzzy environment, in which the results are called the Rough Fuzzy
Set (RFS) and fuzzy rough set. A pair of fuzzy sets called “RFS” is produced when a fuzzy
set is approximated in a crisp approximation space. A RFS can be useful with improbability
in classification, especially vagueness. Dubois and Prade showed the difference between
an RFS and a fuzzy rough set [31]. Wang et al. and Zhan primarily focused on rough fuzzy
subsemigroups and rough fuzzy prime ideals [32,33]. The objective of the current work
is to provide the RFI in the gamma ring structure. In this article, some basic concepts are
given in Sections 2 and 3 contain the definition of RFI with examples and some properties
of RFIL. Sections 4 and 5 explain the characteristic functions of RFI in gamma rings and some
operations on RFI in gamma rings. Then, Section 6 deals with prime ideals in RFI. The
two additional theorems of rough gamma endomorphism are demonstrated in Section 7.
Section 8 concludes with a succinct summary.

2. Prerequisites

The required definitions are incorporated in this section.

Definition 1 ([3]). Consider (N,T') an abelian group where N = {p,q,r} and T = {a,B,v...},
and for all p,q,v € N and «, Bel’, the following conditions are satisfied:
(1) pageN;

(2) (p+q)ar = par +qar, p(a+p)q = paq + ppq, pa(q +71) = paq + par;
(3) 1If (paq)B r = pa(qPr), then N is called a T Ring;

This was later the improved by W.E.Barnes [3]:
(1) pageNapPBel;
(2) (p+q)ar = par +qar, p(a + p)q = paq + ppq, pa(q+71) = paq+ par;

(3) (pag)pr = p(aqp)r = pa(qpr);
(4’) pag =0 for all p,qeN, which implies & = 0.

Definition 2 ([17]). Suppose K = (U,R), in each subset P C U, and an equivalence relation
R eIND(K).  We associated two subsets apr(P) = U{p; € U/R|[p;] CP} and
apr(P) = U{p; € U/R | [pJNP # ¢}, called the apr-lower and apr-upper approximations of

P, respectively. A set of pairs (Tpr, %) is called the RS in K and symbolized by P = (Tpr, %).
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Definition 3 ([31]). Let X be a set, R be an equivalence relation on X and 1 be a fuzzy subset of N.
Then upper and lower approximation of apr(p) and apr(p) of a fuzzy subsets y by R are the fuzzy
set U/R with membership funcution defined by

Mapr(y) (Xi) = sup{py(x)/w(X;) = [x]r }
Mapr(n)(Xi) = inf {juy(x)/w(X;) = [x]r } where ) (Xi)(resp. papr(y) (Xi))
is the degree of membership of X; in apt(n) (resp. apr(1)) - (Tpr(q) , apr(n) ) is called an RFS.

Definition 4. A function 6 : g1 — g» where g1 and go are I' Rings is said to be a I'-homomorphism if

(1) 6(p+q)=6(p) +6(q);
(2)  0(pag) =0(p)ab(q) forall p,q,€ N, aerl.

Definition 5. A function 0 : g1 — g», where 0 is a I'-homomorphism and g and g, are I' Rings,
is called a T-endomorphism if g» C g7.

3. Main Contribution

A definition of RFI and an example are given in this section, and we then discuss the
basic concepts of RFI.

Definition 6. An RFS 1 = < apr,, apr, > in N is called a rough fuzzy upper ideal (resp. rough
fuzzy lower ideal) (RFUI (resp. RFLI)) of a I Ring N for all p,q € N and ae T given the following:

(W) apr,(p - q) = {apr, (p) AP, () }. 77, (paq) > 7, (q) [respapr, (pag) = apr, (p));
@) apr (p—q) < {@U(p) V@W(q)},mq(paq) < apr, (q)lresp.apr, (pag) < apr, (p)]-

Example 1. Let N ={a, b, ¢, d} and o = {e, f, g, h} define N and « as follows:

- a b c d a e f g h
a a b C d e e f g h
b b b d C f f f h g
C C d d C g g h h g
d d C C C h h g g g

05ifx =a,e 0.7ifx =a,e
Tpr,?(p) = 06ifx=0,f ,@W(p): 05ifx=0,f
06ifx=cd,gh 04ifx=cd,gh
By routine calculation, clearly, N is an RF ideal of N.

Theorem 1. Consider x an ideal of a I Ring. Then, the RFS X = < apr,,apry > in Nisa RFI of N.

Proof. Let p,q € N. If the elements p, g are in the ideal x and ae T, then p — g ex and pag €) , since
X is an ideal of N. Hence, apr, (p—¢) =1 > {Wx(p) /\Tprx(q)} and apr, (paq) = 1 > Tprq(q).
Additionally, 0 =1 — apr, (p — q) = apry(p —q) < {Tprx(p) \/aTn’X(q)} and 0 =1 — apr, (paq) =
aprz(paq) < apry(q). If p and g are not in the ideal x, then apr, (p) = 0 or apr,(q) = 0, and we
find apr, (p —q) > {Tm(p) /\wa(q)} and apr, (paq) > apr,(q). In addition, apr, —(p —q) <
{@rp) vapry)} = 0 = @ (p) } v {1 -7p7,(9) } = 1 and TpF(paq) = 1 - 7pF, (paq) <
1—apr,(q) = %X(q). Therefore, § = < apr,,apry > is a RFl of N. Similiarly, ¥ = < apr ,apr_>
is also a RFI of N. O

Definition 7. A RFUI (resp. RFLI) n = < Tmﬂ,@v > of a T Ring N is normal if
apr, (0) =1and %W(O) =0.
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Example 2. Let R be the set of all integers. Then, R is a ring. Take N =T=R, and let a,b € N, ae T. Suppose
anbe N is the product of a, «, and b. Then, N is a T Ring. Define the RFS
=< Tprn,ﬂﬂ > in N as follows:

. f1lifp=0 (0 ifp=0

apry (p) = {t if p=+1,42... , o, (p) = {s ifp=+1,%2...
where te [0,1), s € (0,1]and t + s < 1. By routine calculation, clearly n is a RFL Here,
Tpr”(O) =1land %W(O) = 0. Therefore, 1 is normal.

Theorem 2. Assume that y is a RFUI (resp. RFLI) of a T Ring N, and let aTIr,ﬁ(p) = apr,(p) +
1 —apr, (0), apr, *(p) = apr (p) —apr (0). If apr,™(p)+apr *(p) < 1 forall peN . Then
=< Tprrﬁ,@fr > is a normal REUI (resp. RELI) of N.

Proof. We observe that apr,*(0) = 1, @}ﬁ(o) = 0 and apr,*(p), @q*(p)e[o, 1]
for every peN. Therefore, nt = < apr,, apr, > is a normal RFS. To prove it is a RFUI (resp. RFLI),
let p,q € N and ae I'. Then, aTJrWJr(p — ¢), and by our condition, we find “apr, (p — q) +1 —"apr, (0) >
{ar, () rapr, (0} + 1 - @r,0-= {ap7,(p) +1—ap7,(0))
A {Tm(q) +1—apr, (0)} ="apr, " (p) A"apr, ™ (q) and apr, ™ (paq) = apr, (paq) +1—"apr,(0) >
apr, (9)+1—- apr, (0) = Tpry]* (g). A similar condition also holds for lower ideals. This shows that
Nt =< Tpr,ﬁ,%}ﬁ > is a RFUI (resp. RFLI) of N. OJ

4. Characteristic Function on RFI in I" Rings
The following section includes the characteristics of RFI and discusses some related theorems.
Theorem 3. 17 is an ideal of a I Ring N if and only if = < apr;, apr; >, where
L pey 1 PET

P :{ 0 otherwise and b v :{ 0 otherwise
Then, ij is a RFUI (resp. RFLI) of N.

Proof. Assume that 7 is an ideal of N, and let p,q € Nand ae I'. If p,q € 1, and pag € 5. Therefore,
Tprﬁ(p —q)=1

Apply the condition of the RFI and ap7y(pa q) =1 > Tprﬁ(q) (as well as a similar p). Supposing
the elements are not ideal, then we have Tprﬁ(p) = 0and apr; (p) =0, and we find Tpr,?(p —q) >

{av7,(p) NP7, (9) } 77, (paq) = 77, (q) (also resp. p).
In the same manner, lower ideals are also implemented. Hence, 7 is a RFUI (resp. RFLI)
of N. Conversely, let us assume that 77 is a RFUI (resp. RFLI) of N. Let p,q € N anda e I'. If

p.q € 1,apry(p —q) = {Tprﬁ(p) Afwﬁ(q)} =1, then apr_(p —q) < {Tprq(p) va(q)} =0, and
therfore p —q € y.apry(pa q) > apry(q) = 1, (which is also similiar for the element p). apr (pag) <
@ﬁ(q) = 0 such that pag € 7.

Therefore 7 is a RFUI (resp. RFLI) of N. [J

Theorem 4. Let I be the ideal of N. If the RFS nj = < Tprﬂ,%n > in N is defined by

[ a ifpel _J ¢ ifpel
apr,(p) = { b otherwise P, (p)—{ d otherwise

then for allpe Nanda e T, where0<b<a,0<d<c,a+c<1,andb+d <1,theny isa RFUI (resp.
RFLI) of N and U(Wq;a) == L(@W;c).

Proof. If p,q € 17 and a € I', suppose atleast one of the p and g does not fit in I. Then, ap7, (p—q)>0b
= {apry(p) A apr, (@}, apr (p—q) < d. I p,q € I, then p—q € I, and so apr,(p—q) = a =
{apr, (p)Aapr, (q)}. Suppose that g € I, p € N, and aeI'. Then, pag € Iand apr, (pag) = a =
W”(q) (also resp. the element p). In the case where g ¢ I, then Tprn(ptxq) =b= W”(q) (also
resp. the element p). In addition to the same steps, we also used a lower approximation, resulting
inp,qg€l, then apr, (p—9q) =d. If g € I, then ﬂn(paq) =c,and if g € I, then apr, (pagq) = d.
We can conclude that 7 is a RFUI (resp. RFLI) of N. O
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Theorem 5. An RFS 5 = <Tpr,7,@yl> in a I Ring N is an RFUI (resp. RFLI) if andonly if 1, =

{pe N|apr,(p) > t,%n (p) < s} is an upper (resp. lower) ideal of N for TWW(O) > t,%” 0) <s.

Proof. Let 7 be a RFUI (resp. RFLI) of N, and let TprU(O) >t andﬂﬂ (0) < s. If we take two
elements p,g€ <ts> and a € T, then Tprﬂ(p) > t,aTn’W(q) >t, and ﬂﬂ(p) ,%n(q)g s. We know
the RFI conditions apr, (p — q) = {apr, (p)A apr, (9)} > t and apr, (paq) > apr,(q) > t (also resp. p).

Similarly, the same steps are also followed by lower ideals, and finally we have apr, (p—q) <
s and @W(pwq) <s.

Therefore, 17 s~ is a RFUI (resp. RFLI) of N.

Conversely, assume that 77, ;) is a RFUI (resp. RFLI) of N. Then, Tpr”(O) > tand apr, 0) <s.
Let p,g € N be such thataTirﬂ(p) = tl,Tprﬂ(q) =tp,and @W(p) = sl,%q(q) = sp. Then, p€ 1<ts>
and q € <> such that t, <t and sy > s7.

Without loss of generality, we may assume that it follows that 17<4,5,> C 7, ) such that
Prq € Ngys)- Since 17y, ) is an ideal of N, we have p —q € 5, ¢y and pag € 1, 4, for all
xe T, where @pF,(p—q) = t > to = (7%, (P)A T, (VPF, (pag)) = t > o = apr, (q) and
apr, (p—q) < s1 < s2.=lapr, (p)A apr, (@hapr, (paq))) < s1 < s = apr, (4).

We conclude that # is a RFUI (resp. RFLI) of N. [

Theorem 6. If the RFS 11 = < Tprn,ﬂﬂ >is a RFUI (resp. RFLI) of a T Ring, then the sets Napr, =
{pe N/Wn(p) = Tprn(O)} and N@” (P)={pe N/%q(p) =apr, (0)} are upper (resp.lower) ideals.

Proof. Consider p,q € N aT)r,7 and we I'. Then, Tprn(p) = aT)r,7 (0) and Tprﬂ(q) = Ter(O), since 7 is a
RFUI (resp. RFLI). apr, (p — q) > {apr, (p)A apr, (q9)}=apr, 0), but apr, (0) > apr, (p — q). Therefore,
p—4q € Napr, and W”(paq) > Tprv(q) =apr, (0) (also resp. the element p). Hence, pag € Napr,,
and therefore N ap7, is the upper (resp. lower) ideal of M. We followed the same steps followed by
the lower ideals and finally arrived at p —g € N apr, and pag € N apr,- Therefore, N apr, is the

upper (resp. lower) ideal of N. J

5. Operations on RFI in Rings

A few operators of RFI and their related theorems are presented in this section.

Definition 8. Let X = < apry,apr, >and Y = < apry,apr, > be two rough fuzzy subsets of a T’ Ring
N. Then, the rough sum of X and Y is defined to be the rough fuzzy set X @Y = < APTxay WPy oy > inN
given by

o V Aapry(q) Napry(r)}if p=q+r
apryay(P) = OP:W

otherwise
N yapry(q)Vapr (r)pif p=q+r

apry . (P) = p:q+r{7X —Y }
Y 1 otherwise

Theorem 7. If X = < apry,apr, > and Y = < apry,apr, > are two RFUI (resp. RFLI) ideals of N, then
the roughsum X Y = < APTxay, AP gy > is a RFUI (resp. RFLI) of N.

Proof. For any p,q € N, we have ap7y,y (p) A @PTx4y(q), and by the definition of A © B, we find
= V{aprx(x) Aapry(y) : p = x+y} A V{aprx(c) Napry(d): q =c+d} =
V{ @y (x) A TPy (1) A (@0F () ATPFy(d)) :p = x+¥,0 = c +4d)

By substituting —q = —c — d into the above equation, we obtain

= V{(aprx(x) Napry(y)) A (aprx(—c) Aapry(—d)) :p=x+y,—q=—c—d}

= V{(@prx(x) Naprx(=c)) A (apry(y) Napry(—d))}:p=x+y, —q= —c—d}

<Vapry(x —c) Napry(y —d) :p—q = (x —¢) + (y —d)} =apryey (P —9),

We also we “apry,y(p) = V{@pry(x)Aapry(y):p=x+y} < V{apry (xaq) A
apry (yaq)) : paq = xaq +yaqy = V{(apry(u) Aapry(0) i paq =u+ov} = @prygy(paq).
Similar conditions also hold for the lower ideals. Therefore, we conclude that X & Y is a RFUI
(resp. RFLI) of N.OJ
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Definition 9. Let X = < aer,aer >andY = < aptry,apr, > be two rough fuzzy subsets of a T’ Ring
N. Then, the composition of X and Yis X oY = < apr XoY' apr s,y > in N, given by

___ N {apry(x;) ANapry (y;)} : :Zx»a - xyeN, wel, keZ+,
apry.y = (p) = v{lgigk{ p X( i) P Y(yl)} P i Yis XiYi

0 otherwise

1<i<k

k
. A S v +
”PrXOY(P): /\{ V {apr (x l)\/aprB(y,)}.p ;aczocyl,xly,eN,ucel",keZ ,
1 otherwise

Theorem 8. Let X = < apry,apr, > and Y = < apry,apr, > be two RFI in a Ring N. Then, X oY is a
RFUI (resp. RFLI) in N.

Proof. For any p,q € N, we have apr 4.y (p — q), and by the definition of X o Y, we have

k
apryoy(pP—9) = N\ /\ Tprx(u,') Napry(v;): p—q= ;u,-zxvi, MilvieNlﬂéer,kez+}

1<i<k

N apry(x;) ANapry yz) ( A WX(Ci)AWY(di)>

1<i<k

p= Zxayi, —q= Z —cijod;, xi, Yy, —c;, dieM, ael’ and m.neZ*}

A aer x;) /\aer Yi) ) A ( A WX(_Ci)/\WY(di)>

1<i<m

p = szocyz,q = Zc wd;, xi,y, —ci, dieM, nel and m.neZ*}

= \/{ < A apry(x;) Aapry(yi) | - xjoy;, X, yi€eN, wel and meZ+}
1<i<m

»—lmi

p=
vV < apry(—c;) /\apry(di)> ,q =Y. ciad;, x;,y;,¢i,dieN, wel and neZ*}
1<i<k
aprxoy (P — ) = aprxoy (P) NPT xoy(q)

and apry,y (p) = \/{ < A apry(x; /\upry(yi)> p= r[n:xiocy,-x,-,y,-eN, wel and meZ*}
1

1<i<m

»—-M:

NE

< \/{ < A apryx(x;) /\apry(y,-)> D pag = )nfx,-uc(y,-ocq)x,-,yiucqu, wel and meZ‘*‘}
1< 1

\/{ < A aprg(u;) /\amy(vi)> tpag = guiocvi, u;, vieM, wel and meZ+} =
1<i 1

P xoy (pag).

The same steps are also followed by lower ideals, and finally we obtain
apre.y (r—9q) = apry. Y(p) Aﬂxoy(q) and ﬂxoy(pocq) < %xoy(p)' Therefore, X o Y is a RFUI
(resp. RFLI) of N.OJ

Definition 10. Let X = < apry,apr, > and Y = < apry,apr, > be two RF subsets in a Ring N. Then,
the product of A and B constructed as AFB is

o V. {apry(q) Napry(r)}ifp = qar
aprypy(P) = {  p=oer
0 otherwise

! Vapr ifp = qar
WXFY(P):{l pAW{“P () “Ly(r)}lfp q

Theorem 9. Let X = <apry,apr, >and Y = <apry,apr, > be two RFUIs (resp. RFLIs) of N. Then,
ANB is a RFUI (resp. RFLI) of N. If X is a rough fuzzy right ideal, and Y is a rough fuzzy left ideal,
then XTY C XNY.

otherwise

Proof. Consider X and Y to be RFUIs (resp. RFLIs) of N, and let p, geN. Then, apry.y(p —9)
= aprxqy (P — ) Naprxqy (P — q)- By applying the condition of RFI and combining the terms p and

g, we finally obtain {apryy (p) A aprxqy ()}
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Additionally, apry(paq) = apry(q)[resp.apry(paq) > apry(p)] and apry(paq) =
apry(q)[resp-apry(paq) = apry(p)]. Now, aprxqy(paq) = aprx(paq) A apry(paq) =
TP () A TPy (g) = TPy (q) (also resp. p).

The same steps are also followed by the lower ideals. Therefore, X NY is an RFUI (resp. RFLI)
of N. To prove the second part if apryry(p) = 0 and aprxry(p) = 1, there is nothing to show.
By the definition of XT'Y, ap7y (p)=apry (qar) > apry(q), %X(p) =apr, (qar) < apr, (q), since X
is a rough fuzzy right ideal, and Y is a rough fuzzy left ideal, we have apry(p) = a prx(qocr) >
aprx(q) and apry(p) = apry(qar) > apry(r) and apr, (p) = apr, (qar) < apr, (q) and apr, (p) =
apr, (qar) < apr (r).

By deﬁmtlon we have
aprxry(P) = V {‘ZPVX( ) Napry(r)} < aprx(q) Aapry(r) = aprxqy (p),

Wpryry (P) = p:/L\W{aPr 9) Vapr, ()} = {apr )Vapr,(r)} = apr . (p)
Hence, XTY C XNY.O

Corollary 1. If X = <apry,apr, > and Y = <apry,apr, > are two RFUIs (resp. RFLI) of N,
then X UY is a RFUI (resp. RFLI) of N.

Definition 11. AT Ring N is regular if there exists p € N,V x € Nand , 3 € T, and then x = xapBx.
Result 1. AT Ring N is said to be reqular < if IT] = 1N ] for each right ideal I and for each left ideal |
of N.

Theorem 10. A T Ring N is regular if for each rough fuzzy right ideal X and for each rough fuzzy left ideal Y
of N, XTY = XNY.

Proof. Suppose N is regular by Theorem 9, where XI'Y C XNY. To prove XNY C XTY,letx € N
and &, B € I'. Then, by definition, 3 p € N such that x = xapBx. Thus apry(x) = apry(xappx) >
apry (xap) > APy (x)and, apr, (x) = apr (xappx) < apr (xap) < apr, (x).apFy(xaa) > aPFy(x)
and apr, (xaa) < apr, (x). On the other hand, apryry (x) = Vix=xappx{aPTx (xap) Napry(x)} >

apry (x) Aapry(x) = apryqy(x) and @XFY(P) = vX:xapﬁx{mX(xap) \/@Y(x)} < {@X(x)v
apr, (x)} = apr,_ (x). Thus, XNY C XTY, and hence XTY = XN Y. 0

Definition 12. If {1;} jc; is an arbitrary family of RFS in X, where 1; = </\Wm, \/%'7‘> for each
i€ ], then (iyNny; = </\Tprm,V@m>(ii) Uny; = <V,Tprm,,,/\,@m>.

Theorem 11. If {1;} ij is a family of RFUI (resp. RELI) of N, then Uy; = <VTprm, /\@q» ); is a REUI
(resp. RFLI) of N.

Proof. Let p,q € N and aeI. Then, <U,~€]Tprm>(p—q). By definition, we have
(Vi (p—a)) = Viey(apr, () napr, @) = (Vigapr, () A (Vieyapr, (@)=
( ic/apr, ) (Uie]TF”’m>(‘7)~

In addition, (Uieyapr,, ) (pag) = Viejapr,,(pag) > Vieapr, (q) = (Viejapr,,)(q) and
( ieapr, ) pag) > (UielaTorm)( ). The same is also true for lower ideals. Finally, we obtain
E iejapr, ) p—q) = (Uie]ﬂm)(w Vv (Uie]ﬂﬂ)(‘ﬂ and (Uie]ﬂm>(r’“q) < (Uielﬂm)(‘ﬂ-

resp. (Uzempr )(PW]) < (Uie]mm)(p))-
Consequently, U;cj7; is a RFUI (resp. RFLI) of N. [

6. Rough Fuzzy Prime Ideals (RFPIs) in I' Rings

A few theorems are proven regarding the rough fuzzy prime ideals discussed in this section.

Definition 13. An ideal P of the I Ring N is said to be prime if, for any ideals X and Y of N,
XIYCP=XCPorYCP.
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Definition 14. Let P be a rough fuzzy ideal (RFI) of a T Ring N. Then, ‘P is said to be prime if P is not a
constant mapping and, for any RFI X, Y of aT Ring N, XT'Y C P implies X C PorY C P .

Theorem 12. Let U be an ideal of a T Ring N > U # N Then, U is a prime ideal of N if <Wm,@ﬁ{) isa
REPI of N.

Proof. Suppose that U/ is a prime ideal of N, and let U = (Tprm,mn{). Since i # N,P is not

a constant mapping on N. Let X and Y be two RFI of N such that XI'Y C P and XZPorYZP.
Then, 3 p,q € N such that apry(p) > aprp(p) = apr_ (p).apry(p) < apr,(p) = apr_ (p) and
apry(p) > aprp(p) = apre, (p).apr, (p) > apry,(p) < apre (p). Thus, apry(p) # 0, apr, (p) #
1 andapry(q) # 0, %Y(q) # 1, but %Xu(p) = 0 and %xu(p) = Oand %Xu(q) = 0 such
that p # U, q # U. Since U is a prime ideal of N, it follows from Theorem 5 [3] that there exists
r € Nand a, B € T such that parfg ¢ U. Let c = parpq. Then, %Xu(c) = 0and @XL{(C) =1
Thus, XT'Y(c) = (0,1), but apryry (¢) = Vemmyn[@prx (m) Napry (n)] > apry (par) Aapry(q) (by the
definition of ¢) > apry (p) Aapry(q) > 0 (since it is # 0), and by following the same steps for the
lower ideals, we find aer(p) \Y% @Y(q) <1.

Then, XT'Y(a) # (0,1). This contradicts the result. Hence, for any two RFI X and Y, XTY C P,
which implies X C P or Y C P . Hence, P is a RFPI of N. (<) Suppose that P is not a constant
mapping on N, where U # N. Let X and Y be two ideals of N such that XTY C U, and let X =
(aT)rXX, %X)J and Y = <ny, %ﬂ) be two fuzzy ideals of N. Consider XI'Y C U{. Let p € N if
XTY(x) = (0,1). Then, clearly XTY C U.

Suppose XI'Y # (0,1). Then, aprgry(p) = Vp=gyr[apr,, (q) Napr,, (r)] # 0and apry, o (p) =
Np=gyr [@Xx(q) Vgxy(r)] # 1. There exists q,r € N with p = qar such that apr, (q) #
Oiﬂfx(q) # 1, and Mfy(r) # O,Mxy(r) # 1. Therefore, aprxy(q) =1, @Xy(q) = 0 and
aerY(r) = 1,%Xy(r) =0.

This implies g € X and r € Y. Thus, p =qar € XI'Y C U. Therefore, Tprfu(p) =1, %Xu(q) =
1. It follows that XT'Y(p) C U. Since U is a RFPI of N, either X C P or Y C P. Thus, either X C U
or Y C U.Hence, U is a prime ideal of N. O

7. Properties of Rough I'-Endomorphism of I' Rings

In this section, we propose some theorems about the morphism properties of RFI in the gamma
ring based on rough gamma endomorphism.

Definition 15. Mapping 6 : N — N of the I Ring N into itself is called a rough I'-endomorphism of N.
Iffor p,q € N, ae I then

(i)apr(p + q)0 = apr(pd) + apr(q0), apr(p + )60 = apr(pd) + apr(q0) 1)

(it)apr(paq)6 = apr(pbaqd), apr(paq)d = apr(pbaqo) )

Let A denote the set of all rough I'-endomorphisms of the I' Ring N.The multiplication and
addition on the set are as A follows. If x,y € A, then

apr(p(xay)) = apr((px)ay))p € N, ael, apr(p(xay)) = apr((px)ay) @)
peEN, aeT

apr(p(x +y)) = apr(px) +apr(py))p € N,apr(p(x +y)) = apr(px) + apr(py) 4)
p € N,ael

Theorem 13. If A is the set of all rough I'-endomorphisms of a I Ring N, then A is a I'-endomorphism of a T’
Ring with unity with respect to the usual operations.

Proof: Given that A is the set of all rough I'-endomorphisms of a I'-ring M, toprove A is a I' Ring
with unity, welet x,y,z € A,ae T,pe N. Then, the condition of the T Ring is apr(p(x + y)ac =

apr(p(x +y))az).
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By applying the distributive law and the condition of rough gamma endomorphism, we finally
get apr p(xaz) + aprp(yaz) = apr(p(raz+yaz) andapr(p(x(a+p)z)) =
apr((px)az) + apr((px)Bz) = apr(p(xaz + xpz)), x,z € A,a, Be I, peN.

Similiarly, apr(p(xay)Bz) = apr(((px)ay)pz) = apr (p(xa(yBz))) Vx,y,z € A, a,BeT. Like-
wise, the three conditionsalso satisfythe lower case.

For all x € A, there exists a unity element 1 € A such that apr(p(lax)) =
apr((pl)a)x) =  apr(px),acl,peN, and hence apr(p(lax)) = apr(p(xal)) =
px andapr(p(lax)) = apr(p(xal)) = px. Thus A satisfies all the conditions of the I' Ring, and-
hence A is a T Ring with unity. O

Theorem 14. Let A be the set of all rough endomorphisms of the I Ring N. If xeA, then a has a multiplicative
inverse in A if and only if x is a one-to-one function.

Proof. Assume A to be the set of all rough I'-endomorphisms of a I' Ring M. If xeA, then x
has an inverse in A. To prove x is a one-to-one function, let x have an inverse y in A. xay =
yax = 1, ael. Then, for each peN, we get apr((py)ax) = apr(p(yax)) = apr(p). A similar con-
dition holds for the lower approximation, which x is clearly on. Furthermore, pj, ppeN such that
apr(p1x) = apr(pax) and apr(p1) = apr(p1.1) = apr(pi(xay)) = apr((p1.1)ay) = apr((p2-1)ay) =
apr(pz). Therefore, x is a one-to-one mapping. Conversely, let us assume that the I'-endomorphism
x is a one-to-one mapping of N onto N so that each element of N is of the form px, peN. We
define a mapping d of N into N as follows: apr(((px)a)y) = apr(p), peN,ael. If p,qeN, then
apr(((px + qx)a)y), and by this assumption, we get ap7(p + q). Through asimple calculation, we
finally get apr(((px)a)y) + apr(((qx)a)y) and apr((pxagx)a)y) = apr(((pag)xa)y = apr(paq) =
apr(((p)a)y)e apr(((q)a)y).

A similar condition holds for the lower approximation. We see that b is a rough I'-endomorphism
of M. Furthermore, ap7((px)ay) = apr(p(xay) = apr(p) for every p in N, and hence xay = 1. Finally,
peN, where apr(((px)a(yax)) = apr((p(xay))ax) = apr((p(L)ax) = apr(p(lax)) = apr(px).
Similiarly, apr(((px)a(yax)) = apr(px). That is equivalent to the statement that apr(q(yax)) =
apr(q) and apr(q(yax)) = apr(q) for every g eN. Hence, yax = 1, and y is the inverse of x in A. [J

8. Conclusions

Recently, many algebraic structures have been viewed in terms of rough structures. The chief
purpose of RS analysis is the induction of approximation. The topical extension of RS theory has
developed a new method for the decay of large datasets. In this paper, some new rough operations
were discovered. Furthermore, we hashed out characterizations of rough fuzzy ideals and discussed
some morphism properties. Finally, we introduced the rough gamma endomorphism and discussed
the set of all rough I'-endomorphisms of the I' Ring as a gamma ring with unity. Error tolerance
is a major limitation of the classical rough sets. In future work, the rough fuzzy concept may be
applied in other algebraic structures such as I’ fields, I' modules, I near rings, and I near fields. In
addition, various algebraic structures and their properties may be investigated through rough soft
sets. Researchers are finding a new way to visualize the various structures.
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