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Abstract: In this paper, we derive the expressions of Codazzi tensors associated with Yano connections
in seven Lorentzian Lie groups. Furthermore, we complete the classification of three-dimensional
Lorentzian Lie groups in which Ricci tensors associated with Yano connections are Codazzi tensors.
The main results are listed in a table, and indicate that G1 and G7 do not have Codazzi tensors
associated with Yano connections, G2, G3, G4, G5 and G6 have Codazzi tensors associated with
Yano connections.
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1. Introduction

A Codazzi tensor is a symmetric 2-tensor whose covariant derivative is also symmetric
in differential geometry. It is a powerful tool to study geometric properties of Riemannian
manifolds with harmonic Weyl tensors or harmonic curvature. A natural example of
Codazzi tensor is the second fundamental form of an immersed hypersurface in a space
form. There are some typical works on Codazzi tensors. For example, in [1], Andrzej
and Shen studied some geometric and topological consequences of the existence of a
non-trivial Codazzi tensor on a Riemannian manifold. In [2], the detailed structure of
certain Riemannian manifolds admitting Codazzi tensors was described. In [3], Liu, Simon
and Wang introduced the notion of (0, m)-Codazzi tensors relative to an affine connection
which then was used to study the topology of surfaces. In [4], the authors revealed the
correspondence between Codazzi tensors that commute with its second fundamental form
of a submanifold and Ribaucour transforms. In [5], Gabe constructed some examples of
Codazzi tensors with two eigenvalue functions and classified this kind of Codazzi tensors
on a Riemannian manifold. In [6], the authors proved structure theorem for Riemannian
manifolds admitting a Codazzi tensors with exactly two distinct eigenvalues and then they
classified three-dimensional gradient Ricci solitons. There are also some works on Codazzi
tensors and complete Riemannian manifold, see [7,8].

In 2016, Etayo and Santamaria introduced the Yano connection on manifolds with a
product structure or a complex structure based on Yano’s work on the Levi Civita connection
in [9]. The Yanno connection can be used to study some new properties of manifolds and
Lie groups, which make the research for Yano connection significant geometrically as
well. As we known that the authors classified three-dimensional Lorentzian Lie groups
in [10,11]. Inspired by the above works, Wang defined a new kind of algebraic Ricci soliton
associated with canonical connections on three-dimensional Lorentzian Lie groups with a
product structure and classified the new algebraic Ricci soliton in [12]. In 2021, Wu and
Wang studied affine Ricci solitons associated with the Bott connection on three-dimensional
Lorentzian Lie groups in [13]. In 2021, Wu and Wang studied Codazzi tensors and the
quasi-statistical structure associated with canonical connections on three-dimensional
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Lorentzian Lie groups in [14]. There are also some works on Gauss Bonnet theorems on
Lie groups, see [15–23]. However, very little is known about Codazzi tensors associated
with Yano connections on Lorentzian Lie groups. This paper attempts to classify three-
dimensional Lorentzian Lie groups on which Ricci tensors associated with Yano connections
are Codazzi tensors.

To allow a useful study of Codazzi tensors associated with Yano connections in
Lorentzian Lie groups, we derived the expressions of Yano connections in seven Lorentzian
Lie groups. Then, we calculated the expressions of curvatures of the Yano connections.
These expressions would be used to define the notions of Codazzi tensors associated with
Yano connections. Furthermore, we derived the expressions of those Codazzi tensors in
order to complete the classification of three-dimensional Lorentzian Lie groups on which
Ricci tensors associated with Yano connections are Codazzi tensors. The main results of this
paper are listed in Table 1 which shows the conditions that Ricci tensors associated with
Yano connections is Codazzi tensors associated with Yano connections on {Gi}i=1,2,...,7.

Table 1. Codazzi tensors associated with Yano connections on three-dimensional Lorentzian
Lie groups.

Lorentzian Lie Groups Conditions of Codazzi Tensors Associated with Yano Connections

G1 No solution
G2 β = 0, γ 6= 0
G3 βγ2 = 0
G4 α = β = 0, η = ±1
G5 permanent establishment
G6 α = β = 0, δ 6= 0
G7 No solution

We found that G1 and G7 do not have Codazzi tensors associated with Yano connec-
tions, G2, G3, G4, G5 and G6 have Codazzi tensors associated with Yano connections.

The paper is organized in the following way. In Section 2, basic notions on three-
dimensional Lorentzian Lie groups such as Yano connection, Riemannian curvature and
Codazzi tensor are given. In Section 3, we derive the expressions of Yano connections and
the associated curvatures in seven Lorentzian Lie groups and completed the classification
of three-dimensional Lorentzian Lie groups on which Ricci tensors associated with Yano
connections are Codazzi tensors. In Section 4, we summarize the main results and discuss
further work for the future.

2. Basic Notions

In this section, we will introduce some basic notions on three-dimensional Lorentzian
Lie groups such as Yano connection, Riemannian curvature and Codazzi tensor.

Let {Gi}i=1,...,7 be the connected, simply connected three-dimensional Lorentzian Lie
group, and let {gi}i=1,...,7 be the associated Lie algebra classified in [10,11]. The correspond-
ing left-invariant Lorentzian metric is denoted by g. Let ∇L be the Levi-Civita connection
of Gi. The definition of the Yano connection ∇Y is given as follows:

∇Y
UV = ∇L

UV − 1
2
(∇L

V J)JU − 1
4
[(∇L

U J)JV − (∇L
JU J)V] (1)

where J is a product structure on {Gi}i=1,...,7 by Jh̃1 = h̃1, Jh̃2 = h̃2, Jh̃3 = −h̃3.
The curvature of the Yano connection is defined by

RY(U, V)W = ∇Y
U∇Y

VW −∇Y
V∇Y

UW −∇Y
[U,V]W. (2)

The Ricci tensor of (Gi, g) associated with the Yano connection ∇Y is defined by

ρY(U, V) = −g(RY(U, h̃1)V, h̃1)− g(RY(U, h̃2)V, h̃2) + g(RY(U, h̃3)V, h̃3), (3)
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where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike.
Let

ρ̃Y(U, V) =
ρY(U, V) + ρY(V, U)

2
. (4)

Let M be a smooth manifold endowed with a linear connection ∇ and ω be a (0, 2) tensor
field, then one can define

(∇Uω)(V, W) := U[ω(V, W)]−ω(∇UV, W)−ω(V,∇UW) (5)

for arbitrary vector fields U, V, W. The tensor fields ω is called a Codazzi tensor on (M,∇)
if it satisfies

f (U, V)W = (∇Uω)(V, W)− (∇Vω)(U, W) = 0, (6)

where f is C∞(M)-linear for U, V, W. One can obtain the following proposition on condi-
tions of Codazzi tensor.

Proposition 1. The tensor ω is a Codazzi tensor on (M,∇) if and only if

f (U, V, W) = − f (V, U, W). (7)

Then, we have that ω is a Codazzi tensor on (Gi,∇)i=1,2,...,7 if and only if the following three
equations hold: 

f (h̃1, h̃2, h̃j) = 0,
f (h̃1, h̃3, h̃j) = 0,
f (h̃2, h̃3, h̃j) = 0,

(8)

where 1 ≤ j ≤ 3.

3. Codazzi Tensors Associated with Yano Connections on Lorentzian Lie Groups

In this section, we will derive the expressions of Yano connection and the associ-
ated curvatures in seven Lorentzian Lie groups and complete the classification of three-
dimensional Lorentzian Lie groups on which Ricci tensors associated with Yano connections
are Codazzi tensors.

3.1. Codazzi Tensor Associated with Yano Connection of G1

In this subsection, we consider the following Lie algebra of G1 which satisfies

[h̃1, h̃2] = αh̃1 − βh̃3, [h̃1, h̃3] = −αh̃1 − βh̃2, [h̃2, h̃3] = βh̃1 + αh̃2 + αh̃3, α 6= 0,

where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike. One can obtain the follow-
ing two Lemmas on the expressions of Yano connections and the associated curvatures in
the first Lorentzian Lie group.

Lemma 1. The Yano connection ∇Y of G1 is given by

∇Y
h̃1

h̃1 = −αh̃2, ∇Y
h̃1

h̃2 = αh̃1 − βh̃3, ∇Y
h̃1

h̃3 = 0,

∇Y
h̃2

h̃1 = βh̃3, ∇Y
h̃2

h̃2 = 0, ∇Y
h̃2

h̃3 = αh̃3,

∇Y
h̃3

h̃1 = αh̃1 + βh̃2, ∇Y
h̃3

h̃2 = −βh̃1 − αh̃2, ∇Y
h̃3

h̃3 = 0.
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Lemma 2. The curvature RY of the Yano connection ∇Y of (G1, g) is given by

RY(h̃1, h̃2
)
h̃1 = αβh̃1 + (α2 + β2)h̃2, RY(h̃1, h̃2

)
h̃2 = −(α2 + β2)h̃1 − αβh̃2 + αβh̃3,

RY(h̃1, h̃2
)
h̃3 = 0, RY(h̃1, h̃3

)
h̃1 = −3α2h̃2,

RY(h̃1, h̃3
)
h̃2 = −α2h̃1, RY(h̃1, h̃3

)
h̃3 = αβh̃3,

RY(h̃2, h̃3
)
h̃1 = −α2h̃1, RY(h̃2, h̃3

)
h̃2 = α2h̃2,

RY(h̃2, h̃3
)
h̃3 = −α2h̃3.

One can prove the following theorem on Codazzi tensor in the first Lorentzian Lie
group based on Lemma 2 and Lemma 4.

Theorem 1. ρ̃Y is not a Codazzi tensor on (G1,∇Y).

Proof. By (3), we obtain

ρY(h̃1, h̃1) = −α2 − β2, ρY(h̃1, h̃2) = αβ, ρY(h̃1, h̃3) = −αβ,

ρY(h̃2, h̃1) = αβ, ρY(h̃2, h̃2) = −(α2 + β2), ρY(h̃2, h̃3) = α2,

ρY(h̃3, h̃1) = 0, ρY(h̃3, h̃2) = 0, ρY(h̃3, h̃3) = 0.

Then

ρ̃Y(h̃1, h̃1) = −(α2 + β2), ρ̃Y(h̃1, h̃2) = αβ, ρ̃Y(h̃1, h̃3) = −
αβ

2
,

ρ̃Y(h̃2, h̃2) = −(α2 + β2), ρ̃Y(h̃2, h̃3) =
α2

2
, ρ̃Y(h̃3, h̃3) = 0.

By (5), we have

(∇Y
h̃1

ρ̃Y)(h̃2, h̃1) = −
αβ2

2
, (∇Y

h̃2
ρ̃Y)(h̃1, h̃1) = αβ2, (∇Y

h̃1
ρ̃Y)(h̃2, h̃2) = 0,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃2) = −
α2β

2
, (∇Y

h̃1
ρ̃Y)(h̃2, h̃3) =

α2β

2
, (∇Y

h̃2
ρ̃Y)(h̃1, h̃3) =

α2β

2
,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃1) =
α3

2
, (∇Y

h̃3
ρ̃Y)(h̃1, h̃1) = 2α3, (∇Y

h̃1
ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃1, h̃2) = 0, (∇Y
h̃1

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃3) = 0,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃1) = αβ, (∇Y
h̃3

ρ̃Y)(h̃2, h̃1) = 0, (∇Y
h̃2

ρ̃Y)(h̃3, h̃2) = −
α3

2
,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃2) = −2α3, (∇Y
h̃2

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃2, h̃3) =
α3 − αβ2

2
.

Then, if ρ̃Y is a Codazzi tensor on (G1,∇Y), by (6) and (7), we obtain the following
five equations: 

αβ2 = 0
α2β = 0
α3 = 0
αβ = 0
αβ2 − α3 = 0.

(9)

By solving (9), we have α = 0. This is a contradiction.

3.2. Codazzi Tensor Associated with Yano Connection of G2

In this subsection, we consider the following Lie algebra of G2 which satisfies

[h̃1, h̃2] = γh̃2 − βh̃3, [h̃1, h̃3] = −βh̃2 − γh̃3, [h̃2, h̃3] = αh̃1, γ 6= 0,
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where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the second Lorentzian Lie group.

Lemma 3. The Yano connection ∇Y of G2 is given by

∇Y
h̃1

h̃1 = 0, ∇Y
h̃1

h̃2 = −βh̃3, ∇Y
h̃1

h̃3 = −2βh̃2 − γh̃3,

∇Y
h̃2

h̃1 = −γh̃2 + βh̃3, ∇Y
h̃2

h̃2 = γh̃1, ∇Y
h̃2

h̃3 = 0,

∇Y
h̃3

h̃1 = βh̃2, ∇Y
h̃3

h̃2 = −αh̃1, ∇Y
h̃3

h̃3 = 0.

Lemma 4. The curvature RY of the Yano connection ∇Y of (G2, g) is given by

RY(h̃1, h̃2
)
h̃1 = (γ2 − β2)h̃2 − βγh̃3, RY(h̃1, h̃2

)
h̃2 = −(γ2 + αβ)h̃1, RY(h̃1, h̃2

)
h̃3 = 2βγh̃1,

RY(h̃1, h̃3
)
h̃1 = 0, RY(h̃1, h̃3

)
h̃2 = (βγ− αγ)h̃1, RY(h̃1, h̃3

)
h̃3 = −2αβh̃1,

RY(h̃2, h̃3
)
h̃1 = (βγ− αγ)h̃1, RY(h̃2, h̃3

)
h̃2 = −βγh̃2 + αβh̃3, RY(h̃2, h̃3

)
h̃3 = 2αβh̃2 + αγh̃3.

Based on Lemmas 3 and 4, one can prove the following theorem on Codazzi tensor in
the second Lorentzian Lie group.

Theorem 2. ρ̃Y is a Codazzi tensor on (G2,∇Y) if and only if β = 0, γ 6= 0.

Proof. By (3), we have

ρY(h̃1, h̃1) = β2 − γ2, ρY(h̃1, h̃2) = 0, ρY(h̃1, h̃3) = 0,

ρY(h̃2, h̃1) = 0, ρY(h̃2, h̃2) = −γ2 − 2αβ, ρY(h̃2, h̃3) = 2βγ− αγ,

ρY(h̃3, h̃1) = 0, ρY(h̃3, h̃2) = −αγ, ρY(h̃3, h̃3) = 0.

Then

ρ̃Y(h̃1, h̃1) = β2 − γ2, ρ̃Y(h̃1, h̃2) = 0, ρ̃Y(h̃1, h̃3) = 0,

ρ̃Y(h̃2, h̃2) = −γ2 − 2αβ, ρ̃Y(h̃2, h̃3) = βγ− αγ, ρ̃Y(h̃3, h̃3) = 0.

By (5), we obtain

(∇Y
h̃1

ρ̃Y)(h̃2, h̃1) = 0, (∇Y
h̃2

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃2, h̃2) = 2β2γ− 2αβγ,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃2) = −αβγ− 2β2γ, (∇Y
h̃1

ρ̃Y)(h̃2, h̃3) = −3βγ2 − 4αβ2 − αγ2,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃3) = βγ2 − αγ2, (∇Y
h̃1

ρ̃Y)(h̃3, h̃1) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃1) = 0,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃2) = −βγ2 − 4αβ2 − αγ2, (∇Y
h̃3

ρ̃Y)(h̃1, h̃2) = βγ2 + 3αβ2 − αγ2,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃3) = 4β2γ− 4αβγ, (∇Y
h̃3

ρ̃Y)(h̃1, h̃3) = αβγ− β2γ,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃1) = βγ2 − αγ2, (∇Y
h̃3

ρ̃Y)(h̃2, h̃1) = 3αβ2 − αγ2 + βγ, (∇Y
h̃2

ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃2) = 0, (∇Y
h̃2

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃2, h̃3) = 0.

Then, if ρ̃Y is a Codazzi tensor on (G2,∇Y), by (6) and (7), we obtain the following
five equations: 

2β2γ− αβγ = 0
βγ2 + αβ = 0
2βγ2 + 7αβ2 = 0
β2γ− αβγ = 0
αβ2 = 0.

(10)
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By solving (10), we obtain Theorem 2.

3.3. Codazzi Tensor Associated with Yano Connection of G3

In this subsection, we consider the following Lie algebra of G3 which satisfies

[h̃1, h̃2] = −γh̃3, [h̃1, h̃3] = −βh̃2, [h̃2, h̃3] = αh̃1,

where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the third Lorentzian Lie group.

Lemma 5. The Yano connection ∇Y of G3 is given by

∇Y
h̃1

h̃1 = 0, ∇Y
h̃1

h̃2 = −γh̃3, ∇Y
h̃1

h̃3 = 0,

∇Y
h̃2

h̃1 = γh̃3, ∇Y
h̃2

h̃2 = 0, ∇Y
h̃2

h̃3 = −γh̃1,

∇Y
h̃3

h̃1 = βh̃2, ∇Y
h̃3

h̃2 = −αh̃1, ∇Y
h̃3

h̃3 = 0.

Lemma 6. The curvature RY of the Yano connection ∇Y of (G3, g) is given by

RY(h̃1, h̃2
)
h̃1 = βγh̃2, RY(h̃1, h̃2

)
h̃2 = −(γ2 + αγ)h̃1, RY(h̃1, h̃2

)
h̃3 = 0,

RY(h̃1, h̃3
)
h̃1 = 0, RY(h̃1, h̃3

)
h̃2 = 0, RY(h̃1, h̃3

)
h̃3 = −βγh̃1,

RY(h̃2, h̃3
)
h̃1 = 0, RY(h̃2, h̃3

)
h̃2 = 0, RY(h̃2, h̃3

)
h̃3 = βγh̃2.

Based on Lemmas 5 and 6, one can prove the following theorem on Codazzi tensor in
the third Lorentzian Lie group.

Theorem 3. ρ̃Y is a Codazzi tensor on (G3,∇Y) if and only if βγ2 = 0.

Proof. By (3), we have

ρY(h̃1, h̃1) = −βγ, ρY(h̃1, h̃2) = 0, ρY(h̃1, h̃3) = 0,

ρY(h̃2, h̃1) = 0, ρY(h̃2, h̃2) = −γ2 − αγ, ρY(h̃2, h̃3) = 0,

ρY(h̃3, h̃1) = 0, ρY(h̃3, h̃2) = 0, ρY(h̃3, h̃3) = 0.

Then

ρ̃Y(h̃1, h̃1) = −βγ, ρ̃Y(h̃1, h̃2) = 0, ρ̃Y(h̃1, h̃3) = 0,

ρ̃Y(h̃2, h̃2) = −γ2 − αγ, ρ̃Y(h̃2, h̃3) = 0, ρ̃Y(h̃3, h̃3) = 0.

By (5), we have

(∇Y
h̃1

ρ̃Y)(h̃2, h̃1) = 0, (∇Y
h̃2

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃2, h̃2) = 0,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃2) = 0, (∇Y
h̃1

ρ̃Y)(h̃2, h̃3) = 0, (∇Y
h̃2

ρ̃Y)(h̃1, h̃3) = −βγ2,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃1) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃1, h̃2) = βγ2, (∇Y
h̃1

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃3) = 0,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃1) = −βγ2, (∇Y
h̃3

ρ̃Y)(h̃2, h̃1) = βγ2, (∇Y
h̃2

ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃2) = 0, (∇Y
h̃2

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃2, h̃3) = 0.
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Then, if ρ̃Y is a Codazzi tensor on (G3,∇Y), by (6) and (7), we have the following one equation:

βγ2 = 0. (11)

By solving (11), it turns out Theorem 3.

3.4. Codazzi Tensor Associated with Yano Connection of G4

In this subsection, we consider the following Lie algebra of G4 which satisfies

[h̃1, h̃2] = −h̃2 + (2η − β)h̃3, η = ±1, [h̃1, h̃3] = −βh̃2 + h̃3, [h̃2, h̃3] = αh̃1,

where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike. One can obtain the
following two Lemmas on the expressions of the Yano connection and the associated
curvatures in the fourth Lorentzian Lie group.

Lemma 7. The Yano connection ∇Y of G4 is given by

∇Y
h̃1

h̃1 = 0, ∇Y
h̃1

h̃2 = (2η − β)h̃3, ∇Y
h̃1

h̃3 = h̃3,

∇Y
h̃2

h̃1 = h̃2 + (β− 2η)h̃3, ∇Y
h̃2

h̃2 = −h̃1, ∇Y
h̃2

h̃3 = 0,

∇Y
h̃3

h̃1 = βh̃2, ∇Y
h̃3

h̃2 = −αh̃1, ∇Y
h̃3

h̃3 = 0.

Lemma 8. The curvature RY of the Yano connection ∇Y of (G4, g) is given by

RY(h̃1, h̃2
)
h̃1 = (β2 − 2βη + 1)h̃2, RY(h̃1, h̃2

)
h̃2 = (2αη − αβ− 1)h̃1, RY(h̃1, h̃2

)
h̃3 = 0,

RY(h̃1, h̃3
)
h̃1 = 0, RY(h̃1, h̃3

)
h̃2 = (α− β)h̃1, RY(h̃1, h̃3

)
h̃3 = 0,

RY(h̃2, h̃3
)
h̃1 = (α− β)h̃1, RY(h̃2, h̃3

)
h̃2 = (β− α)h̃2, RY(h̃2, h̃3

)
h̃3 = −αh̃3.

Based on Lemmas 7 and 8, one can prove the following theorem on Codazzi tensor in
the fourth Lorentzian Lie group.

Theorem 4. ρ̃Y is a Codazzi tensor on (G4,∇Y) if and only if α = β = 0, η = ±1.

Proof. By (3), we obtain

ρY(h̃1, h̃1) = 2βη − β2 − 1, ρY(h̃1, h̃2) = 0, ρY(h̃1, h̃3) = 0,

ρY(h̃2, h̃1) = 0, ρY(h̃2, h̃2) = 2αη − αβ− 1, ρY(h̃2, h̃3) = α,

ρY(h̃3, h̃1) = 0, ρY(h̃3, h̃2) = 0, ρY(h̃3, h̃3) = 0.

Then

ρ̃Y(h̃1, h̃1) = 2βη − β2 − 1, ρ̃Y(h̃1, h̃2) = 0, ρ̃Y(h̃1, h̃3) = 0,

ρ̃Y(h̃2, h̃2) = 2αη − αβ− 1, ρ̃Y(h̃2, h̃3) =
α

2
, ρ̃Y(h̃3, h̃3) = 0.
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By (5), we have

(∇Y
h̃1

ρ̃Y)(h̃2, h̃1) = 0, (∇Y
h̃2

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃2, h̃2) = αβ− 2αη,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃2) = −αη +
αβ

2
+ 2βη − β2, (∇Y

h̃1
ρ̃Y)(h̃2, h̃3) = −

α

2
, (∇Y

h̃2
ρ̃Y)(h̃1, h̃3) = −

α

2
,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃1) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃3, h̃2) = −
α

2
,

(∇Y
h̃3

ρ̃Y)(h̃1, h̃2) = β− α, (∇Y
h̃1

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃3) = −
αβ

2
,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃1) = −
α

2
, (∇Y

h̃3
ρ̃Y)(h̃2, h̃1) = β− α, (∇Y

h̃2
ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃2) = 0, (∇Y
h̃2

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃2, h̃3) = 0.

Then, if ρ̃Y is a Codazzi tensor on (G4,∇Y), by (6) and (7), we obtain the following
three equations: 

αβ− 2αη − 4βη + β2 = 0
α− 2β = 0
αβ = 0.

(12)

By solving (12), one can prove Theorem 4.

3.5. Codazzi Tensor Associated with Yano Connection of G5

In this subsection, we consider the following Lie algebra of G5 which satisfies

[h̃1, h̃2] = 0, [h̃1, h̃3] = αh̃1 + βh̃2, [h̃2, h̃3] = γh̃1 + δh̃2, α + δ 6= 0, αγ + βδ = 0

where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the fifth Lorentzian Lie group.

Lemma 9. The Yano connection ∇Y of G5 is given by

∇Y
h̃1

h̃1 = 0, ∇Y
h̃1

h̃2 = 0, ∇Y
h̃1

h̃3 = 0,

∇Y
h̃2

h̃1 = 0, ∇Y
h̃2

h̃2 = 0, ∇Y
h̃2

h̃3 = 0,

∇Y
h̃3

h̃1 = −αh̃1 + (β + γ)h̃2, ∇Y
h̃3

h̃2 = −γh̃1 − δh̃2, ∇Y
h̃3

h̃3 = 0.

Lemma 10. The curvature RY of the Yano connection ∇Y of (G5, g) is given by

RY(h̃1, h̃2
)
h̃j = RY(h̃1, h̃3

)
h̃j = RY(h̃2, h̃3

)
h̃j = 0,

where 1 ≤ j ≤ 3.

Based on Lemmas 9 and 10, one can prove the following theorem on the Codazzi
tensor in the fifth Lorentzian Lie group.

Theorem 5. ρ̃Y is a Codazzi tensor on (G5,∇Y) .

Proof. By (3), we have

ρY(h̃1, h̃j) = ρY(h̃2, h̃j) = ρY(h̃3, h̃j) = 0.

where 1 ≤ j ≤ 3.



Symmetry 2022, 14, 1730 9 of 13

Then

ρ̃Y(h̃1, h̃1) = ρ̃Y(h̃1, h̃2) = ρ̃Y(h̃1, h̃3) = 0,

ρ̃Y(h̃2, h̃2) = ρ̃Y(h̃2, h̃3) = ρ̃Y(h̃3, h̃3) = 0.

By (5), we have

(∇Y
h̃1

ρ̃Y)(h̃2, h̃j) = (∇Y
h̃2

ρ̃Y)(h̃1, h̃j) = (∇Y
h̃1

ρ̃Y)(h̃3, h̃j) = 0,

(∇Y
h̃3

ρ̃Y)(h̃1, h̃j) = (∇Y
h̃2

ρ̃Y)(h̃3, h̃j) = (∇Y
h̃3

ρ̃Y)(h̃2, h̃j) = 0.

where 1 ≤ j ≤ 3. This means that ρ̃Y is a Codazzi tensor on (G5,∇Y).

3.6. Codazzi Tensor Associated with Yano Connection of G6

In this subsection, we consider the following Lie algebra of G6 which satisfies

[h̃1, h̃2] = αh̃2 + βh̃3, [h̃1, h̃3] = γh̃2 + δh̃3, [h̃2, h̃3] = 0, α + δ 6= 0, αγ− βδ = 0,

where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the sixth Lorentzian Lie group.

Lemma 11. The Yano connection ∇Y of G6 is given by

∇Y
h̃1

h̃1 = 0, ∇Y
h̃1

h̃2 = βh̃3, ∇Y
h̃1

h̃3 = δh̃3,

∇Y
h̃2

h̃1 = −αh̃2 − βh̃3, ∇Y
h̃2

h̃2 = αh̃1, ∇Y
h̃2

h̃3 = 0,

∇Y
h̃3

h̃1 = −γh̃2, ∇Y
h̃3

h̃2 = 0, ∇Y
h̃3

h̃3 = 0.

Lemma 12. The curvature RY of the Yano connection ∇Y of (G6, g) is given by

RY(h̃1, h̃2
)
h̃1 = (βγ + α)h̃2 − βδh̃3, RY(h̃1, h̃2

)
h̃2 = −α2h̃1, RY(h̃1, h̃2

)
h̃3 = 0,

RY(h̃1, h̃3
)
h̃1 = (αγ + δγ)h̃2, RY(h̃1, h̃3

)
h̃2 = −αγh̃1, RY(h̃1, h̃3

)
h̃3 = 0,

RY(h̃2, h̃3
)
h̃1 = −αγh̃1, RY(h̃2, h̃3

)
h̃2 = αγh̃2, RY(h̃2, h̃3

)
h̃3 = 0.

Based on Lemmas 11 and 12, one can prove the following theorem on Codazzi tensor
in the sixth Lorentzian Lie group.

Theorem 6. ρ̃Y is a Codazzi tensor on (G6,∇Y) if and only if α = β = 0, δ 6= 0.

Proof. By (3), we have

ρY(h̃1, h̃1) = −(βγ + α), ρY(h̃1, h̃2) = 0, ρY(h̃1, h̃3) = 0,

ρY(h̃2, h̃1) = 0, ρY(h̃2, h̃2) = −α2, ρY(h̃2, h̃3) = 0,

ρY(h̃3, h̃1) = 0, ρY(h̃3, h̃2) = 0, ρY(h̃3, h̃3) = 0.

Then

ρ̃Y(h̃1, h̃1) = −(βγ + α), ρ̃Y(h̃1, h̃2) = 0, ρ̃Y(h̃1, h̃3) = 0,

ρ̃Y(h̃2, h̃2) = −α2, ρ̃Y(h̃2, h̃3) = 0, ρ̃Y(h̃3, h̃3) = 0.
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By (5), we have

(∇Y
h̃1

ρ̃Y)(h̃2, h̃1) = 0, (∇Y
h̃2

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃2, h̃2) = 0,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃2) = αβγ− α2 − α3, (∇Y
h̃1

ρ̃Y)(h̃2, h̃3) = 0, (∇Y
h̃2

ρ̃Y)(h̃1, h̃3) = 0,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃1) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃1) = 0, (∇Y
h̃1

ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃1, h̃2) = −α2γ, (∇Y
h̃1

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃3) = 0,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃1) = 0, (∇Y
h̃3

ρ̃Y)(h̃2, h̃1) = −α2γ, (∇Y
h̃2

ρ̃Y)(h̃3, h̃2) = 0,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃2) = 0, (∇Y
h̃2

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃2, h̃3) = 0.

Then, if ρ̃Y is a Codazzi tensor on (G6,∇Y), by (6) and (7), we have the following two equations:{
α3 + α2 − αβγ = 0
α2γ = 0.

(13)

By solving (13), it turns out Theorem 6.

3.7. Codazzi Tensor Associated with the Yano Connection of G7

In this subsection, we consider the following Lie algebra of G7 which satisfies

[h̃1, h̃2] = −αh̃1 − βh̃2 − βh̃3, [h̃1, h̃3] = αh̃1 + βh̃2 + βh̃3, [h̃2, h̃3] = γh̃1 + δh̃2 + δh̃3,

where h̃1, h̃2, h̃3 is a pseudo-orthonormal basis, with h̃3 timelike and α + δ 6= 0, αγ = 0.
One can obtain the following two Lemmas on the expressions of Yano connection and the
associated curvatures in the seventh Lorentzian Lie group.

Lemma 13. The Yano connection ∇Y of G7 is given by

∇Y
h̃1

h̃1 = αh̃2, ∇Y
h̃1

h̃2 = −αh̃1 − βh̃3, ∇Y
h̃1

h̃3 = βh̃3,

∇Y
h̃2

h̃1 = βh̃2 + βh̃3, ∇Y
h̃2

h̃2 = −βh̃1, ∇Y
h̃2

h̃3 = δh̃3,

∇Y
h̃3

h̃1 = −αh̃1 − βh̃2, ∇Y
h̃3

h̃2 = −γh̃1 − δh̃2, ∇Y
h̃3

h̃3 = 0.

Lemma 14. The curvature RY of the Yano connection ∇Y of (G7, g) is given by

RY(h̃1, h̃2
)
h̃1 = −αβh̃1 + α2h̃2 + βh̃3, RY(h̃1, h̃2

)
h̃2 = −(α2 + β2 + βγ)h̃1 − βδh̃2 + βδh̃3,

RY(h̃1, h̃2
)
h̃3 = (βδ + αβ)h̃3, RY(h̃1, h̃3

)
h̃1 = (2αβ + αγ)h̃1 + (αδ− 2α2)h̃2,

RY(h̃1, h̃3
)
h̃2 = (β2 + βγ + αδ)h̃1 + (βδ− αγ)h̃2 + (βδ + αβ)h̃3, RY(h̃1, h̃3

)
h̃3 = −(αβ + βδ)h̃3,

RY(h̃2, h̃3
)
h̃1 = (β2 + βγ + αδ)h̃1 + (βδ− αβ− αγ)h̃2 − (αβ + βδ)h̃3,

RY(h̃2, h̃3
)
h̃2 = (2βδ− αβ + αγ + γδ)h̃1 + (δ− βγ− β2)h̃2, RY(h̃2, h̃3

)
h̃3 = −(βγ + δ2)h̃3.

One can prove the following theorem on the Codazzi tensor in the seventh Lorentzian
Lie group.

Theorem 7. ρ̃Y is not a Codazzi tensor on (G7,∇Y) .

Proof. By (3), we have

ρY(h̃1, h̃1) = −α2, ρY(h̃1, h̃2) = −αβ, ρY(h̃1, h̃3) = αβ + βδ,

ρY(h̃2, h̃1) = βδ, ρY(h̃2, h̃2) = −α2 − β2 − βγ, ρY(h̃2, h̃3) = βγ + δ2,

ρY(h̃3, h̃1) = αβ + βδ, ρY(h̃3, h̃2) = αδ + δ, ρY(h̃3, h̃3) = 0.

(14)
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Then

ρ̃Y(h̃1, h̃1) = −α2, ρ̃Y(h̃1, h̃2) =
βδ− αβ

2
, ρ̃Y(h̃1, h̃3) = αβ + βδ,

ρ̃Y(h̃2, h̃2) = −α2 − β2 − βγ, ρ̃Y(h̃2, h̃3) =
δ2 + δ + αδ + βγ

2
, ρ̃Y(h̃3, h̃3) = 0.

(15)

By (5), we have

(∇Y
h̃1

ρ̃Y)(h̃2, h̃1) = 2αβ2 + β2δ + αβγ,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃1) = −3β2δ− αβ2,

(∇Y
h̃1

ρ̃Y)(h̃2, h̃2) = 2αβδ− α2β + βδ2 + βδ + β2γ,

(∇Y
h̃2

ρ̃Y)(h̃1, h̃2) = β3 +
1
2
(β2γ− βδ2 − βδ− αβδ),

(∇Y
h̃1

ρ̃Y)(h̃2, h̃3) = α2β +
1
2
(αβδ− βδ2 − βδ− β2γ),

(∇Y
h̃2

ρ̃Y)(h̃1, h̃3) = −
1
2
(3αβδ + 3βδ2 + βδ + β2γ),

(∇Y
h̃1

ρ̃Y)(h̃3, h̃1) = −αβ2 − β2δ− 1
2

αδ2 − 1
2

αβγ− 1
2

αδ− 1
2

α2δ,

(∇Y
h̃3

ρ̃Y)(h̃1, h̃1) = −2α3 + β2δ− αβ2,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃2) = −
1
2
(αβδ + βδ2 + βδ + β2γ),

(∇Y
h̃3

ρ̃Y)(h̃1, h̃2) = −
1
2

α2β− βα2 − β3 − β2γ− α2γ +
1
2

βδ2,

(∇Y
h̃1

ρ̃Y)(h̃3, h̃3) = 0, (∇Y
h̃3

ρ̃Y)(h̃1, h̃3) =
1
2
(3αβδ + βδ2 + βδ + β2γ) + α2β,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃1) = −
1
2
(3αβδ + 3βδ2 + βδ + β2γ), (∇Y

h̃3
ρ̃Y)(h̃2, h̃1) = γ + β,

(∇Y
h̃2

ρ̃Y)(h̃3, h̃2) = −
1
2

δ3 − 1
2

δ2 − 1
2

αδ2 − 1
2

βγδ + αβ2 + β2δ,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃2) = 2βδγ− αβγ + δ3 − δ2, (∇Y
h̃2

ρ̃Y)(h̃3, h̃3) = 2δ,

(∇Y
h̃3

ρ̃Y)(h̃2, h̃3) = αβγ +
1
2
(3βγδ + δ3 + δ2 + αδ2).

Then, if ρ̃Y is a Codazzi tensor on (G7,∇Y), by (6) and (7), we have the following
nine equations: 

3αβ2 + 4β2δ + αβγ = 0
3αβδ− 2α2β + 3βδ2 + 3βδ + β2γ− 2β3 = 0
α2β + 2αβδ + βδ2 = 0
4β2δ + αδ2 + αβγ + αδ + α2δ− 4α3 = 0
αβδ + 2βδ2 + βδ− α2β− 2α2β− 2β3 − 2α2γ = 0
3αβδ + βδ2 + βδ + β2γ− 2α2β = 0
3αβδ + 3βδ2 + βδ + β2γ + 2γ + 2β = 0
3δ3 − δ2 + αδ2 + 5βδγ− 2αβ2 − 2β2δ− 2αβγ = 0
4δ− 2αβγ− 3βγδ− δ3 − δ2 − αδ2 = 0.

(16)

By solving (16), we obtain α + δ = 0. However, this is impossible.

4. Conclusions

We derive the expressions of Yano connection and the associated curvatures in seven
Lorentzian Lie groups and complete the classification of three-dimensional Lorentzian
Lie groups on which Ricci tensors associated with Yano connections are Codazzi tensors.
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The main results are listed in Table 1 which shows the conditions that Ricci tensors asso-
ciated with Yano connections are Codazzi tensors associated with Yano connections on
{Gi}i=1,2,...,7. We found that G1 and G7 do not have Codazzi tensors associated with Yano
connections, G2, G3, G4, G5 and G6 have Codazzi tensors associated with Yano connections.
In the future, we plan to proceed to study quasi-statistical structure associated with Yano
connections and solitons on Lorentzian Lie Groups combined with the results in [24–35].

Author Contributions: Conceptualization, J.M.; Writing—Original Draft Preparation, J.M.; Calcula-
tions, J.Y. and J.G. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Project of Science and Technology of Heilongjiang Provin-
cial Education Department (Grant No. 1355MSYYB005), the Reform and Development Foundation
for Local Colleges and Universities of the Central Government, (Excellent Young Talents project of
Heilongjiang Province, Grant No. ZYQN2019071) and the Natural Science Foundation of Heilongjiang
Province of China, grant No. LH2021A020.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data sharing not applicable.

Acknowledgments: The authors would like to thank the reviewers for their careful reading and
useful comments. The first author would like to thank Haiming Liu for his good suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Andrzej, D.; Shen, C. Codazzi tensor fields, Curvature and Pontryagin forms. Proc. Lond. Math. Soc. 1983, 47, 15–26.
2. Gebarowski, A. The structure of certain Riemannian manifolds admitting Codazzi tensors. Demonstr. Math. 1994, 27, 249–252.
3. Liu, H.L.; Simon, U.; Wang, C.P. Codazzi tensor and the topology of surfaces. Ann. Global Anal. Geom. 1998, 16, 189–202.

[CrossRef]
4. Dajczer, M.; Tojeiro, R. Commuting Codazzi tensors and the Ribaucour transformation for submanifolds. Results Math. 2003, 44,

258–278. [CrossRef]
5. Gabe, M. Codazzi tensors with two eigenvalue functions. Proc. Am. Math. Soc. 2012, 141, 3265–3273.
6. Catino, G.; Mantegazza C.; Mazzieri L. A note on Codazzi tensors. Math. Ann. 2015, 362, 629–638. [CrossRef]
7. Shandra, I.G.; Stepanov, S.E.; Mike, J. On higher-order Codazzi tensors on complete Riemannian manifolds. Ann. Glob. Anal.

Geom. 2019, 56, 429–442. [CrossRef]
8. Stepanov, S.E.; Tsyganok, I.I. Codazzi and Killing Tensors on a Complete Riemannian Manifold. Math. Notes 2021, 109, 932–939.

[CrossRef]
9. Etayo, F.; Santamaria, R. Distinguished connections on (J2 = ±1)-metric manifolds. Arch. Math. (Brno) 2016, 52, 159–203.

[CrossRef]
10. Calvaruso, G. Homogeneous structures on three-dimensional Lorentzian manifolds. J. Geom. Phys. 2007, 57, 1279–1291. [CrossRef]
11. Cordero, L.A.; Parker, P.E. Left-invariant Lorentzian metrics on 3-dimensional Lie groups. Rend. Mat. Appl. 1997, 17, 129–155.
12. Wang, Y. Canonical connections and algebraic Ricci solitons of three-dimensional Lorentzian Lie groups. arXiv 2020,

arXiv:2001.11656.
13. Wu, T.; Wang, Y. Affine Ricci solitons associated to the Bott connection on three dimensional Lorentzian Lie groups. Turk. J. Math.

2021, 45, 26. [CrossRef]
14. Wu, T.; Wang, Y. Codazzi Tensors and the Quasi-Statistical Structure Associated with Affine Connections on Three-Dimensional

Lorentzian Lie Groups. Symmetry 2021, 13, 1459. [CrossRef]
15. Wang, Y. Affine connections and Gauss–Bonnet theorems in the Heisenberg group. arXiv 2021, arXiv:2021.01907.
16. Balogh, Z.; Tyson, J.; Vecchi, E. Intrinsic curvature of curves and surfaces and a Gauss–Bonnet theorem in the Heisenberg group.

Math. Z. 2017, 287, 1–38; Erratum in Math. Z. 2020, 296, 875–876. [CrossRef]
17. Wei, S.; Wang, Y. Gauss–Bonnet Theorems in the Lorentzian Heisenberg Group and the Lorentzian Group of Rigid Motions of the

Minkowski Plane. Symmetry 2021, 13, 173. [CrossRef]
18. Wu, T.; Wei, S.; Wang, Y. Gauss–Bonnet theorems and the Lorentzian Heisenberg group. Turk. J. Math. 2021, 45, 718–741.

[CrossRef]
19. Liu, H.; Miao, J.; Li, W.; Guan, J. The sub-Riemannian limit of curvatures for curves and surfaces and a Gauss–Bonnet theorem in

the rototranslation group. J. Math. 2021, 2021, 9981442. [CrossRef]
20. Liu, H.M.; Miao, J.J. Gauss–Bonnet theorem in Lorentzian Sasakian space forms. AIMS Math. 2021, 6, 8772–8791. [CrossRef]

http://doi.org/10.1023/A:1006582620941
http://dx.doi.org/10.1007/BF03322986
http://dx.doi.org/10.1007/s00208-014-1135-2
http://dx.doi.org/10.1007/s10455-019-09673-w
http://dx.doi.org/10.1134/S0001434621050266
http://dx.doi.org/10.5817/AM2016-3-159
http://dx.doi.org/10.1016/j.geomphys.2006.10.005
http://dx.doi.org/10.3906/mat-2105-49
http://dx.doi.org/10.3390/sym13081459
http://dx.doi.org/10.1007/s00209-016-1815-6
http://dx.doi.org/10.3390/sym13020173
http://dx.doi.org/10.3906/mat-2011-19
http://dx.doi.org/10.1155/2021/9981442
http://dx.doi.org/10.3934/math.2021509


Symmetry 2022, 14, 1730 13 of 13

21. Guan, J.Y.; Liu, H.M. The sub-Riemannian limit of curvatures for curves and surfaces and a Gauss–Bonnet theorem in the group
of rigid motions of Minkowski plane with general left-invariant metric. J. Funct. Space 2021, 2021, 1431082. [CrossRef]

22. Liu, H.M.; Guan, J.Y. Sub-Lorentzian Geometry of Curves and Surfaces in a Lorentzian Lie Group. Adv. Math. Phys. 2022,
2022, 5396981. [CrossRef]

23. Li, W.Z.; Liu, H.M. Gauss-Bonnet Theorem in the Universal Covering Group of Euclidean Motion Group E(2) with the General
Left-Invariant Metric. J. Nonlinear Math. Phys. 2022, 29, 626–657. [CrossRef]

24. Li, Y.L.; Dey, S.; Pahan, S.; Ali, A. Geometry of conformal η-Ricci solitons and conformal η-Ricci almost solitons on Paracontact
geometry. Open Math. 2022, 20, 574–589. [CrossRef]

25. Li, Y.L.; Ganguly, D.; Dey, S.; Bhattacharyya, A. Conformal η-Ricci solitons within the framework of indefinite Kenmotsu
manifolds. AIMS Math. 2022, 7, 5408–5430. [CrossRef]

26. Li, Y.L.; Alkhaldi, A.H.; Ali, A.; Laurian-Ioan, P. On the Topology of Warped Product Pointwise Semi-Slant Submanifolds with
Positive Curvature. Mathematics 2021, 9, 3156. [CrossRef]

27. Li, Y.L.; Ali, A.; Mofarreh, F.; Alluhaibi, N. Homology groups in warped product submanifolds in hyperbolic spaces. J. Math.
2021, 2021, 8554738. [CrossRef]

28. Li, Y.L.; Ali, A.; Ali, R. A general inequality for CR-warped products in generalized Sasakian space form and its applications. Adv.
Math. Phys. 2021, 2021, 5777554. [CrossRef]
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