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Abstract: In this paper, we derive the expressions of Codazzi tensors associated with Yano connections
in seven Lorentzian Lie groups. Furthermore, we complete the classification of three-dimensional
Lorentzian Lie groups in which Ricci tensors associated with Yano connections are Codazzi tensors.
The main results are listed in a table, and indicate that G; and G; do not have Codazzi tensors
associated with Yano connections, Gy, Gz, G4, Gs and G¢ have Codazzi tensors associated with
Yano connections.
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1. Introduction

A Codazzi tensor is a symmetric 2-tensor whose covariant derivative is also symmetric
in differential geometry. It is a powerful tool to study geometric properties of Riemannian
manifolds with harmonic Weyl tensors or harmonic curvature. A natural example of
Codazzi tensor is the second fundamental form of an immersed hypersurface in a space
form. There are some typical works on Codazzi tensors. For example, in [1], Andrzej
and Shen studied some geometric and topological consequences of the existence of a
non-trivial Codazzi tensor on a Riemannian manifold. In [2], the detailed structure of
certain Riemannian manifolds admitting Codazzi tensors was described. In [3], Liu, Simon
and Wang introduced the notion of (0, m)-Codazzi tensors relative to an affine connection
which then was used to study the topology of surfaces. In [4], the authors revealed the
correspondence between Codazzi tensors that commute with its second fundamental form
of a submanifold and Ribaucour transforms. In [5], Gabe constructed some examples of
Codazzi tensors with two eigenvalue functions and classified this kind of Codazzi tensors
on a Riemannian manifold. In [6], the authors proved structure theorem for Riemannian
manifolds admitting a Codazzi tensors with exactly two distinct eigenvalues and then they
classified three-dimensional gradient Ricci solitons. There are also some works on Codazzi
tensors and complete Riemannian manifold, see [7,8].

In 2016, Etayo and Santamaria introduced the Yano connection on manifolds with a
product structure or a complex structure based on Yano’s work on the Levi Civita connection
in [9]. The Yanno connection can be used to study some new properties of manifolds and
Lie groups, which make the research for Yano connection significant geometrically as
well. As we known that the authors classified three-dimensional Lorentzian Lie groups
in [10,11]. Inspired by the above works, Wang defined a new kind of algebraic Ricci soliton
associated with canonical connections on three-dimensional Lorentzian Lie groups with a
product structure and classified the new algebraic Ricci soliton in [12]. In 2021, Wu and
Wang studied affine Ricci solitons associated with the Bott connection on three-dimensional
Lorentzian Lie groups in [13]. In 2021, Wu and Wang studied Codazzi tensors and the
quasi-statistical structure associated with canonical connections on three-dimensional
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Lorentzian Lie groups in [14]. There are also some works on Gauss Bonnet theorems on
Lie groups, see [15-23]. However, very little is known about Codazzi tensors associated
with Yano connections on Lorentzian Lie groups. This paper attempts to classify three-
dimensional Lorentzian Lie groups on which Ricci tensors associated with Yano connections
are Codazzi tensors.

To allow a useful study of Codazzi tensors associated with Yano connections in
Lorentzian Lie groups, we derived the expressions of Yano connections in seven Lorentzian
Lie groups. Then, we calculated the expressions of curvatures of the Yano connections.
These expressions would be used to define the notions of Codazzi tensors associated with
Yano connections. Furthermore, we derived the expressions of those Codazzi tensors in
order to complete the classification of three-dimensional Lorentzian Lie groups on which
Ricci tensors associated with Yano connections are Codazzi tensors. The main results of this
paper are listed in Table 1 which shows the conditions that Ricci tensors associated with
Yano connections is Codazzi tensors associated with Yano connections on {G;}i—12 . 7.

Table 1. Codazzi tensors associated with Yano connections on three-dimensional Lorentzian
Lie groups.

Lorentzian Lie Groups Conditions of Codazzi Tensors Associated with Yano Connections

Gy No solution

Gy p=0,v#0

Gs By =0

G4 n = ﬁ =0, n= +1

Gs permanent establishment
Ge x=B=00#0

Gy No solution

We found that G; and Gy do not have Codazzi tensors associated with Yano connec-
tions, G, G3, G4, G5 and G¢ have Codazzi tensors associated with Yano connections.

The paper is organized in the following way. In Section 2, basic notions on three-
dimensional Lorentzian Lie groups such as Yano connection, Riemannian curvature and
Codazzi tensor are given. In Section 3, we derive the expressions of Yano connections and
the associated curvatures in seven Lorentzian Lie groups and completed the classification
of three-dimensional Lorentzian Lie groups on which Ricci tensors associated with Yano
connections are Codazzi tensors. In Section 4, we summarize the main results and discuss
further work for the future.

2. Basic Notions

In this section, we will introduce some basic notions on three-dimensional Lorentzian
Lie groups such as Yano connection, Riemannian curvature and Codazzi tensor.

Let {G;}i—1, 7 be the connected, simply connected three-dimensional Lorentzian Lie
group, and let {g;};—1 7 be the associated Lie algebra classified in [10,11]. The correspond-
ing left-invariant Lorentzian metric is denoted by g. Let V! be the Levi-Civita connection
of G;. The definition of the Yano connection VY is given as follows:

1

- TENIV = (VDY) &

ViV = ViV = (ViU -

where ] is a product structure on {G;}i—1. 7 by Jhy = Iy, Jhy = hy, Jhy = —h.
The curvature of the Yano connection is defined by

RY(U, V)W = V[V W = Vi VW — Vi W. 2)
The Ricci tensor of (G;, g) associated with the Yano connection VY is defined by

p (U, V) = —g(RY(U, )V, k1) — g(R¥ (U, )V, hi2) + g(RY (U, h3)V, hi3),  (3)
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where le, flz, f13 is a pseudo-orthonormal basis, with fzg timelike.
Let v v
. uv)+ v,u

Let M be a smooth manifold endowed with a linear connection V and w be a (0, 2) tensor
field, then one can define

(Vuw)(V, W) := Ulw(V,W)] = w(VuV, W) = w(V, VuW) ()
for arbitrary vector fields U, V, W. The tensor fields w is called a Codazzi tensor on (M, V)

if it satisfies
fUVIW = (Vyw)(V,W) — (Vyw)(U,W) =0, (6)

where f is C®°(M)-linear for U, V, W. One can obtain the following proposition on condi-
tions of Codazzi tensor.

Proposition 1. The tensor w is a Codazzi tensor on (M, V) if and only if
fWV,W) = =f(V,UW). )
Then, we have that w is a Codazzi tensor on (G;, V)i—1 . 7 if and only if the following three
equations hold:
f(h1, o, hy)
f(h1, 3, hy)
ha, 3, hj

A )

0,
0, ®)
0,

where 1 < j < 3.

3. Codazzi Tensors Associated with Yano Connections on Lorentzian Lie Groups

In this section, we will derive the expressions of Yano connection and the associ-
ated curvatures in seven Lorentzian Lie groups and complete the classification of three-
dimensional Lorentzian Lie groups on which Ricci tensors associated with Yano connections
are Codazzi tensors.

3.1. Codazzi Tensor Associated with Yano Connection of G

In this subsection, we consider the following Lie algebra of G; which satisfies
Vll,flz] = 0(]711 — lel3, [}Nll,flg] = —ocﬁl — IBflz, []712,]713} = ‘Bfll + 0(]712 —+ ocf13,1x 7é 0,

where f11, 1y, Iz is a pseudo-orthonormal basis, with hi3 timelike. One can obtain the follow-
ing two Lemmas on the expressions of Yano connections and the associated curvatures in
the first Lorentzian Lie group.

Lemma 1. The Yano connection VY of Gy is given by
V;{lfll = *0(]712, V};flz = lkfll - ﬁfig, V}{lflg =0,
VY fll = ﬁflg,, V%{Zflz = 0, Vflyzljlg = Dcflg,,
Vil = ahy + phy, Vi by = —hy — ahy, Vi s = 0.
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Lemma 2. The curvature RY of the Yano connection VY of (Gy,g) is given by

®
RY (hy, o)z = 0, RY (hy, i) iy = —3a*hy,

One can prove the following theorem on Codazzi tensor in the first Lorentzian Lie
group based on Lemma 2 and Lemma 4.

Theorem 1. Y is not a Codazzi tensor on (Gy, VY).
Proof. By (3), we obtain

py(fll’fll) = _‘xz - 52/ py(fllliIZ) = aﬁr Py(flllfl’j) = _D(‘B,

]

p" (hp, ) = ap, p¥ (hy, lp) = —(a* + B?), p¥ (hp, 3) = 2,
PY(EB; Ijll) - O/ PY(T%/ EZ) - 0/ PY(E&E;@) =0.
Then
pY (i, hy) = —(&® + B?), p¥ (h1, h2) = aB, p¥ (P, li3) = —*ﬁ/
2
Y5 7 R ac e =
pY (o, hp) = —(&® + B2), p¥ (ho, h3) = o p" (h3,h3) =0
By (5), we have

3
Y\/T T o v~ IV
3
57 ) (3, h ] YN (T T o
(V,;YZPY)(he,,m) =ap, (vfipy)(hzhl) -0, (ngzpy)(hg,hz) --Z,
VY 5 (o) = —26%, (VY 5V (i fia) = 0, (VY 5¥) (g, ) = =2
(V3,0 ) (2, h2) o, (V5,07 )(h3, h3) =0, (V") (ha, h3) = 5

Then, if ﬁy is a Codazzi tensor on (G, VY), by (6) and (7), we obtain the following
five equations:
af?>=0
w?f =0
a3 =0 )
xf =0
ap? —a® =0.

By solving (9), we have a = 0. This is a contradiction. [

3.2. Codazzi Tensor Associated with Yano Connection of G

In this subsection, we consider the following Lie algebra of G, which satisfies

(1, o] = vhy — Bha, [, 3] = —Bha — vh3, [y, 3] = ahy, v #0,
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where le, fzz, ﬁg is a pseudo-orthonormal basis, with f13 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the second Lorentzian Lie group.

Lemma 3. The Yano connection VY of Gy is given by
Yi _ Yi o

V;;lhl =0, Vf,lhz =

Yo

V;,Zhl =

Vi = i, Vi Iy =

—Blts, V;;Ylfls = —2Bhy — yhs,
—hay + Bhs, V,{zflz =7, V;{j% =0,
—ahy, Vﬁyjzg =0.

Lemma 4. The curvature RY of the Yano connection VY of (G, g) is given by

= (v* = By — Byhs, RY (1, lp) iy = —(7v* + aB)hy, RY (g, ) g = 2By,
=0, (hl,hg,)l’lz = (‘B’)/ — Dé’y)hl, Ry(hl, h3>h3 —206‘31711,
(,B’)/ — 0(’)/)]’11, (1’12, h3)h2 = —‘B’)fhz + Oéﬁhg,, RY (flz, flg)flg = leﬁflz + 0(’)/?13.

Based on Lemmas 3 and 4, one can prove the following theorem on Codazzi tensor in
the second Lorentzian Lie group.

Theorem 2. §Y is a Codazzi tensor on (Gp, VY) ifand only if B = 0, v # 0.

Proof. By (3), we have

Then

— 92, p¥ (1, hp) =0, p¥ (1, 3) =0,
—7* —2aB, p¥ (I, h3) = By — ay, p (I3

By (5), we obtain

VY ") (o, fy) = (Vh p")(h1, ) =0, (Vh ") (hy, ) = 2B>y — 2apry,

Vi 0O o) = —apy =28, (V] p7)(ho,hs) = =3p7" — 4ap® — a?,

VYY) (h, hs) = py* —ar?, (Vﬁylﬁy)(flsf h) =0, (VY p")(ln, h1) =0,
—B7? —4ap? —ay?, (V] ") (hn, h2) = py* +3ap —

<
)

= 4p%y — 4%;37, (Vi 8 ), hy) = apy — B2y,
2, (Vi) (o, ) = 3ap? —ay® + B, (Vi 57) (B3, h2) = 0,
0,

V;;Yzﬁ )(h3,113) = 0, (V] 6% (2, 3) = 0.

~ o~~~ o~~~
S S
@ W
T 3
S S
@N
— — D D

=
N
=
N
I
e
—

— — — — — — —
SR TR IR IR IR IR T
™ ™
=< =<
S— N— S— S— N— S— SN—

=]
~
=
N
=
iy
|
ey
2
N
|
&
\e

<
el

Then, if pY is a Codazzi tensor on (Gz,VY), by (6) and (7), we obtain the following
five equations:

2%y —apy =0

Py’ +ap=0

2872 +7af? =0 (10)
By —apy =0

ap? =0.
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By solving (10), we obtain Theorem 2. [

3.3. Codazzi Tensor Associated with Yano Connection of G3
In this subsection, we consider the following Lie algebra of G3 which satisfies

[flllle] = _’Yi;l3/ [fll,fl:}] = _ﬁfIZ/ [EZI ’:‘13} = afll/

where hy, f1p, i3 is a pseudo-orthonormal basis, with h3 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the third Lorentzian Lie group.

Lemma 5. The Yano connection VY of G is given by
Yo _ YT _ AT Y
vlehl == O, vlehz = _'Yh3, Vﬁlh;:, == 0,
V;{zfll = ’)/flg,, V}{zflz =0, V}l/zfl3 = —’)/fll,
Vi = iy, Vi by = —ahy, V] s =0.
Lemma 6. The curvature RY of the Yano connection VY of (Gs, g) is given by
RY (hy, hp)ly = Byhy, RY (R, ha) iy = — (v + ay)hy, RY (hy, Bip) i3 = 0,
RY (;ll/fl3);ll = 0/ (h1/h3)h2 = 0/ RY (fl]/fl:’))fl?) = _:B,Yfll/
0 RY(flz, Fl3)flz =0, RY (flz, fl3)f13 = /3’)/1712

Based on Lemmas 5 and 6, one can prove the following theorem on Codazzi tensor in
the third Lorentzian Lie group.

Theorem 3. pY is a Codazzi tensor on (Gs, V) if and only if py* = 0.
Proof. By (3), we have

0¥ (b, ) = =By, 0¥ (fn, ) =0, p¥ (h, hi3) =
0" (ha, ) = 0, " (o, n) = =7 = wy, p" (o, fl)
p¥ (h3,fn) =0, p¥(h3,hz) =0, p* (3, 3) = 0.

Then
P (hn,ln) = =, p¥ (R, he) = 0, pY (R, Bs) =
p" (hy, ) = =% —ay, p" (I, hi3) = 0, ¥ (I, fl ) =0
By (5), we have
(Vi 8 )2, 1) =0, (Vi p¥) (11, In) =0, (V} p¥) (2, B2) = 0,
(VL) (i, T2) = 0, (VY 3Y) (o, Ti3) = 0, (Vi p¥) (i, ) = =B,
(Vi 83, ln) = 0, (Vi p¥) (11, In) = 0, (V p¥) (13, h2) = 0,
(Vi p ), o) = B2, (Vi pY) (s, hi3) = 0, (Y p¥) (1, Bi3) = 0,
(Vi) (3, ) = =2, (Vi p¥)(ha, 1) = B2, (V) p¥) (B3, 12) = 0,
(V;iﬁy)(ﬁzrflz) =0, (V;lyzﬁy)(fl& h3) =0, (V;{Sﬁy)(flz,ﬁs) =0
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Then, if ﬁY is a Codazzi tensor on (Gz, V), by (6) and (7), we have the following one equation:
By =0. (11)
By solving (11), it turns out Theorem 3. [

3.4. Codazzi Tensor Associated with Yano Connection of G4
In this subsection, we consider the following Lie algebra of G4 which satisfies

[h1/h2] = _EZ + (2’7 - ﬁ)fl?n’? = :l:]-/ [fll/fl3] - _ﬁfZZ + ;13/ [7:12/ 7:13] - aflll

where fiy, iy, 13 is a pseudo-orthonormal basis, with h; timelike. One can obtain the
following two Lemmas on the expressions of the Yano connection and the associated
curvatures in the fourth Lorentzian Lie group.

Lemma 7. The Yano connection VY of Gy is given by
V}{lfll = 0, vflylflz = (217 — ﬁ)flg, Vflylljlg, = fl3,
Vz{zfll = I:lz + (‘B — 217)7:13, V}quflz = *Ijll, V%{zflg =0,
Vi = ha, Vi o = —al, V] bz =0.
Lemma 8. The curvature RY of the Yano connection V¥ of (Gy, g) is given by
RY (R, ho) iy = (B* — 2B + 1)hy, RY (hy, hi2) iy = (2 — af — 1)h1y, RY (Riy, o) 3 = 0,
RY (hy,h3)hy = 0, RY (g, h3) Ry = (& — B)Ry, RY (hy, hi3) i3 = 0,
Ry(hz,ﬁs)ﬁl = («—B)hy, R” (h2, h3)hy = (B — a)hy, RY(Ez, h3)hs = —ahs.

Based on Lemmas 7 and 8, one can prove the following theorem on Codazzi tensor in
the fourth Lorentzian Lie group.

Theorem 4. (Y is a Codazzi tensor on (Gy, VY ) ifand only ifa = B = 0,7 = £1.
Proof. By (3), we obtain

Y(Elli:ll) - 2,577 - ,62 - 1/ PY(EL I‘:lZ) - 0/ PY(EL;B) - O/

p
p" (ha, 1) =0, p¥ (hp, o) = 2017 — af — 1, p¥ (M2, i3) = a,
" (h3,hy) =0, p¥ (h3,lp) = 0, p¥ (hi3,}3) = 0.

Then
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By (5), we have
(Vglﬁy)(flszll) =0, (V;{Zﬁy)(ﬁlfﬁl) =0, (V;lylﬁy)(flzl ha) = ap — 2a1,
N o Y r T o Y T o
(Vi) (I, ho) = —a + 7/3 +2pn = B2, (V}, p7) (2, 1) = —5 (Vi) hs) = —5

6" (3, I V) (i T YT T o
(V;lyle)(hs,hl) =0, (VgspY)(hl,hl) =0, (Vfl,flpy)(hs,hz) -2
6" ) (hy, h 5V (1a T YN/T T o

~ - « BV o
(V%{Zpy)(h& h)==3 (V;{Spy)(hz, h)=p—a (V;{ZPY)(]%, hy) =0,
(Vﬁy3ﬁy)(fl2, hy) =0, V;},{zﬁy)(flafﬁa) —0, (vﬁyapy)(%’ is) = 0.

Then, if ﬁy is a Codazzi tensor on (G4,VY), by (6) and (7), we obtain the following
three equations:

x—28=0 (12)

af —2an —4pn + B> =0
{ ap = 0.

By solving (12), one can prove Theorem 4. [J

3.5. Codazzi Tensor Associated with Yano Connection of Gs

In this subsection, we consider the following Lie algebra of G5 which satisfies
i1, ha] = 0, [, ] = ahy + By, [, i3] = Yhy + S, 0+ 6 # 0,07 + B8 = 0
where 711, 1, 13 is a pseudo-orthonormal basis, with h3 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the fifth Lorentzian Lie group.
Lemma 9. The Yano connection VY of Gs is given by
Yi o _ Yio _ Yo
Vﬁlhl — 0, vfllhz — 0, Vﬁlh?’ — O,
Y§o o _ Y§o _ Y.
Vi, =0,V hy =0, V; h3 =0,
vf\;fll = —(Xﬁl + (,B + ’)/)flz, V;{;EZ = —’)’fl] — 5/32, Vﬁy3fl3 =0.
Lemma 10. The curvature RY of the Yano connection VY of (Gs, g) is given by
RY (hy, hp)hj = RY (hn, ha)hj = RY (o, h3)hj = 0,

where1 < j < 3.

Based on Lemmas 9 and 10, one can prove the following theorem on the Codazzi
tensor in the fifth Lorentzian Lie group.

Theorem 5. Y is a Codazzi tensor on (Gs, VY) .
Proof. By (3), we have
Py(fllrflj) = Py(flzr flj) = Py(fl?wflj) =0.

where1 <j <3.
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Then

By (5), we have
(vﬁylﬁy)(fl%fl]) = (vy ﬁy)(fll,fl‘ v}/ ~Y)(]:‘13,]:‘lj) —0,
(V") Ty) = (V3,0 ) = (V3 9*) i i) = 0

iy i3
where 1 < j < 3. This means that ﬁY is a Codazzi tensor on (Gs, VY). O

<
N~—
|
—~
=
=
)
=

3.6. Codazzi Tensor Associated with Yano Connection of Gg

In this subsection, we consider the following Lie algebra of G¢ which satisfies
[fll,flz] = OJZQ + ﬁflg,, []:ll,]jlg,] = ’)/]712 + 5?13, [flz,]jlg,] =0,a+0#0,ay— Bo =0,

where le, fzz, fZ3 is a pseudo-orthonormal basis, with f13 timelike. One can obtain the
following two Lemmas on the expressions of Yano connection and the associated curvatures
in the sixth Lorentzian Lie group.

Lemma 11. The Yano connection V¥ of G is given by
Vil =0, Vi ho = phs, V] hs = 63,
V};fll = —Déflz - ,Bfl3, V%;EZ = zxle, vﬁyzflg =0,
YT _ AT Y§o Y.
V%hl = —7hy, Vﬁahz =0, Vz3h3 =0.
Lemma 12. The curvature RY of the Yano connection V¥ of (Gg, g) is given by

RY (hy, hp)hy = (By + a)ly — Boh, RY (hy, hip) iy = —a?hy, RY (hy, ) hs = 0,
RY(fll,fla)fh = (ay + 07)hy, Ry(fll,fle,)flz = —ayhy, RY (hy,h3)hz =0,
RY(fZQ, fl3)f11 = —Dé’)/ill, RY (ilz,flg,)ilz = tX’)/flz, RY (flz,flg)flg =0.

Based on Lemmas 11 and 12, one can prove the following theorem on Codazzi tensor
in the sixth Lorentzian Lie group.

Theorem 6. (Y is a Codazzi tensor on (G, VY ) ifand only ifa = B =0, # 0.

Proof. By (3), we have

Then
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<

By (5), we have
(VY 5V) (o 1) =0, (V2 ), Tn) = 0, (VY %) (o, ) =0,
(Vi) ho) = apy —a? =, (V] V) (R, h3) = 0, (V §) (B, Ii3) = 0,
(Vi 83, ln) = 0, (Vi p¥) (11, ln) = 0, (V p¥) (I3, h2) = 0,
(V1 5") (I, Tp) = —a, (V) ") (s, s) = 0, (V3" (I, ) = 0,
(Vip") (3, 1) (T ) = —ay, (VY ) (3, l2) = 0,
(Vi) 2, o) (s, i3)

Then, if p¥ is a Codazzi tensor on (Gg, V), by (6) and (7), we have the following two equations:

W +a—aBy=0
{ a?y = 0. (13)

By solving (13), it turns out Theorem 6. [

3.7. Codazzi Tensor Associated with the Yano Connection of Gy

In this subsection, we consider the following Lie algebra of Gy which satisfies
(i1, o] = —ahy — Bl — Bhs, [, h3] = ahy + Bhy + B, [, 3] = Yhy + Sha + Ohi3,
where 71y, iy, i3 is a pseudo-orthonormal basis, with hi3 timelike and & + 6 # 0,ay = 0.
One can obtain the following two Lemmas on the expressions of Yano connection and the
associated curvatures in the seventh Lorentzian Lie group.
Lemma 13. The Yano connection V¥ of Gy is given by
V%{lfll = aflz, V%{lflz = —Dcfl1 - ,Bﬁg,, v%:lljlg, = ,Bflg,
V}{zfll = 'Bflz + ﬁflg,, vﬁyzflz = —ﬁfll, Vﬁyzfl:; = (5]713,
V,{alh = —ahy — Bhy, v}{aﬁz = —vhy — Ohy, vgsf% =0.

Lemma 14. The curvature RY of the Yano connection VY of (G7,g) is given by

One can prove the following theorem on the Codazzi tensor in the seventh Lorentzian
Lie group.

Theorem 7. §Y is not a Codazzi tensor on (G;,VY) .

Proof. By (3), we have

=

py(ﬁlr l) - 7“2/ PY(EI/EZ) - 7“ﬁr PY(ELE%) - D‘,B +‘B§l
oY (ha,ln) = B6, p¥ (Mo, lp) = —a — B> — By, p" (ha, 13) = Py + &7, (14)
oY (h3, 1) = ap+ B3, p¥ (h3, h2) = ad + 6, p¥ (h3,113) = 0.

=
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Then

¥ (h1, ) = —a?, p¥ (1, hp) = Bo—op aﬁ , 0¥ (h1,li3) = a + B6,

(15)
v x v - 264 ad+ v
5 (s, ip) = —a® — B* — B, p%, fis) = DOEPY 5 () = 0.
By (5), we have
(vglﬁﬂ(ﬁz ) = 2045 + ﬁ25 +ap,

<vgsz><h ) = B+ (ﬁ )

(V0¥ n i) = 02 + 5 (a5 — B5* — 5 — ),

(VL) Fs) = =5 (3ups +365% + 5 + ),

(VYY) (3, ly) = —ap? — B26 — %mﬂ — %aﬁ’y — %a(s — %azs,
(Vi) () = —20° + 26 — ap?,

(V) s o) = — 3 (a5 + &7 + B3 + ),

(VY i o) = =506 — ol = §° — oy — oy + 558%,

(V,;Ylﬁy)(fl& h3) =0, (V;{sﬁy)(ﬁlfﬁs) = %(3“&5 + B6* + B5 + P*y) + a®B,

(V5" i ) = —5 (35 + 366% + B3 + F29), (V) 0") o ) = 7+ 5,

1 1 1

(vgzpy)(fzg, hy) = 7553 - 552 — Eacéz - 1/375 +aB?+ B2,

(Vi p )2, o) = 2poy — aﬁ7+53 2, (V) ") (3, Ti3) = 25,
(V;ly3ﬁy)(h2, h3) = apy+ (3,875 + 8% + 6% + wd?).

Then, if ¥ is a Codazzi tensor on (G7,VY), by (6) and (7), we have the following
nine equations:

3ap? +4B%5 +apy =0

3apS — 2a%B +3B0% + 35 + p*y — 28> =0

w2+ 2aps + po* =0

425 + ad® + afy + ad + a6 —4a® =0

afS +2B6% + BS — a?B —2a2B —2p% — 242y =0 (16)
3aBd + B6% + S + B2y — 242 =0

3apé + 35> + BS + By + 27y +2B =0

30 — 6% + a6? + 585y — 2af? — 2826 — 2aBy =0

46 — 20y — 3By0 — 83 — 62 —wd? = 0.

By solving (16), we obtain « + § = 0. However, this is impossible. [

4. Conclusions

We derive the expressions of Yano connection and the associated curvatures in seven
Lorentzian Lie groups and complete the classification of three-dimensional Lorentzian
Lie groups on which Ricci tensors associated with Yano connections are Codazzi tensors.



Symmetry 2022, 14, 1730 12 of 13

The main results are listed in Table 1 which shows the conditions that Ricci tensors asso-
ciated with Yano connections are Codazzi tensors associated with Yano connections on
{Gi}i=12,. 7. We found that G; and Gy do not have Codazzi tensors associated with Yano
connections, Gy, Gz, G4, G5 and Gg have Codazzi tensors associated with Yano connections.
In the future, we plan to proceed to study quasi-statistical structure associated with Yano
connections and solitons on Lorentzian Lie Groups combined with the results in [24-35].
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