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Abstract

:

Recently, the generalized type I progressive hybrid censoring scheme (GenT   1  PrHyCS) and generalized type II progressive hybrid censoring scheme (GenT   2  PrHyCS) have become quite popular in reliability studies. These two type censoring schemes are very complex due to the large number of parameters used to specify the censoring procedure. Therefore, in this paper, we consider a more general and more complex new censoring scheme. Also, we consider the exponential distribution(ExpD) and derive an expression for the density function of the MLE. We prove the exact distribution of the maximum likelihood estimator (MLE) and conditional moment generating function (CondMGF) of the MLE for the mean of the ExpD under a new censoring scheme. We then derive the exact confidence intervals (ConfItv) for the mean of the ExpD under a new censoring scheme. Finally, we present an example to explain the methods of inference derived for this paper. From the example data, it can be seen that PDF of MLE for ExpD under new censoring scheme is almost symmetrical.
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1. Introduction


For reasons of cost and time, life-testing and reliability studies must be terminated before all failures are observed. Censoring techniques are extensively employed to reduce test duration and costs. In this reason, the progressive censoring scheme (PrgCS) has become quite popular in reliability studies (Ref. [1]).



One of the drawbacks of the PrgCS is that the time of the reliability test can be very long if the units are highly reliable. Therefore, Ref. [2] and Ref. [3] introduced GenT   1  PrHyCS and GenT   2  PrHyCS, respectively. Recently, some studies on GenT   1  PrHyCS and GenT   2  PrHyCS have been carried out by many authors (Refs. [4,5,6,7,8,9,10,11,12,13]). Ref. [4] discussed the Bayes estimator and MLE for the entropy of Weibull distribution under GenPrHyCS. Ref. [5] considered the Bayes estimators and MLEs for the parameters of Weibull distribution under generalized progressive hybrid censored competing risks data. Ref. [6] introduced different methods of estimating the parameters of ExpD under generalized progressive hybrid censored competing risks data. Ref. [7] discussed the Bayes estimators for the parameters of kumarawamy distribution under GenPrHyCS. Ref. [8] considered improved MLEs for the parameters of shape-scale family distribution under GenPrHyCS. Ref. [9] discussed the Bayes estimators and MLEs for the parameters of BurrType-XII lifetime distribution under GenPrHyCS. Ref. [10] introduced different methods of estimating the parameters of Rayleigh distribution under generalized progressive hybrid censored competing risks data. Ref. [11] discussed the Bayes estimators and MLEs for the parameters of truncated normal distribution under GenPrHyCS. Ref. [12] considered the Bayes estimators and MLEs for the parameters of generalized ExpD under GenPrHyCS. Ref. [13] discussed the multicomponent stress-strength model based on GenPrHyCS.



In GenT   1  PrHyCS, the integer k and m, and the time  T  are pre-fixed such that   k < m  . If kth failures (  X  k : m : n   ) occur after  T , finish the reliability test at   X  k : m : n    (Case I). If kth failures (  X  k : m : n   ) occur before  T  and mth failures (  X  m : m : n   ) occur after  T , finish the reliability test at  T  (Case II). If mth failures (  X  m : m : n   ) occur before  T , finish the reliability test at   X  m : m : n    (Case III). Under GenT   1  PrHyCS, the a minimum number k of failures is guaranteed (Figure 1).



In GenT   2  PrHyCS, the integer m, and the time   T 1   and   T 2   are pre-fixed such that   0 <  T 1  <  T 2   . If mth failures (  X  m : m : n   ) occur before   T 1  , finish the reliability test at   T 1   (Case I). If mth failures (  X  m : m : n   ) occur between  T  and   T 2  , finish the reliability test at   X  m : m : n    (Case II). If mth failures (  X  m : m : n   ) occur after   T 2  , finish the reliability test at   T 2   (Case III). The GenT   2  PrHyCS assures that the test will be completed at time   T 2   (Figure 2).



These two type censoring schemes are very complex due to the large number of parameters used to specify the censoring procedure. Therefore, in this paper, we consider a more general and more complex new censoring scheme. Also, we considered the exponential distribution (ExpD) and derived an expression for the density function of the MLE.



The ExpD is the probability distribution of the time between events in a Poisson point process. Reliability studies make extensive use of the exponential distribution. It is the continuous analogue of the geometric distribution, and it has the key property of being memory-less. Because of the memory-less property of this distribution, it is well-suited to model the constant hazard rate portion of the bathtub curve used in reliability theory. It is also very convenient because it is so easy to add failure rates in the reliability model.



The aim of this paper is to suggest a new combined generalized progressive hybrid censoring scheme (ComGenPrHyCS) that covers two famous generalized progressive hybrid censoring schemes. ComGenPreHyCS provides the tester with more options to overcome limitations such as long test duration and the possibility of not observing any failures. For ComGenPrHyCS, basic distributional results as well as likelihood inference is conducted. Further, distributional results for the MLE with respect to the ExpD are established.



The detailed ComGenPrHyCS description will be explained in next Section 2. We prove the CondMGF of the MLE and distribution of the MLE for the mean of the ExpD under ComGenPrHyCS in Section 3. Also, we derive exact ConfItv for the mean of the ExpD under ComGenPrHyCS. Then, in Section 4, we present the results (confidence length (ConfLen), coverage percentage (Cov%), mean squared error (MSE) and bias of the MLE) of a simulation study under ComGenPrHyCS. Also, in Section 4, we present an example to explain the methods of inference derived in this paper. Finally, the conclusions are presented in Section 5.




2. Combined Generalized Progressive Hybrid Censoring


Consider a test in which n units are put on a reliability test. The PrgCS arises in reliability studies as follows.   R 1   remaining test units are eliminated from the test when the 1st failure (  X  1 : m : n   ) occurs. Whenever the 2nd failure (  X  2 : m : n   ) takes place, the   R 2   remaining test units are also eliminated from the test. This goes on until the   m th   failure is observed, where the test is terminated and the remaining surviving units (   R m  = n − m −  ∑  j = 1   m − 1    R j   ) are eliminated. In this test, the PrgCS    R m  =   R 1  ,  R 2  , ⋯ ,  R m     and the integer m are pre-assigned. The ordered failure time (   X  1 : m : n   ,  X  2 : m : n   , ⋯ ,  X  m : m : n    ) is called progressive censored data (PrgCD), and the joint PDF (Ref. [1]) of PrgCD can be expressed by


     g   x  1 : m : n   ,  x  2 : m : n   , ⋯ ,  x  m : m : n    =       ∏  j = 1  m   ∑  k = j  m    R k  + 1    ∏  j = 1  m  g   x j     1 − G   x j     R j   ,     



(1)




where X denote the absolutely continuous random variable with PDF   g ( x )   and CDF   G ( x )  .



Using the PrgCS, ComGenPrHyCS can be described as follows. The   T 1   and   T 2  (  0 <  T 1  <  T 2  < ∞  ), and integer m and k are pre-assigned (  k ≤ m ≤ n  ). Also, PrgCS    R m  =  (  R 1  ,  R 2  , ⋯ ,  R m  )    are pre-assigned. Let   D i   denote the number of failures up to pre-assigned times   T i  , and   d i   be the observed value of   D i  ,   i = 1 , 2  . When the 1st failure (  X  1 : m : n   ) is observed, randomly, the   R 1   remaining units are eliminated from the reliability test. When the 2nd failure (  X  2 : m : n   ) is observed, randomly, the   R 2   remaining units are eliminated from the reliability test and so on. If    X  m : m : n   <  T 1   , finish the reliability test at   X  m : m : n    (Case I). If    X  k : m : n   <  T 1  <  X  m : m : n   <  T 2   , finish the reliability test by eliminating all remaining units at   T 1   (Case II). If    T 1  <  X  k : m : n   <  T 2   , finish the reliability test by eliminating all remaining units at   X  k : m : n    (Case III). If    T 2  <  X  k : m : n    , finish the reliability test by eliminating all remaining units at   T 2   (Case IV). Briefly, there are four cases in ComGenPrHyCS (Figure 3) as follow:



Case I:   {  X  1 : m : n   , ⋯ ,  X  k : m : n   , ⋯ ,  X  m : m : n   }  , if    X  m : m : n   <  T 1   .



Case II:   {  X  1 : m : n   , ⋯ ,  X  k : m : n   , ⋯ ,  X   d 1  : m : n   }  , if    X  k : m : n   <  T 1  <  X  m : m : n    .



Case III:   {  X  1 : m : n   , ⋯ ,  X   d 1  : m : n   , ⋯ ,  X  k : m : n   }  , if    T 1  <  X  k : m : n   <  T 2   .



Case IV:   {  X  1 : m : n   ,  X  2 : m : n   , ⋯ ,  X   d 2  : m : n   }  , if    T 2  <  X  k : m : n    .  



Here,    X   d 1  : m : n   <  T 1  <  X   d 1  + 1 : m : n    , and    X   d 1  + 1 : m : n   , ⋯ ,  X  m : m : n     are not observed for Case II. For Case IV,    X   d 2  : m : n   <  T 2  <  X   d 2  + 1 : m : n    , and    X   d 2  + 1 : m : n   , ⋯ ,  X  m : m : n     are not observed.



This ComGenPrHyCS combined the GenT   1  PrHyCS and GenT   2  PrHyCS. It is clear that the proposed ComGenPrHyCS includes a second termination time   T 2   in addition to   T 1   and the second number k in addition to m in order to provide more flexibility than the GenT   1  PrHyCS and GenT   2  PrHyCS, also to have more observations that will develop the inference. Under ComGenPrHyCS, we can assure that the reliability test would be finished at most in time   T 2  . Here, the   T 2   denotes the longest test time that the tester is willing to grant the reliability test to continue.




3. Inference


3.1. Conditional Maximum Likelihood Estimator


Based on the four scenarios, as explained in the Section 2, the likelihood function ( L ) of ComGenPrHyCS can be derived as;


      L  ( λ | x )  =        ∏  j = 1  m   ∑  k = j  m   1 +  R k     ∏  j = 1  m  g   x  j : m : n      1 − G   x  j : m : n      R j   ,         D 1  = m ,               ∏  j = 1   D 1    ∑  k = j  m   1 +  R k     ∏  j = 1   D 1   g   x  j : m : n      1 − G   x  j : m : n      R j     1 − G   T 1     R   d 1   ′   ,         D 1  = k , k + 1 , ⋯ , m − 1 ,   D 2  = m ,               ∏  j = 1  k   ∑  k = j  m   1 +  R k     ∏  j = 1  k  g   x  j : m : n      1 − G   x  j : m : n      R j   ,         D 1  = 0 , 1 , ⋯ , k − 1 ,  D 2  = k ,             ∏  j = 1   D 2    ∑  k = j  m   1 +  R k     ∏  j = 1   D 2   g   x  j : m : n      1 − G   x  j : m : n      R j     1 − G   T 2     R   d 2   ′   ,         D 2  = 1 , ⋯ , k − 1 ,          



(2)




where    R   d 1   ′  = n −  d 1  −  ∑  i = 1   d 1    R i    for Case II,    R  k  ′  = n − k −  ∑  i = 1   k − 1    R i    for Case III, and    R   d 2   ′  = n −  d 2  −  ∑  i = 1   d 2    R i    for Case IV. Here, the MLE does not exist when    D 2  = 0  . In order to estimate MLE, the inference results that follow are conditional on    D 2  ≥ 1  .



A random variable X is said to have a ExpD with parameter  λ  if its PDF is given by


      g  ( x ; λ )  =  1 λ   e  − x / λ   ,   x > 0 ,  λ > 0 .     



(3)




The corresponding CDF and reliability function are given, respectively, as


           G  ( x ; λ )  = 1 −  e  − x / λ   ,   x > 0 ,  λ > 0 ,          R  ( x ; λ )  =  e  − x / λ   ,   x > 0 ,  λ > 0 .     



(4)







From Equations (2) and (3), we obtain the conditional MLE for ExpD as


       λ ^  =       1 m    ∑  j = 1  m    R j  + 1   x  j : m : n    ,      D 1  = m ,              1  d 1     ∑  j = 1   d 1     R j  + 1   x  j : m : n   +  R   d 1   ′   T 1   ,      D 1  = k , k + 1 , ⋯ , m − 1 ,              1 k    ∑  j = 1  k    R j  + 1   x  j : m : n    ,      D 1  = 1 , ⋯ , k − 1 ,   D 2  = k ,              1  d 2     ∑  j = 1   d 2     R j  +   x  j : m : n   +  R   d 2   ′   T 2   ,      D 2  = 1 , ⋯ , k − 1 .          



(5)








3.2. Exact Inference for Conditional MLE


The following Lemma 1 (Ref. [14]) is used to derive the explicit form of the CondMGF of   λ ^  .



Lemma 1.

Let    π j  > 0   where   j = 1 , 2 , ⋯ , m  , and let X denote the absolutely continuous random variable with PDF   g ( x )   and CDF   G ( x )  . Then for   m ≥ 1  , we have


       ∫  T   x  m + 1    ⋯      ∫  T   x 3     ∫  T   x 2    ∏  j = 1  m  g   x j     1 − G   x j      π j  − 1   d  x 1  d  x 2  ⋯ d  x m           =  ∑  i = 0  m   κ  i , m     π m     1 − G   x  m + 1       φ  i , m     π m       1 − G  T     ∑  j = 1   m − i    π j    ,      








where    π m  =   π 1  ,  π 2  , ⋯ ,  π m    ;    κ  i , m     π m   =    − 1  i     ∏  j = 1  i   ∑  k = m − i + 1   m − i + j    π k     ∏  j = 1   m − i    ∑  k = j   m − i    π k      ,    φ  i , m     π m   =  ∑  j = m − i + 1  m   π j   . Here, assume that    ∏  j = 1  0   ξ j  ≡ 1   and    ∑  j = i  0   ξ j  ≡ 0  .





Lemma 2.

(a) The conditional joint density of    X  1 : m : n   , ⋯ ,  X  m : m : n     given    D 1  = m  , is


     g      x  1 : m : n   , ⋯ ,  x  m : m : n    |   D 1  = m  =    κ ′   ( m )    P   D 1  = m         ∏  j = 1  m  g   x  j : m : n      1 − G   x  j : m : n      R j   ,        − ∞ <  x  1 : m : n   < ⋯ <  x  m : m : n   <  T 1  ,      








where    κ ′   ( a )  =  ∏  j = 1  a   ∑  k = j  m    R k  + 1   .



(b) For    D 1  = k , k + 1 , ⋯ , m − 1 ,  D 2  = m  , the conditional joint density of    X  1 : m : n   , ⋯ ,  X   d 1  : m : n     given    D 1  =  d 1    and    D 2  = m  , is


     g     x  1 : m : n   , ⋯ ,  x   d 2  : m : n    |   D 1  =  d 1  ,  D 2  = m      =       κ ′   (  d 2  )    1 − G   T 1     R   d 1   ′     P   D 1  =  d 1  ,  D 2  = m     ∏  j = 1   d 1   g   x  j : m : n      1 − G   x  j : m : n      R j   ,        − ∞ <  x  1 : m : n   < ⋯ <  x   d 1  : m : n   <  T 1  .      











(c) For    D 1  = 0 , 1 , ⋯ , k − 1   and    D 2  = k  , the conditional joint density of    X  1 : m : n   , ⋯ ,  X  k : m : n     given    D 1  =  d 1    and    D 2  = k  , is


     g     x  1 : m : n   , ⋯ ,  x  k : m : n    |   D 1  =  d 1  ,  D 2  = k          =    κ ′   ( k )    P   D 1  =  d 1  ,  D 2  = k     ∏  j = 1  k  g   x  j : m : n      1 − G   x  j : m : n      R j   ,          − ∞ <  x  1 : m : n   < ⋯ <  x   d 1  : m : n   <  T 1  < ⋯ <  x  k : m : n   .      











(d) For    D 2  = 1 , ⋯ , k − 1  , the conditional joint density of    X  1 : m : n   , ⋯ ,  X   d 2  : m : n     given    D 2  =  d 2   , is


     g     x  1 : m : n   , ⋯ ,  x   d 2  : m : n    |   D 2  =  d 2       =       κ ′   (  d 2  )    1 − G   T 2     R   d 2   ′     P   D 2  =  d 2      ∏  j = 1   d 2   g   x  j : m : n      1 − G   x  j : m : n      R j   ,          − ∞ <  x  1 : m : n   < ⋯ <  x   d 2  : m : n   <  T 2  .      













Proof. 

From Equation (1), Lemma 2 (a) and Lemma 2 (c) are straightforward. Lemma 2 (b) is derived by writing the event   {  D 1  =  d 1  }   as   {  X   d 1  : m : n   ≤  T 1  <  X   d 1  + 1 : m : n   }   and integrating with respect to   X   d 1  + 1 : m : n    (from   T 1   to ∞) in the joint density function    X  1 : m : n   ,  X  2 : m : n   , ⋯ ,  X   d 1  : m : n     obtained from Equation (1). Lemma 2 (d) is derived by writing the event   {  D 2  =  d 2  }   as   {  X   d 2  : m : n   ≤  T 2  <  X   d 2  + 1 : m : n   }   and integrating with respect to   X   d 2  + 1 : m : n    (from   T 2   to ∞) in the joint density function    X  1 : m : n   ,  X  2 : m : n   , ⋯ ,  X   d 2  : m : n     obtained from Equation (1). □





Theorem 1.

Conditional on    D 2  ≥ 1  , the CondMGF of   λ ^   is given by


       ϕ  λ ^    ω  =     E   e  ω  λ ^          =     1  1 −  τ  2  n        κ ′   ( m )     1 − λ ω / m  m    ∑  i = 0  m   κ  i , m     R  1 , b     τ  1    1 − λ ω / m   R  m − i + 1  *              +  ∑   d 1  = k   m − 1      κ ′   (  d 1  )     1 − λ ω /  d 1    d 1     ∑  i = 0   d 1    κ  i ,  d 1      R  1 ,  d 1      τ  1    1 − λ ω /  d 1    R   d 1  − i + 1  *             +  ∑   d 1  = 0   k − 1      κ ′   ( k )     1 − λ ω / k  k    ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , k             ×  τ  1    1 − λ ω / k   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1     τ  2    1 − λ ω / k   ∑  j = k −  i 2  + 1  k    R j  + 1             +   ∑   d 2  = 1   k − 1      κ ′   (  d 2  )     1 − λ ω /  d 2    d 2     ∑  i = 0   d 2    κ  i ,  d 2      R  1 ,  d 2      τ  2    1 − λ ω /  d 2    R   d 2  − i + 1  *     ,      








where    R  a , b   =   R a  + 1 ,  R  a + 1   + 1 , ⋯ ,  R b  + 1   ,    R i *  =  ∑  k = i  m    R k  + 1   ,    τ 1  =  e  −  T 1  / λ     and    τ 2  =  e  −  T 2  / λ    .





Proof. 

Conditional on    D 2  ≥ 1  , the CondMGF of   λ ^   is given by


      ϕ  λ ^    ω  =     E   e  ω  λ ^          =     1  1 −  τ  2  n     E   e  ω  λ ^     |   D 1  = m  P   D 1  = m            +  ∑   d 1  = k   m − 1   E   e  ω  λ ^     |   D 1  =  d 1  ,  D 2  = m  P   D 1  = m ,  D 2  = m           +  ∑   d 1  = 0   k − 1   E   e  ω  λ ^     |   D 1  =  d 1  ,  D 2  = k            +  ∑   d 2  = 1   k − 1   E   e  ω  λ ^     |   D 2  =  d 2   P   D 2  =  d 2    .     



(6)




For    D 1  = m  , using Lemma 1,


     E   e  ω  λ ^     |   D 1  = m      P   D 1  = m       =     κ ′   ( m )   ∫  0   T 1   ⋯  ∫  0   x  2 : m : n      ∏  j = 1  m  g   x  j : m : n      1 − G   x  j : m : n      R j    e  ω  λ ^    d  x 1  ⋯ d  x m       =     κ ′   ( m )   ∫  0   T 1   ⋯  ∫  0   x  2 : m : n      ∏  j = 1  m  g   x  j : m : n             ×   1 − G   x  j : m : n       1 +  R j    1 − ω λ / m  − 1   d  x 1  ⋯ d  x m       =       κ ′   ( m )     1 − ω λ / m  m    ∑  i = 0  m   κ  i , m     R  1 , m     τ  1    1 − ω λ / m   R  m − i + 1  *    .     



(7)




For    D 1  = k , k + 1 , ⋯ , m − 1  , using Lemma 1,


     E   e  ω  λ ^     |   D 1  =  d 1  ,  D 2  = m      P   D 1  =  d 1  ,  D 2  = m       =     κ ′   (  d 1  )   τ  1   R   d 1   *    ∫  0   T 1   ⋯  ∫  0   x  2 : m : n      ∏  j = 1   d 1   g   x  j : m : n      1 − G   x  j : m : n      R j       










  ×  e  ω  λ ^    d  x 1  ⋯ d  x  d 1    



(8)






     =     κ ′   ( m )   τ  1    R   d 1   *   ( 1 − ω λ /  d 1  )     ∫  0   T 1   ⋯  ∫  0   x  2 : m : n       ∏  j = 1   d 1    g   x  j : m : n             ×   1 − G   x  j : m : n       1 +  R j    1 − ω λ /  d 1   − 1   d  x 1  ⋯ d  x  d 1        










    =       κ ′   (  d 1  )     1 − ω λ /  d 1    d 1     ∑  i = 0   d 1    κ  i ,  d 1      R  1 ,  d 1      τ  1    1 − ω λ /  d 1    R   d 1  − i + 1  *    .     



(9)




For    D 1  = 1 , 2 , ⋯ , k − 1   and    D 2  = k  , using Lemma 1,


     E   e  ω  λ ^     |   D 1  =  d 1  ,  D 2  = k      P   D 1  =  d 1  ,  D 2  = k       =     κ ′   ( k )   ∫   T 1    T 2   ⋯  ∫   x  k − 1 : m : n     T 2    ∫  0   T 1   ⋯  ∫  0   x  2 : m : n      ∏  j = 1  k  g   x  j : m : n             ×   1 − G   x  j : m : n      R j    e  ω  λ ^    d  x 1  ⋯ d  x  d 1   d  x k  ⋯ d  x   d 1  + 1        =     κ ′   ( k )   ∫   T 1    T 2   ⋯  ∫   x  k − 1 : m : n     T 2    ∫  0   T 1   ⋯  ∫  0   x  2 : m : n      ∏  j = 1  k  g   x  j : m : n             ×   1 − G   x  j : m : n       1 +  R j    1 − ω λ / k  − 1   d  x 1  ⋯ d  x  d 1   d  x k  ⋯ d  x   d 1  + 1   .     










     =       κ ′   ( k )     1 − ω λ / k   d 1     ∑   i 1  = 0   d 1    κ   i 1  ,  d 1      R  1 ,  d 1      τ  1    1 − ω λ / k   ∑  j =  d 1  −  i 1  + 1   d 1     R j  + 1             ×  ∫   T 1    T 2   ⋯  ∫   x  k − 1 : m : n     T 2     ∏  j =  d 1  + 1  k  g   x  j : m : n      1 − G   x  j : m : n       1 +  R j    1 − ω λ / k  − 1   d  x k  ⋯ d  x   d 1  + 1        =       κ ′   ( k )     1 − ω λ / k  k    ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , k         










  ×  τ  1    1 − ω λ / k   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1     τ  2    1 − ω λ / k   ∑  j = k −  i 2  + 1  k    R j  + 1    .  



(10)




For    D 2  = 1 , 2 , ⋯ , k − 1  , using Lemma 1,


     E   e  ω  λ ^     |   D 2  =  d 2       P   D 2  =  d 2        =     κ ′   (  d 2  )   τ  2   R   d 2   *    ∫  0   T 2   ⋯  ∫  0   x  2 : m : n      ∏  j = 1   d 2   g   x  j : m : n      1 − G   x  j : m : n      R j            ×  e  ω  λ ^    d  x 1  ⋯ d  x  d 2        =     κ ′   (  d 2  )   τ  2    R   d 2   *   ( 1 − ω λ /  d 2  )     ∫  0   T 2   ⋯  ∫  0   x  2 : m : n      ∏  j = 1   d 2   g   x  j : m : n             ×   1 − G   x  j : m : n       1 +  R j    1 − ω λ /  d 2   − 1   d  x 1  ⋯ d  x  d 2       










  =     κ ′   (  d 2  )     1 − ω λ /  d 2    d 2     ∑  i = 0   d 2    κ  i ,  d 2      R  1 ,  d 2      τ  2    1 − ω λ /  d 2    R   d 2  − i + 1  *    .   



(11)




Then, the theorem follows readily upon substituting Equations (7), (8), (10), and (11) into Equation (6). □





Theorem 2.

With conditional    D 2  ≥ 1  , the conditional PDF of   λ ^   is given by


       f  λ ^    x  =      1  1 −  τ  2  n      κ ′   ( m )   ∑  i = 0  m   κ  i , m     R  1 , m     τ  1   R  m − i + 1  *    γ m   x ,    T 1   R  m − i + 1  *   m             +  ∑   d 1  = k   m − 1    κ ′   (  d 1  )   ∑  i = 0   d 1    κ  i ,  d 1      R  1 ,  d 1      τ  1   R   d 1  − i + 1  *    γ  d 1    x ,    T 1   R   d 1  − i + 1  *    d 1             +  ∑   d 1  = 0   k − 1    κ ′   ( k )   ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , k             ×  τ  1    ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1     τ  2    ∑  j = k −  i 2  + 1  k    R j  + 1             ×  γ k   x ,    T 1   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1  +  T 2   ∑  j = k −  i 2  + 1  k    R j  + 1   k             +  ∑   d 2  = 1   k − 1    κ ′   (  d 2  )   ∑  i = 0   d 2    κ  i ,  d 2      R  1 ,  d 2      τ  2   R   d 2  − i + 1  *    γ  d 2    x ,    T 2   R   d 2  − i + 1  *    d 2     .      








where    γ a   x , b  =    a / λ  b    a − 1  !   < x − b  >  a − 1    e  −  a λ   x − b     , and   < b > = max  b , 0   .





Proof. 

From Theorem 1, the CondMGF of   λ ^   is given by


      ϕ  λ ^    ω  =     E   e  ω  λ ^          =     1  1 −  τ  2  n        κ ′   ( m )     1 − λ ω / m  m    ∑  i = 0  m   κ  i , m     R  1 , m     τ  1    1 − λ ω / m   R  m − i + 1  *              +  ∑   d 1  = k   m − 1      κ ′   (  d 1  )     1 − λ ω /  d 1    d 1     ∑  i = 0   d 1    κ  i ,  d 1      R  1 ,  d 1      τ  1    1 − λ ω /  d 1    R   d 1  − i + 1  *             +  ∑   d 1  = 0   k − 1      κ ′   ( k )     1 − λ ω / k  k    ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , k             ×  τ  1    1 − λ ω / k   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1     τ  2    1 − λ ω / k   ∑  j = k −  i 2  + 1  k    R j  + 1             +   ∑   d 2  = 1   k − 1      κ ′   (  d 2  )     1 − λ ω /  d 2    d 2     ∑  i = 0   d 2    κ  i ,  d 2      R  1 ,  d 2      τ  2    1 − λ ω /  d 2    R   d 2  − i + 1  *         








Because   exp  ω b / a    1 − ω λ / a   − a     is the MGF of   Y + b / a   at  ω , where Y is a gamma random variable with PDF    γ a   x , 0   , the theorem readily follows. □





Corollary 1.

Conditional on    D 2  ≥ 1  , the expectation and MSE of   λ ^   are given by


      E λ      λ ^       =    λ +  1  1 −  τ  2  n      T 1     κ ′   ( m )   m   ∑  i = 0  m   R  m − i + 1  *   κ  i , m     R  1 , m     τ  1   R  m − i + 1  *             +  T 1   ∑   d 1  = k   m − 1      κ ′   (  d 1  )    d 1    ∑  i = 0   d 1    R   d 1  − i + 1  *   κ  i ,  d 1      R  1 ,  d 1      τ  1   R   d 1  − i + 1  *            +  ∑   d 1  = 0   k − 1      κ ′   ( k )   k   ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , b     τ  1    ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1             ×  τ  2    ∑  j = k −  i 2  + 1  k    R j  + 1      T 1   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1  +  T 2   ∑  j = k −  i 2  + 1  k    R j  + 1             +  T 2   ∑   d 2  = 1   k − 1      κ ′   (  d 2  )    d 2    ∑  i = 0   d 2    R   d 2  − i + 1  *   κ  i ,  d 2      R  1 ,  d 2      τ  2   R   d 2  − i + 1  *    ,      










      M S  E λ       λ ^       =     1  1 −  τ  2  n        κ ′   ( m )   m   ∑  i = 0  m   κ  i , m     R  1 , m     τ  1   R  m − i + 1  *     λ 2  +    T  1  2   R  m − i + 1   * 2    m             +  ∑   d 1  = k   m − 1      κ ′   (  d 1  )    d 1    ∑  i = 0   d 1    κ  i ,  d 1      R  1 ,  d 1      τ  1   R   d 1  − i + 1  *     λ 2  +    T  1  2   R   d 1  − i + 1   * 2     d 1             +  ∑   d 1  = 0   k − 1      κ ′   ( k )   k   ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , k             ×  τ  1    ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1     τ  2    ∑  j = k −  i 2  + 1  k    R j  + 1             ×   λ 2  +     T 1   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1  +  T 2   ∑  j = k −  i 2  + 1  k    R j  + 1   2  k             +  ∑   d 2  = 1   k − 1      κ ′   (  d 2  )    d 2    ∑  i = 0   d 2    κ  i ,  d 2      R  1 ,  d 2      τ  2   R   d 2  − i + 1  *     λ 2  +    T  2  2   R   d 2  − i + 1   * 2     d 2     .      













Theorem 3.

Conditional on    D 2  ≥ 1  , it can be explained as


      P λ      λ ^  > t      =     1  1 −  τ  2  n        κ ′   ( m )     m − 1  !    ∑  i = 0  m   κ  i , m     R  1 , m     τ  1   R  m − i + 1  *    Γ m    G m    T 1   R  m − i + 1  *   / m            +  ∑   d 1  = k   m − 1      κ ′   (  d 1  )      d 1  − 1  !    ∑  i = 0   d 1    κ  i ,  d 1      R  1 ,  d 1      τ  1   R   d 1  − i + 1  *    Γ  d 1     G  d 1     T 1   R   d 1  − i + 1  *   /  d 1            +  ∑   d 1  = 0   k − 1      κ ′   ( k )     k − 1  !    ∑   i 1  = 0   d 1    ∑   i 2  = 0   k −  d 1     κ   i 1  ,  d 1      R  1 ,  d 1      κ   i 2  , k −  d 1      R   d 1  + 1 , k             ×  τ  1    ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1     τ  2    ∑  j = k −  i 2  + 1  k    R j  + 1             ×  Γ k    G k     T 1   ∑  j =  d 1  −  i 1  + 1   k −  i 2      R j  + 1  +  T 2   ∑  j = k −  i 2  + 1  k    R j  + 1   / k             +  ∑   d 2  = 1   k − 1      κ ′   (  d 2  )      d 2  − 1  !    ∑  i = 0   d 2    κ  i ,  d 2      R  1 ,  d 2      τ  2   R   d 2  − i + 1  *    Γ  d 2     G  d 2     T 2   R   d 2  − i + 1  *  /  d 2     ,      








where    Γ a   z  =  ∫  z  ∞    t  a − 1    e  − t   d t   , and    G m   a  =  m / λ  < t − a >  .





Proof. 

Let


      g m   x , a  =    m / λ  m    m − 1  !     x − a   m − 1    e  −  m λ   x − a    .     











Then,


      ∫  t  ∞    γ m   x , a  d x  =      ∫  max  t , a   ∞    g m   x , a  d x       =     ∫   m λ  < t − a >  ∞     y  m − 1     m − 1  !    e  − y   d y       =       Γ m    G m   a      m − 1  !   .     











In order to derive a lower confidence bound (LowCB) for  λ , the expression for    P λ   (  λ ^  > t )   , which is presented in the Theorem 3, is needed. Here, suppose that    P λ    λ ^  > t    is an increasing function of  λ . Then, a   100 ( 1 − α ) %   LowCB for  λ  is   λ L  . Similarly, a   100 ( 1 − α ) %   ConfItv for  λ  is    λ L  ,  λ U   , where   λ L   and   λ U   satisfy the equations   α / 2 =  P  λ L     λ ^  >   λ ^   o b s      and   1 − α / 2 =  P  λ U     λ ^  >   λ ^   o b s     , respectively.    λ ^   o b s    is the observed value of   λ ^  . □







4. Example and Simulation Results


4.1. Example


A PrgCD generated from the failure times (number of cycles in 1000 times) of 18 ball bearings (Ref. [15]) is used to explain the inference for  λ . Table 1 represents the PrgCD generated from the failure times (number of cycles in 1000 times) of 18 ball bearings. We use the Kolmogorov–Smirnov test to test if this data set fits the ExpD or not. The p-value for this test is 0.9715 and it shows that this data fits the ExpD.



In this example, we take   T =  T 1  = 1.2  ,    T 2  = 1.5  ,   k = 10   (Sch. I),   T =  T 1  = 1.0  ,    T 2  = 1.5  ,   k = 10   (Sch. II),   T =  T 1  = 0.5  ,    T 2  = 1.5  ,   k = 10   (Sch. III) and   T =  T 1  = 0.5  ,    T 2  = 0.6  ,   k = 10   (Case IV). Table 2 presents the MLE, MSE, and SE calculated from Equation (5) and Corollary 1. Also, we have contained the   95 %   ConfItv for  λ  of ComGenPrHyCS. Using breakdown data, the PDF   λ ^   of ComGenPrHyCS is presented in Figure 4. It can be seen that PDF of MLE for ExpD under new censoring scheme is almost symmetrical.




4.2. Simulation Results


We consider various ComGenPrHyCS(n, m, k,  R ,   T 1   and   T 2  ). Also, we have used four PrgCSs as; Sch. I:    R 1  = ⋯ =  R  m − 1   = 0   and    R m  = n − m  . Sch. II:    R 1  = n − m   and    R 2  = ⋯ =  R m  = 0  . Sch. III:    R 1  =  R m  =  ( n − m )  / 2   and    R 2  = ⋯ =  R  m − 1   = 0  . Sch. IV:    R  m / 2   = n − m   and    R 1  = ⋯ =  R  m / 2 − 1   =  R  m / 2 + 1   = ⋯ =  R m  = 0  . For four different PrgCSs, we generate PrgCD. If    X  m : m : n   <  T 1   (Case I), the combined generalized progressive hybrid censored data (ComGenPrHyCD) is   {  X  1 : m : n   , ⋯ ,  X  m : m : n   }  . If    X  k : m : n   <  T 1  <  X  m : m : n    (Case II), we find   d 1   such that    X   d 1  : m : n   <  T 1  <  X   d 1  + 1 : m : n    , and the ComGenPrHyCD is   {  X  1 : m : n   , ⋯ ,  X   d 1  : m : n   }  . If    T 1  <  X  k : m : n   <  T 2   (Case III), the ComGenPrHyCD is   {  X  1 : m : n   , ⋯ ,  X  k : m : n   }  . If    T 2  <  X  k : m : n    (Case IV), we find   d 2   such that    X   d 2  : m : n   <  T 2  <  X   d 2  + 1 : m : n    , and the ComGenPrHyCD is   {  X  1 : m : n   , ⋯ ,  X   d 2  : m : n   }  .



In each case, we take   λ = 1  . In each ComGenPrHyCS, we reiterate the procedure 1000 times. We calculate the average biases, MSEs, ConfLen, and Cov% of   λ ^  . The results are presented in Table 3 and Table 4. And, the simulation code is presented in Appendix A.



From Table 3, the ConfLen decrease as n increases. For fixed n, generally, the ConfLen decrease as m increases. For fixed n and m, generally, the ConfLen decreases as the   T 1   increases. For fixed n, m, and   T 2  , generally, the ConfLen decreases as the   T 2   increases. The Cov% is close to their corresponding nominal levels as the n, m,   T 1  , and   T 2   increase. Also, the Sch. I has smaller ConfLen than the Sch. II, III, and IV.



From Table 4, the MSEs decrease as n(sample size) increases. For fixed n, generally, the MSEs and biases decrease as m(PrgCD size) increases. For fixed n and m, generally, the MSEs and biases decrease as   T 1   increases. For fixed n, m and   T 1  , generally, the MSEs and biases decrease as the   T 2   increases. That is, when n, m,   T 1  , and   T 2   grow,   λ ^   is all closer to the true value. Also, the Sch. I has smaller MSE and bias than the Sch. II, III, and IV. When n, k, m and   T 1   are fixed, no specific pattern is observed with the increasing of   T 2  . This is understandable because for some ComGenPryHyCS, the observed data may remain unchanged with the increasing of   T 2  .





5. Conclusions, Limitations, and Future Research


GenT   1  PrHyCS and GenT   2  PrHyCS are very complex due to the large number of parameters used to specify the censoring procedure. Therefore, in this paper, we consider a more general and more complex new censoring scheme—ComGenPrHyCS. Using the ComGenPrHyCS, we prove the exact distribution of the conditional MLE and CondMGF of the conditional MLE for the mean of the ExpD under ComGenPrHyCS. We then derive exact ConfItv for the mean of the ExpD under ComGenPrHyCS.



Consequently, the MSEs, biases, and ConfLen decrease as n increases. For fixed n, generally, the MSEs, biases and ConfLen decrease as m increases. For fixed n and m, generally, the MSEs, biases and ConfLen decrease as the   T 1   increases. For fixed n, m and the   T 1  , generally, the MSEs, biases, and ConfLen decrease as the   T 2   increases. Also, the Sch. I has smaller MSE, biases, and ConfLen than the Sch. II, III and IV. The Cov% is close to their corresponding nominal levels as the n, m,   T 1  , and   T 2   increase. From the example data, it can be seen that PDF of MLE for ExpD under new censoring scheme is almost symmetrical.



Although we focused on the inference for scale parameter of the ExpD, the suggested ComGenPrHyCS can be extended to other distributions such as Rayleigh, Burr, and Weibull distributions. However, in these distributions, the exact distributions of the MLEs cannot be obtained.
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Appendix A. Simulation Code


c100<-function(d){



cc<-NA;



for(j in 1:d){ RR<-NA;



for(k1 in j:m){RR[k1]<-R[k1]+1}



cc[j]<-sum(RR)



}



prod(cc)



}



c1<-function(i,d){



cc1<-NA;



for(j in 1:i){ RR1<-NA;



for(k1 in (d-i+1):(d-i+j)){



RR1[k1]<-R[k1]+1



}



cc1[j]<-sum(RR1)



}



prod(cc1)



}



⋮



q<-function(th){exp(-T/th)}



ff1<-function(th){1/k*q(th)^c3(1)*(th^2+T^2*c3(1)^2/k)}



ff2<-function(th){c100(1)/k*(q(th)^c3(2)/c2(0,1)*(th^2+T^2*c3(2)^2/k)-q(th)



^c3(1)/c1(1,1)*(th^2+T^2*c3(1)^2/k))}



⋮



ff7<-function(th){



ee2<-NA;



for(d in 2:(k-1)){



ee2[d]<-c100(d)/k*(ff3(d,th)+ff5(d,th)+ff6(d,th))



}



sum(ee2)



}



⋮



gg7<-function(th){



ee4<-NA;



for(d in k:(m-1)){



ee4[d]<-c100(d)/d*(gg3(d,th)+gg5(d,th)+gg6(d,th))



}



sum(ee4)



}



⋮



gg12<-function(th){



c100(m)/m*(gg8(th)+gg10(th)+gg11(th))



}



fff1<-function(th){T/k*c3(1)*q(th)^c3(1)}



fff2<-function(th){T*c100(1)/k*(c3(2)*q(th)^c3(2)/c2(0,1)-c3(1)*q(th)^c3(1)



/c1(1,1))}



⋮



fff7<-function(th){



eee2<-NA;



for(d in 2:(k-1)){



eee2[d]<-T*c100(d)/k*(fff3(d,th)+fff5(d,th)+fff6(d,th))



}



sum(eee2)



}



⋮



ggg7<-function(th){



eee4<-NA;



for(d in k:(m-1)){



eee4[d]<-T*c100(d)/d*(ggg3(d,th)+ggg5(d,th)+ggg6(d,th))



}



sum(eee4)



}



⋮



ggg12<-function(th){T*c100(m)/m*(ggg8(th)+ggg10(th)+ggg11(th))}



n<-20;m<-18;k<-10;T1<-.5;T2<-1.2



R<-c(rep(0,17),2);SIR<-cumsum(R)



MSE<-NA;bias<-NA;cp<-NA;cl<-NA;



set.seed(1)



for(zz in 1:1000){



z<-NA;x<-NA;z<-rexp(m,1);x[1]<-z[1]/n



for(j in 1:(m-1)){x[j+1]<-z[j+1]/(n-SIR[j]-j)+x[j]}



D1 <- sum(x<T1);D2 <- sum(x<T2);



RRR1<-n-D1-sum(R[1:D1]);RRR2<-n-D2-sum(R[1:D2]);RRRk<-n-k-sum(R[1:(k-1)])



D<-ifelse(x[m]<T1,m,ifelse(x[k]<T1&x[m]>T1,D1,ifelse(x[k]>T1&x[k]<T2,k,D2)))



sumx<-NA;



for(i in 1:D){sumx[i]<-(1+R[i])*x[i]}



th[zz]<-ifelse(x[m]<T1,1/D*sum(sumx),



ifelse(x[k]<T1&x[m]>T1,1/D*(sum(sumx)+RRR1*T1),



ifelse(x[k]>T1&x[k]<T2,1/D*(sum(sumx)+RRRk*x[k]),1/D*(sum(sumx)+RRR2*T2))))



MSE[zz]<-ff1(th)+ff2(th)+ff7(th)+gg7(th)+gg12(th)



bias[zz]<-fff1(th)+fff2(th)+fff7(th)+ggg7(th)+ggg12(th)



}
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Figure 1. Schematic representation of GenT   1  PrHyCS. 
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Figure 2. Schematic representation of GenT   2  PrHyCS. 






Figure 2. Schematic representation of GenT   2  PrHyCS.
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Figure 3. Schematic representation of ComGenPrHyCS. 
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Figure 4. The PDF of MLE for example. 
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Table 1. Failure times of 18 ball bearings.






Table 1. Failure times of 18 ball bearings.
















	i
	1
	2
	3
	4
	5
	6
	7
	8



	   R i   
	0
	0
	0
	0
	0
	0
	0
	0



	   x  i : m : n    
	0.1788
	0.2892
	0.3300
	0.4152
	0.4212
	0.4560
	0.4848
	0.5184



	i
	9
	10
	11
	12
	13
	14
	15
	



	   R i   
	0
	0
	0
	0
	0
	1
	2
	



	   x  i : m : n    
	0.6864
	0.6888
	0.8412
	0.9312
	0.9864
	1.0512
	1.0584
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Table 2. Inference for  λ .






Table 2. Inference for  λ .













	Case
	
	    λ ^    
	MSE
	SE.
	95% ConfItv for   λ  





	Sch. I
	ComGenPrHyCS
	0.8337
	0.0630
	0.2321
	(0.5455, 1.3856)



	
	Gen  T 1  PrHyCS
	0.8337
	0.0630
	0.2321
	(0.5455, 1.3856)



	
	Gen  T 2  PrHyCS
	0.7292
	0.0479
	0.2011
	(0.4789, 1.2120)



	Sch. II
	ComGenPrHyCS
	0.9406
	0.0795
	0.2639
	(0.6066, 1.5885)



	
	Gen  T 1  PrHyCS
	0.9406
	0.0795
	0.2639
	(0.6066, 1.5885)



	
	Gen  T 2  PrHyCS
	0.8337
	0.0630
	0.2321
	(0.5455, 1.3856)



	Sch. III
	ComGenPrHyCS
	0.9979
	0.0889
	0.2809
	(0.6387, 1.7002)



	
	Gen  T 1  PrHyCS
	0.9979
	0.0889
	0.2809
	(0.6387, 1.7002)



	
	Gen  T 2  PrHyCS
	0.8337
	0.0630
	0.2321
	(0.5455, 1.3856)



	Sch. IV
	ComGenPrHyCS
	1.1367
	0.1141
	0.3230
	(0.7150, 1.9791)



	
	Gen  T 1  PrHyCS
	0.9979
	0.0889
	0.2809
	(0.6387, 1.7002)



	
	Gen  T 2  PrHyCS
	1.1367
	0.1141
	0.3230
	(0.7150, 1.9791)
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Table 3. The MSE and bias of   λ ^   under ComGenPrHyCS.






Table 3. The MSE and bias of   λ ^   under ComGenPrHyCS.
















	n
	    T 1    
	k
	m
	Sch.
	     T 2  = 1.2    
	     T 2  = 1.5    
	     T 2  = 1.8    
	     T 2  = 2.0    





	20
	0.5
	10
	18
	I
	0.1007 (0.0150)    †  
	0.0976 (0.0128)
	0.0968 (0.0128)
	0.0963 (0.0127)



	
	
	
	
	II
	0.1152 (0.0186)
	0.1004 (0.0101)
	0.0992 (0.0096)
	0.0987 (0.0095)



	
	
	
	
	III
	0.1108 (0.0168)
	0.1011 (0.0118)
	0.0985 (0.0106)
	0.0976 (0.0108)



	
	
	
	
	IV
	0.1027 (0.0140)
	0.0987 (0.0115)
	0.0987 (0.0111)
	0.0978 (0.0113)



	
	
	
	14
	I
	0.1116 (0.0209)
	0.0992 (0.0162)
	0.0987 (0.0161)
	0.0987 (0.0161)



	
	
	
	
	II
	0.1653 (0.0534)
	0.1358 (0.0296)
	0.1200 (0.0162)
	0.1150 (0.0131)



	
	
	
	
	III
	0.1288 (0.0259)
	0.1155 (0.0160)
	0.1034 (0.0112)
	0.1026 (0.0109)



	
	
	
	
	IV
	0.1271 (0.0258)
	0.1113 (0.0144)
	0.1080 (0.0116)
	0.1067 (0.0110)



	
	
	8
	18
	I
	0.1051 (0.0310)
	0.1051 (0.0311)
	0.1051 (0.0311)
	0.1051 (0.0311)



	
	
	
	
	II
	0.1120 (0.0233)
	0.1084 (0.0220)
	0.1076 (0.0218)
	0.1076 (0.0218)



	
	
	
	
	III
	0.1111 (0.0289)
	0.1075 (0.0278)
	0.1060 (0.0274)
	0.1060 (0.0274)



	
	
	
	
	IV
	0.1065 (0.0283)
	0.1065 (0.0283)
	0.1065 (0.0283)
	0.1065 (0.0283)



	
	
	
	14
	I
	0.1221 (0.0451)
	0.1171 (0.0439)
	0.1171 (0.0439)
	0.1171 (0.0439)



	
	
	
	
	II
	0.1649 (0.0364)
	0.1393 (0.0230)
	0.1340 (0.0206)
	0.1313 (0.0199)



	
	
	
	
	III
	0.1313 (0.0339)
	0.1261 (0.0317)
	0.1220 (0.0307)
	0.1220 (0.0307)



	
	
	
	
	IV
	0.1320 (0.0318)
	0.1245 (0.0294)
	0.1240 (0.0292)
	0.1240 (0.0292)



	
	0.8
	10
	18
	I
	0.0953 (0.0414)
	0.0915 (0.0392)
	0.0912 (0.0393)
	0.0910 (0.0392)



	
	
	
	
	II
	0.1086 (0.0364)
	0.0939 (0.0279)
	0.0927 (0.0274)
	0.0922 (0.0273)



	
	
	
	
	III
	0.1049 (0.0384)
	0.0951 (0.0335)
	0.0925 (0.0322)
	0.0917 (0.0325)



	
	
	
	
	IV
	0.0977 (0.0337)
	0.0937 (0.0312)
	0.0937 (0.0308)
	0.0929 (0.0310)



	
	
	
	14
	I
	0.1071 (0.0426)
	0.0947 (0.0379)
	0.0942 (0.0378)
	0.0942 (0.0378)



	
	
	
	
	II
	0.1621 (0.0573)
	0.1326 (0.0335)
	0.1168 (0.0201)
	0.1118 (0.0170)



	
	
	
	
	III
	0.1218 (0.0397)
	0.1085 (0.0298)
	0.0964 (0.0250)
	0.0956 (0.0247)



	
	
	
	
	IV
	0.1233 (0.0316)
	0.1075 (0.0201)
	0.1042 (0.0174)
	0.1029 (0.0167)



	20
	0.8
	8
	18
	I
	0.1119 (0.0599)
	0.1119 (0.0599)
	0.1119 (0.0599)
	0.1119 (0.0599)



	
	
	
	
	II
	0.1144 (0.0514)
	0.1107 (0.0501)
	0.1099 (0.0499)
	0.1099 (0.0499)



	
	
	
	
	III
	0.1167 (0.0554)
	0.1130 (0.0542)
	0.1116 (0.0538)
	0.1116 (0.0538)



	
	
	
	
	IV
	0.1130 (0.0512)
	0.1130 (0.0512)
	0.1130 (0.0512)
	0.1130 (0.0512)



	
	
	
	14
	I
	0.1249 (0.0622)
	0.1198 (0.0610)
	0.1198 (0.0610)
	0.1198 (0.0610)



	
	
	
	
	II
	0.1569 (0.0539)
	0.1313 (0.0405)
	0.1261 (0.0381)
	0.1234 (0.0374)



	
	
	
	
	III
	0.1280 (0.0588)
	0.1228 (0.0565)
	0.1187 (0.0556)
	0.1187 (0.0556)



	
	
	
	
	IV
	0.1305 (0.0484)
	0.1231 (0.0460)
	0.1225 (0.0457)
	0.1225 (0.0457)



	40
	0.5
	22
	36
	I
	0.0451 (−0.0020)
	0.0441 (−0.0028)
	0.0440 (−0.0029)
	0.0440 (−0.0029)



	
	
	
	
	II
	0.0482 (0.0007)
	0.0443 (−0.0033)
	0.0442 (−0.0032)
	0.0441 (−0.0032)



	
	
	
	
	III
	0.0473 (−0.0008)
	0.0442 (−0.0033)
	0.0442 (−0.0032)
	0.0442 (−0.0032)



	
	
	
	
	IV
	0.0460 (−0.0016)
	0.0442 (−0.0032)
	0.0442 (−0.0032)
	0.0441 (−0.0032)



	
	
	
	28
	I
	0.0458 (−0.0027)
	0.0443 (−0.0038)
	0.0441 (−0.0039)
	0.0441 (−0.0039)



	
	
	
	
	II
	0.0610 (0.0228)
	0.0539 (0.0088)
	0.0484 (0.0000)
	0.0461 (−0.0026)



	
	
	
	
	III
	0.0516 (0.0029)
	0.0465 (−0.0027)
	0.0447 (−0.0042)
	0.0447 (−0.0042)



	
	
	
	
	IV
	0.0515 (0.0074)
	0.0476 (0.0000)
	0.0457 (−0.0031)
	0.0451 (−0.0037)



	
	
	18
	36
	I
	0.0501 (0.0045)
	0.0501 (0.0045)
	0.0501 (0.0045)
	0.0501 (0.0045)



	
	
	
	
	II
	0.0526 (0.0007)
	0.0522 (0.0004)
	0.0522 (0.0004)
	0.0522 (0.0004)



	
	
	
	
	III
	0.0513 (0.0023)
	0.0511 (0.0022)
	0.0511 (0.0022)
	0.0511 (0.0022)



	
	
	
	
	IV
	0.0506 (0.0035)
	0.0506 (0.0035)
	0.0506 (0.0035)
	0.0506 (0.0035)



	
	
	
	28
	I
	0.0494 (0.0028)
	0.0494 (0.0028)
	0.0494 (0.0028)
	0.0494 (0.0028)



	
	
	
	
	II
	0.0651 (0.0044)
	0.0574 (−0.0034)
	0.0548 (−0.0051)
	0.0543 (−0.0053)



	
	
	
	
	III
	0.0555 (−0.0028)
	0.0533 (−0.0038)
	0.0531 (−0.0039)
	0.0531 (−0.0039)



	
	
	
	
	IV
	0.0549 (−0.0037)
	0.0537 (−0.0045)
	0.0537 (−0.0045)
	0.0537 (−0.0045)



	40
	0.8
	22
	36
	I
	0.0406 (0.0096)
	0.0395 (0.0088)
	0.0394 (0.0087)
	0.0394 (0.0087)



	
	
	
	
	II
	0.0452 (0.0066)
	0.0412 (0.0026)
	00411 (0.0028)
	00411 (0.0027)



	
	
	
	
	III
	0.0432 (0.0082)
	0.0401 (0.0057)
	0.0401 (0.0057)
	0.0401 (0.0057)



	
	
	
	
	IV
	0.0422 (0.0072)
	0.0403 (0.0055)
	0.0403 (0.0056)
	0.0402 (0.0056)



	
	
	
	28
	I
	0.0419 (0.0095)
	0.0404( 0.0083)
	0.0402 (0.0082)
	0.0402 (0.0082)



	
	
	
	
	II
	0.0609 (0.0229)
	0.0538 (0.0089)
	0.0484 (0.0000)
	0.0461 (−0.0025)



	
	
	
	
	III
	0.0501 (0.0055)
	0.0450 (0.0000)
	0.0432 (−0.0016)
	0.0432 (−0.0016)



	
	
	
	
	IV
	0.0514 (0.0076)
	0.0475 (0.0003)
	0.0455 (−0.0029)
	0.0449 (−0.0035)







† MSE(Bias).
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Table 4. The Cov% and ConfLen of   λ ^   under ComGenPrHyCS.






Table 4. The Cov% and ConfLen of   λ ^   under ComGenPrHyCS.
















	n
	    T 1    
	k
	m
	Sch.
	     T 2  = 1.2    
	     T 2  = 1.5    
	     T 2  = 1.8    
	     T 2  = 2.0    





	20
	0.5
	10
	18
	I
	93.4 (1.2558)    ‡  
	93.4 (1.2500)
	93.3 (1.2498)
	94.3 (1.2495)



	
	
	
	
	II
	93.9 (1.2745)
	93.9 (1.2520)
	93.9 (1.2502)
	94.9 (1.2498)



	
	
	
	
	III
	93.4 (1.2652)
	93.4 (1.2523)
	93.4 (1.2497)
	94.4 (1.2494)



	
	
	
	
	IV
	93.3 (1.2574)
	93.3 (1.2506)
	93.2 (1.2499)
	94.2 (1.2496)



	
	
	
	14
	I
	92.5 (1.2649)
	92.5 (1.2536)
	92.5 (1.2533)
	93.5 (1.2533)



	
	
	
	
	II
	91.4 (1.3989)
	91.4 (1.3105)
	91.4 (1.2709)
	92.4 (1.2613)



	
	
	
	
	III
	91.6 (1.2933)
	91.6 (1.2639)
	91.6 (1.2525)
	92.6 (1.2518)



	
	
	
	
	IV
	91.6 (1.3005)
	91.6 (1.2650)
	91.6 (1.2539)
	92.6 (1.2561)



	
	
	8
	18
	I
	93.4 (1.3906)
	93.4 (1.3904)
	93.4 (1.3904)
	94.4 (1.3904)



	
	
	
	
	II
	94.4 (1.4000)
	94.4 (1.3963)
	94.4 (1.3957)
	95.4 (1.3957)



	
	
	
	
	III
	93.4 (1.3997)
	93.4 (1.3965)
	93.4 (1.3957)
	94.4 (1.3957)



	
	
	
	
	IV
	93.3 (1.3899)
	93.3 (1.3897)
	93.3 (1.3897)
	94.3 (1.3897)



	20
	0.5
	8
	14
	I
	92.5 (1.4115)
	92.5 (1.4084)
	92.5 (1.4084)
	93.5 (1.4084)



	
	
	
	
	II
	92.8 (1.4622)
	92.8 (1.4201)
	92.8 (1.4133)
	93.8 (1.4113)



	
	
	
	
	III
	92.7 (1.4230)
	92.7 (1.4168)
	92.7 (1.4144)
	93.7 (1.4144)



	
	
	
	
	IV
	92.3 (1.4206)
	92.3 (1.4145)
	92.3 (1.4139)
	93.3 (1.4139)



	
	0.8
	10
	18
	I
	93.7 (1.2373)
	93.7 (1.2315)
	93.6 (1.2314)
	94.6 (1.2310)



	
	
	
	
	II
	93.6 (1.2679)
	93.6 (1.2454)
	93.6 (1.2436)
	94.6 (1.2432)



	
	
	
	
	III
	93.4 (1.2524)
	93.4 (1.2394)
	93.4 (1.2368)
	94.4 (1.2366)



	
	
	
	
	IV
	93.5 (1.2421)
	93.5 (1.2353)
	93.4 (1.2346)
	94.4 (1.2344)



	
	
	
	14
	I
	92.9 (1.2416)
	92.9 (1.2303)
	92.9 (1.2299)
	93.9 (1.2299)



	
	
	
	
	II
	92.3 (1.4007)
	92.3 (1.3124)
	92.3 (1.2727)
	93.3 (1.2632)



	
	
	
	
	III
	92.4 (1.2918)
	92.4 (1.2624)
	92.4 (1.2510)
	93.4 (1.2503)



	
	
	
	
	IV
	92.7 (1.2983)
	92.7 (1.2628)
	92.7 (1.2539)
	93.7 (1.2517)



	
	
	8
	18
	I
	93.7 (1.3011)
	93.7 (1.3009)
	93.7 (1.3009)
	94.7 (1.3009)



	
	
	
	
	II
	93.6 (1.3420)
	93.6 (1.3383)
	93.6 (1.3378)
	94.6 (1.3378)



	
	
	
	
	III
	93.4 (1.3214)
	93.4 (1.3183)
	93.4 (1.3175)
	94.4 (1.3175)



	
	
	
	
	IV
	93.5 (1.3058)
	93.5 (1.3056)
	93.5 (1.3056)
	94.5 (1.3056)



	
	
	
	14
	I
	92.9 (1.3059)
	92.9 (1.3028)
	92.9 (1.3028)
	93.9 (1.3028)



	
	
	
	
	II
	92.4 (1.4563)
	92.4 (1.4142)
	92.4 (1.4074)
	93.4 (1.4054)



	
	
	
	
	III
	92.4 (1.3791)
	92.4 (1.3729)
	92.4 (1.3705)
	93.4 (1.3705)



	
	
	
	
	IV
	92.7 (1.3818)
	92.7 (1.3757)
	92.7 (1.3752)
	93.7 (1.3752)



	40
	0.5
	22
	36
	I
	93.3 (0.8346)
	93.3 (0.8333)
	93.4 (0.8332)
	94.4 (0.8332)



	
	
	
	
	II
	93.3 (0.8413)
	93.3 (0.8331)
	93.2 (0.8331)
	94.2 (0.8330)



	
	
	
	
	III
	93.3 (0.8374)
	93.3 (0.8330)
	93.3 (0.8330)
	94.3 (0.8330)



	
	
	
	
	IV
	93.3 (0.8361)
	93. 3(0.8331)
	93.3 (0.8330)
	94.3 (0.8330)



	40
	0.5
	22
	28
	I
	93.4 (0.8344)
	93.5 (0.8324)
	93.5 (0.8322)
	94.5 (0.8322)



	
	
	
	
	II
	93.7 (0.9256)
	93.6 (0.8693)
	93.4 (0.8433)
	94.4 (0.8367)



	
	
	
	
	III
	93.5 (0.8498)
	93.5 (0.8352)
	93.4 (0.8323)
	94.4 (0.8324)



	
	
	
	
	IV
	93.4 (0.8695)
	93.4 (0.8436)
	93.5 (0.8350)
	94.5 (0.8334)



	
	
	18
	36
	I
	94.7 (0.9218)
	94.7 (0.9218)
	94.7 (0.9218)
	95.7 (0.9218)



	
	
	
	
	II
	94.3 (0.9230)
	94.3 (0.9225)
	94.3 (0.9225)
	95.3 (0.9225)



	
	
	
	
	III
	94.7 (0.9226)
	94.7 (0.9225)
	94.7 (0.9225)
	95.7 (0.9225)



	
	
	
	
	IV
	94.3 (0.9221)
	94.3 (0.9221)
	94.3 (0.9221)
	95.3 (0.9221)



	
	
	
	28
	I
	94.7 (0.9199)
	94.7 (0.9199)
	94.7 (0.9199)
	95.7 (0.9199)



	
	
	
	
	II
	92.1 (.9430)
	92.1 (0.9231)
	91.9 (0.9196)
	92.9 (0.9191)



	
	
	
	
	III
	92.2 (0.9215)
	92.2 (0.9194)
	92.2 (0.9192)
	93.2 (0.9192)



	
	
	
	
	IV
	92.3 (0.9208)
	92.5 (0.9190)
	92.4 (0.9189)
	93.4 (0.9189)



	
	0.8
	22
	36
	I
	95.1 (0.8274)
	95.1 (0.8260)
	95.2 (0.8259)
	96.2 (0.8259)



	
	
	
	
	II
	95.4 (0.8413)
	95.4 (0.8331)
	95.3 (0.8331)
	96.3 (0.8330)



	
	
	
	
	III
	95.1 (0.8350)
	95.1 (0.8305)
	95.1 (0.8305)
	96.1 (0.8305)



	
	
	
	
	IV
	95.1 (0.8336)
	95.1 (0.8305)
	95.1 (0.8305)
	96.1 (0.8305)



	
	
	
	28
	I
	94.2 (0.8286)
	94.3 (0.8266)
	94.3 (0.8265)
	95.3 (0.8265)



	
	
	
	
	II
	93.7 (0.9256)
	93.6 (0.8693)
	93.4 (0.8433)
	94.4 (0.8367)



	
	
	
	
	III
	94.2 (0.8499)
	94.2 (0.8352)
	94.1 (0.8324)
	95.1 (0.8323)



	
	
	
	
	IV
	93.2 (0.8693)
	93.2 (0.8434)
	93.3 (0.8349)
	94.3 (0.8332)



	
	
	18
	36
	I
	95.2 (0.8692)
	95.2 (0.8692)
	95.2 (0.8692)
	96.2 (0.8692)



	
	
	
	
	II
	95.4 (0.8990)
	95.4 (0.8986)
	95.4 (0.8986)
	96.4 (0.8986)



	
	
	
	
	III
	95.1 (0.8846)
	95.1 (0.8845)
	95.1 (0.8845)
	96.1 (0.8845)



	
	
	
	
	IV
	95.1 (0.8803)
	95.1 (0.8803)
	95.1 (0.8803)
	96.1 (0.8803)



	40
	0.8
	18
	28
	I
	94.3 (0.8674)
	94.3 (0.8674)
	94.3 (0.8674)
	95.3 (0.8674)



	
	
	
	
	II
	93.8 (0.9430)
	93.8 (0.9231)
	93.6 (0.9196)
	94.6 (0.9191)



	
	
	
	
	III
	94.3 (0.9109)
	94.3 (0.9088)
	94.3 (0.9087)
	95.3 (0.9087)



	
	
	
	
	IV
	93. 9(0.9157)
	94.1 (0.9138)
	94.0 (0.9137)
	95.0 (0.9137)







‡ Cov% (ConfLen).
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