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Abstract: In this paper, we study the existence and multiplicity of solutions for the discrete Dirichlet
boundary value problem of the Kirchhoff type, which has a symmetric structure. By using the critical
point theory, we establish the existence of infinitely many solutions under appropriate assumptions
on the nonlinear term. Moreover, we obtain the existence of infinitely many positive solutions via
the strong maximum principle. Finally, we take two examples to verify our results.

Keywords: discrete Kirchhoff-type problem; boundary value problems; infinitely many solutions;
critical point theory

1. Introduction

Let N be a positive integer and denote with [1, N]| the discrete set {1,..., N}. In this
paper, we consider the following discrete boundary value problem of the Kirchhoff type:

N+1 2
—(a+b Y, |Aue 1A%y 1 = Af(kw), ke LN], "
k=1

ug = un41 =0,

where 4, b are two positive constants, and A is the forward difference operator defined
by Auy = upq — ug. A2 = A(A) and f(k, x) € C(R,R) for any k € [1,N] and A € R™.
Problem (1) has a symmetric structure in the variable uy; that is, if we replace uy_1 with 1y 1,
and replace uy, 1 with uy_q in (1), then (1) is invariant since Auy_q = Ugyq + Ug—1 — 2.
In the past two decades, there has been a lot of interest in the study of difference
equations, such as in biology, economics, and other research fields [1-5]. Most results about
the boundary value problems of difference equations are proved by using the method
of upper and lower solutions as well as fixed-point methods; see [6-10] for more details.
In 2003, Guo and Yu [11] discussed the second-order difference equation by using criti-
cal point theory, and they obtained the existence of periodic and subharmonic solutions.
Since then, many researchers have studied difference equations via critical point theory, in-
cluding boundary value problems [12-18], periodic solutions [19,20] as well as homoclinic
solutions [21-24] and heteroclinic solutions [25].
Problem (1) is the discrete analogue of the following Kirchhoff-type problem:
{ —(a+b [ |VulPdx)Au = Af(x,u), in Q, 2
u=020, on ().

As to problem (2), Zou and He [26] established the existence of infinitely many positive solutions
by using variational methods. In the case of A =1 in problem (2), Cheng and Wu [27] studied
the two existence results, including at least one or no positive solution via variational methods.
In 2016, Tang and Cheng [28] studied the existence of ground state sign-changing solutions
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when A =1 in problem (2) by applying the non-Nehari manifold method. As for Kirchhoff’s
changes and related applications, we refer the reader to [29,30] and the references therein.
Problem (2) is related to the stationary case of a nonlinear wave equation such as

uy — (a+ b/Q \Vul?dx)Au = f(x,u),

which was proposed by Kirchhoff [31] as an extension of the classical D’ Alembert’s wave
equation by considering the effects of the changes in the length of the string during
the vibrations.

As for the discrete case, when the parameter A = 1 in problem (1) and f satisfies
various assumptions, Yang and Liu [32] studied the existence of at least one nontrivial
solution via variational methods and critical groups. A class of partial discrete Kirchhoff-
type problems was discussed by Long and Deng [33] via invariant sets of descending
flow and minimax methods, and some results on the existence of sign-changing solutions,
positive solutions, and negative solutions were obtained.

To the best of our knowledge, although most of the previous works have been ded-
icated to boundary value problems, few have been studied in the discrete problems
of the Kirchhoff type. Inspired by the above results, we intend to investigate the mul-
tiplicity of solutions for the discrete Kirchhoff-type problem with a Dirichlet boundary
value condition by applying critical point theory.

2. Preliminaries

Let X be a reflexive real Banach space and I) : X — R be a function satisfying
the following structure hypothesis:
(A) I (u) = ®(u) — A¥(u) forall u € X, where ®,'¥ : X — R are two functions of class

Cl on X, and ® is coercive, i.e., | lﬁm ®(u) = fooand A € RT.
ul||—oo
Provided that infx ® < 7, put

( sup ‘I’(u)) —¥(u)
p(r) = inf ued ([ zoorl)

ued1(]—oo,r)) r—@(u)

and
v =liminf¢(r), 6= lminf ¢(r).

r—+00 r—(infy @)+

Obviously, ¥ > 0 and 6 > 0. In the sequel, we agree to regard % (or %) as +oo when
v =0 (ord = 0).
Moreover, recalling Theorem 2.5 of [34], we have the following lemma used to investi-
gate problem (1).
Lemma 1. Assuming that the condition (A) holds, one has the following:
1 ; ; .
(a) Ify < +oo, then for each A € (0, ;), the following alternatives hold:

(aq) I, possesses a global minimum;

(ap) There is a sequence {uy } of critical points (local minima) of I, such that
lirf D(uy) = +oo.
n— 400

(b) If§ < +oo, then for each A € (0, 1), the following alternatives hold:

(B1) T is a global minimum of ®, which is a local minimum of 1,;
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(B2) There is a sequence {uy } of pairwise distinct critical points (local minima)
of I, with 1—1>T P (uy,) = infx ®, which weakly converges to a global
n [¢<)

minimum of .

Now we consider the N-dimensional Banach space S ={u : [O,N+1] — R: uy =
un+1 = 0} and define the norm as follows:

N+1 , :
ul| == | Y A
k=1

From ([35], Lemma 2.2), we have the following inequality:

Nl—

(N+1)

krerhaﬁ]lukl 7 lull, Vues. ®)
Let
g Nt N+1 ) 2
**Z\Auk 1+ (ZAuk—ﬂ),
k=1
N

Z F(k, uy) and  I)(u) = ®(u) — AY¥(u) (4)
where F(k, ) : fo t)dt for every (k,t) € [1,N] x R. Owing to ®, ¥ € C!(S,R), I, is

alsoa class of C1(S, ]R) Using the summation by parts method and the boundary condition,
one has

I'(4)(0) = lim I(u+tv) — I(u)

t—0
N+1 N+1 ,) N
=a ) Aug_1Avg_q+ (b ) |Auy_q] 2 Aup_1Avi_1 — A Zf (k, ug)v
k=1 k=1

N+1 By N+1
= <a+b Z \Auk,1| ) ZAuk 1AV_ 1—)\kauk

k=1

k=1

N1
=- (ﬂ +b ) | D] 2) Y Aug_qo— A Z f(k, 1) vx
k=1 k=1
>
=

N+1
<a +b Z | Auy_| 2) Nug_q + Af(k, uk)l Vk

k=1

forany u,v € S.

Thus, u is a critical point of [ on S if and only if u is a solution of problem (1).
Now we have reduced the existence of a solution for problem (1) to the existence of a critical
point of I on S.

Finally, we point out the following two lemmas used to obtain positive solutions
for our problem. The first is the following strong maximum principle.

Lemma 2. Fix u € S, such that either
N+1 5
ue>0 or —(a+by [Aug_1[")Aup_ 4 >0
k=1

for each k € [1,N]. Then, either u = 0 or uy > 0 for each k € [1, NJ.
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Proof. Let u; = kIr[llirIb] ug. If uj > 0, then u; > 0 for each k € [1,N], and the conclusion
1,

follows. If u i <0, then we have

N+1 2\ 12
—(11 +b Zl |AM]',1| )A uj,1 > 0.
]:

Owing to a,b > 0, one has Azu]-_1 < 0. Considering the fact that u jis the minimum,
we obtain ujq = uj_; = u;. If j+1 = N +1, we have u; = 0. Otherwise, j + 1 € [1, N].
Replacing j with j + 1, we get 1> = u;1. Continuing this process N + 1 — j times, we
have u; = ujy1 = -+ = uy = uny1 = 0. In the same way, we also get u; = u; 1 =--- =
u1 = ug = 0. Thus, we prove that u = 0, and the proof is complete. [

Let ,
F+(k t) = /0 Flkst)ds, (k) e[1,N] xR,

N
where st = max{0,s}. Now we define [, " = ® — A¥Y", where ¥ (1) = ¥ F'(k,u;) and ®
k=1
is defined as before. Similarly, the critical points of I) ™ are the solutions of the following problem:

N+1
(b L (A PPy = Af k), ke LN, ©

y = 41 = 0.

Lemma 3. If f(k,0) > 0 for each k € [1, N], then all the non-zero critical points of I, are positive
solutions of problem (1).

Proof. From Lemma 2, it follows that all solutions of problem (5) are either zero or positive.
Then, problem (1) admits positive solutions when problem (5) admits non-zero solutions.
Therefore, the conclusion holds. O

3. Main Results

Let
N

N
X F(k,t) L F(kt)

H® :=limsup ](2174 and H°:= lim sup k:liz
ot t0+ t

Our main results are the following theorems.

Theorem 1. Assume that there exist two real sequences {a,} and {b,}, with b, > 0 and
lim b, = +oo, such that

n——+o00

2a X bn2 4bn4 2 \? a4
lan| < (b(N+l)+(N+1)2+4b2 ~ o5 - VneN (6)
and

N N
Y, max F(k,t) — ¥ F(k,a,)
k=1 [t|<bn k=1

Geo := liminf H

- < )
" 20,2 [a(N+1) +2b x b2 —a2(N+1)2(@+bxa,2) BN +1)

Then, for each A € (Ifm, (N+11)2G> , problem (1) admits an unbounded sequence of solutions.
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Proof. Fix A € %, (N+11)2G> ,and let S, ®, ¥, and I, be defined as in Section 2. Con-

sidering the fact that critical points of I, are solutions of problem (1), we will use Lemma 1
part («) to prove our conclusion. Obviously, (A) holds. Thus, the conclusion holds provided
that v < 400 and I, is unbounded from below. To this end, write

2b,2 [a(N 1) +2b x b2

Wy
! (N +1)?

for every n € N. From (3),

Nf—=

2
VN +1

[Jul| < ((N—l—l)zwn aZ(N+1)2>%_a(N+1)

m T 16 1D

then |u| < b, for every k € [1,N], and for each n € N, one has

5 max Flki) - ¥ Flku)
p(wy) < (N +1)° k=1 [f<bn )
26,2 [a(N+1)+2bxb, 2]~ (N+1)?

>—. Now, for each

N+1 N+1
: k);rl \Auk,1|2+§<k§ lAukilR)
n € N, the sequence {«, } taken from S is given by («;,); := a, forevery k € [1,N], (a;), =
2

(@n)ny1 = 0. Moreover, ®(«;,) = a,? (a +b X ay, ), and from (6), we have ®(a,) < wy.
Therefore, we obtain

N N
Y, max F(k,t) — ¥ F(k,ay,)
k=1 |t|<bn k=1

2b,? [a(N+ 1) +2b x bnz} —a,2(N+1)*(a+b x anz).

¢(wn) < (N+1)*

Hence, from (7), ¥ < lir&irnfgo(wn) < (N41)*Geo < +00 follows.
n o

Now, we prove that I) is unbounded from below. Firstly, assuming that H* < +co
and owing to A > %, we can fix ¢ > 0, such that H® — % > ¢. Thus, let {c, } be a real
sequence, with lirJIr1 ¢y, = +o00, such that

n——+00

N
(H® —e)cn* < Y F(k,cn) < (H® +¢)cy*, VneN.
k=1

For each n € N, let {B,} be defined by (B,), := cu for every k € [1,N], (Bn)y =
(Bn)n41 = 0. Clearly, {B,} € S. Therefore, we have

Ix\(ﬁn) = dD(/Sn) - /\T(ﬁn)

:cnz(a—i-bxan) —A Y F(k,cn)

N
k=1

< cp? (a +bx cn2) —A(H® — e)cn4
=a xc2+[b—AH® —¢)]cyt.

Thus, n1—1>Too I\(Bn) = —oo.

Next, assuming that H* = +co, and taking L > Osuchthat L > %, we also put
a real sequence {c,, } with lirf ¢y, = +o0, such that
n—-+0o

N
Y F(k,cn) > L x e, YneN.
k=1
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¢(Wn

) < (N+1)>

Proving as before and selecting {Bn}in S as above, one has
I(Bn) <a xcp>+ (b—Ax L)cy*

Hence, ngrfm I)(Bn) = —oo.

Therefore, we prove that v < 400 and I, is unbounded from below in both cases.
Bearing in mind Lemma 1 part («), the proof is complete. [

Theorem 2. Assume that there exist two real sequences {d,} and {e,}, with e, > 0 and

lim e, = 0, such that
n——+oo

|dn| <

1
1 3
24 X ey? 4e,t a2 \> a
) 2] vneN 8
(b(N+1) TN 1w 25 e ®)

and

N N
Y. max F(k,t) — Y F(k,dy)
k=1|t<en k=1

0
Gp := liminf H

2 2 N < R C)
ot 2e,2[a(N 4+ 1) +2b x e,2] —dy*(N + 1) (a +bxdy ) a(N+1)

Then, for each A € ( , problem (1) admits a sequence of non-zero solutions that

converge to zero.

a 1
HY (N+1)2G,

Proof. LetS, ®, ¥, and I, be defined as above and fix A € ( . Now our goal

a1
HY (N+1)%Gy
is to use Lemma 1 part () to prove our conclusion as above. Clearly, (A) holds. Write
. 2e,2[a(N +1) +2b x e,?]
Wy 1=
! (N +1)?

for every n € N. Owing to (3), if

Nf—=
Nl—

2

a(N+1)
u <
i VN +1

4b

m T 16

((N +1)%0, a(N+ 1)2>

then |uy| <e, foreveryk € [1,N] and n € N, and we have

N N
Y, max F(k,t) — Y F(k, uy)
k=1 |t|<en k=1

2e,2[a(N +1) +2b x e,2] — (N +1)?

Nl s g (N4 ) 21"
5L | Augq] +4< Y [ Augq] )
k=1 k=1

For each n € N, let {7,} be defined by (), := d, for every k € [1,N], (vu)y =
(1) n41 = 0. Obviously, {74} € S. Thus, one has

N N
Y. max F(k,t) — Y. F(k,d,)
k=1 [t/<en k=1

2e,2[a(N +1) +2b x en2] — d,2(N + 1)2(a +bx dnz) '

¢(@n) < (N+1)°

Hence, by taking (9) into account, § < liminf ¢(w,) < (N + 1)2Gy < oo follows.

n——+o0o
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Our aim is to verify if the global minimum of ® is different from the local minimum
of I). As a matter of fact, it is easy to see that the global minimum of ® is 0, and ® =0
if and only if uy = 0 for every k € [1, N|. Therefore, our task is reduced to proving that 0 is
not a local minimum of I,.

Using the same argument as in the proof of Theorem 1, we firstly assume that H? <
+00. Since A > 775, we fix ¢ > 0, such that H® — 2 > ¢. Thus, we can take a real sequence
{rn} with ngrfm rn = 0, such that

(HO —s)rnz < kiF(k,rn) < (Ho+s)rn2, Vn € N.

Moreover, by taking in S the sequence {y,} that, for each n € N, is defined by
(#n ) := 1y for every k € [1, N], we have

I(pn) = D(pn) — MY (pn)
= 2(a +bxr 2) ZZV: (k,r
Tn n P n

<r(atbxn?) ~A(H -

- { A(Ho—e)} 21 b xr.

Thus, I) (ptn) < 0.
Next, assuming that HY = 400, we fix M > 0, such that M > % ; we also put a real
sequence {r,} with Lll‘f ry = 0, such that
n (o)

N
Y F(k,ra) > M xry%, VneN.
k=1
Choosing a real sequence {}i, } from S in the same way as mentioned above, we have

Li(pn) < (@ — A x M)r,> +b x r.

Therefore, I (pin) < 0.
Hence, the conclusion follows from part (8) of Lemma 1. [

By setting particular conditions, we obtain the following consequences. Let

Z max F(k, &)

Geo := liminf k=1 [€]<t
® T ot 22[a(N + 1) +2b x 2]

Proposition 1. Assume that
_ H®*
Goo < —. (10)
b(N+1)

If f(k,0) > O for all k € [0,N], then for each A € (Ifw (N+1)> problem (1) admits

an unbounded sequence of positive solutions.
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Proof. Let {b,, } be a real positive sequence with l_1>rJrrl by = 400, such that
n [ee]

N N
Y. max F(k,t) , Y. F(k,by)

. . k=1 ‘t‘gbn . k=1
liminf < > limsup
n—+oo op 2 [a(N +1) +2b x bnz} b(N+1)% note by

4

Conditions (6) and (7) of Theorem 1 follow when we take sequence a4, = 0 for each

n € N. Let oy i 0
) ift >
f+(k’t):{ f(k,0) ift<o0,

for each k € [1, N|. From Lemma 3, our proof is complete. [
Proposition 2. Assume that

0
liming orggé Jo (s)ds 1 Y foth(s)ds
IS 2P[a(N+1) 426 x 2] ~ p(N11) rosed B

(11)

Ifh : [0,400) — R is a continuous function with h(0) = 0, and ¢ : [1,N] — R is
a non-negative and non-zero function. Then, for each

ve 1 b(N +1) 1
N t ’ 0
Y. oy | limsup b htis)ds lim inf M
k=1 t—+o00 tytoo 2t2[a(N+1)+2bx (2]

the problem
N+1 9
—(a+b ¥ |Bug )Ny = Aogh(w), k€ [1,N],
k=1
up =un+1 =0,
admits an unbounded sequence of positive solutions.
Proof. Let

[ ogh(t) ift>0
f(k’t){o ift<0

for each k € [1,N] and t € R. Therefore, we have f(k,0) > 0 for each k € [1,N], and
the conclusion follows from Proposition 1. [J

Remark 1. If f : [1,N] x R — R is a non-negative function in Proposition 1, condition (10)
becomes

N N
kglP(k,t) . kgl (k. t)
SN D v < ] SN P T | {12)

Then, the conclusion follows from Proposition 1.

Remark 2. If 1 : [0, 4+00) — R is a continuous function with h(0) = 0 in Proposition 2, then
condition (11) shall be

o foth(s)ds 1 : fot h(s)ds
lim inf 202[a(N+ 1) + 26 x 7] ~ b(N+1)2 hﬂi‘;p T (13)
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Then, the solutions are also positive from Proposition 2.

Remark 3. If we replace t — +oo with t — 0%, we can also obtain the similar propositions and
remarks in Theorem 2 in the same way.

4. Examples

In this section, we present the following examples to illustrate our results.
Example 1. Let € be an arbitrarily positive constant, and let

n(s) = { 253[4 + 2¢ + 4sin(eln(s)) + ecos(elns)]  ifs >0

0 ifs=0,

with oy, = 1 for each k € [1, N]. Then, we have
B 22+ e+ 2sin(elnt)] e

pece Johs)ds o _
ot 22[a(N+1) + 26 x 2] to4e 2a(N+1) +4bx (2 4b

and

_ Oth(s) ds
lim sup 1
t

t—+4oc0

=4 +e

It is easy to see that h(s) > 0, and when ¢ is sufficiently small,

4+ ¢

< N1

o

Hence, condition (13) holds.
2
Then, from Remark 2, for each A € % (b(liﬁ L 4 ) , the problem

’e

N+1
{ —(a+b ¥ |Aug_12)A%up_q = 2Au P[4 + 2e + 4sin(elnuy) + ecos(elnuy)], k € [1,N],
k=1

up =uny1 =0,

admits an unbounded sequence of positive solutions.

Example 2. Let a,b, N be such that

bN+1) _3+V2

5 o1 (14)

3+v2 7 3-v2
N+1
{ —(a+b ¥ |Aug_1]?)A%up_1 = A6y + ur(sin(Inug) + 3 cos(Inuy))], k € [1, N,
k=1

Then, for each A € % (b(NH)Z 20(N+1) > , the problem

ugp =un+1 =0,
admits a non-zero sequence of positive solutions that converge to zero.
In fact, let
0 ifs =0,
with o = 1 for each k € [1, N|. We then have

h(s) = { 6s + s(sin(Ins) +3cos(Ins)) ifs >0

- foth(s) i f{3+ﬁsin(% —l—lnt)} B 32
ot 22[a(N+1) 120 x 2] roor 2a(N+1)+4bx 2 2a(N+1)
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and ,
h(s) d
lim sup fo(izs)s =3+ V2
t—0* t
Therefore, from (14), one has
t t
h(s)d h(s)d
liminf ~— Jo (s)ds 5 > lim sup Mj)s.
t—0+ 22[a(N +1) +2bx 2] " p(N+1)* o+ t

By applying Remark 3, our aim is achieved and the conclusion holds.

5. Conclusions

In recent years, Kirchhoff-type problems have been widely studied in the continuous
case, while few have been discussed in the discrete case. In this paper, we considered
the multiplicity of solutions for the discrete Kirchhoff-type problem with a Dirichlet bound-
ary value condition. In Section 2, we recalled critical point theory and showed some basic
lemmas. In Section 3, we proved the existence of infinitely many solutions for problem
(1) by using critical point theory. Moreover, we obtained the existence of infinitely many
positive solutions by means of the strong maximum principle.
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