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Abstract: In this paper, we study the existence and multiplicity of solutions for the discrete Dirichlet
boundary value problem of the Kirchhoff type, which has a symmetric structure. By using the critical
point theory, we establish the existence of infinitely many solutions under appropriate assumptions
on the nonlinear term. Moreover, we obtain the existence of infinitely many positive solutions via
the strong maximum principle. Finally, we take two examples to verify our results.
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1. Introduction

Let N be a positive integer and denote with [1, N] the discrete set {1, . . . , N}. In this
paper, we consider the following discrete boundary value problem of the Kirchhoff type:−(a + b

N+1
∑

k=1
|∆uk−1|2)∆2uk−1 = λ f (k, uk), k ∈ [1, N],

u0 = uN+1 = 0,
(1)

where a, b are two positive constants, and ∆ is the forward difference operator defined
by ∆uk = uk+1 − uk. ∆2 = ∆(∆) and f (k,×) ∈ C(R,R) for any k ∈ [1, N] and λ ∈ R+.
Problem (1) has a symmetric structure in the variable uk; that is, if we replace uk−1 with uk+1,
and replace uk+1 with uk−1 in (1), then (1) is invariant since ∆2uk−1 = uk+1 + uk−1 − 2uk.

In the past two decades, there has been a lot of interest in the study of difference
equations, such as in biology, economics, and other research fields [1–5]. Most results about
the boundary value problems of difference equations are proved by using the method
of upper and lower solutions as well as fixed-point methods; see [6–10] for more details.
In 2003, Guo and Yu [11] discussed the second-order difference equation by using criti-
cal point theory, and they obtained the existence of periodic and subharmonic solutions.
Since then, many researchers have studied difference equations via critical point theory, in-
cluding boundary value problems [12–18], periodic solutions [19,20] as well as homoclinic
solutions [21–24] and heteroclinic solutions [25].

Problem (1) is the discrete analogue of the following Kirchhoff-type problem:{
−(a + b

∫
Ω |∇u|2dx)∆u = λ f (x, u), in Ω,

u = 0, on ∂Ω.
(2)

As to problem (2), Zou and He [26] established the existence of infinitely many positive solutions
by using variational methods. In the case of λ = 1 in problem (2), Cheng and Wu [27] studied
the two existence results, including at least one or no positive solution via variational methods.
In 2016, Tang and Cheng [28] studied the existence of ground state sign-changing solutions
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when λ = 1 in problem (2) by applying the non-Nehari manifold method. As for Kirchhoff’s
changes and related applications, we refer the reader to [29,30] and the references therein.

Problem (2) is related to the stationary case of a nonlinear wave equation such as

utt − (a + b
∫

Ω
|∇u|2dx)∆u = f (x, u),

which was proposed by Kirchhoff [31] as an extension of the classical D’Alembert’s wave
equation by considering the effects of the changes in the length of the string during
the vibrations.

As for the discrete case, when the parameter λ = 1 in problem (1) and f satisfies
various assumptions, Yang and Liu [32] studied the existence of at least one nontrivial
solution via variational methods and critical groups. A class of partial discrete Kirchhoff-
type problems was discussed by Long and Deng [33] via invariant sets of descending
flow and minimax methods, and some results on the existence of sign-changing solutions,
positive solutions, and negative solutions were obtained.

To the best of our knowledge, although most of the previous works have been ded-
icated to boundary value problems, few have been studied in the discrete problems
of the Kirchhoff type. Inspired by the above results, we intend to investigate the mul-
tiplicity of solutions for the discrete Kirchhoff-type problem with a Dirichlet boundary
value condition by applying critical point theory.

2. Preliminaries

Let X be a reflexive real Banach space and Iλ : X → R be a function satisfying
the following structure hypothesis:

(Λ) Iλ(u) = Φ(u)− λΨ(u) for all u ∈ X, where Φ, Ψ : X → R are two functions of class
C1 on X, and Φ is coercive, i.e., lim

‖u‖→∞
Φ(u) = +∞ and λ ∈ R+.

Provided that infX Φ < r, put

ϕ(r) = inf
u∈Φ−1(]−∞,r[)

(
sup

u∈Φ−1(]−∞,r[)
Ψ(u)

)
−Ψ(u)

r−Φ(u)

and
γ = lim inf

r→+∞
ϕ(r), δ = lim inf

r→(infX Φ)+
ϕ(r).

Obviously, γ ≥ 0 and δ ≥ 0. In the sequel, we agree to regard 1
γ (or 1

δ ) as +∞ when
γ = 0 (or δ = 0).

Moreover, recalling Theorem 2.5 of [34], we have the following lemma used to investi-
gate problem (1).

Lemma 1. Assuming that the condition (Λ) holds, one has the following:

(a) If γ < +∞, then for each λ ∈ (0, 1
γ ), the following alternatives hold:

(α1) Iλ possesses a global minimum;

(α2) There is a sequence {un} of critical points (local minima) of Iλ, such that
lim

n→+∞
Φ(un) = +∞.

(b) If δ < +∞, then for each λ ∈ (0, 1
δ ), the following alternatives hold:

(β1) T is a global minimum of Φ, which is a local minimum of Iλ;
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(β2) There is a sequence {un} of pairwise distinct critical points (local minima)
of Iλ, with lim

n→+∞
Φ(un) = infX Φ, which weakly converges to a global

minimum of Φ.

Now we consider the N-dimensional Banach space S ={u : [0, N + 1] → R : u0 =
uN+1 = 0} and define the norm as follows:

||u|| :=

(
N+1

∑
k=1
|∆uk−1|2

) 1
2

.

From ([35], Lemma 2.2), we have the following inequality:

max
k∈[1,N]

|uk| ≤
(N + 1)

1
2

2
||u||, ∀u ∈ S. (3)

Let

Φ(u) :=
a
2

N+1

∑
k=1
|∆uk−1| 2 +

b
4

(
N+1

∑
k=1
|∆uk−1| 2

)2

,

Ψ(u) :=
N

∑
k=1

F(k, uk) and Iλ(u) := Φ(u)− λΨ(u) (4)

where F(k, ξ) :=
∫ ξ

0 f (k, t)dt for every (k, t) ∈ [1, N]×R. Owing to Φ, Ψ ∈ C1(S,R), Iλ is
also a class of C1(S,R). Using the summation by parts method and the boundary condition,
one has

I′(u)(v) = lim
t→0

I(u + tv)− I(u)
t

= a
N+1

∑
k=1

∆uk−1∆vk−1 +

(
b

N+1

∑
k=1
|∆uk−1| 2

)
N+1

∑
k=1

∆uk−1∆vk−1 − λ
N

∑
k=1

f (k, uk)vk

=

(
a + b

N+1

∑
k=1
|∆uk−1| 2

)
N+1

∑
k=1

∆uk−1∆vk−1 − λ
N

∑
k=1

f (k, uk)vk

= −
(

a + b
N+1

∑
k=1
|∆uk−1| 2

)
N

∑
k=1

∆2uk−1vk − λ
N

∑
k=1

f (k, uk)vk

= −
N

∑
k=1

[(
a + b

N+1

∑
k=1
|∆uk−1| 2

)
∆2uk−1 + λ f (k, uk)

]
vk

for any u, v ∈ S.
Thus, u is a critical point of I on S if and only if u is a solution of problem (1).

Now we have reduced the existence of a solution for problem (1) to the existence of a critical
point of I on S.

Finally, we point out the following two lemmas used to obtain positive solutions
for our problem. The first is the following strong maximum principle.

Lemma 2. Fix u ∈ S, such that either

uk > 0 or − (a + b
N+1

∑
k=1
|∆uk−1|2)∆2uk−1 ≥ 0

for each k ∈ [1, N]. Then, either u ≡ 0 or uk > 0 for each k ∈ [1, N].
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Proof. Let uj = min
k∈[1,N]

uk. If uj > 0, then uk > 0 for each k ∈ [1, N], and the conclusion

follows. If uj ≤ 0, then we have

−(a + b
N+1

∑
j=1
|∆uj−1|2)∆2uj−1 ≥ 0.

Owing to a, b > 0, one has ∆2uj−1 ≤ 0. Considering the fact that uj is the minimum,
we obtain uj+1 = uj−1 = uj. If j + 1 = N + 1, we have uj = 0. Otherwise, j + 1 ∈ [1, N].
Replacing j with j + 1, we get uj+2 = uj+1. Continuing this process N + 1− j times, we
have uj = uj+1 = · · · = uN = uN+1 = 0. In the same way, we also get uj = uj−1 = · · · =
u1 = u0 = 0. Thus, we prove that u ≡ 0, and the proof is complete.

Let

F+(k, t) =
∫ t

0
f
(
k, s+

)
ds, (k, t) ∈ [1, N]×R,

where s+ = max{0, s}. Now we define Iλ
+ = Φ− λΨ+, where Ψ+(u) =

N
∑

k=1
F+(k, uk) and Φ

is defined as before. Similarly, the critical points of Iλ
+ are the solutions of the following problem:−(a + b

N+1
∑

k=1
|∆uk−1|2)∆2uk−1 = λ f (k, uk

+), k ∈ [1, N],

u0 = uN+1 = 0.
(5)

Lemma 3. If f (k, 0) ≥ 0 for each k ∈ [1, N], then all the non-zero critical points of Iλ
+ are positive

solutions of problem (1).

Proof. From Lemma 2, it follows that all solutions of problem (5) are either zero or positive.
Then, problem (1) admits positive solutions when problem (5) admits non-zero solutions.
Therefore, the conclusion holds.

3. Main Results

Let

H∞ := lim sup
t→+∞

N
∑

k=1
F(k, t)

t4 and H0 := lim sup
t→0+

N
∑

k=1
F(k, t)

t2 .

Our main results are the following theorems.

Theorem 1. Assume that there exist two real sequences {an} and {bn}, with bn > 0 and
lim

n→+∞
bn = +∞, such that

|an| <

( 2a× bn
2

b(N + 1)
+

4bn
4

(N + 1)2 +
a2

4b2

) 1
2

− a
2b


1
2

, ∀n ∈ N (6)

and

G∞ := lim inf
n→+∞

N
∑

k=1
max
|t|≤bn

F(k, t)−
N
∑

k=1
F(k, an)

2bn
2
[

a(N + 1) + 2b× bn
2
]
− an2(N + 1)2(a + b× an2)

<
H∞

b(N + 1)2 . (7)

Then, for each λ ∈
(

b
H∞ , 1

(N+1)2G∞

)
, problem (1) admits an unbounded sequence of solutions.
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Proof. Fix λ ∈
(

b
H∞ , 1

(N+1)2G∞

)
, and let S, Φ, Ψ, and Iλ be defined as in Section 2. Con-

sidering the fact that critical points of Iλ are solutions of problem (1), we will use Lemma 1
part (α) to prove our conclusion. Obviously, (Λ) holds. Thus, the conclusion holds provided
that γ < +∞ and Iλ is unbounded from below. To this end, write

ωn :=
2bn

2
[

a(N + 1) + 2b× bn
2
]

(N + 1)2

for every n ∈ N. From (3),

||u|| ≤ 2√
N + 1

( (N + 1)2ωn

4b
+

a2(N + 1)2

16b2

) 1
2

− a(N + 1)
4b


1
2

,

then |uk| ≤ bn for every k ∈ [1, N], and for each n ∈ N, one has

ϕ(ωn) ≤ (N + 1)2

N
∑

k=1
max
|t|≤bn

F(k,t)−
N
∑

k=1
F(k,uk)

2bn
2[a(N+1)+2b×bn

2]−(N+1)2

[
a
2

N+1
∑

k=1
|∆uk−1| 2+ b

4

(
N+1
∑

k=1
|∆uk−1| 2

)2] . Now, for each

n ∈ N, the sequence {αn} taken from S is given by (αn)k := an for every k ∈ [1, N], (αn)0 =
(αn)N+1 = 0. Moreover, Φ(αn) = an

2(a + b× an
2), and from (6), we have Φ(αn) < ωn.

Therefore, we obtain

ϕ(ωn) ≤ (N + 1)2

N
∑

k=1
max
|t|≤bn

F(k, t)−
N
∑

k=1
F(k, an)

2bn
2
[

a(N + 1) + 2b× bn
2
]
− an2(N + 1)2(a + b× an2)

.

Hence, from (7), γ ≤ lim inf
n→+∞

ϕ(ωn) ≤ (N + 1)2G∞ < +∞ follows.

Now, we prove that Iλ is unbounded from below. Firstly, assuming that H∞ < +∞
and owing to λ > b

H∞ , we can fix ε > 0, such that H∞ − b
λ > ε. Thus, let {cn} be a real

sequence, with lim
n→+∞

cn = +∞, such that

(H∞ − ε)cn
4 <

N

∑
k=1

F(k, cn) < (H∞ + ε)cn
4, ∀n ∈ N.

For each n ∈ N, let {βn} be defined by (βn)k := cn for every k ∈ [1, N], (βn)0 =
(βn)N+1 = 0. Clearly, {βn} ∈ S. Therefore, we have

Iλ(βn) = Φ(βn)− λΨ(βn)

= cn
2
(

a + b× cn
2
)
− λ

N

∑
k=1

F(k, cn)

< cn
2
(

a + b× cn
2
)
− λ(H∞ − ε)cn

4

= a × cn
2 + [b− λ(H∞ − ε)]cn

4.

Thus, lim
n→+∞

Iλ(βn) = −∞.

Next, assuming that H∞ = +∞, and taking L > 0 such that L > b
λ , we also put

a real sequence {cn} with lim
n→+∞

cn = +∞, such that

N

∑
k=1

F(k, cn) > L× cn
4, ∀n ∈ N.
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Proving as before and selecting {βn} in S as above, one has

Iλ(βn) < a × cn
2 + (b− λ× L)cn

4.

Hence, lim
n→+∞

Iλ(βn) = −∞.

Therefore, we prove that γ < +∞ and Iλ is unbounded from below in both cases.
Bearing in mind Lemma 1 part (α), the proof is complete.

Theorem 2. Assume that there exist two real sequences {dn} and {en}, with en > 0 and
lim

n→+∞
en = 0, such that

|dn| <

( 2a× en
2

b(N + 1)
+

4en
4

(N + 1)2 +
a2

4b2

) 1
2

− a
2b


1
2

, ∀n ∈ N (8)

and

G0 := lim inf
n→+∞

N
∑

k=1
max
|t|≤en

F(k, t)−
N
∑

k=1
F(k, dn)

2en2[a(N + 1) + 2b× en2]− dn
2(N + 1)2

(
a + b× dn

2
) <

H0

a(N + 1)2 . (9)

Then, for each λ ∈
(

a
H0 , 1

(N+1)2G0

)
, problem (1) admits a sequence of non-zero solutions that

converge to zero.

Proof. Let S, Φ, Ψ, and Iλ be defined as above and fix λ ∈
(

a
H0 , 1

(N+1)2G0

)
. Now our goal

is to use Lemma 1 part (β) to prove our conclusion as above. Clearly, (Λ) holds. Write

ωn :=
2en

2[a(N + 1) + 2b× en
2]

(N + 1)2

for every n ∈ N. Owing to (3), if

|u| ≤ 2√
N + 1

( (N + 1)2ωn

4b
+

a2(N + 1)2

16b2

) 1
2

− a(N + 1)
4b


1
2

,

then |uk| ≤ en for every k ∈ [1, N] and n ∈ N, and we have

ϕ(ωn) ≤ (N + 1)2

N
∑

k=1
max
|t|≤en

F(k, t)−
N
∑

k=1
F(k, uk)

2en2[a(N + 1) + 2b× en2]− (N + 1)2

[
a
2

N+1
∑

k=1
|∆uk−1| 2 + b

4

(
N+1
∑

k=1
|∆uk−1| 2

)2
] .

For each n ∈ N, let {γn} be defined by (γn)k := dn for every k ∈ [1, N], (γn)0 =
(γn)N+1 = 0. Obviously, {γn} ∈ S. Thus, one has

ϕ(ωn) ≤ (N + 1)2

N
∑

k=1
max
|t|≤en

F(k, t)−
N
∑

k=1
F(k, dn)

2en2[a(N + 1) + 2b× en2]− dn
2(N + 1)2

(
a + b× dn

2
) .

Hence, by taking (9) into account, δ ≤ lim inf
n→+∞

ϕ(ωn) ≤ (N + 1)2G0 < +∞ follows.
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Our aim is to verify if the global minimum of Φ is different from the local minimum
of Iλ. As a matter of fact, it is easy to see that the global minimum of Φ is 0, and Φ = 0
if and only if uk = 0 for every k ∈ [1, N]. Therefore, our task is reduced to proving that 0 is
not a local minimum of Iλ.

Using the same argument as in the proof of Theorem 1, we firstly assume that H0 <
+∞. Since λ > a

H0 , we fix ε > 0, such that H0 − a
λ > ε. Thus, we can take a real sequence

{rn} with lim
n→+∞

rn = 0, such that

(
H0 − ε

)
rn

2 <
N

∑
k=1

F(k, rn) <
(

H0 + ε
)

rn
2, ∀n ∈ N.

Moreover, by taking in S the sequence {µn} that, for each n ∈ N, is defined by
(µn)k := rn for every k ∈ [1, N], we have

Iλ(µn) = Φ(µn)− λΨ(µn)

= rn
2
(

a + b× rn
2
)
− λ

N

∑
k=1

F(k, rn)

< rn
2
(

a + b× rn
2
)
− λ

(
H0 − ε

)
rn

4

=
[

a− λ
(

H0 − ε
)]

rn
2 + b× rn

2.

Thus, Iλ(µn) < 0.
Next, assuming that H0 = +∞, we fix M > 0, such that M > a

λ ; we also put a real
sequence {rn} with lim

n→+∞
rn = 0, such that

N

∑
k=1

F(k, rn) > M× rn
2, ∀n ∈ N.

Choosing a real sequence {µn} from S in the same way as mentioned above, we have

Iλ(µn) < (a − λ×M)rn
2 + b× rn

4.

Therefore, Iλ(µn) < 0.
Hence, the conclusion follows from part (β) of Lemma 1.

By setting particular conditions, we obtain the following consequences. Let

G∞ := lim inf
t→+∞

N
∑

k=1
max
|ξ|≤t

F(k, ξ)

2t2[a(N + 1) + 2b× t2]
.

Proposition 1. Assume that

G∞ <
H∞

b(N + 1)2 . (10)

If f (k, 0) ≥ 0 for all k ∈ [0, N], then for each λ ∈
(

b
H∞ , 1

(N+1)2G∞

)
, problem (1) admits

an unbounded sequence of positive solutions.
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Proof. Let {bn} be a real positive sequence with lim
n→+∞

bn = +∞, such that

lim inf
n→+∞

N
∑

k=1
max
|t|≤bn

F(k, t)

2bn
2
[

a(N + 1) + 2b× bn
2
] <

1

b(N + 1)2 lim sup
n→+∞

N
∑

k=1
F(k, bn)

bn
4 .

Conditions (6) and (7) of Theorem 1 follow when we take sequence an = 0 for each
n ∈ N. Let

f+(k, t) =
{

f (k, t) if t > 0
f (k, 0) if t ≤ 0,

for each k ∈ [1, N]. From Lemma 3, our proof is complete.

Proposition 2. Assume that

lim inf
t→+∞

max
0≤θ≤t

∫ θ
0 h(s)ds

2t2[a(N + 1) + 2b× t2]
<

1

b(N + 1)2 lim sup
t→+∞

∫ t
0 h(s)ds

t4 . (11)

If h : [0,+∞) → R is a continuous function with h(0) = 0, and σ : [1, N] → R is
a non-negative and non-zero function. Then, for each

λ ∈ 1
N
∑

k=1
σk

 b(N + 1)2

lim sup
t→+∞

∫ t
0 h(s)ds

t4

,
1

lim inf
t→+∞

max
0≤θ≤t

∫ θ
0 h(s)ds

2t2[a(N+1)+2b×t2]

,

the problem −(a + b
N+1
∑

k=1
|∆uk−1|2)∆2uk−1 = λσkh(uk), k ∈ [1, N],

u0 = uN+1 = 0,

admits an unbounded sequence of positive solutions.

Proof. Let

f (k, t) =
{

σkh(t) if t ≥ 0
0 if t < 0

for each k ∈ [1, N] and t ∈ R. Therefore, we have f (k, 0) ≥ 0 for each k ∈ [1, N], and
the conclusion follows from Proposition 1.

Remark 1. If f : [1, N]× R → R is a non-negative function in Proposition 1, condition (10)
becomes

lim inf
t→+∞

N
∑

k=1
F(k, t)

2t2[a(N + 1) + 2b× t2]
<

1

b(N + 1)2 lim sup
t→+∞


N
∑

k=1
F(k, t)

t4

. (12)

Then, the conclusion follows from Proposition 1.

Remark 2. If h : [0,+∞)→ R+ is a continuous function with h(0) = 0 in Proposition 2, then
condition (11) shall be

lim inf
t→+∞

∫ t
0 h(s)ds

2t2[a(N + 1) + 2b× t2]
<

1

b(N + 1)2 lim sup
t→+∞

(∫ t
0 h(s)ds

t4

)
. (13)
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Then, the solutions are also positive from Proposition 2.

Remark 3. If we replace t→ +∞ with t→ 0+, we can also obtain the similar propositions and
remarks in Theorem 2 in the same way.

4. Examples

In this section, we present the following examples to illustrate our results.

Example 1. Let ε be an arbitrarily positive constant, and let

h(s) =
{

2s3[4 + 2ε + 4 sin(ε ln(s)) + ε cos(ε ln s)] if s > 0
0 if s = 0,

with σk = 1 for each k ∈ [1, N]. Then, we have

lim inf
t→+∞

∫ t
0 h(s) ds

2t2[a(N + 1) + 2b× t2]
= lim inf

t→+∞

t2[2 + ε + 2 sin(ε ln t)]
2a(N + 1) + 4b× t2 =

ε

4b

and

lim sup
t→+∞

∫ t
0 h(s) ds

t4 = 4 + ε.

It is easy to see that h(s) ≥ 0, and when ε is sufficiently small,

ε

4
<

4 + ε

(N + 1)2 .

Hence, condition (13) holds.

Then, from Remark 2, for each λ ∈ 1
N

(
b(N+1)2

4+ε , 4b
ε

)
, the problem −(a + b

N+1
∑

k=1
|∆uk−1|2)∆2uk−1 = 2λuk

3[4 + 2ε + 4 sin(ε ln uk) + ε cos(ε ln uk)], k ∈ [1, N],

u0 = uN+1 = 0,
admits an unbounded sequence of positive solutions.

Example 2. Let a, b, N be such that

b(N + 1)
2a

<
3 +
√

2
3−
√

2
. (14)

Then, for each λ ∈ 1
N

(
b(N+1)2

3+
√

2
, 2a(N+1)

3−
√

2

)
, the problem −(a + b

N+1
∑

k=1
|∆uk−1|2)∆2uk−1 = λ[6uk + uk(sin(ln uk) + 3 cos(ln uk))], k ∈ [1, N],

u0 = uN+1 = 0,
admits a non-zero sequence of positive solutions that converge to zero.

In fact, let

h(s) =
{

6s + s(sin(ln s) + 3 cos(ln s)) if s > 0
0 if s = 0,

with σk = 1 for each k ∈ [1, N]. We then have

lim inf
t→0+

∫ t
0 h(s)

2t2[a(N + 1) + 2b× t2]
= lim inf

t→0+

[
3 +
√

2 sin
(

π
4 + ln t

)]
2a(N + 1) + 4b× t2 =

3−
√

2
2a(N + 1)
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and

lim sup
t→0+

∫ t
0 h(s) ds

t2 = 3 +
√

2.

Therefore, from (14), one has

lim inf
t→0+

∫ t
0 h(s)ds

2t2[a(N + 1) + 2b× t2]
<

1

b(N + 1)2 lim sup
t→0+

∫ t
0 h(s)ds

t2 .

By applying Remark 3, our aim is achieved and the conclusion holds.

5. Conclusions

In recent years, Kirchhoff-type problems have been widely studied in the continuous
case, while few have been discussed in the discrete case. In this paper, we considered
the multiplicity of solutions for the discrete Kirchhoff-type problem with a Dirichlet bound-
ary value condition. In Section 2, we recalled critical point theory and showed some basic
lemmas. In Section 3, we proved the existence of infinitely many solutions for problem
(1) by using critical point theory. Moreover, we obtained the existence of infinitely many
positive solutions by means of the strong maximum principle.

Author Contributions: Conceptualization, W.Z.; methodology, W.Z.; formal analysis and investiga-
tion, W.Z. and Z.Z.; writing—original draft preparation, W.Z.; writing—review and editing, Z.Z.;
funding acquisition: Z.Z.; supervision, Z.Z. All authors have read and agreed to the published version
of the manuscript.

Funding: This work was supported by the National Natural Science Foundation of China (Grant No.
11971126) and the Program for Changjiang Scholars and Innovative Research Team in University
(Grant No. IRT 16R16).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Zheng, B.; Yu, J.S.; Li, J. Modeling and analysis of the implementation of the Wolbachia incompatible and sterile insect technique

for mosquito population suppression. SIAM J. Appl. Math. 2021, 81, 142–149. [CrossRef]
2. Zheng, B.; Li, J.; Yu, J.S. One discrete dynamical model on the Wolbachia infection frequency in mosquito populations. Sci. China

Math. 2022, 65, 1749–1764. [CrossRef]
3. Zheng, B.; Yu, J.S. Existence and uniqueness of periodic orbits in a discrete model on Wolbachia infection frequency. Adv. Nonlinear

Anal. 2021, 11, 212–224. [CrossRef]
4. Yu, J.S.; Li, J. Discrete-time models for interactive wild and sterile mosquitoes with general time steps. Math. Biosci. 2022, 346,

108797. [CrossRef]
5. El-Metwally, H.; Yalcinkaya, I.; Cinar, C. Global stability of an economic model. Util. Math. 2014, 95, 235–244.
6. Henderson, J.; Thompson, H.B. Existence of multiple solutions for second-order discrete boundary value problems. Comput.

Math. Appl. 2002, 43, 1239–1248. [CrossRef]
7. Bereanu, C.; Mawhin, J. Boundary value problems for second-order nonlinear difference equations with discrete phi-Laplacian

and singular phi. J. Differ. Equ. Appl. 2008, 14, 1099–1118. [CrossRef]
8. Jankowski, T. First-order functional difference equations with nonlinear boundary value problems. Comput. Math. Appl. 2010, 59,

1937–1943. [CrossRef]
9. Zhang, B.G.; Wang, S.L.; Liu, J.S.; Cheng, Y.R. Existence of positive solutions for BVPs of fourth-order difference equations.

Appl. Math. Comput. 2002, 131, 583–591. [CrossRef]
10. Karapinar, E. A short survey on the recent fixed point results on b-Metric spaces. Constr. Math. Anal. 2018, 1, 15–44. [CrossRef]
11. Guo, Z.M.; Yu, J.S. Existence of periodic and subharmonic solutions for second-order superlinear difference equations. Sci. China

Ser. A 2003, 46, 506–515. [CrossRef]
12. Du, S.J.; Zhou, Z. On the existence of multiple solutions for a partial discrete Dirichlet boundary value problem with mean

curvature operator. Adv. Nonlinear Anal. 2022, 11, 198–211. [CrossRef]

http://doi.org/10.1137/20M1368367
http://dx.doi.org/10.1007/s11425-021-1891-7
http://dx.doi.org/10.1515/anona-2020-0194
http://dx.doi.org/10.1016/j.mbs.2022.108797
http://dx.doi.org/10.1016/S0898-1221(02)00095-0
http://dx.doi.org/10.1080/10236190802332290
http://dx.doi.org/10.1016/j.camwa.2009.11.008
http://dx.doi.org/10.1016/S0096-3003(01)00171-0
http://dx.doi.org/10.33205/cma.453034
http://dx.doi.org/10.1007/BF02884022
http://dx.doi.org/10.1515/anona-2020-0195


Symmetry 2022, 14, 1844 11 of 11

13. Du, S.; Zhou, Z. Multiple solutions for partial discrete Dirichlet problems involving the p-Laplacian. Mathematics 2020, 8, 2030.
[CrossRef]

14. Ling, J.X.; Zhou, Z. Positive solutions of the discrete Robin problem with φ-Laplacian. Discret. Contin. Dyn. Syst. 2021, 13,
3183–3196.

15. Bonanno, G.; Candito, P. Infinitely many solutions for a class of discrete non-linear boundary value problems. Appl. Anal. 2009,
88, 605–616. [CrossRef]

16. Zhou, Z.; Ling, J.X. Infinitely many positive solutions for a discrete two point nonlinear boundary value problem with φ(c)-
Laplacian. Appl. Math. Lett. 2019, 91, 28–34. [CrossRef]

17. D’Agui, G.; Mawhin, J.; Sciammetta, A. Positive solutions for a discrete two point nonlinear boundary value problem with
p-Laplacian. J. Math. Anal. Appl. 2017, 447, 383–397. [CrossRef]

18. Campiti, M. Second-order differential operators with non-local centcel’s boundary conditions. Constr. Math. Anal. 2019, 2,
144–152.

19. Liu, X.; Zhang, Y.B.; Shi, H.P.; Deng, X.Q. Periodic solutions for fourth-order nonlinear functional difference equations. Math.
Methods Appl. Sci. 2015, 38, 1–10. [CrossRef]

20. Zhang, J.M.; Wang, S.L.; Liu, J.S.; Cheng, Y.R. Multiple periodic solutions for resonant difference equations. Adv. Differ. Equ. 2014,
236, 14. [CrossRef]

21. Mei, P.; Zhou, Z. Homoclinic solutions of discrete prescribed mean curvature equations with mixed nonlinearities. Appl. Math.
Lett. 2022, 130, 108006. [CrossRef]

22. Lin, G.H.; Zhou, Z.; Yu, J.S. Ground state solutions of discrete asymptotically linear Schrödinger equations with bounded and
non-periodic Potentials. J. Dyn. Differ. Equ. 2020, 32, 527–555. [CrossRef]

23. Zhang, Q.Q. Homoclinic orbits for discrete hamiltonlian systems with local super-quadratic conditions. Commun. Pure Appl. Anal.
2019, 18, 425–434. [CrossRef]

24. Nastasi, A.; Vetro, C. A note on homoclinic solutions of (p, q)-Laplacian difference equations. J. Differ. Equ. Appl. 2019, 25, 331–341.
[CrossRef]

25. Kuang, J.H.; Guo, Z.M. Heteroclinic solutions for a class of p-Laplacian difference equations with a parameter. Appl. Math. Lett.
2020, 100, 106034. [CrossRef]

26. Zou, W.M.; He, X.M. Infinitely many positive solutions for Kirchhoff-type problems. Nonlinear Anal. 2009, 70, 1407–1414.
27. Cheng, B.T.; Wu, X. Existence results of positive solutions of Kirchhoff type problems. Nonlinear Anal. 2009, 71, 4883–4892.

[CrossRef]
28. Tang, X.H.; Cheng, B.T. Ground state sign-changing solutions for Kirchhoff type problems in bounded domains. J. Differ. Equ.

2016, 261, 2384–2402. [CrossRef]
29. Seus, D.; Mitra, K.; Pop, I.S.; Radu, F.A.; Rohde, C. A linear domain decomposition method for partially saturated flow in porous

media. Comput. Meth. Appl. Mech. Eng. 2018, 333, 331–355. [CrossRef]
30. Berardi, M.; Difonzo, F.V. A quadrature-based scheme for numerical solutions to Kirchhoff transformed Richards’ equation. J.

Comput. Dyn. 2022, 9, 69–84. [CrossRef]
31. Kirchhoff, G. Mechanik; Teubner: Leipzig, Germany, 1883.
32. Yang, J.; Liu, J. Nontrivial solutions for discrete Kirchhoff-type problems with resonance via critical groups. Adv. Differ. Equ. 2013,

308, 1–14. [CrossRef]
33. Long, Y.H.; Deng, X.Q. Existence and multiplicity solutions for discrete Kirchhoff type problems. Appl. Math. Lett. 2022, 126,

107817. [CrossRef]
34. Bonanno, G.; Bisci, G.M. Infinitely many solutions for a boundary value problem with discontinuous nonlinearities. Bound. Value

Probl. 2009, 2009, 1–20. [CrossRef]
35. Jiang, L.Q.; Zhou, Z. Three solutions to Dirichlet boundary value problems for p-Laplacian difference equations. Adv. Differ. Equ.

2008, 2008, 1–10. [CrossRef]

http://dx.doi.org/10.3390/math8112030
http://dx.doi.org/10.1080/00036810902942242
http://dx.doi.org/10.1016/j.aml.2018.11.016
http://dx.doi.org/10.1016/j.jmaa.2016.10.023
http://dx.doi.org/10.1002/mma.3045
http://dx.doi.org/10.1186/1687-1847-2014-236
http://dx.doi.org/10.1016/j.aml.2022.108006
http://dx.doi.org/10.1007/s10884-019-09743-4
http://dx.doi.org/10.3934/cpaa.2019021
http://dx.doi.org/10.1080/10236198.2019.1572128
http://dx.doi.org/10.1016/j.aml.2019.106034
http://dx.doi.org/10.1016/j.na.2009.03.065
http://dx.doi.org/10.1016/j.jde.2016.04.032
http://dx.doi.org/10.1016/j.cma.2018.01.029
http://dx.doi.org/10.3934/jcd.2022001
http://dx.doi.org/10.1186/1687-1847-2013-308
http://dx.doi.org/10.1016/j.aml.2021.107817
http://dx.doi.org/10.1155/2009/670675
http://dx.doi.org/10.1155/2008/345916

	Introduction
	Preliminaries
	Main Results
	Examples
	Conclusions
	References

