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Abstract: We consider autonomous conservative dynamical systems which are constrained with
the condition that the total energy of the system has a specified value. We prove a theorem which
provides the quadratic first integrals (QFIs), time-dependent and autonomous, of these systems in
terms of the symmetries (conformal Killing vectors and conformal Killing tensors) of the kinetic
metric. It is proved that there are three types of QFIs and for each type we give explicit formulae for
their computation. It is also shown that when the autonomous QFIs are considered, then we recover
the known results of previous works. For a zero potential function, we have the case of constrained
geodesics and obtain formulae to compute their QFIs. The theorem is applied in two cases. In the
first case, we determine potentials which admit the second of the three types of QFIs. We recover
a superintegrable potential of the Ermakov type and a new integrable potential whose trajectories
for zero energy and zero QFI are circles. In the second case, we integrate the constrained geodesic
equations for a family of two-dimensional conformally flat metrics.

Keywords: quadratic first integrals; autonomous conservative dynamical systems; conformal Killing
vectors; conformal Killing tensors; constrained dynamical systems; constrained geodesics; integrable
potentials; superintegrable potentials

1. Introduction

We consider autonomous conservative dynamical systems of the form

i* = —T7.(9)d"4" — V" (q) )

which are subjected to the fixed energy constraint

1
5 Yas(9)43" + V(9) = Eg @)

where ¢ witha = 1,2,...,n are the generalized coordinates of the configuration space
of the system, n is the dimension of the configuration space, a dot over a letter indicates
derivation with respect to (wrt) the parameter ¢ (time) along the trajectory ¢°(¢), a comma
denotes partial derivative, I'} () are the Riemannian connection coefficients defined by
the kinetic metric 7,;(q) of the system, V(q) is the potential function of the system and E
is a fixed constant (i.e., the total energy —Hamiltonian- of the system). Moreover, Einstein’s
summation convention is applied and the kinetic metric y,;,(g) is used for lowering /raising
the tensorial indices.
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This type of constrained systems is of particular interest in many areas of physics.
For example, in astrophysics and celestial mechanics, autonomous conservative systems
with a fixed energy are used in order to model the galactic motion. In such studies (see
e.g., [1-5]), it is assumed that the galaxy is described by an axisymmetric autonomous
potential and the authors look for a third first integral (FI) in addition to the well-known
Fls of energy and angular momentum. The problem is still open; however, it seems that
additional FIs may exist in certain regions of the energy domain. Similar considerations
have been performed in non-relativistic Quantum Mechanics. Furthermore, in General Rel-
ativity, Equations (1) and (2) with V = 0 define constrained geodesic trajectories (timelike,
spacelike, or null; depending upon the value of Ej) in a Riemannian spacetime which have
numerous applications [6,7].

The most important role of the Fls is the assessment of the integrability of a dynamical
system, constrained or not. Therefore, it is important that systematic methods are developed
which will allow the determination of FIs. Concerning the case of the non-quantum
constrained dynamical systems, there have been developed two types of such methods:
(a) The method which uses the dynamical equations directly (see Section 1.1), and (b) The
mini-superspace Lagrangian description (see Section 1.2). Each method follows a different
approach, and its suitability depends on the particular application considered. The general
description of each of these approaches is as follows.

1.1. The Dynamical Equations Method

There are three major approaches in this method which are the following:

1.1.1. The Geodesic Approach

Because the mth-order polynomials in velocities Fls of the geodesic equations in a
Riemannian space are known (see e.g., [8,9]), one transfers the dynamical equations to
the geodesic equations of another Riemannian space. One approach is to introduce two
extra degrees of freedom in the configuration space. This is done by treating the time ¢
as a generalized coordinate g" ! = t and by introducing an additional dimension ¢"*2
via the fixed energy constraint. This approach has been originated by Eisenhart [6] who
defined, in the (n 4 2)-dimensional expanded configuration space, the so-called Eisenhart
metric whose geodesic equations produce both the dynamical equations and the energy
constraint. A different approach is the Jacobi geometrization procedure (see e.g., [10,11]).
According to this method, instead of introducing new generalized coordinates, one uses
an energy-dependent reparameterization of the parameter of the dynamical equations to
define a new metric, the Jacobi metric, whose timelike geodesics produce the dynamical
equations and the constraint. The new metric is conformally related to the kinetic metric of
the system with conformal factor the scalar quantity Ey — V(g).

The approach of the Jacobi metric has been applied in [12-15] in order to assess the
integrability of two-dimensional (2d) autonomous conservative systems constrained at
fixed and arbitrary energy. In particular, in [13,14], the integrable and superintegrable
2d Newtonian potentials that admit additional autonomous cubic and quartic FIs have
been determined. However, certain drawbacks exist concerning the Jacobi metric when
one increases the number of degrees of freedom, or the order of the FIs. This is due to
the fact that: i) The conformal Killing vectors (CKVs) and the conformal Killing tensors
(CKTs) of a general metric are not easy to compute, and ii) The Jacobi metric assumes
a reparameterization from the ‘physical time’ of the system to the so-called ‘Jacobi time’
which affects the physical interpretation of the results.

1.1.2. The Lie Symmetry Approach

This is a systematic and interesting approach which has been developed in [16-18]
and is given as follows:
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One considers the unconstrained dynamical Equation (1) and looks for Lie point
symmetries generated by the infinitesimal point transformations:

g () = q"(t) + 1" (q)e, E=t+E(H)e ®)

where 0 < ¢ < 1, the generator &(t) = 2 [ ¢(q(t))dt => & = 2¢(g) and the function
¢ is evaluated along trajectories. These Lie point symmetries are referred to as trajec-
tory collineations (TCs). It is proved that the generators 7°(g) of the TCs are projective
collineations (PCs) of the kinetic metric 7, with projective function ¢(gq) which is related
to the potential V with the condition:

APV + YVt — AP Vynte = 0 <= L,VA +4pV" =0 )

where £, denotes the Lie derivative with respect to 77* (see also [19]). Furthermore, it is
shown that the Lie derivative of a known FI (e.g., the total energy) with respect to a TC
is also a FI. This last result allows for a systematic evaluation of FIs once the TCs have
been determined. These FIs have been called related Fls (RFIs). It is also shown that the
quadratic RFIs share the same structure constants with the Lie algebra of TCs.

In [18], the above approach was extended to the constrained autonomous conservative
dynamical systems in the sense that one requires that the point transformations (3) are
constrained by the further requirement that the energy has a fixed value Ey. These new
transformations map constrained solutions into constrained solutions and, hence, they
are Lie point symmetries of the constrained system. These symmetries have been called
natural trajectory collineations (NTCs). It is proved that the generators #”(q) of the NTCs
are CKVs of the kinetic metric y,;, with conformal factor ¢ + ¢, where ¢ is a constant, which
are constrained by the new ‘selection rule’

Van® +2(¢p —c)(V —Ep) = 0. )
It has been also shown that the formulation of the RFIs holds the same for the NTCs.

1.1.3. The Direct Approach

In this approach, one assumes quadratic FIs (QFIs) of the functional form

I = Kap(t,0)4°6" + Ka(t,9)4" + K(t,q) 6)

where the coefficients are symmetric tensors depending on g4 and t. The linear FIs (LFIs)
are also included for K,;, = 0.
The condition that (6) is a FI of the constrained system (1) and (2) is

dl
= = [0(t,0) + Xe(t, )] [ vapd"d" +2(V — Eo) )

where ¢(t,q) is an arbitrary scalar and X,(t,q) is an arbitrary vector. It is to be noted
that condition (7) is due to Hilbert’s zero-theorem (see Chapter IV, par. 8, pp. 166-167
in [20]). According to this theorem, since % is a third order polynomial in the velocities
(after replacing 4% from (1)) and the constraint (2) is quadratic, there exists a first order
(3 —2 = 1) polynomial ¢(t,q) + Xc(t,q)4° such that the quantity % is expressed as in
equation (7). The term ¢ (t, q) + Xc(t,q)4g° plays the role of a ‘Lagrangian multiplier’. Using
the dynamical equations (1) to replace the terms §* whenever they appear, condition (7)
leads to a polynomial equation in the velocities 4°.

At this point, there are two approaches. Either one looks for QFIs which hold for all
values of the velocities on the constraint surface (we call them exact QFIs), or one looks
for QFIs which are non-local, that is, they are valid only on trajectories specified by certain
velocities. In the first approach, one sets all the coefficients of the powers of the velocities

equal to zero and obtains a system of partial differential equations (PDEs) of the unknown
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quantities K,;, K,, K and the dynamical quantities V(g), Eg. The solution of this system of
PDEs provides the exact QFIs I. In the second approach, one does the same for all powers
of the velocities which are of degree equal or higher than two, that is, the terms of zeroth
and first order are excluded. In this case, one finds the conditional QFIs which are non-local
QFlIs, that is, they contain quantities within integrals. This is the type of FIs given, e.g.,
in [21-23].

1.2. The Mini-Superspace Lagrangian Method

In this method, one introduces an extra dimension in the configuration space, the
lapse function, and defines the mini-superspace Lagrangian of the system. The Euler—
Lagrange (E-L) equations of this Lagrangian produce the dynamical equations and the
equation of the constraint for Ey = 0. This method is a particular case of a more general
procedure applied on degenerate Lagrangian constrained systems. These are constrained

2
generalized coordinates. In this case, a Hamiltonian cannot be defined because the Legendre
transformation has no inverse. Since the Hamiltonian is vital to Quantum Mechanics, the
Dirac-Bergmann prescription has been developed [24-27] to deal with this type of systems.
In general terms, this formalism has as follows. The constraints are equations of the
form ¢4 (g, p) = 0with A = 1,2,...,r, where r measures the degeneracy of the singular
Lagrangian (i.e., the degeneracy of the Hessian) and p, = aaTLa are the conjugate momenta.
Relations ¢4 (g, p) = 0 are used to eliminate the  degenerate coordinates. These relations
are called primary constraints and their time derivatives, secondary constraints.

Using the primary constraints, one splits the coordinates in two groups. The first
group contains n — r coordinates which define a non-vanishing Hessian, and the second
group contains the remaining r coordinates. This approach leads to conditional FIs which
are non-local, that is, they are expressed in terms of integrals and are generated by the
CKVs and the CKTs instead of the Killing vectors (KVs) and the Killing tensors (KTs) which
generate the exact QFIs. The conditional FIs can be used in the same way as the exact FIs;
for example, in order to integrate the geodesic equations. A detailed and clear discussion
of this approach with applications can be found in [22].

In the present work, we determine the QFIs (6) for the constrained dynamical systems (1)
and (2) by using the direct method and the geometry generated by the kinetic metric of
the system.

The structure of the paper is as follows.

In Section 2, we derive the main result of the present paper which is Theorem 1. It
is shown that there are at most three types of exact QFIs associated with an autonomous
conservative dynamical system constrained on a fixed energy level. Explicit formulae are
given which provide these FIs in terms of the geometric symmetries of the kinetic metric.
We note that these QFIs can be autonomous or time-dependent. In Section 2.1, we consider
the autonomous LFIs and QFIs derived from Theorem 1, and we recover the FIs found
in [18]. In Section 3, we recall the basic facts concerning the CKTs of order two, which are
necessary in the computation of the QFIs of Theorem 1. In Section 4, we apply Theorem 1
to find 2D Newtonian potentials which admit a QFI of the second type I(;),. We consider
the cases where the vector L,(g) is either a HV or a special CKV (SCKYV). In the first case,
we obtain a superintegrable potential of the Ermakov type and compute the trajectory
for specific values of the constants. In the second case, we find a new class of integrable
potentials and show that the orbits for Ey = 0 and Iy, = 0 are circles. In Section 5, we
specialize Theorem 1 to the case of constrained geodesics and we collect our results in
Theorem 2. Applying Theorem 2, we recover all previous results in the literature (see
e.g., [8,28,29]) for an arbitrary energy level Ej, and in Propositions 1 and 2 we determine
the QFIs of null (Ey = 0) and non-null (Ey # 0) geodesics, respectively. In section 6, we
consider the non-null geodesics of a conformally flat metric and recover the results of [22]
which were found using the rather complicated Dirac-Bergmann prescription. Finally, in
Section 7, we draw our conclusions.

systems whose Hessian vanishes, i.e., the quantity det = 0 where g% denotes the
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2. QFIs of Constrained Autonomous Conservative Dynamical Systems with Fixed Energy

We consider autonomous conservative dynamical systems defined by Equations (1)
and (2), and we look for QFIs of the general form (6) defined by the condition (7).

Using the dynamical Equation (1) to replace the quantities §* whenever they appear,
condition (7) gives

0= (K(ub;c) - X(ﬂbc)) 44 g + (Kab,t + Kgp) — 1P“Yab)l7a¢7b+
+ [Kat + Ko = 2Kg V2 = 2(V = E)Xo|§° + K¢ = KoV =2(V — E)y. (8)

Assuming that there are no constraints on the velocities 4%, we demand that the
polynomial Equation (8) is satisfied for all values of 4*; therefore, the coefficient of each
power of §” must vanish. This leads to the system of PDEs:

Kby = X@Toe) )
K@py = $va — Kapy (10)
K, = ZKubV’b +2(V —Eg) Xy — Kot (11)
K; = K,V +2(V—Ey)y (12)

where a semicolon denotes Riemannian covariant derivative.
Equation (9) implies that K,; is a CKT of order two of the kinetic metric v,, with
associated vector X,. Contracting (9) with 7P, we find

Xa

- — (Kl +2K0y). (13)

Contracting Equation (10) with 7**, we obtain

= %(K“;H +K%,). (14)

The system of PDEs (9)-(12) must be supplemented with the integrability conditions
K (2 = 0 and K ;) = 0 for the scalar K. We have:

Kapt — 2K VP + (KbV'b) 2V —E)(a—Xar) = O (15)

7

Z(K[ﬂIC\V'C);b] — Kigp +2 [(v - EO)XH g =0 (16)
where round (square) brackets indicate symmetrization (antisymmetrization) of
the enclosed indices, and indices enclosed between vertical lines are overlooked by
(anti-)symmetrization symbols.

Finally, the system of PDEs which we have to solve consists of Equations (9)—(12)
and (15)—(16), where the quantities X, and ¢ are given by (13) and (14), respectively.

We state the solution of the above system of PDEs in Theorem 1. The proof is given in
the Appendix A.

Theorem 1. The independent QFIs of the autonomous conservative dynamical system (1) subject
to the fixed energy constraint (2) are the following:

Integral 1.
L2k b, 2kl
Iy = _ZﬁL(Zkfl)(a;b)'FC(O)ab §"q" + Y P L k16
k=1 k=1
¢ ok

~ t
+) ELQkfl)aV'a + G(q) 17)
k=1
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where Cg)qp(q) and Lox_1)(ap)(q) for k = 1,2,..., £ are CKTs with associated vectors X o), (q) and
Y(ok—1)a(q), respectively, while the vectors Ligg_1)q (q) and the function G(q) satisfy the conditions:

(L(zzq)bV’b),ﬂ

(L(zk_nbV’b)’ﬂ

—2L a0 1)(ap) V" = 2(V = E0)Y(20-1)a (18)

—2L gk 1)(a) V" = 2k(2k + 1) Laks1)a

~2(V = Eo)Yok1)ar k=1,2,...,0—1 (19)
Ga = 2CwV" +2(V = Eg)X(0)s — Laya(£ > 0). (20)
Integral 2.
4 t2k+1 t2k+1
Lo = 1?0( T 1l 03" + P Liggyad” + T A ) (21)

where L) (a)(q) for k =0,1,..., £ are CKTs with associated vectors Y (yy),(q) and the vectors
Lokya(q) satzsfy the conditions:

(L(Zf)bv'b), = 2Ly an) V" = 2(V = E0)Y (214 (22)
(L(Zk)hv'b) = —2L (g () V' — 2(k + 1) (2k + 1) Lk 42)0
~2(V = Eg)Youper k=0,1,...,0—1. (23)
Integral 3.
ey = € (~Liap)d"d" + ALad" + LaV*) (24)

where A # 0 is an arbitrary constant and L, (q) is a reducible CKT with associated vector Y,(q)
such that
(vafb) = 2L V" = A2Ly — 2(V — Eo) Y. (25)
,a

Notation: In Iy, with a = 1,2, the index () indicates the degree of the time-dependence,
whereas the index w is used in order to distinguish between the two different types of independent
QFIs. Moreover, in Equation (20), the quantity Ly),(¢ > 0) indicates that the vector L(y), exists
only when m > 0.

We note that in the case that the involved second order CKTs of Theorem 1 are KTs, the
associated vectors X(g), and Yy, vanish and Theorem 1 reduces to Theorem 3 of [29] for
Q% = — V. Then, the associated independent QFIs hold for an arbitrary energy level E,.

2.1. The Autonomous LFIs/QFIs of Theorem 1
Theorem 1 contains only two autonomous FIs. These are the following:

a. The QFI

J1 = Cap(9)d"4" + G(q) (26)

where Cy;, is a second order CKT with associated vector X,(q) such that G, =
2C VP +2(V — Ep) X,
The QFI (26) is derived from the FI I (01 givenin (17) for time-dependence ¢ = 0. To
simplify the notation, we have set C ), = Cpp and X (g, = Xop-

b. The LFI

J2 = La(q)4" (27)
where L, is a CKV with conformal factor ¢(g) such that L,V* = —2(V — Eg).
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The LFI (27) is derived from the FI [ (0)2 givenin (21) for time-dependence ¢ = 0 if we
assume that L(g), = La(q) is a CKV with conformal factor 1(g). Indeed, we have

Ligp) = ¥va0 = Y(0)a = Ya
and the condition
(va'b),u = 2y VP —2(V — Eg)py => LoV +2(V — Eg)pp = ¢ = const.
Therefore, the associated QFI becomes
Koy = H{(=97ad"d" + LaV*) + Lad® = H2(V = Eo) + LaV*] + Lag" = Lag" +ct

which for ¢ = 0 gives the autonomous LFI (27).

The autonomous FIs (26) and (27) are those found in Section VI of [18]. In particular:
a. The QFI (26) coincides with Equation (6.5) of [18] and the additional conditions are
Equations (6.6) and (6.7); b. The LFI (27) coincides with Equation (6.1) of [18] and the addi-
tional conditions are Equations (6.3) and (6.4). Moreover, the QFI given in Equation (4.7)
of [30] is derived from the QFI (26) for G = Ej = 0. We note that the authors in [30]
determine this QFI by using the contact symmetries of the constrained system in the
mini-superspace Lagrangian formalism.

3. Conformal Killing Tensors (CKTs) of Order Two

In this section, we recall some basic results concerning the CKTs which will be used in
applications of Theorem 1 to be considered in the next sections.

A second order CKT [31] in an m-dimensional Riemannian manifold with local coordi-
nates x? and metric g,,(x) is a symmetric tensor Uy, such that

Uiabe) = U(a8bc) == Ufabe) = U{a8bc} (28)

where 1, is the vector associated to the CKT U,;, and curly brackets denote cyclic permuta-
tion of the enclosed indices.
By contracting (28) with ¢*?, we find the vector

_ 1 b
Ug = m (u;a +2U a;b) (29)
where U = U", is the trace of U,; and m is the dimension of the manifold. The following
terminology and results apply to CKTs:

If u; =0, Uy is a second order KT or an improper CKT.

If u, # 0, U,y is called a proper CKT.

If u, is a KV, U,y is called a homothetic KT (HKT) [32].

If the trace U = 0, then u, = m%rzllh a:b and Uy is called a trace-free CKT.

If u, is a gradient (i.e., u; = u, where u = u(x) is a scalar), then U, is called a CKT
of gradient type.

If f is an arbitrary function, then U, = Uy, + fg, is a CKT with associated vector
Uy = Ug +ﬁa-

g. If U, is a CKT of gradient type, then Cp, = Uy, — 1ug,) is a second order KT.

We can construct new CKTs as follows:

e oonoe

-~

(i) If fis an arbitrary function, then fg,; is a gradient CKT with associated vector f .
(i) If X, and Y, are CKVs with conformal factors, respectively, ¥x and ¢y, then the
symmetrized tensor product XY} is a CKT with associated vector xY; + ¢y X,.
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(iii) If T,, and T,;, are CKTs with associated vectors, respectively, V; and W,, then the
linear combination ATy, + uT,;,, where A and p are arbitrary constants, is a CKT with
associated vector AV, + uW,.

From (i)—(iii), we get the following general result [31,33,34].
If an m-dimensional manifold admits M CKVs Xk, with conformal factors yx where
K=1,2,...,M, then
Uap = f&ab + XX i) (30)

is a CKT with associated vector

Uy = fa+ K (Y X1, + P Xxa) (31)

where f is an arbitrary function, cX! are arbitrary constants and the summation is over the

inequality 1 < K < L < M. In flat spaces, all second order CKTs are of the form (30).

4. Example 1: Constrained Orbits of Potentials V(x, y) in E? that Admit FIs of the Form
I, at Fixed Energy Eg = 0

In this case, the generalized coordinates g* = (x,y), the kinetic metric v, = &z
= diag(1,1), the fixed energy level Ey = 0 and the constraint (2) becomes

Yapi'qt +2V =0 = P+ > +2V =0. (32)

We note that we can always insert the value of the constant E into the potential; therefore,
the case Ep = 0 has no effect on the generality of our discussion.

For time-dependence ¢ = 0 and fixed energy Ey = 0, the FI (21) becomes (To simplify
the notation, we set L9y,(7) = La(q))

Lioyy = —tL (434" + Lag" + tL, V" (33)

where L, is a second order CKT of 4, with associated vector Y, such that
(vafh) = 2L () V" — 2VY,. (34)
,Aa

We consider various cases concerning the vector L,.

4.1. L, = (x,y) Is the Homothetic Vector (HV)

If the vector L, = (x,y) is the HV of E?, then L(sp) = 6ap and Y, = 0.
Using the constraint (32), the QFI (33) reduces to the LFI

Iogp=hL=—t (X2 4+ 97) +xx +yy + HxVy + yVy) = xx +yy+ct =ri+ct (35)
N——
=2V
and the condition (34) becomes
xVx+yVy+2V=c (36)

where we have set [(g); = I, r?> = x2 + y? and c is an arbitrary constant.
Solving the PDE (36), we find the potential

F(3)

V(xry): 2 +

=<

(37)

NI o

where F is an arbitrary smooth function of its argument.
The potential (37) admits also the Ermakov QFI (see e.g., [35,36])

I, = (xy — yx)? + 2F; (38)
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therefore, it is superintegrable. Using the Fls (35) and (38), the constraint (32) becomes:
Ay + g te=0 = (xt+yy) +(x-yi)" +2F+a” =0 =

(I —ct)> + I +cr* =0 (39)

where I; and I, are arbitrary constants.
Integrating the LFI (35), we find

(rZ). =2( —ct) = = —c? +2ht+c¢; = r(t) = V—ct2 + 2Lt + ¢ (40)

where ¢y is an arbitrary constant.
Replacing (40) in (39), we get the condition

I = -1 —ccy. (41)

Using polar coordinates x = r cos 6 and y = rsin§, and conditions (40) and (41), the
Ermakov QFI (38) is written

, /B —coq —2F
1?0 =\/-I3—ccy —2F = 0= . (42)

—ct2 42Dt + 1

Because T is a function of % = tan, i.e., F(tan ), Equation (42) cannot be integrated to
give 0(t).

In order to integrate (42), we assume ¢ = 0 and F = k = const. Then, the potential (37)
reduces to the well-known Newton—Cotes potential (see e.g., [37,38])

k

V:ﬁ

(43)

and Equations (40) and (42) give the solution:

[ 1 k
T’(t) = \/212t+cl, g(t) = —ZL — ﬁll’l(ZIQi’—‘rCl) +90 (44)
2

which implies the orbit (with energy Ey = 0')
r = AeP? (45)

where 6 is an integration constant, B = — —and A = ¢~ B%_ Tt has been checked that

—1-7
I

the solution (44) satisfies the polar Euler-Lagrange equation # = 62 + 3—]3‘

The orbit (45) is a logarithmic spiral (or miraculous spiral) which has the following
properties: (a) For B > 0, the size of the spiral increases outward as 6 increases. (b) For
B < 0, the size of the spiral decreases inward as 0 increases.

We note that for the potential (43), Equation (42) produces the LFI of the angular
momentum (as expected for a central potential).

4.2. L, Is a Special CKV (SCKV)
It is well-known that E2 admits two SCKVs:
XZ*]/z
@)  Buy = ( 2 > with conformal factor ; = x.
Xy

(i) By, = ( yzx,yxz ) with conformal factor 1, = y.
2
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foyZ
We assume that the vector L, = 2 is the SCKV B (1)a of E2 with conformal
Xy
factor ¢ = x. Then, L,y = x5, and Yo = ¢, = (1,0).

Using the constraint (32), we find that the QFI (33) reduces to the LFI

2 _ 4,2 2 .2
1(0)2 = —ix (XZJF]JZ) +xzy3’c+xyy'+t<x 7 V,x‘|‘xyv,y)
-~

=-2V

2 _ .2
- %x + xyy + ct (46)

and the associated condition (34) becomes

2 2

v by, 4 2xv = ¢ 47)

where c is an arbitrary constant.
For c = 0, the PDE (47) gives the potential

(48)

2_ .2
S .
lop=— L+ xyy (49)
and the constraint (32) is written
2M
x2+y2+r—4:0. (50)

We can use the LFI (49) and the zero energy constraint (50) in order to find an orbit
with Eg = 0 for the integrable potential (48).
First, we assume the additional requirement Iy, = 0. Then, the LFI (49) becomes

2 — 2
2

x+xyy = 0. (51)
Using polar coordinates, Equation (51) gives:
cosff +rsinfd =0 = (Inr) = —tanf = Inr = — /tan()d() =

r = c1cosf (52)

where ¢; # 0 is an arbitrary constant. The orbits (52) are circles with center (3,0) and

radius % Indeed, we have

2 2
r=cicosf — r2:c1rcos(9 - x2+y2:clx - (x—%l) +y2:%.
In order to compute the 6(t), we use the constraint (50) which is written
()
2ty — 72— (53)

4
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Replacing the orbit (52) in (53), we obtain

2Mm (‘)

€1
6

/ cos? 0d6
c§cos* 0

tan 0 )
where t( is an integration constant.
Therefore, at the fixed energy Ey = 0, we have found the new class of integrable
potentials (48) and we have shown that for [(g), = 0 the orbits of these potentials are circles.

0> = — — t—ty= (54)

5. The LFIs/QFlIs of the Constrained Geodesic Equations

Another important area in which we apply Theorem 1 is the determination of the LFIs
and QFIs of the constrained geodesic equations in an n-dimensional Riemannian manifold
with metric 7,,(¢). In this case, V = 0 and Theorem 1 takes the following form.

Theorem 2. The independent QFIs of the geodesic equations

i +Ti(q)d" 4 =0 (55)

subject to the quadratic constraint
Yan(0)4"" = 2Eo (56)

where T, are the Riemannian connection coefficients defined by the metric «y,;,(q) and Eq is an
arbitrary fixed constant, are the following:
Integral 1.

t2k A '
Iy = ( Z % Lek-1)(ap) +C(o)ub> 0"+ Y P Ly 1)ed" + Glg) (57
k=1

where Cg)qp(q) and Lox_1)(ap) (q) for k = 1,2, ..., £ are CKTs with associated vectors X ), (q) and
Y(ok—1)a(q), respectively, whzle the vectors Lox_1), (q) and the function G(q) satisfy the conditions:

EoYi2i-1. = 0 (58)
EOY(Zk*l)H - k(2k+1)L(2k+l)ﬂ/ k - 1,2,...,6— 1 (59)
Gy = _ZEOX(O)a — L(l)a(g > 0) (60)
Integral 2.
4 t2k+1
L2 = kE@( k1 L 2k) (a0 4 b+ L(2k)aq ) (61)

where L) (a)(q) for k = 0,1,..., £ are CKTs with associated vectors Y 5),(q) and the vectors
(21(),1( ) satisfy the conditions:

EoYopn, = 0 (62)
EoYoia = (k+1)(2k+1)Lgyaye k=0,1,...,0—1. (63)
Integral 3.

Iy = <—L(a,-b)’7af?b + ALM“) (64)
where A # 0 is an arbitrary constant and L, (q) is a reducible CKT with associated vector Yo(q)
such that 2E,

L, = SV —Y;. (65)

When there is no constraint of the form (56), that is, the value of Ej is arbitrary, the
CKTs of Theorem 2 reduce to KTs (i.e., the associated vectors X g), = Y(x), = 0) and, as
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expected, the QFIs of Theorem 2 produce the well-known ones (see [8], Table IV of [28],
and Section X, par. A in [29]).

5.1. The QFlIs for Null Constrained Geodesic Equations: Case Eg = 0
Applying Theorem 2 for Ey = 0, we find the following result.

Proposition 1. The independent QFIs of the null geodesic equations

i+ The()d"3 =0, (66)
that is, subject to the constraint
Ya(9)49" = 0 (67)
where 'y _ are the Riemannian connection coefficients defined by the metric «y,,(q), are the following:
h = Cad'q’, I = gc,-uw“q'b —tGaf" +G(9), I = —tLip)d"q" + Laf”  (68)
where the quantities Cop, G,qp and Ly, are second order CKTs of Yap-

Comparing the QFIs (68) for null geodesics with the three QFIs of Table 4 in [28] for
unconstrained geodesics, we may be tempted to say that they are the same. However, such
a claim is not correct! Observe that in the former case the involved second order symmetric
tensors are CKTs; whereas, in the latter case, they are KTs and the corresponding QFIs hold
for an arbitrary Eg. This fundamental difference lies in the fact that the null geodesics are
subject to the constraint (67).

5.2. The QFIs of Non-Null (Spacelike or Timelike) Constrained Geodesic Equations: Case Eg # 0
Applying Theorem 2 for Ey # 0, we have the following result.

Proposition 2. The independent QFIs of the geodesic equations

i +T.(9)d" =0 (69)

subject to the quadratic constraint

Yar(9)4°6° = 2Ey # 0 (70)

where 'y are the Riemannian connection coefficients defined by the metric <y, (q) and Eq # 0 is an
arbitrary fixed constant, are the following:
Integral 1.

2k
Iy = ( Z ¢ Lar-1@n) + €0 )ub)qaqb+ Y L 1ad” +G(g)  (71)
=1

where L1y () (q) is @ KT, C(g)qp(q ) and L(zk V() () fork=1,2,...,¢ —1are CKTs with
k(2k+1)

associated vectors X ), (q) and Y(ox_1), £ L(akt1)ar respectzvely, and the function G(q) is
such that
G,g = —2E0X(0)a — L(l)a(g > 0) (72)
Integral 2.
i < 2k+1 A
Ly = — o7 Len@n)d’d” + £ Lakyad” (73)
() Z\ 2%+ (2k) (a;b) (2k)a

where Ly¢)(4;p) is @ KT and Ly (45)(q) for k =0,1,..., £ — 1 are CKTs with associated vectors

(k-+1)(2k+1)
Yane = —E — L@kt2)a
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Integral 3.
ey = M (~Liapi*d" + ALad") (74)
where A # 0 is an arbitrary constant and L,y (q) is a reducible CKT with associated vector
A2
YLZ - ELQ

In the following section, we apply the results of Section 5 to a number of cases
considered in [22], and we show that we recover the answers without using the complex
arguments of the mini-superspace Lagrangian method and the conditional FIs.

6. Example 2: The Non-Null Constrained Geodesic Equations of the Metric
01
')’ub:f(xry)<1 0)

Consider the constrained dynamical system of two degrees of freedom 4* = (x,y),
which is described by the dynamical equations:

x+€j‘x2 =0 (75)
yﬂ;’?y‘z =0 (76)
fxy)iy = Eo (77)

Equations (75) and (76) are subjected to the quadratic constraint (77), where f(x,y) is an
arbitrary smooth function and Ej is a non-zero fixed constant.
From the constraint Equation (77), we read the 2d metric

0 1
We calculate that the Riemann tensor is
xf, R
Ri212 = fay — Lty = 571212 (79)
f 2
where Vaped = YacYod — YadVbe and Y1212 = — f2. However, the metric (78) is not in general

a metric of constant curvature because the Ricci scalar R is not constant.
The non-vanishing Riemannian connection coefficients for the metric (78) are Fh = ff—x

and 1"52 = ny We note then that the dynamical Equations (75) and (76) are the geodesic
Equation (69) of the metric (78) provided t is the affine parameter. The constraint Equation (77)
is of the required form (70).

The metric (78) has been discussed for various cases of the function f(x,y) in [22],
using the rather complicated method of Dirac constraints [26,27] and the associated condi-
tional Fls. Our purpose here is to solve these cases, using the FIs of Proposition 2.

We shall need the CKVs of the metric (78) in order to compute from them the KVs and
the CKTs of this metric. For the metric (78), we find the two-parameter family of CKVs

B, = f(x,y)( ggz% > = B = B",; = K(x)dx + Fi(y)9y (80)

whose conformal factor

Bxfx+Fify+f( %+ 42
gb(x,y)z 2 1 yzf (d]/ d ) (81)

where Fj (y) and F,(x) are arbitrary smooth functions.
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Using the general formulae (30) and (31), we construct for the metric (78) the second
order CKT

A 0
Co=ren( Y 0 ) )
with associated vector L faa
_ < fyf(y) + 2 iy ) (83)
faha(x) + 5375

where A1 (y) and A,(x) are arbitrary smooth functions.
To find the KVs, we require i = 0. Then, condition (81) implies that

szernyJrf(dF1 ’gj) =0. (84)

6.1. The Case of a Space of Constant Curvature: LFIs

We require the metric (78) to be a metric of constant curvature. Since the metric (78)
is 2d and satisfies the condition (79), it must also satisfy the additional requirement that
R = const.

Without loss of generality, we set R = —¢ 2 where k # 0 is an arbitrary non-zero
constant. Replacing this R in (79), we get the non-linear PDE:
fxfy _2f
f,xy - f - T =0 (85)
whose solution is f(x,y) = =me +y) . Therefore, the metric of constant curvature is
k 01
=— : 86

The constrained system (75)—(77) becomes:

.2
_x+yx =0 (87)
-2 =0 (88)
xX+y
k
Gt = b (89)

A space of constant curvature has three KVs. Therefore, the system of the constrained
geodesic Equations (87)-(89) admits three independent LFIs and, as a result, it is superinte-
grable. To find the KVs, we use Equation (84) which in this case becomes

dF sz dFl dFZ _
oy TV T (y iy 2F1> + (x . 2P2> =0. (90)

From the leading terms xdF L and de 2 in (90), we deduce that the function F; (y) must be of
the form
F(y) =ay*+cay+c (91)

where ¢, c3, c3 are arbitrary constants.
Replacing (91) in (90), we find

B(x) = —c1x® + cox — c3. (92)
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Substituting the functions (91) and (92) in (80), we find for the metric (86) the following
three KVs (one for each constant ¢;, i = 1,2, 3):

_ k e _ k y _ k 1
o= e e ) e g (3) o= gap( 4)- 0

Replacing the KVs (93) in the FI (73) for £ = 0, we find the following three LFIs:

_k
(x+y)?

These LFIs establish the superintegrability of the geodesic Equations (87) and (88).

k
(x +y)?

k
I = (%), b= Grp ), b= (x—79). (94

Integration of the Constrained Geodesics (87)—(89)

To simplify the notation, we introduce the constants ay = % #0andap = ITD with
D=1,2,3.
Then, the fixed energy constraint (89) and the LFIs (94) are written:

a(x+y)* = %y (95)
m(x+y)? = yr—x%y (96)
ap(x + y)2 = yx+xy (97)
a3(x+y)? = x—y. (98)

Solving Equations (97) and (98) wrt x and 1, we find that:

x = (ap+asx)(x+y) (99)
y = (a2—azy)(x+y). (100)

Replacing (99) and (100) in the remaining Equations (95) and (96), we obtain, respec-
tively, the following:

ag = (ap —asy)(ag + azx) (101)

0 = (a3x+a)y? + (a3x* —ay)y — x(azx + ay). (102)

Solving the quadratic algebraic Equation (102) wrt y, we find the solution

arx + aq
==\ 103
Y azx + ap (103)
We note that the solution y = —x is not acceptable, because of the requirement x + y # 0;

otherwise, the function f = is not well-defined.

k
(x+y)?
Replacing (103) into (101), we obtain the relation

ag = a3 —ajaz # 0 (104)

where g is a non-zero constant fixed by the energy Ey of the geodesics. This means that
the constants a3, 4, and a3 take only those values which satisfy the relation (104) as fixed
by the ‘energy’ constant a9. We note also that the orbit (103) coincides with Equation (6.17)

of [22], if we rename the constants as follows: a; = :FK%\ /ZK% —R, ay = V/2K1% and
as = F,/2x? — R.
Replacing the orbit (103) in (99), we find:

dx
azx? 4+ 2a,x +a;’

¥ =3’ +2mx +ap = t= / (105)
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There are two cases to be considered.
(a) Caseasz=0.

In this case, from Equations (103) and (105), we find the parametric geodesic solutions:
x(t) = 1 4 ¢y, y(t) = c1e®™' — ¢y (106)

where ¢; is an arbitrary constant and the constant c; = —2”712. Equation (104) implies

that the constant a; is fixed by the energy constraint 4y = a3 # 0, while the remaining
Equation (100) is satisfied identically.

(b) Caseas # 0.

In this case, from Equations (103) and (105), we find the parametric geodesic solutions:

v/ —4ap a» v/ —4ap 1 a
t) = Y——tan(y/—apt - =, y(t) = —= 107
x( ) as an( o +C0) as y( ) as tan(\/*aot%»CO) + as (107)
where ¢ is an arbitrary constant and ag = a% —ay1a3 < 0. From Equation (104), the constant
2
am = % — Z—g, while the remaining Equation (100) is satisfied identically.

Remark 1. The choice f(x,y) = x made in [22] (see Section 6, Equation (6.1)) leads to the
flat Lorentzian metric and the solution of the geodesic equations is straightforward. Indeed, the
coordinate transformation g° = (x,y) — §° = (u,v) given by the relations:

X2
Uu=y— — v:y—l—z

brings the metric y,, = ( 2 N > to its canonical form 1y, = diag(—1, +1).

0
In the coordinates (u,v), the solution of the constrained geodesic equations is:

u(t) =kit+ky, v(t) = kst +ky
where ki, ky, k3 and ky are arbitrary constants, while the associated quadratic constraint (70)
implies that
Naf'® = 2Ey #0 = —i? + 0% =2E) = Ey= %(kg -1).
Therefore, in this case, the application of neither the exact nor the conditional Fls is necessary.

6.2. The Case of a Metric That Does Not Possess KVs: QFIs

In this case, we shall use the QFI I(y); given in (71) for £ = 0 (To simplify the notation,
we set C (o) = Cap(9) and X(g), = Xa(q)), that s,

Loy = Cap(9)d°4" + G(q) (108)

where C, is a CKT of the metric (78) with associated vector X, (g) and the function G(g) is
such that
Ga = —2EpX,. (109)

Replacing C,;, from (82) in (108), the QFI is written

Hop = 2| A1(1)% + Ax (03] + G(g). (110)
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Replacing X, from (83) in the condition (109), we obtain the following system of PDEs:

fdA;

G = —2E0 [f'y"“(y) Ty 2 dx

}, G, = —2E [f,xAz(x) + fdA”]. (a11)

Taking the integrability condition G ) = 0 of the function G(x, y), we find the second
order PDE:

3 dAq dA, f(d?A;  d?>A,
f,yyAl (y) - f,xxAZ(x) + E (f,ydy _f,xdx> + E <dy2 - dx2 =0. (112)

Equation (112) cannot be solved in full generality because it has three unknown
functions f(x,y), A1(y) and Ay (x); therefore, it is an overdetermined PDE. In order to find
a solution, we must fix two of the three unknowns.

First, we choose f(x,y) = —x3e¥(x +eV).

For this choice, the metric (78) is (see Equation (6.26) of [22])

Vab = —x3ey(x+ey)( (1) (1) ) (113)

with Ricci scalar R = — aﬁ(szyﬁ and Riemann tensor Rqp1p = ffﬁi The metric (113) does
not possess KVs (or non-trivial second order KTs) and, therefore, to assess the integrability
of its corresponding constrained geodesics, we should focus to the proper CKVs and CKTs.

The constrained system (75)—(77) becomes:

, 1 3V _

x+(x+ey+x>x = 0 (114)

.. e¥ 2

y+(x+ey+1)y =0 (115)
—x3e¥(x+e")xy = K. (116)

In order to solve (112), we have to fix either A;(y) or Az(x). We choose Ay(x) = 0
and the PDE (112) gives the first degree polynomial in x

3dA;  1d%°A, y dA;  1d%A;\
(e 3 o e (s o+ 350 ) =0 )

whose solution is A;(y) = e~%. We note that if instead of A(x) = 0 we had chosen
A1(y) = 0, the PDE (112) would have given the trivial solution A;(x) =0
Having fixed the three unknown functions:

floy) ==l (x+e), Ai(y) =e¥, Ay(x)=0 (118)

the system of PDEs (111) becomes:

Gy =2Ex®, G, =0 (119)
from which we find the function £
G= 70x4. (120)

Replacing (118) and (120) in (110), we find for the constrained non-null geodesic
Equations (114)-(116) the QFI

E
L = x®(x + &¥)%3% + 70x4. (121)
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Using the QFI (121) and the quadratic constraint (116), the constrained non-null
geodesics (114)-(116) can be integrated as follows.
First, we assume that I; = 0. Then, the QFI (121) gives

Eo = —2x%(x +¢¥) 252, (122)

Replacing (122) in the constraint (116), we find the trajectory

. y y
%_M _— ﬂ:w = y:ln(clxz—ZX). (123)

T xeY dx xeY

where ¢y is a constant. This result coincides with Equation (6.27c) of [22].
Moreover, replacing (123) in (122), we find

2 E
@ﬁ—ﬁ)ﬁ:—§>o (124)

since Eg # 0. Therefore, Ey < 0 and Equation (124) implies that

' Ey [ 2 (¢ x3
3_,2 — 4,/ _Eo T 14
/(clx X )dx + > /dt = t=4= E0(4x 3>—|—t0 (125)

where t( is an integration constant.

Remark 2. As we have seen, t is the affine parameter of the geodesics. If we assume Ey = —% and
a reparameterization t = (T) such that in the new parameter x(T) = T, Equation (125) determines
the parameter transformation

dt
e +27%(c;7 — 1) = N(1).

The function N(t) is the lapse function of the corresponding mini-superspace Lagrangian (see
Equation (6.27a) of [22]).

6.3. The Case of a Class of Integrable Lorentzian Toda Systems: QFIs

Another case where QFIs are required is a class of 2d integrable Lorentzian Toda
systems [39] which is equivalent to the constrained dynamical system (75)—(77) for (see
Equation (6.35) of [22])

1

f(x/]/) _ kleﬁ[blx+(b2_bl)y] +k26\/§(b1x+b3y) (126)

where ky, ky, by, by, b3 are arbitrary non-zero constants and by # by.
In this case, the metric (78) is

Yab = (kleﬁ[thr(bzbl)y] +kze\}§(b1x+b3y)> ( (1) (l) > (127)

We note that this metric is in fact the Jacobi metric of the system, and it is flat only when
by =2(by — by).
In order to solve (112), we choose A;(y) = 0. Then, the PDE (112) gives Ay(x) =
7\/§h1x
e .

Having fixed the three unknown functions:

Flxy) = kY2t -ty 4 ez U5 a0 Ay(x) = e VB (128)
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the system of PDEs (111) becomes:
Gy =0, Gy = —V2kbyEgeY2b2=b)y (129)
from which we find the function
G = abiEo vam,-b)y (130)

b —by

Replacing (128) and (130) in (110), we find for the constrained non-null geodesic
Equations (75)—(77) with f(x,y) given by (126) the QFI

V2[by x+(by—b 1 (byx+bay) | Vabx.2 , K1biEo /3, —p
L = (kle brxt(b2=b1)y] 4 jre v\ ) e V22 4 e (b2=br)y (131)
1— b2

Using the QFI (131) and the corresponding quadratic constraint, the integration of the
constrained non-null geodesics for I; = 0 is straightforward (see previous examples). We
conclude that the conditional LFI used in [22] is again not necessary because we can solve
the problem by using instead the exact QFI (131).

7. Conclusions

The assessment of the integrability of a dynamical system requires the knowledge of
‘enough’ in number (functionally) independent FIs in involution. In this work, we have
considered constrained autonomous conservative dynamical systems where the constraint
is a specified value of the total energy. This constraint defines in the configuration space a
surface on which the trajectories of the dynamical system evolve. We proved a theorem
which allows the systematic determination of autonomous and time-dependent exact QFIs
of these constrained dynamical systems in terms of the symmetries of the kinetic metric;
the latter being defined by the dynamical equations. Specifically, it is found that these QFIs
are generated by CKVs and CKTs of the kinetic metric. Furthermore, there are three types
of QFIs and specific formulae were given for their determination. It is to be noted that the
time-dependent Fls appear for the first time in the literature of constrained systems.

In order to test the consequences and the validity of the theorem, we have considered
various applications from previous works in the topic. As a first application, we required
the potential to admit a QFI of the second type, and we found a superintegrable potential
of the Ermakov type and an integrable potential which for zero energy and zero QFI gives
orbits which are circles. Next, in order to discuss the case of geodesics, we set the potential
function equal to zero and determined the corresponding QFIs for the cases of null and
timelike/spacelike constrained geodesics. The well-known QFIs of the unconstrained
geodesics (see e.g., [8,28,29]) are recovered as special cases. As an application in this area,
we considered a general example which provides the various cases discussed in [22] using
the Dirac-Bergmann formalism. We recovered all results of [22] and showed that one
can integrate the constrained systems using exact FIs instead of the more complicated
non-local Fs.

Theorem 1 opens new directions in the study of the integrability of constrained
dynamical systems. It would be interesting to generalize Theorem 1 for other types of
constraints, less trivial than the fixed energy constraint; and to reexamine well-known
problems in celestial mechanics using the constraint of specified energy with the possibility
to obtain new QFIs.
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Appendix A

Since the considered constrained dynamical system is autonomous, we should use the
polynomial method described in [38] in order to solve the system of PDEs. According to
this method, one assumes a general polynomial expression in the variable f for both the
quantities K, (t, q) and K, (¢, q), and replaces these expressions in the system of PDEs.

In particular, we assume that the CKT

my tP
Kap(t9) = Coyan(9) + ) Cipyan(@) 5 (A1)
P=1

where C(py,(9), P = 0,1,...,my, is a sequence of second rank symmetric tensors, and
the vector

Ki(tq) = Y. Lowa(@)t™ (A2)
M=0

where L(M)a(q), M =0,1,...,my, are arbitrary vectors.

We note that both powers m; and m; in the above polynomial expressions may
be infinite.

Substituting (A1) and (A2) in Equations (13) and (14), we obtain:

my tP
Xo = Xou+t Y X(pps (A3)

P=1 P

1 O a M & a P—-1
p o= - Y Lowat™ + ) Cipyat (A4)
M=0 P=1
where

Xipy = —(Cym? 2Cpy? P=0,1 A5
(P)a = m( (P) ba 2L (p) a;b)/ =0,1,...,m. (A5)
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Then, the PDEs (9)—(12) and (15)—(16) become:
£P
0 :C(O)(ab;c) — &(0)(aVbe) + Z [ P)(abyc) — ( )(a’)/bc)] P (A6)
i . Po1, Vo L M
=Y |Cpyan — G Yan [B + Yo | L)) — — L) ievan |t (A7)
P=1 M=0
np
0 =K, —2C(0)sV" = 2(V — Eo)X(g)o + Y, ML(ppat™ ™!
M=1
my b tP
-2 [C(P)abv’ + (V- EO)X(P)a} N (A8)
P=1

2 my ny
0=K;— *(V— Eo) Z C(p)aafp_l — |: (M)a V + = (V Eo) (M) ;a:| tM (A9)
n P=1 M=0

0= Z M(M — 1)L pp),t™ 2
+22|: V EO )b,a_(V_EO)X(P)a_C( P)ab V’:|tp 1
b 20, b | M
+ Z (L(M)bv ) + (V= E)L ()" | (A10)
M=0 A

0 :2(c(0)[u|dvf)_b] +2[(v Eg)X } Z ML (g a1
£P
+2 Z{( ®)ialeV” ) T [(V—EO)X(IJ)[H] -b}}p' (A11)
Integrating Equation (A9), we find the scalar
my tMJrl

2 & ) .

where G(g) is an arbitrary function.
Replacing (A12) in Equation (A8), we get the condition

1y
0 = Gu— ZC(O)ﬂbV’b - Z(V - EO)X(O)a + Z ML(M)atM71
M=1
tM+1

M+1

V> b 2 b 2 b
+ Z (L(M)bV’ ) p + ;(V —Eo)Lm) pa + - VL n
P
?.

1
+2 Z [ (V= Eo)C(p)"pa + ;V,uC(p)bb — Cpa V' = (V - Eo)Xu))a}

(A13)
We note that the integrability conditions (A10) and (A11) of the scalar K are trivially
satisfied, because the assumptions (A1) and (A2) bring the PDE (12) into the integrable
form (A9) whose integration gives directly the scalar K(t,q) (see Equation (A12)) in terms
of the arbitrary function G(g). Hence, the integrability conditions of K are substituted by
the integrability conditions G 55 = 0 of G, which in the case of the Euclidean plane E?
produce the well-known second order Bertrand-Darboux equation [36,40]. However, it can
been checked that both Equations (A10) and (A11) are always satisfied identically from the
solutions of the other equations of the system.

Moreover, Equation (A6) implies that the second rank symmetric tensors C(p)ub(q)
with P =0,1,...,m are second order CKTs of the kinetic metric 7y,, with associated vectors
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the quantities X p), given by (A5). We conclude that the system of equations we have to
solve consists of Equations (A7) and (A13).

To solve Equations (A7) and (A13), we consider the following cases

I. Case m; = my = m (both mq and m;, are finite)

In this case, Equations (A7) and (A13) become:

m—1 1 1
0=13, [C(k+1)ab = 2 Cles) Yab + Lity ) = - Lo e Vab t*
k=0
1
+ |:L(m)(a;b) - nL(m)C;C7ub] ¢ (A14)

0=G, —2C()sV" = 2(V — E0)X(0)a + L(1)a

m—1
+ 2 [(L(k_l)bV’b) . — ZC(k)ahV’b + k(k + 1)L(k+1)a
k=1 ’

2 b b 2 b b ]
+E(V — Eo) (C(k) ba+ Lk—1)"pa — nX(k)a) + - Va (C(k) b+ L1 ;b) 7

2
- {(L(m_l)bvi’) =2V + (V= Eo) (i + Lim1) 0 = 1X(m)a)

tm

2 b b
+Va (C(m) b+ Lin—1) ;b)} o

tm—i—l

2 2
+ {(L(m)bvfb)ﬂ + (V= Eo) Lm0 + nV,aL(m)b;b] (A15)

m+1

Equation (Al4) implies that Ly, is a CKV of 7, with conformal factor
W(m) = %L(m)"a and the CKTs

Cikyar = fe)Yab — Lk—1y(ap), k=1,2,...,m (Al6)

where f(k) = % [C(k)cc + L(k_l)c;c .
From (A16), we have:

Lix—1)(ap) = fiyYab — Cyab = Lk—1)((ap)ic) = F k), (aVbe) — Clk)(abie) =
~———

=X(k)(aVbe)

Lik—1)((ab);c) = Y(k—1)(aTbc)
where the vector Y _1), = fx)a — X(x)s- Therefore, the vectors L_qy,, k = 1,2,...,m,
produce the second order reducible CKTS L _1)(,) 0f 74 with associated vectors

1 b b
Y10 =f)a = Xwya = f.a — - ) (C(k) bia +2C) u;b)
1
n+2

=/ (k),a —

B 1
T n+42

[nf(k),a — L1y’ 00 + 2(f(k)53 - 'YbCL(kfl)(C;ﬂ)) J
[L(kfl)b;hu + 27bcL(k71)(c;a);b}
which, as expected, are in accordance with the defining relation (29).

From Equation (A15), we find the following conditions (We have replaced the CKTs
Ciyap withk =1,2,...,m from the relations (A16)):
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b _
(L(m)bv >,ll = —2(V- EO)l/](m),a - 21/J(m) Ve =

LiuyaV'* +2(V — Eo)¥ () = s = const (A17)
(L(mfl)bv’b) o= 2L (1) (@) V" = 2(V = E0)Y(su—1)a (A18)

(L(k—l)bv'b) L= —2L (1) (ap) V" — k(k + 1) Ligs1)0 —
72(V7E0)Y(k71)a/ k= 1,2,...,11171 (A19)
Ga = 2CwV" +2(V — E0)X(0)s — L(1ya(m > 0). (A20)

The notation L ),(m > 0) indicates that the vector L(;), exists only when m > 0. If m =0,
then L(l)u =0.
From (A12), we find that the scalar

. . 2 tk-‘rl
K= Z [ (V= E0)Cesn)"a + LigyaV* + (V= Eo) Lt ;u} P
b LV + 2(V = )Ly . +G(q) (A21)
(m)a 7 0)5(m) | g q)-
Then, the QFI (6) is
m tk m tk ca b
Iy = Zf(k)%zb? _];L(k—l)(u;b)? +Cloyap |49
k . tm—i—l
+Zt ol +[ (maV’ +2(V—E0)¢(m)}m+1
m i’k
+ 1 [LaenaV* +2(V — B fiy | 7 +Ga)
k=1
( Y L1y = +C(O)ab>q q + ZtkL(k
k=1
. thrl
+ [L<m)uVr +2(V—EO)¢(m)] i
m atk m b tk
+ ) L1V = + G + Y fo [%bq g +2(V - Eo)} - =
k=1 k k=1 k
=0
m k k tm+1
; < +Co) he Zt ol 57077
m k
2 — +G). (A22)

In (A22), the index (m) indicates the degree of the time-dependence of the coefficients, the
quantities C(gy,, and Ly, for k =0,1,...,m — 1 are second order CKTs with associated
vectors Xy, and Y(yy,, respectively, L, is a CKV with conformal factor ¢,,), while the
constant s, the vectors L;), and the function G(g) satisfy the conditions (A17)-(A20).

In what follows, we show that the QFI I(,,,) given in (A22) consists of two independent QFIs.

For small values of m, we have:

-Form = 0.
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The QFl is
Iio) = Coyapi®d” + L()ad” + st + G(q) (A23)
where C(g),;, is a CKT with associated vector Xg),, L(g), is a CKV with conformal factor
¥(0) such that Lg),V* +2(V — Eo)¥(g) = s and the function G(q) satisfies the condition
Ga = 2C(0)ap V' +2(V — Eg) X (g)a-
The QFI (A23) consists of the independent FIs:

Ioyy = Cowi'd’+Gq)
1(0/2) L(O)aq“ + st.

-Form =1.
The QFl is

a . P
Iny = (—fL(o)(a;h) + C(O)ub)qaqb +tLyad" + Lipad" +55 + 1LV +G(q)  (A24)
where C(g)4, and L(g)(,,5) are CKTs with associated vectors X (), and Yq),, respectively,

L(1), is a CKV with conformal factor ;) such that L),V +2(V — Eg)4 ;) = s, while the
vector L g, and the function G(q) satisfy the conditions:

,b
(Lon¥?),
G, = ZC(O)ﬂhV’b + Z(V — EO)X(O)a — L(l)a'

—2L () (a0 V" = 2(V = E0)Y(0)a

The QFI (A24) consists of the independent FIs:

. .,
Iny = Cloymd'd” +tLayad" + s5 +Glg)
Ingy = —tLigyap)d®d” + Lioyad" + tLg)a V"
-Form = 2.
The QFl is
#2 .a-b 2 .a .a .q
loy = (=5l ~tLo)@p) T Cow |99 +FL@)ad" + tLa)d” + Lio)ad
B2 . .

where C(g)p and Ly(4p) for k = 0,1 are CKTs with associated vectors X (g, and Yy,
respectively, L ,), is a CKV with conformal factor ¢, such that L), V" +2(V — Eo) (o)
= s, while the vectors L), and the function G(q) satisfy the conditions:

A b
(L(l)bv ),a = —2L)ep) V" —2(V = E0)Y(1)4

(Lonv”),
Ga

—2L o)) V"’ = 2L(2)0 — 2(V — E0)Y{0)s4

ZC(O)abV’b + 2(V — EO)X(O)u — L(l)a'

The QFI (A25) consists of the independent FIs:

t2 " o, P
Iny = (_ZL(l)(a;b) + C(o)ab> 64" + tL(1)ed" + 5 L@aV" +Gq)

" I .
ooy = —tLi)(ap)d"d" + L2)ad" + Lio)ad ts3 + V"
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-Form = 3.
£3 t? b | 43 .
ley = (—3Ll@@n — 7Lay@s) — tLoy@s) + Coaw |94 + L]
2L -a L -a L £37) ﬁ ﬁL V,u
TEL)ad” T th)ed” + Loy + 57 + L2
tZ
J’_EL(l)aV,a + i’L(O)uV'a + G(l]) (A26)

where C(g,, and Ly () for k = 0,1,2 are CKTs with associated vectors X ), and Y(y),,
respectively, L(3), is a CKV with conformal factor ¢ 3) such that L3),V"* +2(V — Ep)(3)
= s, while the vectors L ;), and the function G(q) satisfy the conditions:

(L(Z)bv ) L= —2L) ) V" = 2(V = Eo) Y2

(L(l)bV’b> L= —2L 1) () V"’ — 6L(3)0 — 2(V — E0) Y114
by _ b

(L(O)bv ),ﬂ = —2L()ap) V" — 2L2)a — 2(V = Eo)Y(0)a
Ga = 2CwV" +2(V —E0)X(0)s — L1ja-

The QFI (A26) consists of the independent FIs:

2 . : o P
I31y) = <_2L(1)(a;b) + C(O)ab) 44" + £L(3)00" + tL(1)ad" + s7 T 5LeV" +G)
B .a-b 2 .a .a £ a a
lgay = | =3L@@n) @ )79 +EL@ped” + Lod” + 3L@eV" + tho)e V"
By mathematical induction, it is proved that the QFI I,y consists of the following two
independent QFIs:
a.
L gk b ke
Iy = |- X > Lek-1)ap) + Coya |47 + Y L ok1)ad”
k=1 k=1
€2k

+). 5% L1V + G (9)
=1

where C(g)p and Lpx_1)(4) fork =1,2,.. ., £ are CKTs with associated vectors X(0)a and
Y(ok—1)a, respectively, and the vectors L5;_1), and the function G(g) satisfy the conditions:

(L(zzq)bV’b) ) —2L a0 1)(ap) V" = 2(V = E0)Y(20-1)a

(L(zk_nbV’b)’ﬂ

—2Lg1)(a) V" = 2k(2k + 1)L a1 1)a
72(V - EO)Y(Zkfl)ﬂ/ k - 1,2, .o .,g -1
Ga = 2CwV" +2(V = Eg)X(0)s — Laya(£ > 0).

¢ p2k+1 o - )
= _mL(Zk)(mb)q 4"+t Liok)aq +mL(zk)aV'
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where Ly () fork = 0,1,..., £ are CKTs with associated vectors Y|y, and the vectors
L (21, satisfy the conditions:

(L(ze)bV’b) ) —2L (20) (a0 V" = 2(V = E0) Y (204

(L(Zk)bv'b) o= —2L oy (a) V" — 2(k + 1) (2k + 1) L34 2)4
~2(V — Eo)Ye k=0,1,...,0—1,

II. Case(MDPI: Please confirm if keep bold and underline.) m; # mjy. (m; or mp
may be infinite)

We find QFIs that are subcases of those found in Case I and Case III below.

III. Both m; and m; are infinite.

In this case, the only non-trivial solution is for K, = e*C,,(q) and K, = e*L,(q),
where C,, is a second order CKT with associated vector B,(g) and the constants Ay # 0.
Then, the scalar (A12) is

gﬂt a 2 a 2 a At
1<=7 LoV + =(V = Eo)L%a| + —(V — Eo)C"e™ + G(g) (A27)

and the PDEs (A7) and (A13) become:
At 1 c ut 1 c
0 = Ae Cap — EC cYap | T € L(a;b) - ;L ;¢Yab (A28)

el b 2 b2 b 2
0 = G,a+y[(LbV ) +E(V—EO)L ;ba‘*‘EV,HL T W La

A

1 1
—I—ZEM |:1’1(V — Eo)Cbb,a + Ev,ucbb - Cabvrb - (V - EO)B0:| : (A29)

We consider the following subcases:

(1) For A # u.
Equation (A28) implies that C,, = f+y,; is a second order gradient CKT with associated
vector B, = f,, where f(g) is a smooth function, and L, is a CKV with conformal factor p(g).
From the condition (A29), we get:

1
G=const=0, L, = T [LbV'b +2(V - Eo)p}

A

Recall that by contracting with 7% the relations C,, = f7,;, and Liap) = PYap, we find
f= %C“u and p = %L”;a, respectively.
The scalar (A27) is written

ut
K= %[LaV’” +2(V = Eg)p] +2(V — Eg) feM + G(q).
The QFI reduces to the LFI

ut
L(A# ) = e fyad"d’ +2(V — Eo)fe! +eMLag” + 67 [LaV* +2(V = Eo)p]

=0

ut
— ML %[Lﬂvfﬂ +2(V — Eo)p]

where L, = — % {Lb Vb 2(V — Eo)p} is a gradient CKV with conformal factor p(g).
a

/!

(2) ForA =p.
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In this case, Equation (A28) implies that the CKT ACyy = g7ap — L(a), where g(q) is a
smooth function. Then, L (ab) i@ reducible CKT with associated vector Y, = g, — AB,.
From the remaining condition (A29), we get:

G = const =0, (va'b) = 2Ly VI = AL, —2(V — Eo)Ya.

/!

Recall that by contracting the relation ACpy = §Yap — L(g), we find g = %()\C"u +L%,).
The scalar (A27) is written
e/\t
K= - [LaV" +2(V ~ Eo)g] + G(q).

The QFI is (We multiply by the non-zero constant A)

LA=p) = eM (fL(a;b)q“qb + ALag® + LaV'“) + geM [%bq”qb +2(V - EO)}

=0
= (_L(a;b)qaqb + ALag" + Lav'a)

where L) is a reducible CKT with associated vector Y, such that (LhV'h)

= —2L )V — A2Ly — 2(V — E)Ya.
We note that the LFI I, (A # ) is derived from I, (A = p) in the case that L, is a CKV.
The above completes the proof of Theorem 1.

A
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