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Abstract: Let G be a connected graph and g be a non-negative integer. A vertex set S of graph G is
called a g-extra cut if G — S is disconnected and each component of G — S has at least g + 1 vertices.
The g-extra connectivity of G is the minimum cardinality of a g-extra cut of G if G has at least one
g-extra cut. For two graphs G; = (Vj, E1) and G, = (V, Ey), the strong product Gy X G, is defined
as follows: its vertex set is V; x V; and its edge set is {(x1,x2)(y1,¥2)| x1 = x2 and yy2 € Ep; or
y1 = y2and x1xp € Ey; or x1xp € Ey and y1y2 € Ep}, where (x1,x2), (y1,42) € Vi X V. In this paper,
we obtain the g-extra connectivity of the strong product of two paths, the strong product of a path
and a cycle, and the strong product of two cycles.
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1. Introduction

Let G be a graph with vertex set V(G) and edge set E(G). The minimum degree of G is
denoted by 6(G). A vertex cut in G is a set of vertices whose deletion makes G disconnected.
The connectivity x(G) of the graph G is the minimum order of a vertex cut in G if G is not
a complete graph; otherwise x(G) = |V(G)| — 1. Usually, the topology structure of an
interconnection network can be modeled by a graph G, where V(G) represents the set of
nodes and E(G) represents the set of links connecting nodes in the network. Connectivity
is used to measure the reliability the network, while it always underestimates the resilience
of large networks.

To overcome this deficiency, Harary [1] generalized the concept of the classical con-
nectivity x(G) as follows. Let P be a graph-theoretic property. A vertex set S C V(G)
is a P-cut if G — S is disconnected and each component of G — S has property P. The
conditional connectivity x(G; P) is the minimum cardinality of a P-cut if G has at least one
P-cut. Later, Fabrega and Fiol [2] introduced the concept of g-extra connectivity, which
is a kind of conditional connectivity. Let ¢ be a non-negative integer. If the vertex set
S C V(G) satisfies G — S is disconnected and each component of G — S has at least g + 1
vertices, then S is called a g-extra cut. If G has at least one g-extra cut, then the g-extra
connectivity of G, denoted by x¢(G), is the the minimum cardinality of a g-extra cut. Other-
wise, define k¢ (G) = co. If S is a g-extra cut in G with order x¢(G), then we call S a xg-cut.
Since x(G) = «(G) for any connected graph G that is not a complete graph, the g-extra
connectivity can be seen as a generalization of the traditional connectivity. The authors
in [3] pointed out that there is no polynomial-time algorithm for computing . for a general
graph. Consequently, much of the work has been focused on the computing of the g-extra
connectivity of some given graphs, see [3-20] for examples.

Graph product is used to produce large graphs from small ones. There are many kinds
of products, such as Cartesian product, direct product, strong product and lexicographic
product. The Cartesian product of two graphs G; and Gy, denoted by G101Gy, is defined on
the vertex sets V(G1) x V(Gp), and (x1,y1)(x2,y2) is an edge in G1[JG; if and only if one
of the following is true: (i) x; = xp and y1y2 € E(Gy); (if) y1 = y2 and x1x; € E(Gy).
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For two graphs G1 and Gy, the strong product G; X G; is defined as follows: its vertex
setis V(Gy) x V(Gy) and its edge set is {(x1,x2)(y1,y2)| x1 = x2 and y1y2 € E(Gy); or
=y and xqxp € E(Gl),' or x1Xxp € E(Gl) and Yiy2 € E(Gz)}, where (Xl,XQ), (y1,y2) S
V(le) x V(Gy).

Spacapan [21] proved that for any nontrivial graphs G; and G,, ¥(G;0G,) = min
{x(G1)|V(G2)|,x(G2)|V(G1)|,6(G10G,)}. Lii, Wu, Chen and Lv [22] provided bounds
for the 1-extra connectivity of the Cartesian product of two connected graphs. Tian and
Meng [23] determined the exact values of the 1-extra connectivity of the Cartesian product
for some class of graphs. In [24], Chen, Meng, Tian and Liu further studied the 2-extra
connectivity and the 3-extra connectivity of the Cartesian product of graphs.

Bregar and Spacapan [25] determined the edge-connectivity of the strong products of
two connected graphs. For the connectivity of the strong product graphs, Spacapan [26]
obtained Theorem 1 in the following. Let S; be a vertex cut in G; fori = 1,2, and let A;
be a component of G; — S; for i = 1,2. Following the definitions in [26], I = 51 x V; or
I =V x Sy is called an I-set in G1 X Gy, and L = (S X Ap) U (S1 X Sp) U (A1 X Sp) is
called an L-set in G1 X Gj.

Theorem 1 ([26]). Let Gy and Gy be two connected graphs. Then every minimum vertex cut in
G1 X Gy is either an I-set or an L-set in G1 X Go.

Motivated by the results above, we will study the g-extra connectivity of the strong
product graphs. In the next section, we introduce some definitions and lemmas. In
Section 3, we will give the g-extra connectivity of the strong product of two paths, the
strong product of a path and a cycle, and the strong product of two cycles. Conclusion will
be given in Section 4.

2. Preliminary

For graph-theoretical terminology and notations not defined here, we follow [27]. Let
G be a graph with vertex set V(G) and edge set E(G). The neighborhood of a vertex u in
Gis Ng(u) = {v € V(G) | v is adjacent to the vertex u}. Let A be a subset of V(G), the
neighborhood of A in G is Ng(A) = {v € V(G)\A | v is adjacent to a vertex in A}. The
subgraph induced by A in G is denoted by G[A]. We use P, to denote the path with order
n and C, to denote the cycle with order n.

Let G; and G, be two graphs. Define two natural projections p; and p, on V(Gy) X
V(Gp) as follows: pi(x,y) = x and pa(x,y) = y for any (x,y) € V(Gy) x V(Gz). The
subgraph induced by {(u,y)[u € V(Gp)} in G X Gy, denoted by Gy, is called a G;-
layer in G; X G, for each vertex y € V(Gy). Analogously, the subgraph induced by
{(x,v)|v € V(Gy)} in G; K Gy, denoted by Gy, is called a G,-layer in G; X G, for each
vertex x € V(Gy). Clearly, a G-layer in G; X G; is isomorphic to G, and a Gp-layer in
G1 X G, is isomorphic to Gs.

Let S C V(G; K Gy). For any x € V(Gy), denote SN V(yG,) by «S, and analogously,
for any y € V(Gy), denote S N V(Gyy) by S,. Furthermore, we use S = V(:G,) \ xS and
S, = V(Giy) \ Sy. By almost the same argument as the proof of the second paragraph of
Theorem 3.2 in [26], we can obtain the following lemma. For completeness, we also address
the proof here.

Lemma 2 ([26]). Let G be the strong product G1 X Gy of two connected graphs G and Gy, and let
g be a non-negative integer. Assume G has g-extra cuts and S is a xg-cut of G.

(i) If «S # @ for some x € V(Gy), then |S| > x(Gy).

(i) If Sy # @ for somey € V(Gy), then [Sy| > x(Gy).

Proof. (i) Suppose yS # @ for some x € V(Gp). Note that this is obviously true if
S=V( sz).iIf xS is not contained in one component of G — S, t}En clearly the induced
subgraph G[,S] is not connected, and hence |S| > x(G,). If S is contained in one
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component of G — S, then choose an arbitrary fixed vertex (x,y) from ,S. Let H; be the
component of G — S such that .S C V(H;) and let Hy = G — SU V(Hj). Since S is a kg-cut,
we find that the vertex (x,y) € S has a neighbor (x1,y1) € V(Hy). Since (x1,y1) € V(Ha),
we find that (x,y1) € xS, moreover, for any (x,u) € S, we find that (x, u) is not adjacent
to (x, 1), otherwise, (x, 1) would be adjacent to (x1,y1), which is not true since those two
vertices are in different components of G — S. Thus if R = S\ {(x,y1)}, then pa(R) is a
vertex cut in G, and one component of G, — p2(R) is {y1}. Thus |xS| = |R| +1 > x(Gp) + 1.
Analogously, we can get |S,| > x(Gy) if (i) holds. O [

3. Main Results

Let H be a subgraph of G; X G,. For the sake of simplicity, we use yH instead of
+V(H) to represent V(H) N V(xGy) for any x € V(G1) and Hy, to represent V(H) NV (Gyy)
for any y € V(G). Since ko(Py K P,) = 1for g < [%51] — 1 and xo(P, X P,) = 2 for
g<2 L%j — 1, we assume m,n > 3 in the following theorem.

Theorem 3. Let g be a non-negative integer and G = Py, W Py, where m,n > 3. If g <
min{n| "] —1,m| 51| — 1}, then kg(G) = min{m,n, [2,/g+1]+1}.

Proof. Denote Py, = x1x3...Xy and Py, = y1y2...Yn. Let S; = V(Py) X {yL”T‘lJH} and
Sy = {XL%JH} x V(Py). Since g < min{n| 51| —1,m[ 52 | — 1}, we verify that S; and
S, are two g-extra cuts of G. Thus x¢(G) < min{m,n}. If [2/¢+1 1]+ 1 > min{m,n},
then «¢(G) < min{m,n, [2,/g+17]+1}. If [2,/g+ 1]+ 1 < min{m,n}, thenlet S3 =
(h x K2) U (1 x J2) U (Kq ¥ J2), where J; = {x[\/g?]ﬂ}, Ky = {xbxz,---,x(\/gﬁw},
2 = {y[ g+l 1+1} and K, = {yl,yz,...,y( g1 1}' It is routine to verify that Sz is
[Vg+11] H/gﬁﬂ
+
a g-extra cut of G. By |S53] = [\/g+1 |+ H\ZHH +1=1]2\/¢g+1]+1, we have

k¢(G) < [24/g + 17+ 1. Therefore, xo(G) < min{m,n, [2,/¢+ 1141} holds. O

Now, it is sufficient to prove x¢(G) > min{m,n, [2,/g +1 ] 4 1}. Assume S is a kg-cut
of G. We consider two cases in the following.
Casel. S # @forallx € V(Py),orSy # @forally € V(Py).

Assume S # @ forall x € V(Py). By Lemma 2.1, [S| = YLycy(p,,) |xS| = ®(Pn) |V (Pn)]
= m. Analogously, if Sy # Qforally € V(Py), then [S| = ¥y cv(p,) |Sy| = x(Pn) |V (Pn)| = n.
Case 2. There exist a vertex x, € V(P;,) and a vertex y;, € V(Py) such that ,,S = S, = @.

By the assumption ,,S = S, = @, we know V(4,Gz) and V(Gy,,) are contained
in a component H' of G — S. Let H be another component of G — S. Let p1(V(H)) =
{511, X542, -, Xs 4y and p2(V(H)) = {Yt+1,Ye+2, - -+, Yean - Without loss of generality,
assume s +k < aand t +h < b. Clearly, |V(H)| < kh. Since S is a xg-cut, we have
Ng(V(H)) = Sand |V(H)| > g+ 1. If we can prove |[Ng(V(H))| > k+h+1, then
K(G) = |S| = ING(V(H))| > k+h+1>2Vkh+1 > 2,/g+1+1 and the theorem
holds. Thus, we only need to show that |[Ng(V(H))| > k + h + 1 in the remaining proof.

Let (xs+l-,ydl.) be the vertex in . H such that d; is maximum for i = 1,...,k, and
let (xr;,y1+;) be the vertex in Hy, ; such that r; is maximum for j = 1,...,h. Denote
D = {(xos1a)r s (Forpoya)} and R = {(¥r 1), -, (¥ yeen) ). For the conve-
nience of counting, we will construct an injective mapping f from D UR to Ng(V(H) \
{(Xs4k+1,Y4,+1)}- Although D and R may have common elements, we consider the ele-
ments in D and R to be different in defining the mapping f below.

First, the mapping f on D is defined as follows.

F((XstirYa,)) = (Xspis Ya41) fori=1,... k.

Denote Fi = { (X541, Y, +1)s - - - (Xsiks Y1) }-
Second, for each vertex (xr;, ;) satisfying (xrj+1,yt+]-) ¢ Fy, define f((xr, y1+j)) =

(xrj-&-l/ytJrj)‘
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If (xy,, Y14 j) satisties (x,].H,yH]') ¢ F foranyj € {1,...,h}, then we are done. Oth-
erwise, for each (xrj,,yt+]-/) satisfying (xr]_,H,yt +j) € F1, we give the definition as fol-
lows. By the definitions of D and R, we have (xr],,+1+i,yt+]-/+]-) ¢ V(H) foralli,j > 0,
and {(xrj,,yt 4 ) (xrj/,ydrllfs)} C R (see Figure 1 for an illustration). Now, we define

j
f((xrj//yt+j’)) = (xrj/+1/yt+j’+1) and change the images of (xr/-uyt+j’+1)/ ey (xrj//]/drj, ) to
(xr]_,ﬂ, Yesj+2)res (xrj,ﬂ, Yd, _,+1), respectively. The images of f on R are well-defined.
]

Finally, we have an injective mapping f from D U R to Ng(V (H) \ {(Xs4k+1,Yd,+1)}-

Thenxe(G) = |S| = [NG(V(H))| > |D| + [R|+1>k+h+1>2Vkh+1>2\/g+1+1
The proof is thus complete.

Ty Ts41 Ty, Ttk T, T,
[ e e S S L  w—
hn
Yt+1
H « .
Yt+j' e [}
Yd, s e
J
‘o
(:l>,r,,+1, ?/d,vj/,ﬂrl)
Yt+n
Yo
yn

Figure 1. An illustration for the proof of Theorem 3.

Since o (C3 X P,) = 3 for g < 3| 51| — 1, we assume m > 4 in the following theorem.

Theorem 4. Let g be a non-negative integer and G = C,, X P, where m > 4, n > 3. If
g <min{n|"52| —1,m|["51| — 1}, then xg(G) = min{m,2n, [2,/2(g +1)] + 2}.

Proof. Denote C;; = xgx1...X;_1X, (Where xg = x;,) and P, = 115 ... y». The addition
of the subscripts of x in the proof is modular m arithmetic. Let S; = V(Cy,) X {yL =y 1)

and S, = {XOfo"‘T*ZJH} x V(P,). Since g < min{n|"52| —1,m| 51 | — 1}, it is routine to
check that Sy and S are two g-extra cuts of G. Thus ¢ (G) <min{m,2n}.If [2,/2(¢+1)] +

2 > min{m,2n}, then xo(G) < min{m,2n, [2\/2(g+1)] +2}. If [2\/2(g+1)] +2 <
min{m,2n}, thenlet S3 = (J; x K) U (J1 X ) U (Ky X J»), where [} = {xo,x[mH1},

Kl = {x11x2/~--rx"\/2(87+1)‘| }/ ]2 = {y[ 2(g+1) -H_l} and KZ - {y1/y2/~--1y|— 2(g+1) -‘} It

[v2(g+1)] (\/é((gﬂ)lW)
is routine to verify that S3 is a ¢-extra cut of G. By [S3| = 20+ 1)] + [ 74
verify that S5 is a g y 15l = [V2E+ D] + [ 22

2 = [24/2(g+1)] +2, we have x,(G) < [2/2(g+1)] + 2. Therefore, x;(G) < min
{m,2n,[2,/2(g+1)] +2}. O

Now, it is sufficient to prove x¢(G) > min{m,2n, [2,/2(g +1)] +2}. Assume S is a
Kkg-cut of G. We consider two cases in the following.
Casel. ;S # @forallx € V(Cy), or Sy # D forally € V(Py).

Assume S # Qforallx € V(Cy). By Lemma 2.1, |S| = Locy(c,,) [xS| = ®(Pn)[V(C)|
= m. Analogously, if Sy # @ forally € V(P,), then [S| = ¥ cv(p,) [Sy| = x(Ci) |V (Pn)| =
2n.
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Case 2. There exist a vertex x, € V(Cy,) and a vertex y, € V(P,) such that ,,S = S, = @.

By the assumption »,S = Sy, = @, we know V(4,Gz) and V(Gy,,) are contained
in a component H' of G — S. Let H be another component of G — S. Let p1(V(H)) =
{Xs41, X542, ..., X5k} and p2(V(H)) = {Yt+1, Ye+2, - - -, Yein - Without loss of generality,
assume s +k < aand t+h < b. Clearly, |V(H)| < kh. Since S is a x¢-cut, we have
Ng(V(H)) = Sand |V(H)| > g+ 1. If we can prove |[Ng(V(H))| > k+ 2h + 2, then
1e(G) = |S| = [NG(V(H))| > k+2h+2 >2v2kh +2 > 2,/2(g + 1) + 2 and the theorem
holds. Thus, we only need to show that |[Ng(V(H))| > k + 2h + 2 in the remaining proof.

Let (xs1i,Y4,) be the vertex in y_ H such that d; is maximum fori = 1,...,k, and
let (xl].,ytﬂ') and (x,y1;) be the vertices in Hy, ; such that /; and r; are listed in the
foremost and in the last along the sequence (a +1,...,m —1,0,1,...,a — 1), respectively,

forj=1,...,h. Denote D = {(xs41,Ya,),- -, (Xs,¥a, ) }, L = { Gy yin), -0 (i yeen) }
and R = {(xy,,Y¢4+1),- .-, (X, Y¢4n) }. For the convenience of counting, we will construct an
injective mapping f from DU LU R to Ng(V(H) \ {(%s, Y, +1), (Xs4k+1, Yd,+1) }- Although
D, L and R may have common elements, we consider the elements in D, L and R to be
different in defining the mapping f below.

First, the mapping f on D is defined as follows.

f((Xs1irYa;)) = (XYotis Ya1) fori=1,... k.

Denote F; = {(xXs11,Yd,41),-- -, (xs+krydk+1)}'

Second, for each vertex (xy,, y) satisfying (xr].H,ij) ¢ b, define f((xr;, y1+;)) =
(x’fj+l/ .‘/t+j)-

If (xr;,yr+;) satisfies (xy,+1,y¢+j) € Fi forany j € {1,...,h}, then we are done. Oth-
erwise, for each (xr’,,, Yiyjr) satisfying (xrj,ﬂ, Yiyj) € F1, we give the definition as follows.
By the definitions of D and R, we have {(xr],,, yt+]-/), ..., (Xr].,, ydr_,_q)} C R. Now, we define

=

f((xrj,,ytﬂ-,)) = (xr]-,+1r]/t+j'+1) and change the images of (xrj,,yt+j/+1), cee, (xr],,,ydrjhs)
to (xrj,ﬂ, Yegjie2)r-os (x,]_,H, Yd, _,+1), respectively. The mapping f on R is defined well .
j

Third, for each vertex (xlj,yt+j) satisfying (xlj,l,ytﬂ-) ¢ F, define f((xlj,yt+j)) =
(xljflryt-‘rj)'

If (x;;, yr4j) satisfies (x;_1,y1+j) ¢ Fi forany j € {1,..., h}, then we are done. Other-
wise, for each (x,]_,, Yiyjr) satisfying (xl]_,,l,yt +j) € Fi. By the definitions of D and L, we
have {(x1,, Yisy), -/ (xlj,rydlj/,s)} C L. Now, we define f((x1,, Ye1)) = (x1,-1,Yr+j+1)
and change the images of (xlj”yt+j/+l)"‘"(xlj/’ydlj,fs) to (xrj,_l,ytﬂurz),...,(xlj/_l,
Yd,,_,+1), respectively. The definition of f on L is complete.

j

Finally, we construct an injective mapping f from D UL UR to Ng(V(H)\
{5, Y, 11), (Xs1k41 Yap11) ) Then xg(G) = [S| = [NG(V(H))| = [D]+ |L| + |R[ +2 >
k+2h+1>2vV2kh+2>2,/2(g + 1) + 2. The proof is thus complete. (]

Since xg(C3 ¥ Cy) = 6 for ¢ < 3|"52] — 1, we assume m,n > 4 in the following
theorem.

Theorem 5. Let g be a non-negative integer and G = C,, X Cy, where m,n > 4. If g <
min{n|"52] —1,m| 52| — 1}, then x¢(G) = min{2m,2n, [4,/g+ 1] +4}.

Proof. Denote C;;, = xgx1...X;_1Xn (Where xo = xp) and C;, = yoy1...yn (Where
Yo = Yu). The addition of the subscripts of x in the proof is modular m arithmetic,
and the addition of the subscripts of y in the proof is modular n arithmetic. Let S; =
V(Cp) X {VO'VL%JH} and S, = {xo,meT_zJH} x V(Cy). Since g < min{n|["52] —
1,m|%52] — 1}, we can check that S; and S, are two g-extra cuts of G. Thus x¢(G) <
min{2m,2n}. If [4,/g +1 | +4 > min{2m,2n}, then x,(G) < min{2m,2n, [4,/g+1 ] +
4}, If [4\/¢+1 | +4 < min{2m,2n}, then let S3 = (J; x Ko) U (J1 x J2) U (Ky X J2),
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where || = {XO,x’—\/@'H_l}/ Ky = {xl,xQ,...,x[\/gﬁw}, L = {yO/yH\/g%ﬂH} and
Ky = {y,y2 ... Y _sn T}' It is routine to verify that Sz is a g-extra cut of G. By

[Vat+l]
1S3] = 2[/g +1] +2[[jg‘%]1 +4 = [4/g+1] +4 wehave kg(G) < [4\/g + 1] +4.
Therefore, ko (G) < min{2m,2n, [4\/g+1 | +4}. O

Now, it is sufficient to prove x¢(G) > min{2m,2n, [4,/g +1 | +-4}. Assume Sis a
Kkg-cut of G. We consider two cases in the following.

Casel. S # @forallx € V(Cy),orSy # @forally € V(Cy).

Assume S # @ for all x € V(Cp). By Lemma 2.1, |S| = Yicy(c,)xS| >
k(Cn)|V(Cm)| = 2m. Analogously, if Sy # @ forally € V(Cy), then [S| = ¥ cy(c,) [Sy| =
k(Cm)|V(Cp)| = 2n.

Case 2. There exist a vertex x, € V(Cy,) and a vertex y, € V(Cy) such that ,,S = Sy, = @.

By the assumption ,S = Sy, = @, we know V(4,G;) and V(Gy,,) are contained
in a component H' of G — S. Let H be another component of G — S. Let p1(V(H)) =
{Xs11, X542, -, Xs 4y and p2(V(H)) = {Yt+1, Y42, - -, Yeon - Without loss of generality,
assume s +k < aand t +h < b. Clearly, |V(H)| < kh. Since S is a xg-cut, we have
Ng(V(H)) = Sand |V(H)| > g+ 1. If we can prove |[Ng(V(H))| > 2k + 2h + 4, then
Kg(G) = |S| = |Ng(V(H))| > 2k +2h+4 > 4Vkh +4 > 4,/¢+ 1+ 4 and the theorem
holds. Thus, we only need to show that [Ng(V(H))| > 2k + 2h + 4 in the remaining proof.

Let (xs1i,yt;) and (xs4;,y4,) be the vertices in y_ H such that t; and d; are listed in
the foremost and in the last along the sequence (b+1,...,n—1,0,1,...,b — 1), respec-
tively, fori = 1,...,k, and let (le,ytﬂ‘) and (xrj,ytﬂ) be the vertices in HyH/‘ such that

lj and r; are listed in the foremost and in the last along the sequence (a +1,...,m —
1,0,1,...,a — 1), respectively, for j = 1,...,h. Denote D = {(strl,ydl), el (xs+k,ydk)},

T={(xs+1,yt)s - (Xsioyt) b, L= {(x, ye51), - -, (1, Ypgn)  and R = {(xry, Yeg1), - -,
(%r,,Yt4+1n)}. For the convenience of counting, we will construct an injective mapping f

from DUTULURto Ng(V(H) \ {(xs, ¥, +1), (Xs, Y1, -1)s (X541, Y1) (Xs k1, Yt —1) 3
Although D, T, L and R may have common elements, we consider the elementsin D, T, L
and R to be different in defining the mapping f below.

First, the mapping f on D is defined as follows.

f((XstirYa;)) = (XstisYa1) fori=1,... k.

Denote Fi = {(Xs41,Ya,+1), - - - (Xs ks Y1) }-
Second, the mapping f on T is defined as follows.

F((xs1ivyt,)) = (XspisYp—1) fori=1,.. . k.

Denote F> = {(Xs41,Yt,-1), - » (Xs4ks Yt —1) }-

Third, for each vertex (xy;, y;;) satisfying (xrj+1,yt+j) ¢ b, define f((xr;, yi+)) =
(xrj+1/yt+j)‘

If (xy,, Y1) satisties (x,j+1,yt+j) ¢ F forany j € {1,...,h}, then we are done. Oth-
erwise, for each (xrj,,ytﬂ-/) satisfying (xr]_,H,yt +j) € F1, we define as follows. By the
definitions of D and R, we have {(xrj,,ytﬂ-/), .., (xr],,,ydr‘, _.)} € R. Now, we define

j
f((xi’j/rytJrj/)) = (xr]-/+1/yt+j’+1) and Change the images of (xrj//yt+j'+1)/ sy (xrju]/drj/,s)
10 G 13112+ (5 1, Va1, espectively

Fourth, for each vertex (xy,, y1+) satisfying (xr].+1,yt+j) ¢ B, define f((xr;, y14j)) =
(xr]-+lr]/t+j>-

If (xr;, yr+;) satisfies (xy,41,y¢+j) € Fo forany j € {1,...,h}, then we are done. Oth-
erwise, for each (er,,yt+]'/) satisfying (xr]_,H,yt +j) € B, we define as follows. By the
definitions of T and R, we have {(xrj/,yt+j/), ..., (x,],,,ydt./fs)} C R. Now, we define

j



Symmetry 2022, 14, 1900 70f8

f((xrj/rytJrj/)) = (x’r‘]-/Jrlr ytJr]'/fl) and change the images of (xf]v//yt#*j’fl)/ LR (xrju]/dt],/,s)

to (xrj,ﬂ,ytﬂr,z),. e (x,},,H,ydrj/ _.—1), respectively.

Note that the proof of four paragraphs above gives the definition of the mapping f on
R. In the following proof, we will give the definition of the mapping f on L.

Fifth, for each vertex (xl],,ij) satisfying (xl]._1,yt+]~) ¢ F, define f((xl/.,ytﬂ»)) =
(xl/-—lfl/tﬂ’)'

If (xl].,ytﬂ) satisfies (xl]._l,ytﬂ) ¢ F, foranyj € {1,...,h}, then we are done. Oth-
erwise, for each (xlj/,ytﬂv) satisfying (xlj,_l,ytﬂ/) € F;, we define as follows. By the
definitions of D and L, we have {(xl],,, Yesj)reos (xlj/,ydljhs)} C L. Now, we define
f((xl]-/ryt+j’)) = (xlj,fl/yt-i-j’-&-l) and change the images of (xl]-,ryt+j'+1)/ RV (xlj,/yd,j/,s)
to (x,j, U Ytrj2) (xl],,_l, ydy//fsﬂ), respectively.

Sixth, for each vertex (xl].,ytﬂ) satisfying (xl],_l,ytﬂ») ¢ F,, define f((xl/,,ytﬂ«)) =
(xl/-—lfl/tﬂ')'

If (xl].,ytﬂ) satisfies (xl]._l,ytﬂ) ¢ F, forany j € {1,...,h}, then we are done. Oth-
erwise, for each (xlj/,ytﬂv) satisfying any (xtj,,l,ytﬂ/) € F, we define as follows. By
the definitions of L and T, we have {(xl/,/,ytﬂv), e, (xlj/,ydtj/_s)} C L. Now, we define
Fx1,,Yey)) = (X121, Y41 —1) and change the images of (x1,, Ypyy-1), -+, (xlj,/ydtj,,s) to
(%1, -1, Yetj—2)s - (xl]-/—l/ydfj, _.—1), respectively.

Finally, we construct an injective mapping f from DUTULUR to Ng(V(H) \
{(xs, ya,41), (X5, Y1 -1), (Xsks1, Ya+1), (Xstkar Y1) }- Then i (G) = [S] = [NG(V(H))|

> |D| +|T| 4 |L| 4 |R| +4 > 2k +2h +4 > 4Vkh +4 > 4,/g + 1 + 4. The proof is thus
complete. [J

4. Conclusions

Graph products are used to construct large graphs from small ones. Strong product is
one of the most studied four graph products. As a generalization of traditional connectivity,
g-extra connectivity can be seen as a refined parameter to measure the reliability of inter-
connection networks. There is no polynomial-time algorithm to compute the ¢ (> 1)-extra
connectivity for a general graph. In this paper, we determined the g-extra connectivity
of the strong product of two paths, the strong product of a path and a cycle, and the
strong product of two cycles. In the future work, we would like to investigate the g-extra
connectivity of the strong product of two general graphs.
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