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Abstract: In this study, we introduce modified degenerate Changhee—Genocchi polynomials of the
second kind, and analyze some properties by providing several relations and applications. We
first attain diverse relations and formulas covering addition formulas, recurrence rules, implicit
summation formulas, and relations with the earlier polynomials in the literature. By using their
generating function, we derive some new relations, including the Stirling numbers of the first
and second kinds. Moreover, we introduce modified higher-order degenerate Changhee—Genocchi
polynomials of the second kind. We also derive some new identities and properties of this type of
polynomials.
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1. Introduction

Many researchers [1-5] defined and constructed generating maps for novel families
of special polynomials, such as Bernoulli, Euler, and Genocchi by utilizing Changhee and
Changhee-Genocchi polynomials. These studies provided fundamental properties and di-
verse applications for these polynomials. For instance, not only several explicit and implicit
summation formulas, recurrence formulas, symmetric properties, and many correlations
with the well-known polynomials in the literature have been derived intensely, but we also
derived some beautiful correlations between some special polynomials. Additionally, the
aforementioned polynomials allow for the derivation of utility properties in a quite basic
procedure and assist in defining the novel families of special polynomials. By motivating
the above, here, we introduce modified degenerate Changhee-Genocchi polynomials of the
second kind, and analyze some properties by providing several relations and applications.
We first attain diverse relations and formulas covering addition formulas, recurrence rules,
implicit summation formulas, and relations with the earlier polynomials in the literature.

The ordinary Bernoulli, Euler and Genocchi polynomials are defined by (see [6-8]):
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In the case when ¢ = 0, B, = B,(0), E, = E,(0) and G, = G,(0), (v € Ny) are called
the ordinary Bernoulli Euler and Genocchi numbers.

We note that G
Go(@ =0, £ =228 (20

Stirling numbers of the first kind are given by (see [1,6,9-13]):

v

%(log(l +w))k = gsl(v,k)a;! (k>0). (4)

Stirling numbers of the second kind are given by (see [2,3,14-20]):

—(e¥ —1)F = i&(v,k)%:] (k>0). (5)
v=k :

The Daehee polynomials are defined by (see [18]):
log(1 4 w > wv
P2 () ) = Y D@ ©
w r v!

When ¢ = 0, D, = D, (0) are called the Daehee numbers. We find that

D, = (-1)Y (v e Np).

v+1

The first few are
2
Dyp=1D; = —= ]D)z 3 Dy ===, -

The Changhee polynomials are defined by (see [14]):

i_ v w”
rag e = Lo )

When ¢ =0, Chy, = Chy(0), (v € Np) are called the Changhee numbers.

Changhee—Genocchi polynomials are defined via generating function (see [10])

2log(1 + w) I w'
WU*‘“’) —UZCGu(g)W- (8)

When ¢ = 0, CG, = CG,(0) are called the Changhee-Genocchi numbers.

Recently, Kim et al. [16] introduced modified Changhee—Genocchi polynomials de-
fined by

v

29wy = Y Gy Y
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When ¢ = 0, CG}; = CG;(0) are called the modified Changhee-Genocchi numbers.

The Bernoulli numbers of the second kind are defined by (see [11]):

oo

Z (v € Np). (10)

v=0

log(l +w)
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Via (10), we see that
r e} v
w _ (v—r+1) w
et wy) @t = LB @) (1)
(et 7))
where ]B%l(,r) (¢) are the higher-order Bernoulli polynomials defined by
w ' Cw C- (r) w"
o) = Y BU @ (12)
v=0 :
For ¢ = 1and r = 1in (11) and (12), we obtain
b, =B (1).
The degenerate Changhee—Genocchi polynomials are defined by (see [15]):
2A log(l + 1 log(1+ /\w)) 1 { o W’
27 T log (1 Aw) <1+Alog(1+)\w)> :l;)CGM(g)W. (13)

Via (8) and (13), we see that
lim CGy,(§) = CGu(§) (v = 0).
A—=0
The modified degenerate Changhee—Genocchi polynomials are defined by (see [10]):

2Aw
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1 ¢ ) v
(e dos0enw) - B s

From (9) and (14), we have

lim CG;,,(€) = CG3(@) (02 0).

Replacing w by (¢’ — 1) in (13), we obtain

2log(1 + w)

B 14 w)f = 1 Caoa (@A (e — 1)

=0
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Thus, from (8) and (15), we obtain

CGo(E) = ) CCopA*Ss(0,0) (v > 0). (16)
=0

The degenerate Changhee polynomials (or A-Changhee polynomials) are defined by

(see [19]):

2A
2A +1log(1+ Aw)

1 g & wU
<1 + I log(1 + Aw)) = Z ChU,;\(C)—'. (17)
= v!

When ¢ =0, Ch, , = Chy(0), (v € Np) are called the degenerate Changhee numbers.
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The higher-order partially degenerate Changhee—Genocchi polynomials are defined
by (see [17]):

k
2log(1 + w) 1 & (k) w”
1+ log(1 + Aw) CG . (18)
<2—0—log(1—|—/\w)}\> ( B ) z;) Alé !
k) oK)

When ¢ = 0, /(-Z/EU, A = CG,,(0) are called the higher-order partially degenerate
Changhee—Genocchi numbers.

Inspired by the works of Kim and Kim [10,17], in this paper, we define modified degen-
erate Changhee-Genocchi numbers and polynomials of the second kind, investigate some
new properties of these numbers and polynomials, and derive some new identities and
relations between the modified degenerate Changhee—Genocchi numbers and polynomials
of the second kind. We also derive higher-order modified degenerate Changhee—Genocchi
polynomials and construct relations between some beautiful special polynomials and
numbers.

2. Modified Degenerate Changhee-Genocchi Polynomials of the Second Kind

In this section, we introduce modified degenerate Changhee—Genocchi polynomials
of the second kind, and investigate some explicit expressions for degenerate Changhee—
Genocchi polynomials and numbers of the second kind. We begin with the following
definition.

For A € R, we consider the modified degenerate Changhee-Genocchi polynomials of
the second kind, defined by means of the following generating function:

1
21og(L+ AT (1 | 14g(1 4 Aw)h)e = chMz ‘i (19)
2 +1log(l+ Aw)r

At point § = 0,CG}, = CG;,(0), (v € Ny) are called the modified degenerate

Changhee-Genocchi numbers of the second kind. Here, the function log(1 + )\w)% is called
the degenerate function of w.

We note that
1
© . v 2log(1 4 Aw)r 1
Y lim CG;,,(8) % = lim og(1+Aw)? T (1+log(1 + Aw)7)E
) A—0 v! A—=019 + log(l + Aw)/\
2w
=5 w)é = Z CG( (20)

From (19) and (20), we have

lim CG5(8) = CG3(£) (02 0).
Theorem 1. For v > 0, we have

CGy(8) = ) CG; 2 (5)A" 752 (v, 0). (21)
o=0

Proof. Replacing w by 1 (e’ — 1) in (19) and using (5), we obtain
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=) CG; 2(5)A" U;,r Sz (v, cT)/\”W
= (22)

0

= Z(Z CGy 2 (E)A" 7S5 (v a)>
O

Therefore, via (22), we obtain the result
Theorem 2. For v > 0, we have
%
CGy2(6) = ) CGy 1 (8)S1(v, o)A (23)
=0
Proof. By using (4) and (19), we see that
1 o
2log(1+ /\“’)Al (1+1og(1+ Aw)1)E = Z CGE, (1 log(1 + /\w))
2 +1log(1+ Aw)r
] [e] (UU
=) CG () X Si(v, o)A
=0 v=0 v:
o v a)U
= Z Z CG,A(8)S1(v, o)A o (24)
v=0 \c=0 :
Therefore, via (19) and (24), we obtain the result. [
(25)

Theorem 3. For v > 0, we have
GU—(T,)L'

CGy

9= L (Jonsion

Proof. Through (4) and (19), we obtain
1
210g(L+ A0 (1 | log(1 + Aw)h )

wU
U' 24 log(1+ Aw)r

2 CGU/\Z
- i CGqu i (€> (log(l + /\w)%)
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= ZOCGU/\Z i ;}(C)o;?\_”(log(l +Aw))?
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v

o

O

Therefore, via (19) and (27), we obtain at the required result
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Theorem 4. For v > 0, we have

Gopa(C Z CG(E)A" 751 (v, 0). (27)

Proof. Replacing w by log(1 + )\w)% in (9) and applying (4), we obtain

1 o0
210g(L AT (1 | 10g(1 + Aw)h)9g = 37 CG3(E) % (log(1 + Aw)h)”
2 +1log(l+ Aw)r r=0 7

:ZOCG; /\U‘7251000|

V=0

v

_ i (i; CGE(E)AY7S; (v, (7)) % (28)
=0 \o=0 :

By using (19) and (28), we acquire at the desired result. [

Theorem 5. For v > 0, we have
v
CGyra(8) =) (0> CGy_A(5)DeA”. (29)

Proof. From (14) and (19), we note that

w“ ~ 2log(1+ Aw)%
el 2 +log(1 +)L(,U)%

ZCGqu (1+10g(1+)&w)%)‘:

- 20 (1 4 log(1 4 Aw)F)losd +Aw)
2 +log(1+ Aw)x Aw
U 00 (7
— 17’
2 CGyz ;)]D)U/\ -
(0] - wl}
- ZO (U> oo (E)DeA” | . (30)
Therefore, via (19) and (30), we obtain the result. [
Theorem 6. For v > 0, we have
v r 1 v ,
Gu(@)=).) ) (r)CG;AIZ(g)A “7S2(L,0)Sa(r, ) By—r- (31)
r=01=00=0

Proof. Replacing w by ¢“ — 1 in (22) and using Equation (1), we obtain

2e ~1) ¢

1
1—
v + 1 2 Z CGyp2(E)A 751, U)f

(e =)

r

20w w o r 1 . _ w
= T L L Y CO@NTS(Lo)S:(n 1) Tr

w
e“ +1 7=01=00=0

v

0 v or 1
=) (Z 2 ) (”) CGy a2 (DA 7521, a)szu,l)Bur) = (32)

=0 \r=01=00=0

<
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Through (3) and (32), we obtain the result. [J

Theorem 7. For v > 0, we have
v 1
CGy(8) = ). ) CGEA(8)81(Lr)A"""Sy(v,1). (33)
1=00=0

Proof. Replacing w by 1 (e’ — 1) in (24), we obtain

2w :
ﬁ(l + w)
= i Y CGoa(6)s1(1, a)Al*‘fAfl%(gAw —1)!

[e0]

* I—g -1 d w?
Y. Y CGyA(8)S1(L o)A A UZ::ISQ(U,Z))\"W

[=00=0
0 v 1 . . wv
= E(g;}ccmasl(l,mm sz(v,l)> o (34)
Therefore, via (9) and (28), we obtain the result. [

Theorem 8. For v > 0, we have

SONGES o (3 DISERCCHWG 5)

I=0

where b, are called the Bernoulli polynomials of the second kind (see Equation (10)).

Proof. Using (14) and (19), we have

ad v
Y CGiA (@)% = 2w _(1+log(1+ Aw)x )t
v=0 Ut 2+41og(l+4 Aw)

1
_ Mo 2g(EAOT g oo 4 aw) )
log(1+Aw) 2 4 log(1 + Aw)?

0o v 00 !
= (2 buA”‘;’.> (E CGT,A,Z@‘;’,)
v=0 : 1=0 :
00 v 00 /
= (Z bu/\vcg,> (Z CG?,A,Z(@)?)
v=0 ' 1=0 '

- Zg(z (}) bv—l)\v_lCGfA,z(ff)> o (36)
v= 0 :

I=
Via (19) and (36), we obtain the result. [

Theorem 9. For v > 0, we have

2 LAY
2D,AY = cG;;HIAU—+1 +) ((7) DyA"CG}_y 20 (37)

o=0
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Proof. From (19), we have

21og(1+ Aw) = (2 +log(1 + Aw)7) 2 CGMZ

700

= w" 1 w”  log( 1+/\w A
2;0]D)U)LUU _2ZCGU+1/\2U+1U' ZCGqui

U

o] v
ZZID)/\” _zzcc;v+1A2 ,+ZZ<>D ACGlop2r (38)
v= U+1 v v=10=0
Via (38), we obtain (37). O
Theorem 10. For v > 0, we have
v P v
Coun@ = X Y- (5) S0 e 1ot510,0)CG] (0) 9)
p—00=0 \P/ T+

Proof. From (4) and (19), we have

00 v 1
Y CGya w—| = 210g(1+10g(1+)Lal)))‘)(1+log(1—|—/\w)%)
=0 v 2 +1log(l+ Aw)r

1 1
_ Zlog(l—l—/\cu)A1 (1+log(1+/\w)%)élog(l+log(1—|—/\1w)A)
2+1log(1+ Aw)x log(1+ Aw)x

w? c© ( 1\0—1
! yo 1; A (log(1 + Aw))’

A7 (log(1 + Aw))” !

R Y w’ & (=17, o1, (log(1+ Aw))”
- ECG%M@ P - ol

- W' & (=) et
, 720—1—1)\ (T.kggsl(k,a)/\ .

[eS) . w c© k _1)o o a)k
= Z CGU,/\,2(§)7. Z 2 %/\k v 10'!51(k,0’)ﬂ

[ee] v k o ,
= AT 0181 (k,0)CG) k)\z(f:) bl (40)
l;) <kz—(:)a§) (k) c+1 v— ol
Therefore, via (40), we obtain the result. [

Theorem 11. For v > 0, we have

CGup (&) = ) $1(0,0)A"9CGy (£).

=0

(41)

Proof. Replacing w by log(1 + Aw)7 in (8), we obtain

1 1
21og(1+log(1+)\w)A)(1+log(1+)\w % i ZCG log(1+)\a))A)‘7
o!

2 +log(1+ /\w)%
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v

=Y CCa (@A Y Si(0,0)A"
—0 v=0 v:

zg(

v=0

9

S1(v, o)A ”CGgA(§)> %v (42)

o

On the other hand,
‘i'. (43)

>l=

2log(1+105(1+A0)1) (3 | 100(1 4 ) })E = 2 CGy 1 (8)
v=0

2 +log(1+ Aw)r

Through (42) and (43), we obtain (41). O
Here, we consider the higher-order modified degenerate Changhee-Genocchi polyno-

mials by the following definition.
Let r € N; we consider the higher-order modified degenerate Changhee-Genocchi

polynomials of the second kind given by the following generating function

) (1+log(1 + Aw)1)E = ZCG (44)

< 2log(1+ /\w)%
1

2 +1log(1+ Aw)r
When ¢ =0,C Gl(} 1 ; = CG£ A %(0) are called the higher-order modified degenerate
Changhee-Genocchi numbers of the second kind

(*,r) - (*,r)
/{13(1) CG /\z(g) =CGy "/ (§) (v=0),

are called the higher-order modified Changhee-Genocchi polynomials

Theorem 12. For v > 0, we have
(45)

)U: ( >A‘7}D Gl (@)

Proof. From (6), (14) and (44), we note that

o0 v r

¥ oo = () X ) (14 log(1 + Aw)h)E
e Aw I

=0 2+log(l+ Aw)n

(gra) o)

") gt w’
= Z (;%) (U) A’Dy’ CG, ;A(g)> o (46)
Therefore, via (44) and (46), we obtain the result. [

Theorem 13. For v > 0, we have
(47)

Caliae) = 1 () 5100+ 1) e CGL 0L )
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Proof. From (44), we note that

r T
2 CGU*;% w*u _ (1og(1+Aw)> 2w ) 1+ tog(1 4 Aw) e
Aw 2 +1log(1+ Aw)r

_ ((g) Si(c+ r,r)(;\mC(L;) (Z CGI(K) (5)%)

v=0

= Z (Z ( >51 o+7,7) (jfr)ccﬁ’“_/’rllA(g)> W' (48)

!
Therefore, via (44) and (48), we obtain the result. [

Theorem 14. For v > 0, we have

1% 1 o4 s
=y X (;’) (fr ) Si(+7,7) (?H)IB%I(ZU’H)(l)CGU_M(C). (49)
1=00=0 r

Proof. From (18) and (44), we note that

d (1) ey W7 2log(1+ w) 1.z (log(1 + Aw)
CG, 1 5(8)— (1+1og(1+ Aw)7)¢
ug‘b A2 ! <2+10g(1+)\w)}\ & 1—|—w

— <i U) (i Si(o+r,7) A w) <ZIB%Z rH w)
=0 =0 ( r ) o! It

_ - w’ | & l ! mrr lr+l ﬂ

- (Eee ) £ (s :

e}

v I I o w?
-L (; L (1) ()5t rnns B“:’*“(l)ccvz,m:f))

B = (50)

Therefore, via (44) and (50), we obtain the result. [

Theorem 15. Forr,k € N, withr > k and v > 0, we have

n—I1,A2

cGl (@) g( )cc;l*;z Decth ). (51)

Proof. Through (44), we see that

1 T
210g(1—0—)\w)/\1 (l—i-log(l—l—)\cu)%)g
2+1log(1+ Aw)r

—k
B ( 210g(1+/\w)% )r < 210g(1+)xw)%

2 +1log(1 + Aw)i 2+ log(1+ Aw)

- (Ecoi ) (Beaiory)

0

*, w?
( CGZ/\Z k)CGIS z)A2(§)> o (52)
we

obtain the result. [

k
> (1+log(1 + Aw)?)E

i

Therefore, via (44) and (52
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Theorem 16. For v > 0, we have

&) = ZOZO( )CG,,*rm(é)(nw—"sl(k,a). (53)
Proof. Now, we observe that
ZCG $ell «§+77)wv = < 210g(1+/\w)%1)r(l—i—log(l—k)\w)})@*ﬂ
2+1log(1+ Aw)r
- (Beose) (£ mer -t )
=0 :

><ZZ )e A8, (k, o) k)

v

-y (Z 3 (y)cct ?M<¢><n>masl<k,a>>‘;. (54

v=0

( Z CGl()*/\rZ

v=0

coefficients of wV on both sides, we obtain the result. [

Theorem 17. For v > 0, we have
v
el =Y (Z) cGl) b, (55)
=0

Proof. By using of (14) and (44), we have

2w r ( Aw )V oo (,7) w?
= CG —
<2+10g(1—|—)\w)/\> 10g(1—|—)\w) 1;) VA2 51

o=0 v=0
(o) v v " wv
= ZO < ZO (U> cGl) beﬁ)&”) - (56)
v= o=
On the other hand,
r
2w &0 (* r) (UU
= CG '/ —. (57)
<2+log(1—|—/\w)i> 1;) Aol

Therefore, via (56) and (57), we obtain the result. [

3. Conclusions

In the present paper, we introduced modified degenerate Changhee—Genocchi poly-
nomials of the second kind, and analyzed some properties and relations by using the
generating function. We also acquired several properties and formulas covering addition
formulas, recurrence relations, implicit summation formulas, and relations with the earlier
polynomials in the literature. Moreover, we derived the higher-order degenerate Changhee—
Genocchi polynomials of the second kind, and constructed relations between some special
polynomials and numbers. In addition, for advancing the purpose of this article, we will
proceed with this idea in several directions in our next research studies.
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