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Abstract: In this paper, we calculate the Gaussian curvatures of the dual spherical indicatrix curves
formed on unit dual sphere by the Blaschke vectors and dual instantaneous Pfaff vectors of dual
parallel equidistant ruled surfaces (DPERS) and we give the relationships between these curvatures.
In addition to—in cases where the base curves of these DPERS are closed—computing the dual
integral invariants of the indicatrix curves. Additionally, we show the relationships between them.
Finally, we provide an example for each of these indicatrix curves.
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1. Introduction

The main sources for curves and surfaces in Euclidean space are [1-5]. The concept
of ruled surfaces, formed by the movement of a line on a curve, has an important place
in differential geometry. There are many studies on ruled surfaces in Euclidean and
non-Euclidean spaces [6-10]. The concept of parallel equidistant ruled surfaces was first
introduced by Valeontis [11]. The resources [12-19] can be examined for studies on these
surfaces. Although dual numbers are a set of numbers defined by William Kingdon Clifford
(1845-1879) [20], their first applications in geometry began with Eduard Study [21]. Dual
numbers can be seen as similar to complex numbers, but they are important in terms of
kinematics, especially in unit dual sphere applications. E. Study revealed that there is
a strong relationship between a dual point on a unit dual sphere and an oriented line
in the space of lines, and thus this concept gained meaning. Since kinematically correct
beams are a family of axes of rotation, it is possible to examine the ruled surface of a
motion over the unit dual sphere. A dual spherical curve on a dual sphere corresponds
exactly to a ruled surface in the space of lines. Basic concepts in this field can be accessed
from the resources [22-25]. Furthermore, some studies on dual curves or surfaces include
Refs. [26-30]. In addition to geometry, studies on dual numbers and vectors are carried
out in fields such as mechanical engineering, robot kinematics, physics and astronomy.
The concept of motors was introduced by Clifford, but he did not examine the modeling
of points, lines and planes in terms of motors. The sentence of motors is isomorphic to
the sentence of dual quaternions. However, due to the geometric meaning of vectors as
rotating planes, screws can be easily formulated using motors from a purely geometrical
point of view. As a result, algebraic modeling of points, lines, and planes with motor
algebra is easier with dual quaternions. The use of dual matrices and dual quaternions
in robotics has increased in recent years [31-35]. The concept of dual numbers is studied
by geometers in Euclidean spaces as well as in non-Euclidean spaces such as Lorentz-
Minkowski spaces [36—40].

In Ref. [41], we defined parallel equidistant ruled surfaces (DPERS) and compared
some of their geometric properties. In addition, we have shown that one of these surfaces
is symmetrical to the other. In this paper, we calculate the Gaussian curvatures of the ruled
surfaces corresponding in space of lines to the dual spherical indicatrix curves formed on a
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unit dual sphere by the Blaschke vectors and dual instantaneous Pfaff vectors of DPERS
and we give the relationships between these curvatures. Additionally, in cases where the
base curves of these DPERS are closed, we compute the dual integral invariants of the
indicatrix curves. We also show the relationships between them. Finally, we provide an
example for each of these indicatrix curves. It is possible to combine the results of this
study with the concepts of submanifold theory or studies in other spaces and obtain new
results [42-47].

2. Preliminaries
e N - L, =
The set D — Modul = {M | M =m+em*, m,m* € R3, e = (0, 1)} is called dual vec-

. — -
tor space and the elements of this set are called dual vectors, where m and m™* are the real

—
and dual components of the vector M, respectively. The operations of addition, multiplica-
tion by scalars, inner product, norm and vector product on this set are explained in [23,41].

- — — 5 o=
ThesetK = {M = m+em* | |M| = (1,0), m,m* € E*} is called a unit dual unit sphere

and the elements of this set are called dual unit vectors [23]. The dual angle () = w + ew*
— — - = —
between the unit dual vectors M = m +em* and M = 7 + em” can be calculated with any

of the following two equalities:
= =
<M,M> = cos() = cosw — ew*sinw,
- — —
M A M = sinQN = (sinw + ew*cosw)N,
N —

A . . =, . —=
where N = n + en™ is the unit dual vector, n is the distance vector between M and M,
-

—
nt=mAn. Additionally, w is the real angle between the real vectors m and 77 and w* is

—
the shortest distance between the vectors 11 and m, [22,23].

Theorem 1 (E. Study Mapping [21]). A directed line in the space of lines corresponds exactly to
a dual point on the dual unit sphere.

— — —
The dual spherical curve M(s) = %(s) + em*(s) drawn by the unit dual vector M is
expressed in the space of lines by the ruled surface, see Figure 1,

()

m*(s)

M(s) = mi(s) +em*(s)

0

Figure 1. The dual spherical expression of the ruled surface ? (s,0).

F(s,0) = W(s) Amb(s) + 0T (s), mH(s) = @ (s) AT (s), (1)



Symmetry 2023, 15, 206

30f22

where @ (s) is the base curve of the ruled surface and s is the arc lenght parameter of the

5
curve [22,23]. That is, a dual spherical curve M(s) can be viewed as a ruled surface. The

Y
orthonormal system {Xl)(s) = ﬁ(s), Zz)(s) = TAM.{’((S%’/ Z;(s) = Xi(s) A Zz)(s)} of the

o
ruled surface M(s) are called Blaschke frame and also the values

7

0ls) = pls) +ep"(5) = [ M/ (s)

M(s), Mi(s), M () ®
7o) = 1) + o 6) = o )

are called Blaschke invariants, where p(s), 71(s) are the reel components and p*(s), 7% (s)
are dual components of these invariants [22]. Besides p(s) and 7(s) are the curvature and
the torsion of the curve @ (s).

The Blaschke derivative formulas are as follows:

AL (s) = (s)An(s),
AL(s) = — ()AL (5) + R(s) A3 (s), ()

Al(s) = —R(s) A3 (s).

See [41] for the real and dual Equations (2) and (3). The dual pitch length, the dual

N
pitch angle and the drall (parameter of distribution) of the closed ruled surface M(s) are,
respectively [22],

—

Lu(s) = (& (), m(5)) + (d (s), m*(5)),

Am(s) = —(D(s), M(s)),

4)
- (am(s),dm’ (5))
U (s dm(s))
where B(s) = 1?1}(5) f R(s)ds + Xg(s) 7{ ©(s)ds is the dual Steiner rotation vector and

4 ()= al(s) (s)ds + T (s) f p(s)ds,
©)

() = a1 () fn(s)ds+ @ () f o (5)ds + a3 (5) fp(&)ds + B ) § o7 (5)ds,

The Gaussian curvature of the ruled surface ]CI(S) is depicted by

Ke) = —(s(Bs).EE),  5(ME) =DuN() ©

where S is the shape operator, ﬁ(s) is the normal vector and {E_1>(s), E_;(s)} is the base
vectors [14]. If a ruled surface is isomorphic to the plane (the surface is developable), the
drall (or Gaussian curvature) of this surface is zero everywhere.

The definition and properties of dual parallel equidistant ruled surfaces (DPERS) are
also explained in [41]. In this section, the relations that will be used in the continuation
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of the study will be given. Let {Z{(s), Z;(s), Z;(s)} and {B_1>(§), §2>(§), B_3>(§)} be the
Blaschke frames of the base curves of DPERS,

¥ (s,0) = @(s) Aaf (s) +0al (), af(s) = W(s) AT (),
F60) = b ()AL +T51 (), ()

=
respectively, where B(5) is the base curve of the ruled surface ¥ and 5 is the arc length
parameter of the curve. There are the following relations between these vectors:

B1(5) = by (5) +eb} (5) = @1 (s) +e(af (s) + 1(5) @ (s) — 2(s) R (5)),

where 7 (s) and b (5) are the real and dual components of the vectors A (s) and §?(§),
[41]. Addltlonally, ( ), z(s), r(s) are the perpendicular projection distances on the unit
vectors 113 (s), 3 (s), i3 (s) of the vector B (5) — @ (s), respectively [11]. The relationships
between the Blaschke invariants p(s) = p(s) + 0™ (s), R(s) = n(s) +en*(s) and p(5) =
p(3) + ep*(5), R(s) = 77(s) + &7* (5) of DPERS are

- ps) S (E) — o
f— , g :0’
p(s) 1 25)000) p*(3) = p"(s) o
7(3) = L 7%(3) = n*(s) =1
7(8) e E) =n"(s) =1,

respectively [41]. The arc length between the points corresponding to the striction curves
of DPERS is [41]

i r(s)n(s) —Z(s)
§) = —————~———. )
) o)
The relationship between arc-length parameters of the base curves of DPERS is [41]
ds
75 = 1= 2()p(s)- (10)

=
Y

The relationship between the striction curves ?(s) and Y (5) of DPERS are

VO =Y+ (LMD a6 0B 6 ERE. D

The relat1onsh1ps between the real and dual components of the dual instantaneous
Pfaff vectors ? = 7 (s) +€?( ) and C (5) = _>( ) —l—sc (5) of DPERS are [41]

al(s),

%
c*(s) = sinwg(s) +cosway

?(E) = ?(s) +2(s) cos way (s) + (r(s) sinw — ¢* (s) cos w) a3 (s) (12)

—2(s) sinwa3 (s).
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The real and dual components of the dual Steiner vectors B(s) = 7(5) + sdj(s) and

- - =
D(s) = d (5)+ed (s) of DPERS are [41]

d6)= 76 = 36 fno)ds +3) fpl)as

(13)

The relationships between the real and dual components of the_) dual angles () =
w + ew* and Q) = @ + €w* between the vectors E;(s),W(s) and B_;(E), W (5) of DPERS are

n(s) (14)

COSW = COSW = , sinw =sinw =

respectively [41].

3. The Integral Invariants of DPERS

In this section, we will compute the integral invariants of the closed ruled surfaces
corresponding in the space of lines to the dual indicatrix curves formed by the dual tangent,
dual principal normal, dual binormal and intantaneous Pfaff vectors of the base curves of
DPERS. While the next operations are performed, for shortness, the Equation (11) will be
written as follows:

=
Y

(5)=Y(s)+ R (s), (15)

where

Ro) = (M ZE NG 20T )+ T )

3.1. The Relationships between the Integral Invariants of the Closed Ruled Surfaces Formed by the
Dual Tangent Vectors of DPERS

Let A1 (s) = 1 (s) + a; (s) and By (5)
=
the base curves of DPERS ?(s, v) and Y (5,7), respectively. The parametric Equations of

the ruled surfaces corresponding in the space of lines to the dual indicatrix curves formed
by these vectors on the unit dual sphere are written as follows (Figure 2):

= b_1>(§) + sﬁ(E) be the dual tangent vectors of

¥ (5,0) = A (s) A (s) + 0 (s), ai(s)= T (s) AT (s),
— — — 16)
¥5,(5,8) = by (5) A b} (5) + 001 (3), DL (S) =



Symmetry 2023, 15, 206 6 of 22

fr——
g, (s.,v)

. b (s)
By(s)=b,(s) +eb,"(s) O

Figure 2. The dual spherical expressions of ruled surfaces formed by dual tangent vectors of DPERS.

Theorem 2. There are the following relationships between the dual pitch lengths, the dual pitch
angles and the dralls of the closed ruled surfaces formed by the dual tangent vectors Al(s) and
( ) of DPERS, respectively:

L, (5) = La,(s) + Ar(s),  Ay(s) = 74 ds — jf 2(s)p(s)ds,

Ap,(5) = A, (5) + An(s),  An(s) = — 7( n(s)ds+e— ¢ z(s)o(s)ds,

Py, (5) = Pa,(s) = 0.

Proof From the Equations (4), (8) and (13), the pitch lengths of the ruled surfaces formed
by A1( ) and B_1>( 5) are found as

La(s) = ]{ds, Lp, (3) = fdg,
(Y) (Y)

respectively. By using the Equations (10) and (15), the Equation Lp, (5) is stated as follows
more clearly:

Lg,(5) = 7{ ds + ]{ ds — j{ z(s)p(s)ds. (17)
—
) ® @)
Additionally, from the Equations (4), (8) and (13), the dual pitch angles of the ruled

surfaces formed by A1 (s) and B (5) are obtained as

Ap (s) = — % (s)ds —¢

%*e\
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By using the Equations (10) and (15), if the Equation A, (5) is stated more clearly,

Ap,(5) = — 7{ n(s)ds —e % ds — 7{ n(s)ds — e f ds—e+ ]{ z(s)p(s)ds  (18)
0 ®m® O @)

is attained. Moreover, from the Equations (3) and (4), the dralls of the ruled surfaces
— = _ .
formed by Aj(s) and Bj (5) are obtained as

P81 (5) = PA1 (S) = 0. (19)
Thus, from the Equations (17)—(19), the proof is completed. O

Corollary 1. The closed ruled surfaces formed by the dual tangent vectors Xl)(s) and ET; (3) of
DPERS are always isomorphic to the plane.

3.2. The Relationships between the Integral Invariants of the Closed Ruled Surfaces Formed by the
Dual Principal Normal Vectors of DPERS
Let E(s) = a3 (s) + sg(s) and B_2>(§) = b_2>(§) + 55(5) be the dual principal normal
_)

vectors of the base curves of DPERS ?(S, v) and Y (5,7), respectively. The parametric
Equations of the ruled surfaces corresponding in the space of lines to the dual indicatrix
curves formed by these vectors on the unit dual sphere are written as follows:

Fa(s,0) = B() A a3 (s) +0m(s), a3(s) = X (s) AT (s),
(20)

— SN
by

¥5,(,8) = by (5) A DL (5) + B0y (5), BL(5) = B (5)A s (5).

Theorem 3. There are the following relationships between the dual pitch lengths, the dual pitch
anglff> and the dralls of the closed ruled surfaces formed by the dual principal normal vectors Ay(s)
and By (5) of DPERS, respectively:

Lp,(5) = La,(s) =0,
Ap,(5) = Aay(s) =0,

Pg, (5) = (1 —2(s)0(s)) Pa, (s)-

Proof. From the Equations (4) and (13), the pitch lengths of the ruled surfaces formed by
1?2)(5) and B_2>(§) are found as
Lg, (5) = LAZ(S) =0. (21)
Additionally, from the Equations (4) and (13), the dual pitch angles of the ruled
surfaces formed by A, (s) and B,(S) are obtained as

Ap,(5) = Ag,(s) =0. (22)
Moreover, from the Equations (3), (4), (8) and (10), the dralls of the ruled surfaces

formed by Zz)(s) and ET; (5) are found as

O
)= e

o 1(s) — =(5)p(s)n(s)
Pg, (5) 02(s) +n2(s)

(23)
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Thus, from the Equations (21), (22) and (23), the proof is completed. [

(i())mllelry 2. The closed ruled surfaces formed by the dual principal normal vectors Xg(s) and
B, (5) of DPERS are isomorphic to the plane if and only if n(s) = 0.

3.3. The Relationships between the Integral Invariants of the Closed Ruled Surfaces Formed by the
Dual Binormal Vectors of DPERS
_)
Let Xg(s) =3 (s) + sg(s) and §3>(§) =b3(5)+ 85(5) be the dual binormal vectors

of the base curves DPERS ?(s, v) and Y (5,7), respectively. The parametric Equations of
the ruled surfaces corresponding in the space of lines to the dual indicatrix curves formed
by these vectors on the unit dual sphere are written as follows:

1

Vpo(5,0) = @(s) A a4 (s) + 0T (s), aa(s) = T (s) ATI(S),

— N (24)
b3

¥5,(5,0) = bs (5) A DL (5) + b3 (5),  DL(5) = B (5) A B3 (5).

Theorem 4. There are the following relationships between the dual pitch lengths, the dual pitch
%gle and the dralls of the closed ruled surfaces formed by the dual binormal vectors A3(s) and
B3(5) of DPERS, respectively:

LB3(§) = LA3(S) =0,

Apy(5) = Aay(5) + As(s), Aa(s) =~ pls)ds,
(R

)

Pp;(5) = (1 —2(s)p(s)) Pa; (s)-

Ij)oof. Frorg the Equations (4) and (13), the pitch lengths of the ruled surfaces formed by
Ajz(s) and B3(5) are found as
Lp,(5) = La,(s) = 0. (25)
Additionally, from the Equations (4), (8) and (13), the dual pitch angles of the ruled
surfaces formed by Aj3(s) and Bs(s) are obtained as

M) == § pls)ds,  ApE)=-  pE)ds.
(¥) (¥)

By using the Equations (10) and (15), if the Equation Ag, (5) is stated more clearly,

Ag () == § p@)ds— § p(s)ds (26)
(¥) (%)
is attained. Moreovg, from t}f> Equations (3), (4), (8) and (10), the dralls of the ruled
surfaces formed by A3(s) and B3(S) are obtained as

Py, (s) = ’7(15) Py, (5) = 1—;((55);’(5)_ -

Thus, from the Equations (25)—(27), the proof is completed. O

Corollary 3. The closed ruled surfaces formed by the dual binormal vectors Z;(s) and B_g,>(§) of
DPERS are never isomorphic to the plane.
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3.4. The Relationships between the Integral Invariants of the Closed Ruled Surfaces Formed by the
Dual Instantaneous Pfaff Vectors of DPERS

The parametric Equations of the ruled surfaces corresponding in the space of lines to

the dual indicatrix curves formed by the unit dual vectors ? ) and C (5) in the direction
of the dual instantaneous Pfaff vectors of DPERS on the dual unit sphere are written as
follows:

Fo(s,0) = TE)AC6) +0T(s), F(s) = T(s)AT(s),
(28)
Fe60) = TEOATE+0TE, 6= BEATE.

Theorem 5. There are the following relationships between the dual pitch lengths, the dual pitch
angles and the dralls of the closed ruled surfaces formed by the dual instantaneous Pfaff vectors

8( ) and C( ) of DPERS, respectively:

Ls(5) = Le(s) + Ay(s), = sinw ds —sinw 7{ z(s)p(s)ds,

Ac(3) = Ac(s) + As(s), As(s) = —cosw p(s)ds—sinw R(s)ds

+ esinw ?{ z(s
-
Y

P&(5) = Pe(s) = 0.

Proof. From the Equationi (4), (12) and (13), the pitch lengths of the ruled surfaces formed
by the vectors ?(s) and C (3) are obtained as

Le(s) =sinw 7{ ds = sinwL 4, (s),
(¥)
Ls(5) = sinw ?! ds = sinwLp, (5) ,

(¥)

respectively. By using the Equations (10), (14) and (15), the Equation L=(5) is stated as
follows more clearly,

Ls(5) = sinw ?{ ds + sinw ]{ ds — sinw ?{ z(s)p(s)ds. (29)
o ®m )

On the other hand, from the quﬂtions (4), (12) and (13), the dual pitch angles of the
ruled surfaces formed by ?(s) and C (3) are obtained as follows:

ds —sinw 7{ (n(s) +¢€)ds
(%)

Ac(s) = —cosw f p(s)
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Ac(5) = —cosw p(5)ds —sinw (7(5) + ¢€)ds.

() (

By using the Equations (8), (10), (14) and (15), if the Equation Ag(5) is stated
more clearly,

=<l
=1

AE(5) = —cosw j{ p(s)ds — sinw f R(s)ds — cosw ]{ p(s)ds
(¥) (¥) (¥)

—sinw ?{ s)ds + esinw z(s)p(s)ds

)

g
c

(30)

(s)

is attained. Moreover, if the vectors ¢ (s),
differentiated, we get

(5),¢" (5) in the Equation (12) are

(9}

7

(s) = d_E>(§) = W (s) coswaq (s) — ' (s) sinwag (s),

pre — 2

(s) = w'(s) coswaj (s) — coswaj (s) — w'(s) sinwaj (s),

+[2/(s) cos w — z(s)w' (s) sinw — 7(s)p(s) sinw + ¢* (s)p(s) cos w] a7 (s) 31)
+ [z(s)p(s) cosw + ' (s) sinw + r(s)w'(s) cos w

+ 2(s)5(s) sinw + ¢*(s)w' (s) sinw] @3 ()

+[r(s)y(s) sinw — 2'(s) sinw — z(s)w' (s) cos w — ¢* ()17 (s) cos w] a3 (s).
The vectors of the Equation (31) are substituted in Equation (4); we have
(de(s),dc*(5)) = ~w?(s) coswsinw (@1 (5), a3 (5)) + (@ (), 44 (5)) ) =0,
e / / : :
<dc(s),dc (s)> = w'(s)(Z'(s) + (p(s) cosw + 7(s) sinw) (¢*(s) cosw — r(s) sinw)).

And so, from the Equation (9), we get

= =\ i p(s)cosw +n(s)sinw |
<dc (s),dc (s)> = w'(s)Z'(s) <1 - N/ OETE0 > =0.

=
Thus, the dralls of the ruled surfaces formed by the vectors c (s)and C
follows:

(5) are obtained as

Pg(s) = Pe(s) =0, (32)
respectively. Thus, from the Equations (29), (30) and (32), the proof is completed. [

(_Z())rollary 4. The closed ruled surfaces formed by the dual instantaneous Pfaff vectors ?(s) and
C (3) of DPERS are always isomorphic to the plane.
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4. The Gaussian Curvatures of DPERS

In this section, we will compute the Gaussian curvatures of the ruled surfaces corre-
sponding in the space of lines to the dual indicatrix curves formed by the dual tangent,
dual principal normal, dual binormal and dual instantaneous Pfaff vectors of the base
curves of DPERS.

4.1. The Relationship between the Gaussian Curvatures of the Ruled Surfaces Formed by the Dual
Tangent Vectors of DPERS
Theorem 6. There is the following relationship between the Gaussian curvatures of the ruled

surfaces formed by the dual tangent vectors A; (s) and Bl( ) of DPERS:
Kp, (5) = Ky, (s) =0.

—
Proof. If the ruled surface ¥4, (s,v) in the Equation (16) is derived according to the
parameters s and v,

(33)
(Yar). = —p(N(@ (), D)) () + p(s) (0 = (@1 (5), @ (5))) B3 (5)

— =
are obtained. If the vectors (‘I’ Al) and (‘I’ A1) in Equation (33) are performed the inner
v S

product operation,

((¥ar), (¥ar),) = -0 (@), T ()

—
is found. Since this inner product is non zero, the system { ( ) (‘P A1) } is not an

orthogonal system. So now, let us perform the Gram Schmitd ’s method on these vectors.
Firstly, the following vectors are obtained:

Xahh) = (F),. Kaals) = (Far). .
(Ya)1 () = ai(s), (Ya)y(s) =p(s) (0 = (@ (5), W ()@ (). (34
— —
Thus, if the vectors (Y4, ),(s) and (Y4, ),(s) in Equation (34) are rendered orthonormal,
(Ea)i(s) = ai(s),  (Ea)als) = a(s) (35)

— —
are attained. Then, if the vectors (Ey4, );(s) and (Ej4, ),(s) in Equation (35) are performed

—
the vectoral product operation, the normal vector N, (s) of the ruled surface ¥ 4, (s, v) is
found as follows:

—
Na, (s) = @3 (s). (36)
Let S, (s) and Ky, (s) be the shape operator and the Gaussian curvature of the ruled
surface ¥ 4, (s, v), respectively. From the Equation (6),

Kay(s) = = ({5, (Ea)a®), Eahi () @)

is written. Here, from Equations (6) and (36),

m((Ea)200) =~ 57 <T%S<)s>, rENE 9
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If the Equations (35) and (38) are substituted in the Equation (37), the Gaussian
curvature of the ruled surface ¥ 4, (s, v) is obtained as follows:

KAl (S) =0. (39)
—
Likewise, the Gaussian curvature of the ruled surface ¥, (5,7) is found as follows:

K31 (5) =0. (40)
Thus, from the Equations (39) and (40), the proof is completed. [

Corollary 5. The ruled surfaces formed by the dual tangent vectors E( s) and B1( ) of DPERS
are always isomorphic to the plane.

4.2. The Relationship Between the Gaussian Curvatures of the Ruled Surfaces Formed by the Dual
Principal Normal Vectors of DPERS

Theorem 7. There is the following relationship between the Gaussum curvatures of the ruled
surfaces formed by the dual principal normal vectors Az( ) and Bz( ) of DPERS:

1—z(s)o(s) _ 1
—KB, (5) —Ka,(s)

here m(s) = v — (@3 (s), @ (s)) and 5(s) # 0.

+22(s)1(s) — 2m(s)z(s)n(s),

—
Proof. If the ruled surface ¥4, (s,v) in the Equation (20) is derived according to the
parameters s and v,

are obtained, here m(s) = v — (@3 (s), @ (s)). If the vectors (‘I’—AD and (‘I’—AZ) in the
v S

Equation (41) are performed, the inner product operation,

((¥) , (¥).) = p()(@ ), () = n(s) (@ (), T(s))

—
is found. Since this inner product is non zero, the system { (‘F Az) , (‘I’ Az) } is not an

orthogonal system. So now, let us perform the Gram Schmitd ‘s method on these vectors.
Firstly, the following vectors are obtained:

X)) = (Yar) o (Xa)y() = (¥ar)
(Ya)y(5) = 3(s),  (Yay)y(s) = (1= m(s)p(s)al () + m(s)y(s)a3(s).  (42)
Thus, if the vectors (Y4,),(s) and (Y4, ),(s) in Equation (42) are rendered orthonormal,
(Eap)1(s) = a3 (s),
E(s) = (A= mE@eE)E ) +m©)(6)T o) (43)
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— —
are attained. Then, if the vectors (E,, ), (s) and (E4,),(s) in Equation (43) are performed,

—
the vectoral product operation, the normal vector Ny, (s) of the ruled surface ¥ 4, (s, v), is
found as follows:

%

N7 () = M) = m(s)p(s) @ (s) s
V(@ = m(s)p(s))? +m2(s)52(s)

Let Sy, (s) and Ky, (s) be the shape operator and the Gaussian curvature of the ruled

surface ¥ 4, (s, v), respectively. From the Equation (6),

Kas) = = ({51 ((En)a®), Eah () )

is written. From Equations (6) and (44),

SAz((EAz)z(S)) = ;( S >b(15a_{(s)+;72((ss))a_§(s)
_;S<1—ggggp<s>),;s>z<s>, w

[N 5 )
where b(s) = H (YAz)z(S)H = \/(1 —m(s)o(s))” 4+ m2(s)n2(s). If the Equations (43) and
(46) are substituted in the Equation (45), the Gaussian curvature of the ruled surface
¥ 4, (s, v) is obtained as follows:

- 7(s) )2.
( [1—p(s) (v — (@3(s), @ (s)))]* + [n(s) (v — (@ (5), @ (5)))]°

—
Likewise, the Gaussian curvature of the ruled surface Y3, (5,7) is found as follows:

Ka,(s) = (47)

) 7(s)
Kp,(5) = — . - ~|. @
’ ( [1-26) (0~ (026 )| + [16) (7~ (26). F3)))] )
where B (5) = @ (s) + ¢*(5) a1 (s) + 2(s) @ (s) + r(s) @ (s) [41]. If we take 7 = v and the

o
Equations (10) and (8) are substituted in Equation (48), we obtain

2
Ko (5) — _ 1(s) — z(s)p(s)7(s) 9
n ( ((1=m()o(s)) + 12 (s)?(s) + 22 (s)%(s) — 2m(s)z(s)n*(s) ) w
Since 7/(s) # 0, from the Equations (47) and (49), we can write
L 1 iy 2(Z()(S)
—Kp,(5) (1 —z(s)p(s))y/—Ka,(s) FEEE) 1—2z(s)o(s) 0

Thus, the proof is completed. [

Corollary 6. The ruled surfaces formed by the dual principal normal vectors Xz)(s) and B_2>(s) of
DPERS are isomorphic to the plane if and only if 7(s) = 0
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4.3. The Relationship between the Gaussian Curvatures of the Ruled Surfaces Formed by the Dual
Binormal Vectors of DPERS

Theorem 8. There is the following relationship betitieen the dﬂzl Gaussian curvatures of the ruled
surfaces formed by the dual unit binormal vectors As(s) and B3 (5) of DPERS:

1—2(s)p(s) L Ru(s)r(s) + PO)IA()  22(s)pls) +2(s)p%(s)
—Kg,(5) 1/ —Kay(s) 1(s)

where n(s) = (a3 (s), @ (s)) — vand y(s) # 0.

—
Proof. If the ruled surface ¥ 4,(s,v) in the Equation (24) is derived according to the
parameters s and v,

(51)
(Ya) = @) +(s)n(s) B () + () (T s), T (5)) a3 ()

are obtained. If the vectors (‘I’—Ag> and (‘P—A;) in the Equation (51) are performed, the
v S

inner product operation,

<(l_ﬂ;>)v' (ﬁ)) =n(s){(a(s), @ (s))

is obtained. Since this inner product is non zero, the system { (‘-P As) , (‘I’ A3) } isnot an
[ Bl

orthogonal system. So now, let us perform the Gram Schmitd ‘s method on these vectors.
Firstly, the following vectors are obtained:

—_—
(Xa) () = (¥a1) ,  (Xa)a() = (¥a),
— —
(Yas)1(8) = @), (Ya)ls) = @1 (s) +5(s)n(s)a3 () (52)
— —
Thus, if the vectors (Y, ), (s) and (Y4,),(s) in the Equation (52) are rendered orthonormal,
—

(53)

are attained. Then, if the vectors (E,),(s) and (Ea,),(s) in the Equation (53) are per-
formed, the vectorial product operation, the normal vector N4, (s) of the ruled surface

—
¥ 4,(s,v), is found as follows:

—y(s)n()a (5) + B(s)

—%
Nl == A pew e

(54)

Let S4,(s) and K4, (s) be the shape operator and the Gaussian curvature of the ruled
surface ¥ 4, (s, v), respectively. From the Equation (6),

Kay(s) = — ({54 ((Eany(®), By ) 55)
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is written. From Equations (6) and (54), we get

) (4255 -2y

+
=
~—~

wn

@

3l

~—~

95}
=
S

2(s)

where e(s) = H (Ya,),(s) H = 1+ 12(5)((@(s), @ (5)) — ©)2 If the Equations (53) and

—
(56) are substituted in the Equation (55), the Gauss curvature of the ruled surface ¥ 4, (s, v)
is obtained as follows:

2
- 1(s)
Ka,(s) = <1+;72(s)(<a_3>(5),7(5)> —0)2> '

. T = = -
Likewise, the Gaussian curvature of the ruled surface ¥, (5,7) is found as follows:

(57)

1) 2
14726) ((8:(5), B ) - 9)

If we take 7 = v and the Equations (7) and (8) are substituted in the Equation (58),

Kp,(5) = — 2 (58)

K, (5) = — < 1(s) —z(s)p(s)n(s) >2
3 1+ 172(S)n2(5) + (2r(s)n(s) + 7’2(5))172(5) ~22(5)p(s) + Zz(s)pz(s)

(59)

is obtained. Since 7(s) # 0, from the Equations (57) and (59), we can write

! _ 1 4 n()r(s) + r2(s)]n?(s) — 2z(s)p(s) + 2% (s)p*(s)
—Kp,(5) (1 =z(s)p(s)) v/ —Ka, (s) 1(s) —2(s)p(s)n(s) '

Thus, the the proof is completed. O

Corollary 7. The ruled surfaces formed by the dual binormal vectors Z;(s) and B_3>(§) of DPERS
are isomorphic to the plane if and only if y(s) = 0.

4.4. The Relationship between the Gaussian Curvatures of the Ruled Surfaces Formed by the Dual
Instantaneous Pfaff Vectors of DPERS

Theorem 9. There is the following relationship between the dual Ga_u>ssian curvatures of the ruled
surfaces formed by the dual instantaneous Pfaff vectors ?(s) and C (3) of DPERS:

K&(5) = Kc(s) = 0.
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_)
Proof. If the ruled surface ¥¢(s,v) in the Equation (28) is derived according to the param-
eters s and v,

—
(‘I’C)v = 7(s) = sinwaq (s) + cos waj (s),

(‘?z)s = [ow'(s) cosw + cos? w — 2’ (s) cos w sinw(a_f(s), 7(s)>

2 .2 — — (60)

— W/ (s)(cos? w — sin® w){a3 (s), @ (s))] a1 (s)

— [ve' (s) sinw + cos wsinw — 2w’ (s) cos w sin w(a3 (s), @ (s))

+ (' (5) cos? w — sin w) (a7 (), @ (s))] a3 (s)

o —
are obtained. If the vectors (‘I’C> and (‘i’c> in the Equation (60) are performed, the
[ S

inner product operation,

<<‘?C>U, (‘?}C>s> =w'(s) (sinw<a¥(s), a—2>(s)> + cos<a_2>(s), a3 (s)>),

T —
is found. Since this inner product is non zero, the system { ( iy (‘I’c) } is not an
d on

orthogonal system. So now, let us perform the Gram Schmitd ’s met ho these vectors.

Firstly, the following vectors are obtained:

(Xeh(s) = (%) . Kone) = (%),

(Y—C)i(s) = sinway (s) + cos w3 (s),

(Yc),(s) = [vw!(s) cos w + cos? w — w'(s) coswsinw(a_f(s), 7(s)>
— w'(s) cos? w(a3 (s), @ (s))]ai (s) (61)

— [ve! (s) sinw + cos wsinw — ' (s) cos w sinw (a3 (s), @ (s))

— (s sin2 (@ (5), F ()] B (5)
Thus, if the vectors (Y¢);(s) and (Yc),(s) in the Equation (61) are rendered orthonormal,

@X@=mwzw+mw£m,iii@=wﬁﬁa‘ ©)

are obtained. Here, after a series of long operations, we have

H(YC H = |(cosw(a3(s), @ (s)) +sinw(aj (s), @' (s)) — v)—w - cosw’. (63)

Then, if the vectors (Ec);(s) and (Ec),(s) in the Equation (62) are performed, the

vectoral product operation, the normal vector Nc(s) of the ruled surface ¥ (s, v), is found
as follows:

Nc(s) = a3 (s). (64)
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Let _S_g; (s) and Kc(s) be the shape operator and the Gaussian curvature of the ruled
surface ¥ (s, v), respectively. From the Equation (6),

Ke(s) = ~ ({5 ({3 ). (Een () (65)
is written. Here, from the Equations (6) and (64),

Fo(s)ai (s) & 11(s) 3 (s)
| (s) (cos w(a3 (s), @ (s)) —I—smw(a_l)(s), @(s)) —v) —cosw|’

sc((Ea(s)) = (66)

If the Equations (62) and (66) are substituted in the Equation (65), the Gaussian curvature
of the ruled surface ¥¢ (s, v) is obtained as follows:

Fo(s)sinw £#(s) cos w
« (s)) +sinw(a; (s), @ (s)) — v) — coswl|

| (5) (cos w (a3 (s)
Likewise, the Gaussian curvature of the ruled surface ‘{”%(E 7) is found as follows:
K&(5) = 0. (68)
Thus, the proof is completed. O
=
C

Corollary 8. The ruled surfaces formed by the dual instantaneous Pfaff vectors 8 (s) and
DPERS are always isomorphic to the plane.

(5) of

=
Example 1. Let ?(s,v) and ¥ (5,v) be DPERS: (v =)

?(S 0)—<S_2Ucoss—sins cosi+ﬂsini S+20>
’ V2 V2 V2 V2 vz T VR v )

$(§ v) = (<S_ZU + 7r> oS = —sin ——, cos —= + <S_ZU +7T> sin ——
' 2v2 4 V2 V2 V2 N2v2 4 V2’
s+2v 7'()
22
(1) The parametric expressions of the ruled surfaces corresponding in the space of lines to the

dual indicatrix curves formed on the unit dual sphere by the dual tangent vectors of these DPERS
are (Figure 3)

?(S U)—<S_zvcoss—sinS cosi+ﬂsini S"'ZU>
’ 2V2 V2 V2 V2 a2 T VR a2 )

?(5,0): ((Sz_\/?—i—;[) cos\% \/»r COS\/“ <Sz_\/2§v+:> Sin%’

s+20+7'c>
2V2  4)
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I The ruled surface formed by the dual tangent vector A1
[ The ruled surface formed by the dual tangent vector B1 I The ruled surface formed by the dual tangent vector Af
[ The ruled surface formed by the dual tangent vector B1

10

0 5.5 0

. T == — —
Figure 3. The ruled surfaces ¥ 4, (s,v) and ¥, (5,v) formed by the dual tangent vectors A; and Bj.

(ii) The parametric expressions of the ruled surfaces corresponding in the space of lines to the
dual indicatrix curves formed on the unit dual sphere by the dual principal normal vectors of these

DPERS are (Figure 4)

S

‘IT_>(S v) = (vsin ®  —vcos ° >
A2 4 \/E/ \/E/ \/E 4

‘I’ﬁ(§ v) = <vsini —vcos =, + E)
BZ 7 \/E/ \/E’ ﬁ 2 .

- The ruled surface formed by the dual principal normal vector A2
[ The ruled surface formed by the dual principal normal vector B2

- The ruled surface formed by the dual principal normal vector A2
[ The ruled surface formed by the dual principal normal vector B2

1

2

0
5_5 55

. T T2 < o e
Figure 4. The ruled surfaces ¥ 4, (s, v) and ¥, (5, v) formed by the dual principal normal vectors Ay
and B,.
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(iii) The parametric expressions of the ruled surfaces corresponding in the space of lines to the
dual indicatrix curves formed on the unit dual sphere by the dual binormal vectors of these DPERS
are (Figure 5)

— -2
Y a,(s,0) = ( S ° s

B cos S s—2v . s 5—0—27)>
2v2 V2 '

. S S
in—, CcOS— — ——sin—, ——
V2 V2 22 V2' 22

_— _ s—2v T S . s s s—2v m\ . s
1IJB?’(S,U): - ﬁ"‘z COSE—SIHE, COSE— ﬁ—'—z smﬁ,
s+2v
+— .
2v2 4)

I The ruled surface formed by the dual binormal vector A3
[ The ruled surface formed by the dual binormal vector B3 | |

I The ruled surface formed by the dual binormal vector A3
10, | The ruled surface formed by the dual binormal vector B3

-2 0 2

6 -4
. — —_— . — =
Figure 5. The ruled surfaces ¥ 4, (s, v) and ¥, (5, v) formed by the dual binormal vectors A3 and B3.

(iv) The parametric expressions of the ruled surfaces corresponding in the space of lines to
the dual indicatrix curves formed on the unit dual sphere by the dual instantaneous Pfaff vectors of
these DPERS are (Figure 6)

—

— S S
Ye(s,v) =¥=(s,v) = | —sin—, cos—,v ).

For the all graphs drawn in the above example, the parameter v is taken in the range
—5:1/2:5, and the parameter ¢ is in the range —7 : 77/20 : 7.

The dual spherical indicatrix curves corresponding on the unit dual sphere to these
ruled surfaces can be shown imaginatively as in Figure 7.
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| [ The ruled surfaces formed by the dual instantaneous Pfaff vectors

0.5
1y

=
Figure 6. The ruled surfaces lITg(S, v) and ¥=(5,v) formed by the dual instantaneous Pfaff vectors c
=
and C.

—
_____ - The dual tangent vector 4,

—
----- -+ The dual tangent vector By

—
The dual principal normal vector 4,

—
¥ The dual principal normal vector B,

—
* The dual binormal vector A,

. —_—
 The dual binormal vector By

- =
™ The dual instantaneous Pfaff vectors C and C

@" : The angle between the vectors 4; and B,

Figure 7. The dual spherical indicatrix curves corresponding to the unit dual of the ruled surfaces
sphere formed by the tangent, principal normal, binormal and instantaneous Pfaff vectors of DPERS
(imaginary figure).

The ruled surfaces in the above example are not closed, but it is possible to find
examples of closed ruled surfaces.

5. Discussion and Conclusions

In this study, the integral invariants and Gaussian curvatures of the ruled surfaces
corresponding in the space of lines to the spherical indicator curves of the Blaschke vectors
and the dual instantaneous Pfaff vectors on the unit dual sphere of the parallel equidistant
ruled surfaces (DPERS), which were previously defined in [41] and some of their properties
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given, are investigated. As a result of this examination, considering the dralls (distribution
parameters), it is concluded that the closed ruled surfaces formed by dual tangent and dual
instantaneous Pfaff vectors of DPERS will always be isomorphic to plane (developable),
the closed ruled surfaces formed by dual principal normal vectors of DPERS will always
be isomorphic to plane under a certain condition (17(s) = 0), and the closed ruled surfaces
formed by dual binormal vectors of DPERS will never be isomorphic to plane. In addition,
when Gaussian curvatures are examined, it is concluded that the ruled surfaces formed
by dual tangent and instantaneous Pfaff vectors of DPERS will always be isomorphic to
plane, while the closed ruled surfaces obtained by dual principal normal and dual binormal
vectors will be isomorphic to plane under a certain condition (77(s) = 0). This study can be
combined with studies on submanifold theories, singularity theories, kinematics theories,
etc. or it can be studied in non-Euclidean spaces also.
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