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Abstract: In this paper, a weakly coupled system (by the displacement of symmetric type) consisting
of a viscoelastic Kirchhoff plate equation involving free boundary conditions and the viscoelastic
wave equation with Dirichlet boundary conditions in a bounded domain is considered. Under the
assumptions on a more general type of relaxation functions, an explicit and general decay rate result
is established by using the multiplier method and some properties of the convex functions.
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1. Introduction

In this paper, we consider the following weakly coupled system of Kirchhoff plate and
wave equations:

t
st — YDug + Au — / g1(t—8)A%u(s)ds+av=0 in Qx (0,00)
0
t
vtt—Av—k/ (t—s)Av(s) ds+au =0 in Qx(0,0)
0
u=0odu=0 on T x (0,00)
t
Biu — Bl{/ g1 (t—s)u(s) ds} =0 on T x (0,00) 1)
0
ot
Bou — ydyuy — Bz{/ g1(t—s)u(s) ds} =0 on Ty x (0,00)
0
v=20 on T x (0,00)
u(0) =u® u(0) =u', v(0) =1 v4(0) =0t in Q,

where () is an open set of R? with regular boundary T' = 9Q = Ty UT; (class C* will be
enough), such that ToNT; = @, the initial data 1°, u!, v° and v! lie in an appropriate
Hilbert space; the constant v > 0 is the rotational inertia of the plate; and the constant
O<u< % is the Poisson coefficient. The boundary operators By, B, are defined by

Biu = Au+ (1—pu)Bju,
Bou = d,Au+ (1 — pu)Bou,
and
Biu = 2v1vouy 5, — v%uxzm — V%Mxlxlr
Bou = BT((U% — V%)Mxlxz +v1va (thayx, — ”x1x1))'

where v = (v, 17) is the unit outer normal vector to I', and T = (—v,v) is a unit tangent
vector.
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The coupling parameter « is assumed to satisfy:

la| < Aoy,

where A3 is the first eigenvalue of the operator ‘—A ’ with Dirichlet boundary conditions,
and 7 is the coercivity constant of the operator A = A?, defined as follows:
A:D(A) c L2(Q) — L2(),
with domain
D(A) = {u € HY(Q) N HE (Q) : Au+ (1 — p)Byu = dyAu + (1 — p)Bau = 0 on Tq},

with H%O =V={ueH*(Q):u=09u=0 on Iy}

It is clear that A is positive definite and self-adjoint. We also define
H%O(Q) ={uec H(Q):u=0 on Ty}.
We have, for all u,v € V (see [1]):

o1 o1 o
(A2u, A20) 12y = (Au, v) =a(u,v),

V'xV

where a : V x V — Ris a symmetric bilinear form defined by

a(u,v) = /Q {13, Uy xy + Uy, Uxyxy + 2(1 = )ty x, Oy x, + (g x, Oxyxy + Uiy, Uy vy ) X
We first recall the following Green’s formula (see [2]):

a(u,v) = /()Azuvdx—l— /F(Bluavv— Bouv)dl, Yu € H*(Q), v € H*(Q).

For further purposes, we need a weaker version of the above. Indeed, as D((})
(the space of all functions defined in (), which are restrictions to ) of C* functions with
compact support in R?) is dense in E(A?, L?(Q))) := {u € H*>(Q)) | A%u € L*(Q) } equipped
with its natural norm, we deduce that u € E(A?, LZ(Q)) (see Theorem 5.6 in [3]) satisfies
Biu € H™2(T) and Byu € H™3(T) with

1 — (Bou,v) s , Vove HZ(Q).

a(u,v) = /Q A?uvdx + (Byu, 3,0) b 3o

[N

1
H 2(T),H

Now, with the parameter v > 0, we define a space W = H}O,Y(Q) equivalent to
H%O (Q)), with its inner product being

<u1,u2>H%07(Q) = <u1,u2>L2(Q) + '7<VU1,VM2>L2(Q) Y Ui, Up € Hll“o (Q),

and with its dual (pivotal with respect to L inner product) denoted as H 1 (Q).

When g1 = g2 = a = 0, the first equation, in system (1), is well known as the Kirchhoff
plate equation, while the second equation represents the classical wave equation. We study,
in the present paper, a weak coupling of a symmetric type of these two equations (with the
presence of memory terms), which means that the equations are coupled by displacements.

Model (1) describes the interaction of a viscoelastic Kirchhoff plate with rotational
forces, and a viscoelastic membrane. The plate is clamped along Iy, and without bending
and twisting moments on I';.
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We first recall some results for a single-wave equation and Kirchhoff plate equation.
For a viscoelastic wave equation, we refer to [4-8] and references therein, in which the
authors proved that the energy decays exponentially if the relaxation function g decays ex-
ponentially, and polynomially if ¢ decays polynomially. In [9], Cavalcanti et al. considered
the following wave equation:

Uy — KoAu + /Ot div[a(x)g(t —s)Vu(s)|ds + f(u) + b(x)h(us) =0,

where frictional damping was also considered. They proved an exponential stability result
for ¢ decaying exponentially and / having linear and polynomial stability result for g
decaying polynomially and / having a polynomial growth near zero. We mention, in the
case where kg = 1 and f = h = 0, that the uniform decay of solutions was obtained in [10].
For the viscoelastic Kirchhoff plate equation, in [11], the authors showed the exponential
and polynomial decay of the solutions to the viscoelastic plate equation. They considered a
relaxation function satisfying

—dog(t) < g'(t) < —dig(t), 0<g"(t) <dog(t).

For some positive constant d;, i = 0,1,2. Park et al. [12] obtained a general decay for
weak viscoelastic Kirchhoff plate equations with delay boundary conditions. Motivated by
the work of Lasiecka and Tatar [13], where a wave equation with frictional damping was
considered, another step forward was taken by considering relaxation functions satisfying

§'(t) < —H(g(t)),

where the function H > 0 satisfies H(0) = H'(0) = 0, and is strictly increasing and strictly
convex near the origin. This condition was first introduced by Alabau-Boussouira and
Cannarsa [14]. It turned out that the convexity properties can be explored for a general class
of dissipative systems [15,16]. We also point out that the importance of the works [15,16]
in which simple sharp optimal or quasi-optimal upper energy decay rates have been
established.

For a coupled wave system, a general model on coupled wave equations with weak
damping is given by:

Uy — Au + /Ot g1(t —s)Au(s)ds + hy(uy) = f1(u,v),

vy — Ao+ /Ot 2(t —s)Av(s)ds + ha(ve) = fo(u,v).

In [17], Han and Wang established several results related to local existence, global
existence and finite time blow-up (the initial energy E(0) < 0), by taking hy (u;) = |u¢|™ uy
and hy(v;) = |v¢|""1o;. Later on, Houari et al. [18] improved the last results by considering
a larger class of initial data for which the initial energy can take positive values. Messaoudi
and Tatar [13] considered a coupled system only with viscoelastic terms, and proved
exponential decay and polynomial decay results. Al-Gharabli and Kafini considered the
system in [13] and established a more general decay result; see [19]. Mustafa [20] considered
the following problem

ot
it — Bu +/0 a1t — $)Au(s)ds + fi(u,0) =0,

t
vy — Ao —i—/o 2 (t—s)Av(s)ds + fo(u,v) =0,

and proved the well-posedness and energy decay result. The decay result was improved
by Messaoudi and Hassan in their recent paper [21], where they established a new general
decay result for a wider class of relaxation functions. We also mention the work [22], in
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which the authors proved the global existence and decay rate estimates of solutions for a
system of viscoelastic wave equations of the Kirchhoff type with logarithmic nonlinearity.

For indirect stabilization, Alabau et al. [23] considered the stabilization of an ab-
stract system of two coupled second-order evolution equations, wherein only one of
the equations is stabilized and showed that the energy decays polynomially. Recently,
Hajej et al. [24] studied the indirect stabilization (only one equation of the coupled system
is damped) of a coupled wave equation and Kirchhoff plate equation without viscoelastic
terms (g1 = g» = 0), and with frictional damping, the polynomial decay was derived. Mo-
tivated by these works, in this paper, we study the stability of this coupled system but only
with the presence of viscoelastic terms in the two equations with a wider class of relaxation
functions. We establish a very general energy decay result of the system by the general
approach in [14].

Hereinafter, we assume that
(Al):g; : [0, 4+00) — (0,+00) (for i = 1,2) are two non-increasing C! functions such that:

1—/0.oog,-(r)dT:li>0.

(A2): There exists a positive C! function Q : (0, +c0) — (0, +c0), where Q is linear or a
strictly increasing and strictly convex C? function on (0,7], (r < 1), with Q(0) =
Q'(0) = 0, such that

gi(t) < =&i(HQ(gi(t)), Yt =0,
where ¢ and {; are positive non-increasing differentiable functions.

Remark 1. The function Q, defined in assumption (A2), was introduced by Alabau-Boussouira
and Cannarsa [14].

To simplify calculations in our analysis, we introduce the following notations:
(g10u) (¢ / gt —s)a(u(t) —u(s),u(t) —u(s))ds,

(8200)( /ng—SH) o(s)|ds.

We will use C and ¢, throughout this paper, to denote generic positive constants.

The paper is organized as follows. The well-posedness of the problem, that is, the
existence of a global weak solution, is proved in Section 2. In Section 3, we state and
establish the general decay result of the energy by using the perturbed energy method,
which introduces a new Lyapunov function.

2. Global Existence

This section deals with the existence and uniqueness of a global weak solution. In fact,
we start by proving the existence and uniqueness of a unique local weak solution by using
the Faedo—Galerkin approach, and afterward, show that this solution is global. This means
that our system is well-posed.

We start this section by presenting the definition of a weak solution of the problem (1).

Definition 1. Let T > 0. A pair of functions (u,v) such that
u e C([0,T],V)nCY([o,T],W), v € C([0, T], H}(Q)) n C ([0, T], L*(QY)),

is called a weak solution of the problem (1) if
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/ uttwdx—i-’y/ VuyVwdx + a(u / g1(t—s)a(u(s),w )ds+a/ vwdx =0,
Q Q
u(x,0) = up(x), u(x,0)=uy(x)

and

t
/Qvttydx+/QVUVydx _/0 (t—s) /Q Vv(s)Vydxds%—tx/Quydx =0,
v(x,0) = vo(x), ve(x,0) =01(x)

for all test functions w € V,y € H} and almost all t € [0, T).
Now, we state the local existence theorem.

Theorem 1. Suppose (A1) holds and let (ug,u1) € V x W and (vg,v1) € H}(Q) x L*(Q).
Then, problem (1) has a unique local weak solution on [0, T|, for any T > 0.

Proof. The existence is proven using the Faedo—Galerkin method. In order to do so, let
{wj}]?“’zl and {yj };“’:1 be abasis of V and Hé, respectively. Define V,,, = span{wy, wy, ..., Wy}
and Yy, = span{yi,ya,...,ym}. The projection of the initial data on the finite dimensional
subspaces V;; and Yy, is given by

Z“J i 1y ( Zb] jr 00 (x chy]’ o' ( Zd]yl’

such that
(ull, o) — (ug,v0) in V x HY(Q), and (ul',vf") = (uy,v1)in W x L*(Q). (2)

We search a solution of the form

m

"(x, t) = ihj(t)wj(x), " (x,t) = ij(t)yj(x),
j=

=1

which satisfy the approximate problem in Vj;, and Yy, respectively:

/Quttwdx—i—'y/ VugVwdx + a(u / g1(t—s)a(u™(s ),w)ds—i—zx/gvmwdx:O,

/ vttydx—k/ vaVydx—/ 2(t—s) / Vo™ Vydxds—i—zx/ u"ydx =0, (©)]

u"(0) = ug, ui"(0) =wuy', v"(0)=rvy, v{"(0)=r07"

This system leads to a system of ODEs for unknown functions /;(t) and k;(t). Based
on the standard existence theory for ODE, one can conclude the existence of a solution
(u™,v™) of (3) on a maximal interval [0,t,,),0 < t,, < T for each m > 1. In fact, t,, = T,
and the local solution is uniformly bounded independent of m and t. To show this, we
take w = u}" in the first equation of (3) and y¥ = v}" in the second one. By summing up the
resulting equations and integrating by parts over (), we obtain

T (1) = 2(2/ D) (1) — s (Dalu”,u™) + 3 (840 Vo) (1) — 22|V (D), ()
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where
1 1
E"() = 5 (1= [ sa(o)s ), wm) + 1P+ ZN0up |+ 000
+ (1_/ ga(s d5>|vvm||2 (g0 V™) (t) + fllvt ||2+v¢/0u’”vmdx.

Notably, by (2), that (17", v9,) and (u}",v") are bounded, respectively, in V x H}(Q)
and W x L2(Q)), we integrate (4) over (0,¢),0 < t < t,,, to obtain

E™(t) < E™(0) < M,

where M is a positive constant independent of ¢ and m. Thus, we can extend ¢, to T and,
in addition, we have

(u™) is a bounded sequence in L*(0, T; V),
u") is a bounded sequence in ,T; W),
i) is a bounded seq in L®(0, T; W

(0™) is a bounded sequence in L*(0, T; H}(Q2)),

(0}") is a bounded sequence in L®(0, T; L2(Q))).

Therefore, there exists a subsequence of (u™) and (v™), still denoted by (u™) and (v™),
respectively, such that

u™ — u weakly star in L*(0, T; V) and weakly in L?(0, T; V),
ul" — u; weakly star in L (0, T; W) and weakly in L2(0, T; W),

©)
o™ — v weakly star in L®(0, T; H} (Q)) and weakly in L?(0, T; H} (Q)),

o' — vy weakly star in L®(0, T; L2(Q))) and weakly in L?(0, T; L?(Q))).
Now, integrate (3) over (0, t) to obtain
t t s
/ u’t”wdx—o—’y/ Vu}"dex—i—/ a(um,w)ds—/ / 1(s = Q)a(u™ (L), w)dlds
Q
—I—tx/ / v"wdxds = / ul'wdx + ’y/ Vul'Vwdx.
/ vi'ydx —i—/ / Vo Vydxds — / / (s — / Vo™ (0)Vydxdlds
"ydxds = [ of'ydx.

+tx/0/0uyxs Qvlyx

Using (5) and letting m — oo, we obtain forallw € V and y € H}

/ utwdx—i—'y/ Vutidx—/ ulwdx—'y/ Vu Vwdx
0 0 0 0

=— /Ota(u,w)ds + /Ot /OS 21(s = Q)a(u™ (), w)dids — a/ot/nvwdxds (6)
/Qvtydx—/ﬂvlydx = —/Ot/QVUVydxds
+/Ot /Osgz(s —C)/QVv(g)Vydxdgds—vc/ot/Quydxds.
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Using the fact that the right-hand side of the first equation and the second one in (6)
is an absolutely continuous function—hence, it is differentiable almost everywhere—we
obtain

t
/Quttwdx +7/Q VuuVwdx + a(u, w) _/o g1(t—s)a(u(s), w)ds —|—1x/vadx =0, VweV,

t
/Qvttydx—f—/QVnydx—/o gz(t—s)/QVv(s)Vydxds—|—oc/0uydx:O, Yy € H(Q).

Regarding the initial conditions, we can also use (6) to verify that
u(0) = ug, ur(0) =uy, v(0) =0y, v:(0)=vp.

For uniqueness, let us assume that (11, v1), (4, v2) are two weak solutions of (1). Then,
(p,q) = (u1 — up,v1 — v7) satisfies

t
pit — YApy + A*p — /0 g1(t—s)A%p(s)ds +aq =0, in L*(0, T; V'),

it — Mg+ /Ot $o(t—s)Aq(s)ds +ap =0, in L*(0, T; H 1(QQ)), @)
p(0) = pt(0) = 9(0) = :(0) = 0.

We shall use the Visik-Ladyzenskaya method. We consider, for each s € [0, T|, the
following functions:

—/sp(é)dQ 0<t<s, —/sq(g)dg, 0<t<s,
P(t) = ! _ t
0, s<t<T, 0, s<t<T.

It is clear that
¥, € L®(0,T;V) and ¢,¢' € L*(0,T; H}(Q)),
which implies that
¥ € CO[0,T]; V) and ¢ € C°([0, T); H(Q)).

By composing the first equation in (7) using 1 and the second equation using ¢, we
obtain

[ =y pa g vt + [ @@t~ [ [t =P (@, (1)) vt
o [ @9yt =0,
/(qttfq)(t))H*l(Q)le( ydt — /(Aq,(p(t)) 1)< H) (@)t

+ [ / 82(t = D)(A9(), (1)) -1 42t + [ (b @) o1 eyt = O
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Using the fact that ¢(s) = ¢(s) = p:(0) = g:(0) =0, ¥'(t) = p(t) and ¢'(t) = g(t) in
[0, 5], we integrate by parts and add the resulting equations to obtain

~ [ upO)wnt+ [ a9 - [ [ a1t -2aty' @, p(o)dza
—/O (qt,q(t))Hfl(Q)XHé(Q)dtJr/0 (9'(0): @)y (it
— [ [ 2l = 00 @000 gzt +a [ (090 2 + (0 90y )it = 0,

which, by using (11), results in: and (12)
1d s S t & S
sl [+ (1= [ ©dc)atppiar+ [[@Opo— [ laly o
s t

+[(1- [ 20 1oy o)

1 /s 1 /s, 1 /s 1 /s,
+5 | aiatp =5 [@op) e+ 5 [CaOllollyqdt -5 [ (520 Vo)
= —a [ (@0, 9(0) 1210 + (P, 0 200 .

Now, using the fact that g;, —g/,a(y, ) > 0 fori = 1,2, and W,H} C L*(Q), we
obtain the existence of a positive constant C such that

2P+ 1O + 219G + 5 o)
< ¢ [ UaOIwOl + 90 o) )t ®

Finally, let p1(t) = /Ot p(0)dC and ¢ (t) = /Ot q(2)dZ. We have , for all t € [0, 5]

$(8) = pr() = pa(s), $(0) = —pa(s),

and

@(t) = q1(t) — q1(s), @(0) = —q1(s).

Consequently, (8) becomes
SIpE)IP+ 212 + g+ 3l (5) 2
< ¢ [[Ua@lln® - p©l +1pOlllan©) = ai6s) e
<c{ [ la@llp@lae+ [ g lps)lar
+ [T Ip@ e a+ [ Ipe) e ) 1dt}
<cf [T lawiimlar+ ["VaCslaoll = In )]
+ [ POl @+ [ VAC ()]l (s) e
<5 [+ 5 [P+ 1 [ 120 R+ Ine)R

Cr 2., C[° 2 2 (Fn2ni2q o L 2
+5 [ la@Pat+5 [Clao)Pae+Tc [CIa )P+ 7lai ()17,
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which implies that

121 21 21 2
PO+ 1P )12+ Z9() 12+ 7 a1 (5)]

: C/()S<Hp(t)||2 + lpr ()1 + [lg(8)[1* + ||‘71(f)||2>dt.

By using Gronwall’s Lemma, we deduce that

PO+ 3162 + Z1aE) P + a2 <o.
Then, we can determine that
p(s) =q(s) =0, in L>(Q), Vs € (0,T),
and since p(0) = g(0) = 0, we obtain
p(s) = q(s) =0, in L2(Q), Vs € [0, T],
which means that (u1,v1) = (2, 7).

Consequently, the proof of the local existence of a weak solution is complete. Further-
more, it is easy to see that

Ba(u, ) + lJul® + I Ve |? + L[ Vol|? + [lof]|* < 2E(f) < 2E(0),

which shows that the solution is bounded and global in time.
This completes the proof. [

We also need the following regularity result. Indeed, in some parts of the paper, we
multiply the first equation by u; and the second one by v;. This is only possible if we are
working with regular solutions. For this reason, we will introduce a theorem for regular
solutions as well. Thus, it is enough to work with regular solutions all time. The decay
rate estimates for weak solutions are obtained using standard density arguments. But,
before performing this, we present the definition of regular solutions in our case, which
was introduced in Definition 2 [11].

Definition 2. We previously stated that (u, uy) is 2-regular if
u € H*J(Q)NV, j=0,...,2; us €W,
where u; is obtained by the following recursive formulas:

Ujro — YDUjo = Auj,

uj = avuj =0, o0nTy,

Bluj:(), on 1“1, VjIl,Z.
Bouj = ydyujyp, on .

Now, we present our regularity result.

Theorem 2. Suppose (A1) holds and suppose that (ug, uy) is 2-regular and (vo,v1) € (H*(Q)N
H}(Q)) x H}(Q). Then, the solution of problem (1) satisfies

u e C([0,T], VN H*(Q))NnCl([o, T, WNn H3(Q)),

v € L=([0, T], H*(Q) N H(Q)) n W2 ([0, T], H3(Q)) N W*([0, T], L2(2)).
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Proof. The proof can be performed by combining the arguments used, for example,
in[9,11]. O

3. General Decay

In this section, we will present and establish our principal theorem of this paper, which
states the general decay of the energy of our system. This will be conducted by the help of
the perturbed energy method. First, we introduce the energy functional by

_1 ' 1 2,7 2 1 1 ! 2
B = 5 (1 [ a1 )atum) + 512+ F1ul2+ F00 0+ 5 (1= [ ga(e)ds) 7]
1 1,
+§(g20Vv)(t)+§||th —i—oc/ouvdx,
which satisfies the following dissipation identity:

Proposition 1. Under the hypothesis of Theorem 2, the following identity holds:
/ 1, 1 1, 1 2
E'() = 5 (&4 00)(6) — 21 (Dalu, ) + 5(84 0 Vo) (1) — 220 Vo()P <0. )

Proof. In (1), upon multiplying the first equation by u; and the second one by v¢, add the
resulting equations and integrate by parts over () to obtain

d {1 2 7 2, 1 1 2, 1 2
dt{znw + TSl + Jalu,w) + 5 lodlP + 5 Vol +a [ wodxdy

— /Ot Q1(t—s)a(u(s),us)ds — /Ot (t—s) /Q Vo(s)Vo(t)dxds =0 (10)

N =
Q..‘Q_‘

By the virtue of Lemma 2.1 in [11], we have
t 1 ot
a(/o g (t— s)u(s)ds,ut) = —Egl(t)a(u,u) — t{(g1Du)(t) — (/0 <1 (s)ds)a(u,u)}
1

+ o), an

For any u € C}(0, T; H>(Q)).
Besides, a direct computation shows that

[ 5at=5) [ Vo) Vatiaxis = (ko Ve - ja Vo)

- ga{ee Vo - ([ ) 1vomi}. (12)
O

By replacing (11) and (12) in (10), we obtain the desired result.
The main result of this paper reads as follows.

Theorem 3. Suppose that (ug, uy) is 2-regular and (vo,v1) € (H*(QY) NHL(Q)) x H}(Q).
Assume that (A1) and (A2) hold. Then, there exist positive constants By and By, such that the
energy E(t) satisfies for any t > ¢~ 1(r)

t

E(t) < a0y (m / )¢<s>ds), 13)

,](r

where £(£) = min{Z (1) &(0)}, 8(8) = max{g: (1, 82()} and Qu(1) = [ s
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Remark 2 ([25]).

1. The following Jensen’s inequality is critical to prove our main result. Let G be a convex
increasing function on [a,b], h : Q — [a, b] and m is the integrable function on Q, such that

m(x) > 0and / m(x) dx =k > 0, then Jensen’s inequality states that
Jo

G{%/Qh(x)m(x) dx] < %/QG[h(x)}m(x) dx.

2. From (A2), we infer that tlir+n Qi(t) = 0. Then, there exists some large enough t; > 0,
—r+00
such that

gi(t)) =r=gi(t)<r, Vt>t. (14)

Since Q is a positive continuous function and g;, {; are positive non-increasing continuous
functions, we can obtain for every t € [0, t],

0 < gi(t1) < gi(t) < gi(0) and 0 < g;(ty) < &i(t) <¢i(0), i=1,2,

which implies for some positive constants a; and b;:

a; < Gi(H)Q(gi(t)) < by, i=1,2.
This shows that for every t € [0, t1],

aj

gi(0)

3. Ifdifferent functions Qq and Q, have the properties mentioned in (A2), such that g} (t) <
—Q1(g1(t)) and g5(t) < —Qa(g2(t)), then there exists r < min{ry,r,} small enough so
that, e.g., Q1(t) < Qo(t) on the interval (0,r]. Thus, the function Q(t) = Q1 (t) satisfies
(A2) for both functions g1 and g for all t > t;.

a;

gi(0) < _gi(O)gi(t)' i=1,2 (15)

gi(t) < =Ei(H)Q(gi(t) < —

We will work with regular solutions; by standard density arguments, the decay result
remains valid for weak solutions as well. In order to prove the main Theorem (3), we need
to introduce several lemmas. To this end, let us introduce the functionals

I(t) = / (uus +yVurVu) dx+/ vo; dx, (16)
0 0

and

K(t) = —/Qut/otgl(t—s)(u(t)—u(s))ds dx—’y/QVut/Otgl(t—s)V(u(t)—u(s))ds dx
— /Qvt/otgz(t—s)(v(t)—U(s))ds dx. (17)

Lemma 1. Assume that (A1) and (A2) hold. Then, the functional I(t) introduced in (16) satisfies
(along the solution) the estimate

2

+ /g.)\vt|2 dx—%/g.)\Vv|2dx+%(gzon)(t)—Zvc/qudx. (18)

') < / |u|? dx—i—’y/ |V |? dx — l—la(u,u)—f—ﬁ(glﬂu)(t)
Q Q 21

Proof. Direct differentiation of I, using (1), yields
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I'(t)

/|ut|2dx+/ uuttdx+’y/ \Vut|2dx+'y/ VuVuttdx—l-/ |vt|2dx+/ Vo dx
Q Q Q Q Q Q

t
/Q|ut|2 dx+’y/Q|Vut|2dxfa(u,u)+/Og1(tfs)a(u(s),u(t))ds

t
s . o [ o :
+/Q|vt| dx /Q|Vv| dx—i—/o Lt s)/QVv(s)Vv(t) dx ds — 2w L dx (19)

t
By using the Cauchy—Schwarz inequality, Young’s inequality and the fact that / g1(s)ds
0

<[ s ™ ¢1(s)ds = 1 — I, we obtain
[ 1= )atutt),u(s)) ds
= [ sa(t = )aluts) — u(t)u(t) ds + [ g1(t = Satu(e) u(t) ds
< [t =s){atuts) = ue), u05) = u(t)} au(e) )} ds+ ([ ga(s)ds a(ur) u(t)

1 2
< Matu(t u() + </ot Vet =) {sat=9auts) = u(t) u(s) — () }° ds)
(

+(1—1)a(u(t),u(t)) (20)
< (1= 2 )atuo,u) + 13 @O0,

Furthermore, we have (see, for example, [5]) that

ot
(t— Vo(s)Vo(t) dx d
./ng s/Q v(s)Vo(t) dx ds

<=2 [ vepact 12 Bigovo @

Inserting (20) and (21) in (19), the assertion of the lemma is established. O

Lemma 2. Assume that (A1) and (A2) hold. Then, the functional K(t) introduced in (17) satisfies,
along the solution, the estimate

K() < (5—/tg1(s)ds) </ |ut|2dx)

+{5c+1 FO(1—L)(E+2(1— 1)) /g1 ds} 1)

(i) [

{ (1- c+2 +5(1_11)+(1—ll)2}(g1Du)(t)

—Czé )(815“ ( /82 dS) (/ |Ut2dx>
+o(C+1+201- D) )(/Q Vv|zdx>

+{(1—12i(sc+1)+ (20 + 41—5)(1 lz)}(gzovv)(f)

+

ng( ) (gh 0 VO)(£), ¥ 6> 0. 22)



Symmetry 2023, 15,1917 13 of 23

Proof. By exploiting equation (1) and integrating by parts, we have

K(t) = ( /tgl ds) (/ |ut|2dx) /ut/glt s) u(s))dsdx
/Mtt/ g1 (t—s)(u(t) ))dsdx

—’Y/ Vutt/ g1(t—s) u(s))dsdx
—'y/ Vut/ gi(t—s) u(s))dsdx — 'y(/ gl(s)ds) (/Q Vut|2dx)
—/vtt/gzt s) —v(s)dsdx
/Qvt./O gH(t—s) ))dsdx — (/ (s )(/ |vt2dx>
= (— /Otgl(s)ds> </Q|ut|2dx> / ut/ gt —s)(u(t) ))dsdx
+a< /tgl t—s) )
/g1ts( /glts ds)d
—|—1x/ / g1(t—s) ))dsdx

—7/ Vut/ g (t—s) u(s))dsdx — 7(/ a(s ds> (/ |Vut|2dx>
+/ Vv/ @t —s) o(s))dsdx

/(/ @2(t — 5)Vo(s )(/ ot u(s))ds)dx
+zx/ /gzt 5) ))dsdx — (/ 22(5) ds) (/ |vt|2dx)

/vt/ gh(t—s) ))dsdx. (23)

Using Young's inequality and Cauchy-Schwarz’s inequality , we obtain for any 6 > 0

—/ut/glt ) ))dsdx 5/|ut|2 45/</g1t s) ds)dx
(5/||2 g /glts/|u (s)|*dxds

5 [ - Cgl ) (1), @)

IN

IN

IN

and
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ot23
o, [ 5100 =)0 - u(e)is) = /tglt—saut ), u(t) — u(s))ds
< / g1(t—s) u(0))2 [a(u(t) — u(s), u(t) — u(s)))Hds
< da(uu) + 45{ /0 &1t = )[a(u(t) - u(s),u(t —u(s))ﬁds}z
< da(uu) + P (i) (1) 25)
Furthermore, we have
—/glts( /gltS) >>)
< ([at-o DL )(/glt )la(u(t) - u(s), (t)—u(s))ﬁds)
< (/glt 5 kas) 45(/g1t Slatu(t) ~u(s)u() ~ s s )
< o [t >>ﬁds)2+ ’1<glmu><> 26)
Now, we will estimate the term < /0 er(t— 8)[a(u(s), u(s))] %ds)z We have
(s (s))ﬁds)z
<(1-1) /glt $)a(u(s),u(s))ds
= (=) [ gt = ) (alu(e) = w(s), u(e) = u(s)) + 2a(u(6), () — au(e) u(1)))ds
= (=) (@00~ (=) [ sa(e)ds atu ) + 201 <) [ ga(e = S)aCu(e) u(s)ds
< (=)0 0 - 1= ( [ sa(o)ds )t ) + 001 = h)acu, )
e _511)2 (g10u) (t) +2(1 — I)?a(u, u)
—(1-1) <5+2(1 L) - /Otgl(s)ds>a(u,u) + (1 4+ 4 _511)2) (1000 (8). @7)

Inserting (27) in (26), we obtain
/gﬂs( /glts u(s))d )ds
<4(1 11)(5+2(111 —/O Q1(s ds)a(u,u)
+ (5(1 — )+ (1-1)*+ (1;511)> (g100u)(t). (28)
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Next, we have

uc/ v/tgl(t—s)(u(t) —u(s))dsdx

< 5/ 0| 2dx + &(&Du)( )

45

< Cé/o Vol2dx + qlT;l)(ngu)(t). (29)

t
The term —'y/ Vuy / g1 (t —3)V (u(t) — u(s))dsdx can be estimated as follows:
o) 0

—’Y/ Vuy /t g1 (t —8)V (u(t) — u(s))dsdx

<6 [ 1Vl ~ S8 (i) 1), 30

Furthermore, we determine that

oc/gu/ot 2 (t—s)(v(t) —v(s))dsdx

CA=h) (0, o vo)(0). (1)

<
< Céa(u,u) + v

The remaining terms can be estimated as, for example, in [5] (see estimates (3.14)—(3.16)
in the mentioned paper).

t
/ Vv/ gz(t—s)V(v(t)—v(s))dsdx

< 5/ |Vv|2dx+ (gzon)( ), (32)
/(/ 2 (t—s)Vo(s ds)(/ (t—s)V(v(t) — v(s))ds)dx
(25—0—45)(1—12)(g20VU)()+2(5(1—Zz /|VU|2dx (33)

and

- v
—/ vt/ @b (t — ) (u(t) — u(s))dsdx

<5/| o [2dx — ng ) (g} 0 V0)(8). (34)

By combining (23) and (34), we achieve the desired estimate. [

Now, we define the functional F(t). The idea is to construct a new Lyapunow function,
equivalent to the energy quantity, that will satisfy an “appropriate” inequality. Let

F(t) = NE(t) + N1I(t) + N2K(t),

where N, N1 and N are positive constants that will be chosen later. It is easy to verify that
for a large enough N, we have F ~ E, i.e.,

c1E(t) < F(t) < e2E(t),

for some cq, ¢y > 0.
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Lemma 3. The functional F satisfies

F(t) < —(/ |ut|? dx+/ |v4)? dx+'y/ |V |? dx dy)
Q 0 Q
- 4<1—z>(a<u,u>+ [ Ivep dx) +e((@0n)(0) + (g20 Vo) (1) ~ 20Ny [ wodx, Vizh, (@)
where t1 was introduced in (14) and ¢ > 0.

Proof. Let
t 31
gO:m'm{/ gl(s)ds,/ gz(s)ds}>0, and [ =min{l},r}.
0 0
By using (9), (18) and (22), we obtain for any t > #;
F'(t) = NE'(t)+ N I'(t) + NoK'(t)
~(Na(go—=8) = No) ([ I dx+ [ Josl?d /V2d>
(Na(go &) = M) [ ol dx+ [ ol dx -4y [ [V
Nyl

= - Nzé(C+ 1+2(1-1) ) C N1 - 1)+ N2g0>a(u,u)

IA

(
( —N25<C+1+2(1—l)2))/Q|Vv|2dx
+ (Nl(l_l)+N ((C+2)5()+5(1—1)+(1—1)2)>(glmu)(t>
(
(

7 +N2(% +(26+ 415)(1 - l)))(gzon)(t)

3~ (GO0 + (o Vo) o)}~ 208 [ wod (30)

Taking 6 = (36) becomes

.
AN, (CH1+2(1-1)2)”

l
/ < _ / 2 / 2 / 2
F'(t) < (Nng Crit20-19 N1>< Q\ut| dx + Q|vt| dx + v Q|Vut\ dx

Nll 12(1 _ Z)
( 2 Z 16N2(C +1+ 2(1 1)2)2 + Nago a(u,u)

- (I\gl )/ |Vo|? dx

(Nl (1-1) 2(C+2)(1—l)(c+1+2(1—l)2)

l
4(C+1 1__2(11) —1)?) +N(1 - l)2> (g180u)(t)

Ni(1—=1) N2 (C+2)(1-1)(C+1+2(1-1)?) 1(1-1)
( e ! +2(C+1+2(1—z)2>>(g2°v”)(t)

2 _12
(Z;f B 2CgoN; (C +l1+2(1 1) )) {(g10u)(t) + (820 Vo) ()} —ZaNl/qu dx.

At this point, we choose Nj that is large enough, so that

Nilo ]
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and then N that is large enough, such that

!

WCritaa-ny M= lb

Nogo —

and
2(1-1)

16N (C +1+2(1—1)2)2

Now, we choose N that is large enough, such that

Nogo — > 0.

N  2CgoN3(C+1+2(1-1)?)
2 ]

Thus, (35) is established. [

> 0.

Now, we are in a position to prove our main result.

Proof of Theorem (3). Taking into account (9) and (15), we obtain that for any > #;

/0“ qr(s)a(u(t) — u(t —s),u(t) — u(t —s))ds
< &0 /0“ G (s)a(u(t) — u(t —s),u(t) —u(t —s))ds < —cE'(t),

a

and

" gz(s)/O\Vv(t) — Vo(t —s)|*dxds

t
< &0 / 1g’2(s) /Q |Vo(t) — Vo(t —s)[2dxds < —cE'(t).
0
Therefore, (35) yields for some m > 0 and all t > ¢,

< —mE(t) —cE'(t) + c/tgl(s)a(u(t) —u(t—s),u(t) —u(t—s))ds

F'(t) < —mE(t)+c(g10u)(t) +c(g2 0 Vo)(t)

+c/ (s / |Vo(t) — Vo(t —s)[*dxds. (37)

Denote L(t) = F(t) + cE(t). Clearly, L(t) is equivalent to E(t). It follows from (37)
that

L'(t) < —-mE(t)+ c/tgl(s)u(u(t) —u(t—s),u(t) —u(t—s))ds
+c/ (s / |Vo(t) — Vo(t —s) [*dxds. (38)

Next, the following two cases are considered.
Case 1. The function Q(#) is linear.
We multiply (38) by &(t) and use Assumption (A2) and (9) to obtain
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< -mE(DEW) +ee) | ga(s)a(u(t) — u(t — ), u(t) — u(t - s))ds

+c(t /gz /|V7J — Vo(t — s)|*dxds

< mEWE® +c [ £l (alule) = u(t =) u(e) = u(t = 5)ds
te / £2(9)82(5) [ [Vo(t) = Vo(t —s) Pdxds
< —mE(t)E(H) —c / g1(s)alu(t) — u(t — ), u(t) — u(t - s))ds
—c/ (s /|w £) — Vo(t — s)[2dxds
< —mE(DE() — cE'(1). (39)

Denote F(t) = &(t)L(t) 4+ cE(t) ~ E(t). Then, we have, from (39) and the fact that &
is non-increasing, that for any t > #;:

F'(t) < —m&(t)E(t).

Using the fact that 7 ~ E, we obtain
Fl(t) < —a F(t),

for some positive constant ¢;. By applying Gronwall’s Lemma, we obtain the existence of a
constant ¢y > 0 such that

—_ /tﬁ(s) ds

F(t) <ce /h ,
which yields to
t
—c / &(s) ds

E(t) <cze /h ,

for some constant c3 > 0.
Case 2: Q is nonlinear. First, we define the following quantities

t/ B —u(t—s),u(t) —u(t—s))ds, t>0
and
L(t) = ?/Ot/Q|Vv(t) — Vo(t — s)dxds, t> 0.

Then, we have

o) < 2 [latu(e), u(®) +a(u(t —),u(t - 5))lds
< F([Ew+ec- o)
< %{ (s)ds
< B [ E0)ds = BEE(0) < +oo
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and likewise, we have

h(t) < 2E(0) < +oo
Thus, choosing 0 < x < 1 that is small enough so that, for all £ > 0:
Li(t) <1, for i=1,2. (40)

Also, we define A1 (t) and A, (t) by

— /Ot gi(8)a(u(t) —u(t —s),u(t) —u(t —s))ds,
and

/ g5 (s / |Vo(t) — Vo(t —s)[*dxds.

It is obvious that A;(t) < —cE'(t), i=1,2.
Noting Q is strictly convex on (0, 7] and Q(0) = 0, then Q(0x) < 6Q(x), provided that
0 <6 <1andx € (0,r]. This, together with (A1), (40) and Jensen’s inequality, leads to

M) = I () (=g1(s)xa(u(t) — u(t —s), u(t) — u(t —s))ds

L(8)81(s)Q(81(s))xa(u(t) — u(t —s),u(t) — u(t —s))ds

v
b
gy
=0
%o\wo\

> gf(% QU ()31 ()wa(u(t) — u(t —5),u(t) — u(t —5))ds

Kl
> B00( s [ RO Erau(t) — u(t - ), u(0) - - 5))is)
_ gl,gt)Q(K/Otgl(S)a(u(f) —u(t—s),u(t) _u(t—s))ds>

Gi(t) =

t
= S5 (e [ gr(shatu(t) — (e =), u(t) ~ (e - 5))ds ),

where Q is an extension of Q such that Q is strictly increasing and a strictly convex C?
function on (0, +-00). This implies that

[} sr(e)atut) — e = 5),u(t) - e~ syas < 107 ().

Similarly, we have

[ 829 [ 19000 = Vole —o)fanas < 07 (22

We infer from (38) that for any t > #;

L(t) < —mE(t) +cQ " (Kgl(g)) +cQ ! (KC}:Z(E‘;LU (41)

For ¢y < r, using (41) and the fact that E’ < 0, Q' > 0,Q" > 0, we find that the
functional Xy, defined by

Ki(t) =@ (eo,’j((g)))w) FE(®)
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is equivalent to E(t) and satisfies

() = sl (g ) £0+Q (sopd ) L0 +E)
(o) (o2 () o) (). o

Now, let G* be the convex conjugate of Q in the sense of Young (see [26]). Then,

IN

Q) '(s) - Q@) \(s)), (43)
which satisfies

AB; < Q' (A)+Q(By), i=1,2, (44)

withA =Q (8053))) andB;=Q | (“}‘(”), i=1,2.

It is inferred from (42)—(44) that

, L E@) E(t)~ [ E(1) o
) < —mEHQ <£°E<o>) e E(g) <°E<o>) “"(clm * ¢2<t>>

E

—

t)
(0

is obtained by multiplying the last inequality by ¢(t) and using the fact that, as ¢
r,Q (805 ) Q (so E(O)) and A;(t) < —cE'(t) (fori = 1,2), that

<

™

E(t) E(t) E(t)
/ < _ / £\ £\ ' _CE'(D).
G0 < -mEOEOQ (aoger ) +erop g e0Q (sopg ) B
Consequently, by letting K, = K1 + cE, we have: a1K;(t) < E(t) < apKy(t), for
some a1,y > 0.
Hence, we conclude that, for some constant 51 > 0 and for all t > t;

E(t) B\ ._ E(t)
Ky(t) < —B1é(t) (O)Q <£OE(0)> = —B18(H)Q2 <E(0)) (45)

where Q(t) = tQ'(eot). Since Q5(t) = Q' (eot) + €0tQ” (eot), then, using the strict convex-
ity of Q on (0, 7], we reach that Q) (), Q»(t) > 0 on (0,1]. Thus, with H(t) = ‘Xléc(ég ) and
using the fact that £, ~ E and (45), we have

H(t) ~ E(t), (46)

and for some 8, > 0,
H'(t) < —B2g(H)Qa(H(1)),V t > t.

Integrating the latter over (t1, t) yields

t _H/(S) ;
/tl O (HE) =2 P2 /t 2(s)as,

which leads to

1 eoH(t1) 1 t
— ———ds > ds.
€0 /eoH(f) sQ;(s) 52 b /fl Els)ds
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Lastly, since the function Q; givenby Q; () = |, tr sQ}st is strictly decreasing on (0, 7]
and 1in3 Q1 (t) = 400, we deduce that
—

H) < 207 (1 [ o).

Combining the latter with (46), one can claim that (13) holds. O

In the following remark, we may extend our previous results in the case where we
take nonlinear coupling terms instead of the linear ones used in system (1) and also for a
quasi-linear version, where the material densities vary according to the velocity.

Remark 3.
1. We consider system (1) with f1(u,v) (respectively, f,(u,v)) instead of av (respectively, au),
that is
ot
U — yAuy + ANu — / g1(t —s)A%u(s) ds + fi(u,0) =0 in  Qx (0,00)
J0
t
vy — AU+/ 2 (t —s)Av(s) ds+ fa(u,v) =0 in Qx(0,00)
0
u=0a,u=0 on Tpx (0,00)
t
Blu—Bl{/ 1 (t—s)u(s) ds} =0 on T x (0,00)
0
t
Bou — yoyuy — Bz{/ g1(t—s)u(s) ds} =0 on T x (0,00)
0
v=0 on T x (0,00)
u(0) =u®, w(0) =ul, v(0) =29 v;(0) =0 in Q,

where f;,i = 1,2, satisfy.
fi : R2 = R (fori = 1,2) are C! functions and there exists a positive function F such that

oF oF
fx,x2) = =—, fa(x1,x2) = =—, x1f1(x1,x2) + x2f2(x1,x2) — F(x1,x2) >0,
8x1 axz

and

‘%(x1,x2)‘+‘

ofi

S (1, 32)| S P+ xalfe ), ¥ () € B2,

for some constant d > 0 and B;; > 1 fori,j =1,2.
By using the same method derived here, we may prove that the above system is well-posed and
a general decay rate can be established, as in (13).

2. By following the same approaches as in Sections 3 and 4, we shall prove that the following
quasi-linear coupled system

ot
|us|Pug — yAuy + ANu — / g1(t —s)A*u(s) ds + fi(u,0) =0 in  Q x (0,00)
Jo
t
|v¢ PO — Aoy — Av +/ 2 (t—s)Av(s) ds+ fo(u,v) =0 in Qx(0,0)
0
u=0a,u=0 on Tpx(0,00)
t
Biu — Bl{/ 1(t—s)u(s) ds} =0 on T x(0,00)
0
t
Bou — y0yuy — Bz{/ g1(t—s)u(s) ds} =0 on T x (0,00)
0
v=20 on T x (0,00)
u(0) =u®, u(0) =ul, v(0) =09 v;(0) =0 in Q,
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with p > 0, possess at least a weak solution u € C([0,T], V) N C([0, T], W), v € C([0,T),
H}(Q)) N CY([0, T], HY(QY)); and moreover, we shall establish a general decay rate of energy
as in (13).

4. Conclusions

This paper focuses on the existence and the asymptotic stability of solutions for a
system of two coupled Kirchhoff plate and wave equations in a bounded domain of R?,
subject only to viscoelasticity dissipative terms and with the presence of rotational forces
(in the Kirchhoff plate equation). It should be noted that this model takes the memory
effects into account, which may exist in some materials, particularly in low temperature.
The first equation, in system (1), describes the motion of a plate, which is clamped along
one portion of its boundary and has free vibrations on the other portion of the boundary,
whereas the second one models the motion of a membrane. This work is motivated by
previous results concerning coupled wave equations [13,18-22] and coupled wave—plate
equations [24].

By using the Faedo—Galerkin method, we proved the existence of a unique global weak
solution. Furthermore, by constructing an appropriate Lyapunov function, we showed the
general decay of the energy associated with the system (1). As a future work, we aim to
change the type of damping by considering, for example, the Balakrishnan-Taylor damping
(of the form (Vy, Vyt)Ay), strong damping (of the form A?y;) or past history terms in the

Kirchhoff plate equation (of the form / g1(s)A%(x,t — s)ds ) or/and in the wave equation
0

(of the form /Ooo 22(s)A(x,t —s)ds).
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