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Abstract: The pure state evaluation map from M, (C) to C(CP"1) is a completely positive map
of C*-algebras intertwining the U, symmetries on the two algebras. We show that it extends to a
cochain map from the universal calculus on M, (C) to the holomorphic d calculus on CP"~!. The
method uses connections on Hilbert C*-bimodules.
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1. Introduction

For a subset X of the state space S of a C*-algebra A we have a positive “state evalu-
ation map” ¢ : A — C(X) given by d(a)(¢) = ¢(a) fora € A and ¢ € X. For M,,(C) the
result of Choi [1] gave the pure state space as CP"~1. We use the KSGNS construction [2] to
analyse the case A = M, (C) and X = CP"~! and then consider the differentiability of the
state evaluation map. To do this, we begin by constructing the Hilbert C*-bimodule giving
the state evaluation map. Then, we use the methods of connections on bimodules to con-
nect the differential structure on M,,(C) (we take the universal calculus) to that on CP"~!
(the usual calculus). Here, we follow the methods in [3] but then find that the conditions
required there do not apply, so in Section 5.1 we consider a more general theory extending
the results in [3]. As a result, Proposition 12 on an induced functor from left M,,-modules
to holomorphic bundles on CP"~! is phrased in terms of holomorphic bundles rather than
flat bundles on CPP"~1. For brevity, we often refer to M, (C) just as M,,. Additionally, our
main result Theorem 1 on extending the state evaluation map to a cochain map uses the 0
calculus on projective space.

The main reason why we chose to do this construction with M, is the concrete con-
struction of the state space. More generally, it might be possible to put a differential
structure on the pure state space of a C*-algebra, even if we know little about the state
space. For this one thing, it is important to remember that there is a very general idea
of calculus on infinite dimensional spaces [4] using directional derivatives. It would be
interesting to see whether the constraint of having bimodule connections, similar to the
one in this paper, for smooth subalgebras of more general C*-algebras would shed light on
possible calculi on the algebras.

Apart from the concrete description of the state space, another reason why we are
interested in the calculi on matrix algebras and the link with representations and states
is Connes’ noncommutative derivation of the standard model [5]. The fact is that from a
relatively simple noncommutative beginning involving matrices Connes constructs the
standard model indicates that there probably something very interesting in the geometry
of the initial noncommutative space. Most gauge theories in physics are described in
terms of calculi, so we are naturally led to questions about calculi on matrices and how
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they relate to states. The unitary symmetry described in Section 3.1 is then related to
gauge transformations.

The construction of the state evaluation map and its associated bimodule implies the
existence of various functors between categories of modules, including one from M, (C)
modules to holomorphic bundles on CP"~1, which is described in Section 6.

We use the notation that i; € Col"(C) is the column vector with 1 in position i and
zero elsewhere, and that E;; € M,,(C) in the matrix with 1 in row i and column j and

zero elsewhere. An element of CP"~! is written in homogenous coordinates as [(v; ... vy)],
where we suppose ¥ |v;|? = 1. We sum over repeated indices unless otherwise indicated.

2. Preliminaries
2.1. Calculi and Connections

Definition 1. Given a first order calculus (QY, d) on an algebra A, the maximal prolongation
calculus Q) 4 has relations y, dc; A da; = 0 for every relation ) c;da; = Oon Q}L‘, where c;,a; € A.
Definition 2. The universal first order calculus QL _.(A) on a unital algebra A is defined by

uni

Ol (A)=ker-: AR A — A,

where - is the algebra product and dypja =1®a—a® 1.

The maximal prolongation of the universal calculus has Q" .(A) C A®"*! which

is the intersection of all the kernels of the multiplication maps between neighbouring
factors, i.e.,

02 (A) =ker(-®id: ARA®A - AR A)Nker(id®-: AR ARA — AR A).

We now assume that the unital algebras A and B have calculi (0 and )}, respectively.

Definition 3. A right connection Vg : E — E®p Q} on a right B-module E is a linear map
obeying the right Leibniz rule fore € Eand b € B

Ve(eb) =e®db+ Ve (e).b. 1)
Definition 4. Given the right connection (E, V) in Definition 3, we define for n > 1

VES"]:E%Q%%E%)Q%“

by VI = Vi and for n > 2
Ve ) = VeenE+e® de.
The curvature of E is the right bimodule map
Re=VIVe: E— EQ O}
and then fore ® § € E®p ()
VIVl (e ) = Re(e) AE.

The idea of a bimodule connection was introduced in [6-8] and used in [9,10]. It was
used to construct connections on tensor products in [11] (see Proposition 1).
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Definition 5. If E is an A-B bimodule, then (V g, o) is a right bimodule connection where Vg is
a right connection and there is a bimodule map

or: QL QFE - Ex 0L
E-2fay B B

so that
Ve(ae) = op(da®e) +aVie.

2.2. Hilbert Bimodules

Note that, unlike most of the literature on Hilbert C*-modules, we explicitly use
conjugate bundles and modules. This is required to make the usual tensor products and
connections work with inner products. Suppose that A and B are *-algebras. For a left
A-module E, E is the conjugate vector space with right A-action e.a = a*e, and for a right
A module F, F is the conjugate vector space with left A-action a.f = f.a*. For our A-B
module E, E is a B-A bimodule with bé = eb* and éa = a*e.

Definition 6. A differential calculus (Q 4, d) on a x-algebra A is a x-differential calculus if there
are antilinear operators % : Q' — Q' so that (E An)* = (—1)IElly* A& where || is the degree

ofy,ie,n € QK' and (dg)* = d(¢*).

We now suppose that A and B have *-calculi. Then, for our right bimodule connection
(VE,0E), we have a corresponding left bimodule connection (Vg, 0y) on E given by Ve =
&* @ f where Ve = f @ ¢ (sum implicit) and 0z (¢ @ 77) = k* ® ¢ where 0p(* ® e) = g ® k.

We give a definition of inner product on an A-B bimodule E, where A and B are
x-algebras. This is taken from the definition of Hilbert bimodules in [2], omitting norms
and completion as we will need smooth function algebras. Of course, the modules with
inner product we will talk about have completions which really are Hilbert bimodules.

Definition 7. A B-valued inner product on an A-B bimodule E is a B-bimodule map
(,) : EQAE — B obeying (¢/,e)* = (g,é') forall ¢,e € E (the Hermitian condition) and
(¢,e) > 0and (¢,e) = 0 only where e = 0.

Given an inner product (,) : E®4 E — B the right connection V preserves the inner
product if
(id@(,)) (Ve @id) + ((,) ®id)(id © Vi) = d(,) - )

2.3. Line Bundles and Calculus in CP"~1

On CP"1 we have homogenous coordinates v; € Cfor 1 < i < n. We take v =
(v1,...,v,) to lie on the sphere §?"=1in C",i.e., ¥ ; v;; = 1. There is an action of the unit
norm complex numbers U; on S~ by

2> (vy,...,04) = (201,...,204) .

We define CP"~! as S2*~! quotiented by this circle action, identifying points z>v & v
for all z € U;. We use notation [v] € CP"~! for the equivalence classes. We consider subsets
of continuous functions on $?"~!, defining for integer m

Cn(CP" 1) = {f € C(S*" 1) : f(zpv) =2"f(v) forallz € Uj,ve §" 1}

and similarly Ci?(CP"!) to be smooth functions. Then, C{°(CP"!) is the usual smooth
functions on CP"~. There is an alternative view given by grading monomials in v; and
9; by ||v;|| = 1and ||3;]| = —1. Then, a monomial of grade m is in C,;(CP"~1). A grade
zero monomial such as v19; 7304 is invariant for the circle action and so gives a function
on CP" 1,
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An element of the tautological bundle T at [v] € CP"~! is given by av € C" fora € C
and the inner product on 7 is given by

(g, pv) =apeC, 3)

noting the use of the conjugate bundle to give bilinearity and be consistent with the earlier
Hilbert C*-bimodule inner product. A section of the tautological bundle is a function
r: CP"! — Row"(C) so that r([0]) is a multiple of v. We have a 1 — 1 correspondence
between continuous sections of T and C_1(CP"~1). If f € C_1(CP"~1), then (fovy,..., fo,)
is a section, and if (rq,...,7,) is a section, then ;" is in C_; (CP"~1).

Recalling that }; v;0; = 1 and applying d gives }; (dv; 7; + v;d7;) = 0, and as we
require a complex calculus on CP"~1, we obtain both ¥_; dv; 3; = 0 and ¥_; v; dg; = 0 as
relations on Q! (CP"*~1). Applying d again gives ¥; dv; A dg; = 0 in Q?(CP"1).

2.4. Categories of Modules and Connections

For an algebra A, we take M 4 to be the category of right A-modules and right module
maps. If A has a differential calculus, we take 4 to be the category with objects (E, V),
where E is a right A-module and Vg is a right connection on E. A morphism T from
(E, V) tobe (F, V) consists of a right module map T : E — F, which commutes with the
connections, i.e.,

ViT = (T®id)VE : E — F%Q}L‘ .

Proposition 1. For a right A-B bimodule connection (V, oy ), there is a functor @ o W : E4 —
Ep sending (V,F) to (Vegw, F®@4 W), where Vg w is

View(f @e) = (id@ow)(VE(f) @e) + f @ Vi(e) .

2.5. Holomorphic Bundles

Let B be a *-algebra with a x-differential calculus. We use the noncommutative com-
plex calculi from [12,13]. Suppose we have a direct sum decomposition () = @ pﬂ:nﬂg’q

as bimodules, and that Q)7 A O% ¢ Qb ™1, 4ol ¢ o™ @ QP and (QP1)* =
047, Using the projection operations for the direct sum 7774 : ng — Qg'q, we can define

9= nmPtad: b - of

3= nmPatld: Qb — bt

which gives a holomorphic calculus. Given a right connection Vg : G — G ®p Q}, then we

define dg = (id® 1) Vs : G — G®p Q%’l. The holomorphic curvature of G is defined to
be the curvature of the o connection, i.e.,

(i[d®d+dcAid)d: G — GOy .

Definition 8. Suppose that we have a right connection dg : G — G @p Q%’l with holomorphic
curvature zero. Then, (G,dg) is called a holomorphic right module.

3. The KSGNS Construction of the State Evaluation Map

For asubset X C S of the state spaces of a C*-algebra A, the positive map 6 : A — C(X)
is given by é(a)(¢) = ¢(a) fora € A and ¢ € X. We use a standard construction of a
completely positive map using a Hilbert C*-bimodule, and this is part of the KSGNS
construction [2]. We start with A ® C(X) as an A-C(X) bimodule and the semi-inner
product (,) : AQ C(X) ®4(A®C(X)) — C(X) defined by

(aefdaf)=fo@df @)
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Set N to be the space of zero length vectors, i.e., }_a; ® f; so that

(Y ai®fi,) aj®f;)=0.

Now, we define E = (A® C(X))/N. This has completion a Hilbert A-C(X) C*-
bimodule, and given 1 ® 1 € E, we have

(1®1,a1®1) =6(a).

3.1. The Matrix Algebra Case
The pure states on M, (C) are parametrised by v € Row” (C) by

¢v(a) = vav* € C, (5)

where vv* = 1 for normalisation [1]. Because scalar multiplication of v by a unit norm
complex number leaves the state unaffected the space of pure states is the quotient
X = CP"~! of unit vectors in Row" (C), i.e., $*"~! quotiented by the circle group U;. We
take the positive map & : M,,(C) — C(CP"~!) defined by é(a)([v]) = ¢»(a) for v € S2*~1.

There is a unitary symmetry of the matrix algebra by inner automorphisms a + uau*
fora € M, (C) and u € U,. There is also a U, action on the pure state space X = Ccpr1
given by v +— vu* for v € S?"~1. The map 6 : M,(C) — C(CP""!) intertwines
these actions.

We carry out the KSGNS construction given at the beginning of this section for
A = M,(C). We write M, (C) ® C(CP"~1) as Col"(C) ® C(CP"~!,Row"(C)), which are
isomorphic as Row” (C) is finite dimensional. For ¢; ® r; € Col"(C) ® C(CP"~1,Row" (C)),
the inner product in (4) is

{a@r,e@n)([t]) =on(K])cdan(@e € C ©6)
for v € $*"~1, a row vector representing an element [v] of CP" 1.

Proposition 2. The quotient of Col" (C) ® C(CP"~!,Row" (C)) by the length zero vectors N is
isomorphic to Col" (C) @ I't, where I'T is the continuous sections of the tautological bundle T.

Proof. For v € $*"1, we look at the conditions for ¢; ®r; to be in N, which is
Zij<Ci ®71;,¢; @1;) = 0using (6). Using the projection matrix P;j = 9;vj, we see that

(c1®11,00,@12) = (1 ®11P, 0, @12P)

just using the fact v;0; = 1 (summing over i). Thus, the null space N includes all c @ (1 — P),
and the only possible non-null elements are ¢ ® rP, which is ¢ ® s where s is a multiple of v.
A quick check shows that all these are not null (except 0). O

The sections I't of 7 are identified with C_;(CP""!), and so we have
Col"(C) ® C_1(CP" 1) with inner product

(1@ fi,e2® fo) = cieafi fo € C(CP"1) )

and this a Hilbert M,-C(CP"~1) C*-bimodule. Finally, we consider
1®1 € My(C)®C(CP" 1) and find ¢141 = [1®1] € Col"(C)®C_1(CP"!) under
our isomorphism from Proposition 2. Take h; to be the column vector with 1 in posi-
tion i and zero elsewhere. Then, in Col”(C) ® C(CP"~1,Row"(C)) 151 = [1 ® 1] corre-
sponds to h; ® h} summing over i. Using the isomorphism from Section 2.3 between
I't and C_1(CP" 1), e;51 = [1®1] corresponds to ; ®3; € Col"(C)® C_1(CP" 1)
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summing over i. Under the isomorphism, we adapt (5) to give ¢ : M, — C(CP"1),
fora = (Eli]') e M,

¢(a) =) (@09 ®ah;@0;) =) va;0;, (8)
i i

and this is the state evaluation map.

4. Connections on the Hilbert C*-Bimodule

We now have a formula (8) for the state evaluation map using bimodules, and we
would like to ask whether it is differentiable. To do this, we use a bimodule connection.
The first thing to do is to take the smooth functions as a subset of our Hilbert C*-bimodule
Col"(C) ® C_1(CP" 1) by setting E = Col"(C) ® C (CP"1).

4.1. Inner Product Preserving Connections on E = Col"(C) ® C*, (CP" 1)

We have generators of C®;(CP"!), the smooth sections of 7, given by 7; and a
projection matrix Q;; = v;0; so that 7;Q;; = v;. We specify a right connection

VE : Col"(C)®C_1(CP" 1) = Col"(C)®C_4(CP" 1) ® Qe
Ce(CPr-1)

for some I'"7;; € Q! (CP" ') and summing over repeated indices

VE(hi ® 17]) = hp X0 & quij . 9)

hy @Gy @ TP = hy ® 05Qsq @ TP = hp © 05 © Qsg TPy,
we can suppose without loss of generality that
TP1; = Qqsl¥sy; . (10)
Additionally, using 0; = 7,Q;
V(hi ®0;Qj) = hi ®0; ® dQjx + hy @ 53 @ TP;;Qj
=V(hi®@0k) =hy @0, 0Ty,
so we have
IP7i(0i — Qi) = 6piQqj dQjk - (11)
Thus, for a right connection (9) we require (10) and (11) to be satisfied.
Proposition 3. The connection (9) is a bimodule connection with

op: QL .(My(C)) ® E— ExQYCP'1)
M, (C)

extending to a bimodule map

0 : M, (C) ® M, (C) M@%C) E — ExQl(CP" 1)

by the formula, for E;; the standard matrix with 1 in row i column j and zero elsewhere

0 (Eqp ® Est ® h; @0j) = byihq @05 @ T
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Proof. The bimodule connection condition gives

op(dEst @ h; @ ﬁ]) = Vi (Esth; ® 5]) — E4VEe(h ® ?7])
= 04iVE(hs ®0;) — EstVE(h; @ 7))
= iy @0y @TPg; — Esthy @54 @ TP
= (5tihpfssr — 5,5,)]’15(5”') ®0g® F””’r]- . (12)

Note that 0% is explicitly a left module map and is extended to a right C(CP"~ 1)
module map by multiplication on the rightmost factor. Then, for the universal calculus, we
obtain dEs; = I, ® Est — Eg¢ ® I, and summing over k

@'E(dEst ®hz ®5]) = &E(EPP ® Egt ®hl ®Z7]) — &E(Est ®EPP ®hl ®5])
= 01ihy0y @ TP1,i05 — B1p0yihs ® g @ TP,

which agrees with (12). O
The curvature of the connection is given by
Re(hi ® ?7]') =([{d®d+VeAid)Ve(h; ® 77]')
=hy®0;® dTP1;; + hs @ 0; @ T py ATPT;
= hp ®0;® (dl"Wij + TP A FStij) .
We set quij = dl"Pqi]. + TP A rSti]' SO
Re(h; ® 77]') =hy ®0;® quij . (13)
Using (22) and where E;; is the matrix with 1 in row p column ¢ and zero elsewhere

Re(Eqh; ® 77]) — ExRe(h; ® 77]) = 5tihp X Vg & qurj — Ertl’lp ®T3® quij

We see that the curvature is not necessarily a left module map, though by general
theory it must be a right module map.

We require two additional properties of our connection: that it preserves the inner
product (7) and that it vanishes on e; ¢ 1. The inner product from (7) gives

(hs @ 01, h; @ T;) = J5017; (15)
and for the connection (9) to preserve the inner product, we require

8is d(0¢0;) = (hs @01, hy @ 0g) TP + (TP54) " (hy @ 0g, h; @ 0;)
= spvtﬁql"pqij + (qust)*épivqﬁj . (16)

We also need for Ve(e151) =0
0=Ve(h®7) :hp®z7q®l"’7‘7ﬁ (17)
SO Ff’qii =0.

4.2. A Simple Example of the Connection

Here, we find a simple example of a connection satisfying the previous conditions in
Section 4.1. From (10), we have T'*1,; = v,CF;s where CF,s = 5]-1“7”]rs. Now, (11) becomes

0 CPij(6jk — Qjk) = 0,ivq¥s d(vs7y)
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and as this is true for all 4 we deduce, using the relations for al(cp—1
Cp,‘]'(é]'k — Q]k) = 5pi65 ( dos 0 + vs d5k> = 5pi doy . (18)
Additionally, (16) gives

Sis dQyj = 0spvi0qvg CPij + 04 (CPst)" 6pivg7j
= 8501 CPij 4 0pi03(CPat)” = 01 Cyj +95(Cla) (19)

Thus, we have for a right connection (18), for metric preserving we obtain (19), and
for V(e1 1) = 0 we obtain CF;; = 0. The curvature is

RE(hl' &® ?7]) = hp Q07 ® (d(?}q Cp,']') + UqUthst A Csij),
and using 0q = Uy, 0y, Ty

RE(l’li X 27]) = hp RO K Umﬁq(d’()q N CPZ.]. + vy dC”i]- + 40t CPg A Csi]')
= hp X O @ Uy ( dC”,»j + 0 CPg A Csi]*) . (20)

To simplify this further, from (18), we write
CPi = CPij(0jk — Qjk) + CPij Qjk = bpi dvy + CFj 00y,

we set D,; = CP;v;, and then CPy = §,;d0y + D,; 0r. Now, (18) is automatically true
and (19) becomes

dis( dvtﬁj + vt dﬂj) = v;(Jg; dZ7]' + Dsiﬁj) +7; (6is A0t + Djs0¢)*
= 6;(v¢ dﬁj +0; dovy) + vtﬁj(Dsi + (Dis)") -

We conclude that for matrix D, we have (19) if and only if D* + D = 0 as a matrix.
Next, we require

CPii = 6, d0; + Dp;0; = dop + Dpi5; = 0. (21)
Finally, we put
D, = —dopv; + doviop + Gy -
Now, we have from (21)
D,i0; = —dop + G0,
so we have the condition G,;0; = 0, and
(Dip)* = —dv;gp + dopv; + (Gip)*

so D* + D = 0 if and only if G* = —G. Now, we calculate the bracket in the formula for
the curvature in (20). This is

dC”,-]- +CPsror A Csij = 7; (Gps A Gg; — UiGps A dos + Up dous A Gg; + dei — do; A dﬁp) .

We can simplify the curvature while satisfying all of our conditions simply by putting
G =0, to give

Re(hi ®@0)) = hp @ Oy @ 0 0;d0, A dv; = hy @0} @ do, A do; . (22)
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For completeness we calculate

IP15 = v,CP s = 04 (8pr dTs + Dy Ts)
— Z)q (5pr d'gs + ?75(— dﬁpvr + dvrﬁp))

and from (13)
quij = 5,1]' dﬁp A do; . (24)

5. Differentiating Positive Maps

We wish to extend the map ¢ : A — B defined by ¢(a) = (¢, ae) in (8) to a map of
differential forms ¢ : QO — QF. A theory of how to do this is set down in [3], (using
left instead of right connections), but it assumes conditions on the curvature that we do
not have and results in a cochain map, so we need to be more careful and give a more
general account of the theory, beginning with how o extends to a map of differential forms,
with general algebras A, B, and bimodule W.

5.1. General Theory of Extendability and Curvature

We begin with a right handed version of Lemma 3.72 in [3]. For algebras A, B with
calculi, we suppose that (Vy, o) is a bimodule connection on an A-B bimodule W.
The curvature Ry of a right bimodule connection must be a right module map but not
necessarily a bimodule map.

Lemma 1. Given an A-B bimodule W with a right bimodule connection Vyy : W — W @5 Q)
and oy : Q}q RaW — W®p Q}g,for the curvature, we have

Ry(ae) —aRy(e) = (ow Nid)(da®@ Viy(e)) + (id® d+ Vi Aid)ow(da®e)
cRw (ae) — caRy(e) = (ow Nid)(cda® Ve) + (id® d+ Viy Aid)ow(cda ®e)
—(ow A id)(id®ow)(de® da®e) .

Proof. By definition of Ry

Ry (ae) = (id® d + Vg Aid)Viy(ae)
(id® d+ Vi Aid) (ow(da®e) + a.Viye)

(id® d+ Vw Aid)ow(da®e) + (ow Aid)(da ® Viye) +a.Ryy(e) .

Now, multiply the first equation in the statement by ¢ € A to obtain
cRy (ae) — caRy(e) = (e Nid)(cda® Vye) +c(id® d + Vi Aid)ow (da®e),
and use the definition of oy again to obtain the second equation. [

The following definition is a right version of extendability from [3].

Definition 9. Given an A-B bimodule W with a right bimodule connection Vyy : W — W @5 Q}
and oy : QY @4 W — W @5 Qb, we say that (Vyy, o) is extendable if oy extends to a map
ow : V) @4 W — W ®p Qp such that for all ¢, 1 € Qa

ow(@An®e) = (owNid)(id® o) (E@y®e) . (25)

Corollary 1. The oy in Lemma 1 is extendable for the maximal prolongation calculus ()} if and
only if, for all ¢;, a; € Awith) ;c;da; =0 € Q}q

Z (ciaiRW (8) — CiRw({Zie)) =0. (26)

i
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Proof. To defineamap o : Qi QAW = W®g Q% by (25) where ¢, 77 € Ql,, we require the
RHS of (25) to vanish for all { A = 0 (summation implicit). This is easiest if we have as
few relations ¢ Ay = 0 as possible; thus we consider the maximal prolongation. In more
detail, if we have }_ c;da; = 0 in Q% then ) dc¢; ® da; is in the kernel of A and we then
have from Lemma 1

Y (ciaiRw(e) — ciRw(aje)) = ) _(ow Aid)(id ® o) (de; © da; @e) . (27)

i
Thus, we need to show that for all }_c; da; = 0 we have the LHS of (27) vanishing. O

Corollary 2. Either of the following conditions imply the condition (26) in Corollary 1:

(a) Ry is a left module map,
(b) Q}L‘ is the universal calculus.

Proof. (a) is obvious from Corollary 1. For (b), by definition of the first order universal
calculus, we have

Zcidai =¢®a;—cit;iR1EARA
and if this vanishes, then so does the LHS of (27). O

Now, we assume extendability for oy and work out the consequences.

Proposition 4. Given the conditions of Lemma 1 and assuming that oy is extendable, the map
Sw: QY @4 W — W QE defined by

Sw(g@e) = (ow Aid)(§® Viwe) — (id ® d + Viy Aid)ow (§ @e)(—1)
+ow(dg@e)(—1)F (28)
is a well defined bimodule map, and
SwENk®e) = (ow Aid)(id ® Sw)(E@k ®e) + (=1)H (S Aid) ([d@ o) (E@x®e) . (29)
For the derivative of Sy, we have
vilg — Sw(d = —(=D)lEl(Sw Aid)(E® v
R w(G®e) —Sw(dg®e) (=1 (Sw Aid) (¢ ® Ve)
+ (=1)El (o Aid) (id @ Ryy) — (Ryy Aid)ow) (30)
Proof. To check that it is well defined, we use

Sw(fa®e) = Sw(¢ @ae) = —(ow Nid)(E®ow(da@e))
+ow((d(Za) - (dg)a) @e) (1)
=—ow(lANda®e)+ow(l A da®e)=0

by Definition 9. To check that it is a right module map we use, where oy ({ ®e) = f @y
S(E@ea) —S(E@e)a= (o ANid)(E®e® da) — (id® d)(ow(E @ e)a)(—1)!

+(([d® d)ow(G@e))a(-1)l
= foyAda—f®d(na) (-1 + f@ dga(—1)l
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To check that it is a left module map we use

(—1)El(S(ag®e) —aS(E@e)) = —(Vw Aid)(a.ow(E®e)) +a(Vi Aid)(ow(E®e))
+ow(d(ag)®e) —ow(a.dZ®e)
=—-Vw@af)An+aVw(f) An+ow(danie)
=—ow(da® f)Ayp+ow(dani®e)=0.

To verify the product rule for Sg, consider
Sw(EAk®e) — (ow Aid) (id® Sw)(f @Kk ®e),
and use the Leibniz rule for d and extendability. For the last formula (30), we use
Sw(da®e) = Ry (ae) —aRy(e) (31)

and standard manipulations. Recall that Ryy is not necessarily a left module map, but use
of (29) shows that (30) is well defined on Q4 ®4 W. O

_ Now suppose that A and B are *-algebras with *-calculi. Given an inner product (, ) :
W ®4 W — B, which is preserved by Vyy, we extend ¢ : A — B defined by ¢(a) = (¢,ae)
where Viye = 0to ¢ : O — QF by

¢(¢) = ({)@id)(e@ow(@e)) . (32)

Under the more restrictive conditions where Ry is a bimodule map [3] ¢ would be a
cochain map. However, more generally we find a correction term.

Proposition 5. Assume the conditions of 1 and that oy is extendable. If Viye = 0 and Vyy
preserves the inner product then

dp(¢) = ¢(dZ) — (-1 () @id) (@ Sw(E@e)) . (33)
Proof. Apply (28) to the formula obtained by differentiating (32). [

In Proposition 1, we see that under the condition of Lemma 1 there is a functor @ W
from £4 to Ep, using the specified connection on the tensor product. We would like to
calculate the curvature of this tensor product connection, but as we noted before the
curvature of W is not necessarily a left module map, so we need more generality than in [3].

Proposition 6. If F € £4 and (Vy, o) is an extendable right bimodule connection on W €
AM p then the curvature of the tensor product connection is

Rrgw =1d @Ry + (id®@ ow)(Rp®id) + (id ® Sw) (Vr®id)) . (34)
Note: The first and last terms are not well defined on F ® 4 W, only their sum is.

Proof. Standard manipulation. O

5.2. Applications to the State Map on Matrices

We return to our specific case of matrices, projective space and bimodule E. As we are
using the universal calculus for matrices, by Corollary 2 we know that g from Section 4.1
is extendable. It will be convenient to extend the domain of definition of o given in
Proposition 3 from QL .(M,) to Q"™ -1(M,,), etc.

uni
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Proposition 7. Regarding Q"1 (M, (C)) as a subset of M, (C)®™, we find the formula

or:MS™ ® E— E@Q"l(cPY)
M,(C)

which restricts to the extension of

or : Q"1 (M, (C)) M% E— E@Qm Y(CP" 1)

from Section 4.1 given by

08 (Eayp, @ Eaypyy @ - .. @ Egy,, @ 1 @6;) = Oy hay @ gy @ T, 0 AT2%20 0 AL

NN rbnf—l qm_lﬂmj .

Proof. By induction. From Proposition 3, the formula works for m = 2. Assume that it
works for m, and then for m +1, given & € Q! (M, (C))and 7 = Ej,, ® Egyp, @ ... @ Eg 1y
€ O (Mu(C))

uni
OE(EA @ h; ®0)) = (id @ A)op(§ A1 @ hi @0;)
= (op Nid)({ ® 0 (1 ® h; @ 5;))
= 0p,i O (E @ gy @ Tgy ) AT 00 ATP202 0 A e AT ot

Now, put { = E,, ® Es to obtain

TE(EAY @i @) = 8, 0F (Eqp @ Est @ hgy @ g, ) AT g0 ATPR2 0 Ao ATt

= 0p,,i Otay ha ® Tgy ® rbqosql A rblqlnzqz Ao ATPn q'"fla,,,j

and this is exactly what the formula gives on applying 0 to § Ay ® h; @ 7; given

E;p ® Est M@é(C) C = 5tu1Eab ® Esb1 ® Eazbz ®... Eambm :

O

We can now extend the state evaluation map ¢ : M,,(C) — C(CP"~!) from (5) and (8)
to forms by using (32).

Corollary 3. The function ¢ : Q"-1(M,(C)) — Q"1 (CP"*~1) is given by

uni

_ = b Dy—1Gm—
¢(Eu1b1 ®...® Eambm) - v”lvq1r 1ql“ZqZ ARERAY b 1 1Flmb

m

summing over qi, ..., qm—1-
Proof. Summing over i, j,

P(Egp, @ ... ®Eqp,) = ((,) ®id)(id ® %) (hj ®0; @ Epp, ®...®Eq,p, Qi ® ;)
= Op,i(hj @ 0j hay @ 77‘71>rb1q1f12‘12 A rbzqzﬂws ARRENA rbm_lqm_lumi

Y b by 1Gm—
= ébmié]«ﬂlijq]r 1q1”2q2 A 1" 2‘72u3q3 A A 1" m—19m 1ﬂmi .

O

Proposition 8. Similarly to 6, we can calculate an extension Sg of Sg to M, ® My, instead of
just Ql . (My), giving

uni

SE(Eah ® Evt @ hi @ 0j) = 8iha @ 04 ® qur],
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and this extends to higher forms by

§E (Ealhl ® Eazbz ®...Q0Eq b, ® hi ® 77]) = 0p,i hgl ® Vg, ®

b b by—1 Gm— .
T 1171a2q§/21* 2‘12a3q3 /\b.../\X m—14m 1zm]+._.
_|_(_1)m— T 1111112172 A X 2‘12a3q3 A ATOm=1m-1

m] 4
m—2vyb b by — _
_|_( 1) X1q1a2q2/\r2q2a3q3A---Ar’"1%1 1,

mj
where the wedge products alternate in sign and contain exactly one X factor.
Proof. We use (14) and (31) to find the first equation, using
EapSe(dEs @ hi @ 0;) = Sg((Eqp ® Ert — Eat @ 16p,) @ h @ 57) (35)
The rest is a proof by induction, similar to Proposition 7 using Proposition 4. O

6. Matrix Modules and Sheaves on CP" !
6.1. Differentiating the State Evaluation Map

We would like the state evaluation map extended to forms in Corollary 3 to be a
cochain map, i.e., d¢(&) = ¢(d¢&). However, Proposition 5 gives an additional term that
we must evaluate.

Proposition 9. For the usual calculus on projective space, the state evaluation map (8) is not a
cochain map to the standard d calculus on CP" 1,

Proof. Using Proposition 8 and (24), we evaluate the last term in (33)

((,)®id) (101 @ SE(Eap @ En @ e101)) = ({,) @id) (7 @ 0 SE @(Egp ® Eyt @ h; @ 9;))
= <hk ® Tk, ha @ 77q>5ti quri

which is nonzero. Now, if b # 7, then E;, ® E;+ € Ol (My). O

uni

This may seen disappointing, but it is an opportunity to consider the holomorphic
structure or projective space. From Definition 8 and using (22), we see that
E = Col"(C) ® C_1(CP"~1) with the connection in Section 4.1 is a holomorphic bundle
over CP"~1.

Theorem 1. For the 0 calculus on CP"~1 and the universal calculus on M,, the state evaluation
map (2) and its extension to forms in Corollary 3 is a cochain map.

Proof. Proposition 5 will give the result if the Sg then gives zero in the d calculus. This can
be seen from Proposition 8 and (24). O

Using the d calculus on CP"~! raises the possibility that the bimodule E = Col"(C)
® C_1(CP"1) could be use to give a functor from M, modules on CP"~!. First, we need
to consider M,, modules with connection.

6.2. Connections on Right Modules over M, (C)

In this subsection and the next, we take r; € Row” (C) to be the row vector with 1 in
position i and zero elsewhere.

Proposition 10. Tuke the right M, (C) module F = V ® Row" (C) for a vector space V, with ac-
tion given by the matrix multiplication

(Z)@T’i) <]Ejk = v®rk(5ij .
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Then, a general right connection Vr for the universal calculus on M, is

Ve(o®r1;) € V®Row"(<(:)1§> Ql (M) C V@Row"(C) @ M, ® M,

My
and using the fact that every 1-form on My, can be written as a sum of Egj. dE,;, we can write

rlo®@r;) ZL],, ) ®@7;® dE; (36)

for linear Ly, : V — V with _; Lj;(v) = v. The curvature of the connection is

F(0®@r) =Y Lap(Ljp(v)) ®ra ® dEyj A dEy; .
abjp

Proof. By using the Row" (C) ®p;, M, = Row" (C), we obtain

(V®@Row"(C) ® Ol

uni (

where K = ker - : Row" (C) ® M,, = Row" (C). We write summing over j, p, g,
VE(©®1) = Sijpg(v) @1, @ Epg

and for this tobe in V ® K we need S
also write

ijpg(0) @ 6jprg =0, i.e., Y Sijjg = 0 for all i, g. We will
VE(0®7i) = Sijpg(v) ®7;® dEpg .

and these are the same under the isomorphism as

Sijpq(v) @7j(In ® Epg — Epg © I) = Sijpq(0) @1 @ Epg = Sijjg(0) @19 @ .

The condition to be a right connection is, for all i, s, t,
Ve(v®7riEst) = V(o@1;)Est +v@71; @ dEg

which gives, summing over j, p, q

0isStjpg(0) @1 @ Epg = Sijpg(v) @1 @ EpgEst + v @1, @ Est — 030 @11 @ 1 .

This has general solution

Sijpg(v) = —0ij0pq + SigLjp(v),
where ), Ljj(v) =v. O

If we take p1, M to be the category of left M, modules and module maps, then there is
a functor p, M — &y, to the category of right M,, modules with right connections for the
universal calculus. This is given by V — V ® Row” (C), and this is given the connection in
Proposition 10, where we define L;;(v) by the right action E;; >v = L;;(v). The condition
YjLjj(v) = vis simply I, >v = v. Note that this will not give the most general L;; for
Proposition 10, but the restriction to certain Lij is what we need in the next part.

6.3. Induced Holomorphic Bundles on CP"~1

From Proposition 1, we know that there is a functor ® E from &y, to E¢(cpn-1y- At the
end of the last section, we had a functor from j;, M to €, and of course these can be
composed. However, we know that the state evaluation map ¢ is not a cochain map for
the ordinary calculus on CP"~! (using the choice of connection in Section 4.2), but it is for
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the 0 calculus. It is then natural to ask if we obtain a functor into holomorphic bundles on
CP"~1. We use 7t/ for the projection from Q*/ to Q.

Given a connection for the calculus Q"(CP"~!), we can obtain a d connection
(see Section 2.5) simply by composing with 7%!. Then, to ensure that F @y, E is a ho-
momorphic bimodule, we require that the Q%2 part of its curvature Rf ¢  vanishes.

Proposition 11. The Q%2 component of the curvature of F @y, E is

(ld ® 7T0’2)RF®E(U R ®h; ® Z)')
=Y LeaLys(v) ® 0 ® 840405 © ddig A oy, — ZLca ) ® 0 ® v,0; @ dog A doy

abs

+ Z LCng,z(T)) W0 Q0 @ do, A doy,
ab

and in particular, if LegLes = OgeLcs then (id ® ") R g = 0.

Proof. From Proposition 6, Rr g splits into three bits, and the id ® R term does not have
a do; A do; part as computed in (22). By Proposition 8 and Equation (24), the last term in
the formula for Rr » g in Proposition 6 does not have a 002 part either, so we are left with

(id® ") Rpe e = (i[d® 7°?) ((id @ 0p) (Rp @id)) -
Using (12) twice, we obtain

(id ® 7'[0’2)(7( dE,]b A dEg ® ]’ll‘ & '(7])

= E (6t,v(557z5bp5aghg — (sti(ssy(sbg(sgphg — 5}p5,‘i5b55gghg + 5[’;(5,1‘(5178595}1“) ® ?7] X no’z(rgfeq A ]"er)
page

= Z (5tifssr5bp5uehg - 5ti(55r5bgfsephu - (srpfsri‘sbsfsaehg + (Srp(sriébg&esha)
pgefr

X0 @UfVe dﬁq (75,,,, dﬁj +0;vr dﬁp)
= Zh ®0; ® (80405 dg A Ay — Ops040; dTg A ATt + bagusv; ATy A ;)

= Zh @ ) @ (01i0eg0pfVaVs — OpsOegdtfUa0; + baglpedyrvsv;) dBe A Aoy (37)
gef

taking only the do A do component.
We are left with, using (37)

(id® ) RrgE = (id® %) ((id ® 0¢) (RF ®id))
= (id®@°?)(id @ og) (RE(v @ 1) ® h; © 7))
= (id ® 1°?) (LeaLps (v) ® re ® 0p (dEgp A dEst @ h @ 7))
= Y (Laly(0)®@rc®@hy®@7;®
gefabsc
(8ti0cgOp fVaUs — OpsOegOtfVa0i + Oagdpedifusvi) de A diy, (38)

and for this to vanish, we need for all t,7,j, g, c,

efabs

=Y LeaLps(v) ® 0 ® 80,05 © dog A dy, — ZLW ®0; ®v,0; @ ddig A doy

abs

+ Y LegLipa(v) @ 3 @ v,0; @ Ay, A do; . (39)
ab
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If LegLes = JgeLcs; then, the result of (38) is

Z Les(0) ® Ogp ((5ti(5€g(5bfvavs — 5b55€g5tfvavi + 5ag(5he(5tfvsvi) da, A dﬁf

efabs

= Z LCS(T)) X ((Stiéegéufvavs — 5a5(5@g(5tfvuvi + (5ag(5ue(5tfvsvi) dd. A d'(7f
efas

= 2 LCS(Z)) & Vg (‘Sti‘safva - 5,155th,' + 5ag5tfvl-) dﬁg N d"Uf
fas

=04 Y_ Les(v) ® w505 doig A dop = 0.
fs

O

Note that the conditions }; L;;(v) = v, and that in Proposition 11 they correspond
to L;; being the left action of the matrix unit E;; in a representation of M,,(C) . Set F =
V @ Row" (C) as in Proposition 10, then

F ® E=V®Row"(C) ® Col"(C)®C_1(CP"1).
M, (C) M, (C)

For w € V, using (9), Proposition (10) and (12)

Vige(w®r,@hi@7;) = (id®@og) (VE(w ®@7,) @(hi @ 5j) + w @71, @ VE(h; @ 55))
= Lps(w) ®@1p @ 0p(dEsg @7 @0;) + w71, @ hp @ 0y @ TP
= Lps(w) @ 1p @(04ihtdsr — dathsdyi) @ 0y @ TP
+wRr, @hy @7, TP

= 84iLpr(w) @ 1p @ Ty QT + w @ 1, @ hy @ 0y @ TP
— Lps(w) @1p @ hs ® 0y @ T

= (Gailpr(w) @1y @ ht + W @74 @ hyby,
— 8yitaLps (w) @1y @ hs) @ Ty @ T,

Note Row" (C) @, Col"(C) = Cby r, @ h; +— 6, € C. Look at the last two terms of
the last line of (40) using this isomorphism

(w Oatdri — 5ri5taLps (w)éps) X0y & rtqr], = (w Oat — 5tu5psts(w)) XT3 & rtqij =0

by Proposition (10). Thus, we can use the isomorphism to give a connection on F ®y, E =
V ®C_1(CP" 1) given by

V(w®0;) = Ly (w) @0, @ TP, .
Corollary 4. For the special case of the connection in (23), we find

V(w® ;) = Lpr(w) @ 85 @ 04 (6pr d0; — 70, ATy, + 0,0, doy)
= W® Ty ®v,do; + Ly (w) @ 0y @ 040;(0p A0y — v, dD)p)
= W® Ty ®0,do; + Ly (w) @ 0;(0, A0y — v, dTp), (40)

and this splits into a d and a d connection

Iy (w®7;) = Lyr(w) @ 0; @0y doy

Iy (w®7Tj) = w® Ty ®vyddj — Ly (w) @7 @0, dd), . (41)
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Proposition 12. The composition of the given functor @ E : Eym,, — Ec(cpn-1) and the functor

in Section 6.2 p;, M — Ewm, gives a functor from py, M to holomorphic bundles on CP"~1. It is
given by V mapping to V @ C_1(CP"~1) with the dy connections given in Corollary 4.

Proof. The category of holomorphic bundles is given morphisms being module maps
commutating with d operators as in Section 2.4. Most of this has been proved in the
discussion previously. We explicitly check that we have a functor, i.e., that a M, module
map 6 : V — Y gives a commutating diagram

V®C_1(CP' 1) s V@ C_y (CP'1) @ cpr) Q1 (CP 1)

9®idJ{ 9®id®idJ{

Y®C1(CP* 1) —— Y ®C_1(CP" 1) ®c(cpn-1) Q¥ (CP" 1)

dy

which happens because the L, maps commute with 6 in the formula (41). O
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