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1. Introduction

Let QO C RN (N > 2) be a bounded domain with a C>-boundary 9Q). In this paper, we
study the following parametric anisotropic Dirichlet problem (P, )

{ —Bpu(z) = Mu(2)[PD2u(z) + f(z,u(z)) inQ,
Ll|aQ =0, u>0.

For p € L®(Q) with 1 < essQinf p, by Ap(;) we denote the anisotropic p-Laplacian
differential operator defined by

Ay = div (|Du|?®=2|Du)  vu e WyPP ().

Problem (P,) is a perturbation of the eigenvalue problem for the anisotropic p-
Laplacian, with the perturbation f(z, x) being a Carathéodory function, which exhibits
(p(z) — 1)-sublinear growth as x — +oo.

Our goal in this paper is to give a complete description of the set of positive solutions
of problem (P, ) as the parameter A varies on the positive semiaxis (0, +c0).

In the past, such perturbed versions of eigenvalue problems, were studied only in
the context of isotropic equations. We mention the works of Papageorgiou-Radulescu—
Repovs [1] (semilinear Robin problems), Papageorgiou-Rddulescu—Zhang [2] (nonlin-
ear Robin problems), Papageorgiou—Scapellato [3] (Dirichlet (p, 2)-equations), Gasifiski—
Papageorgiou [4] (weighted (p, g)-equations). To the best of our knowledge there are no
such works for anisotropic equations.

The reason for this gap in the literature is that the spectrum properties of the p(z)-
Laplacian can be very “bad” depending on the exponent p(-). This is illustrated in the work
of Fan—Zhang—-Zhao [5]. These difficulties are a consequence of the fact that the anisotropic
p-Laplacian is not homogeneous and so many of the tools and techniques available in the
isotropic case fail in the anisotropic one. Nevertheless, under a monotonicity type condition
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on the exponent p(-) and using the results of Fan-Zhang—Zhao [5], we are able to give a
precise description with respect to the parameter A > 0, of the set of positive solutions.
Moreover, we show that there exists a smallest positive solution and we determine the kind
of dependence on the parameter A > 0 of this minimal solution.

The p(z)-Laplacian has many physical applications. This includes usage in electrorheo-
logical fluids, which are fluids that can solidify into a jelly-like state almost instantaneously
when subjected to an externally applied electric field of moderate strength with stiffness
varying proportionally to the field strength. This transformation is reversible and once
the applied field is removed, the original flow state is recovered (Winslow effect). Such
processes have been modelled by using anisotropic operators (see Rtizicka [6]).

Because we look for the positive solutions, the problem is by its nature asymmetric.
All the conditions on the reaction concern the positive semiaxis R.. However, even in its
framework we should mention another asymmetry of the problem. Namely, the reaction
f(z,)is (p(z) — 1)-sublinear near +o0, but (p(z) — 1)-superlinear near 0". This different
behaviour of f(z, -) at the two ends of R, is the reason that leads to a complete description
of the set of positive solutions as the parameter A > 0 varies.

2. Mathematical Background Hypotheses

The analysis of problem (P,) uses variable Lebesgue and Sobolev spaces. A com-
prehensive presentation of the theory of the spaces can be found in the books of Cruz
Uribe-Fiorenza [7] and of Diening—Harjulehto-Hasto—-Rtizicka [8].

Let

E; ={reC(Q): 1<r(z)forallz € Q}.

For every r € Ej, we set

r4 =maxr, r_ =minr.
(9] Q

By LO(Q), we denote the space of all measurable functions u: (3 — R. As usual, we

identify two such functions which differ only on a Lebesgue-null set of ().
For every r € Ey, the variable Lebesgue space L'(2)(Q)) is defined by

L&) = {M e L%(Q) : o,(u) = /Q lu|"® dz < +oo}.

We endow this space with the so-called “Luxemburg norm” defined by

‘ u lul r(z)
[l (z) :1nf{l9>0: Qr<l9> :/Q <l9> dzgl}.

With this norm, L"(*) () becomes a separable Banach space which is reflexive (in fact
uniformly convex). Let p’ € E; be defined by

p’(z):ﬂ Vz e Q

(that is ﬁ + p,%z) = 1for all z € Q). Then we have

L@ Q) = L& Q)*.

Moreover, the following Holder-type inequality holds:

" 1 1 2 /(3
/Q luh|dz < (p + p,) ull o) Il Vu € LPE(Q), h e LV & (Q).



Symmetry 2023, 15, 495

30f16

In addition, if ¢ € E; and q(z) < p(z) for all z € (), then the embedding LP(?)(Q) C
L9()(Q) is continuous.

By using the variable Lebesgue spaces, we can define the corresponding variable
Sobolev spaces. Consequently, if p € E, then the variable Sobolev space W*(Z) (Q)) is
defined by

W@ (Q) = {u e LPD(Q) : |Du| € LPP(Q)}

with Du being the weak gradient of . We endow this space with the following norm
||u||1,p(z) = ”u”p(z) + ”Du”p(z)/

where
HD””p(z) = ||[Du| Hp(z)'

Let C%'(Q)) denote the space of all Lipschitz functions from Q into R. Let p €
E; N CY%1(Q)). We define

W(},p(z) (Q) _ WH'”LP(Z)'

The spaces W'?(2)(Q) and Wé’p(z) (Q)) are both separable Banach spaces which are

reflexive (in fact uniformly convex). The Poincaré inequality holds for the space WS P (Q);
namely, we can find ¢y = ¢o(Q)) > 0 such that

1,
lillye) < coll Dullyey - V€ W™ ().
Therefore, on WS P ) (Q)) we can consider the following equivalent norm:
1,
) = Dl e € WP ().

Let p € E; N C%1(Q)). We set

Np(z) . o
p*(z) = ¢ N-p@) if p&) <Ny cn
+o0 if N<p(z)

This is the critical variable Sobolev exponent corresponding to p. Let r € C(Q)
satisfy 1 < r(z) < p*(z) (respectively 1 < r(z) < p*(z)) for all z € ). We have that
the embedding W&’p @) (Q) € L"®)(Q) is continuous (respectively compact). This is the
so-called “anisotropic Sobolev embedding theorem”. If p € E; N C%1(Q)), then

w79 (@) =W e ().

There is a close relation between the modular function ¢, (Du) = / |Du|P?) dz and
Q

the norm || - ||, which we specify in the next theorem.

Theorem 1. If p € Eq, then

(@) ||ul| = 8 = 0p(5) = 1;

() ||lu|| <1 (respectively = 1, > 1) <= 0p(Du) < 1 (respectively = 1, > 1);
© |[ull <1=[ul|P* < ¢p(Du) < |[ul|”~;

(@) [Jull > 1 = [ul|P~ < ¢p(Du) < [[ul|P*;

(e) ||u|| — O (respectively — +o0) <= 0,(Du) — 0 (respectively — +-00);
# ||lup — ul| = 0 <= 0p(Duy — Du) — 0.
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Let A,: Wy 7@ (Q) — W=17'(2)(Q) be defined by
(Ay(u), ) = /Q |DulP®=2(Du, D)y dz Y, h € WP ().

This operator has the following properties (see Gasinski-Papageorgiou [9]
(Proposition 2.5)).

Theorem 2. The operator Ap: W&’p @) Q) — W-Lr'(z) (Q)) is bounded (that is, maps bounded
sets to bounded sets), continuous, strictly monotone (thus, maximal monotone too) and of type

(S)y (that is, if uy, — u in Wol’p(z)(ﬂ) and limiup<Ap(un),un —u) <0, then u, — uin
— 00

WP (). '

The anisotropic regularity theorem of Fan [10] will lead us to the space

CH(@) = {u e C'(@) : ulpn = 0}.
This is an ordered Banach space with positive (order) cone
C, = {u e CHQ) : u(z) >0forallz € 6}
This cone has a nonempty interior given by

u

intCq = {u €Ct: u(z) >0forallz € O, g

<of,
o0
where §* = (Du, n)pn with n being the outward unit normal on 9Q.

Next, we recall some basic facts about the spectrum of (—A,,,), W&’p @) (Q2)). Conse-
quently, we consider the following nonlinear eigenvalue problem (E, )

—Apu(z) = Au(z)[PP2u(z) inQ,
ulaq = 0.

We say that A € R is an eigenvalue of the anisotropic p-Laplacian, if problem (E, ) has
a nontrivial weak solution i1, € Wg bz (Q)). Evidently,

0p(Diiy)

A=
(Pp(”/\)

> 0.

By A, we denote the set of eigenvalues of (E, ). In the isotropic case (that is, when p is
constant), then inf A = A1 (p) > 0, with A1 (p) being the first eigenvalue of (—Ap, Wol’p (Q))).
In contrast, in the anisotropic case, it can happen that inf A = 0. In order for inf A > 0 and
therefore to have a first eigenvalue A1 (p) > 0, we need to impose a monotonicity condition

on the variable exponent p(-).
We introduce the following quantities:

~

/\1 = ian,
fﬂﬁmuv’(z) dz Lp(2)
py = inf cue WP (Q), u#05, 1)
{ o 5 1P 0
~ QP(D”) 1,p(z) }
= W OQ), u#0;. 2
o= {2 W, @
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It is easy to see that

P=g <y < P+
P—&-]/{l\yl\P—

From Fan-Zhang-Zhao [5] (Lemma 3.1), we know that

ﬁl and ﬁ1§//il.

A1 >0 < 3y >0 < ji; >0.

Moreover, if N > 2 and there exists d € RN \ {0} such that for any z € Q) the function
t —s p(z + td) is monotone on T, = {t : z+ td € O}, then A; > 0 (Fan-Zhang—Zhao [5]
(Theorem 3.3)).

Let u,v: Q) — R be measurable functions, such that u(z) < v(z) for almostall z € Q.
We introduce the following sets:

u,0] = {he WS’MZ) (Q) 1 u(z) < h(z) <v(z) foraa.z € Q},
intc1 ) [u,0] — the interior of [u,v] N CL(Q) in C}(Q0).
Moreover, we define u™(z) = max{u(z),0}, u~ = max{—u(z),0} for all z € Q. We

haveu = ut —u~, |u| = ut +u" and if u € Wé’p(z)(()), then u* € W&’p(z)(ﬂ). If
hy,hy: 3 — R are measurable, then hy < h; if for all compact sets K C (), 0 < cx <
hy(z) — hy(z) for a.a. z € K. Finally, if X is a Banach space and ¢ € C!(X;R), then
Ky={ueX: ¢'(u) =0}

Our hypotheses on the data of (P, ) are the following:
Hp:p € C%(Q),1< p_ < ps < N and there exists d € RN \ {0} such that for all z € Q),
the function t — p(z + td) is monotoneon T, = {t: z+td € O}.

Remark 1. As we already mentioned, these hypotheses imply that A1 > 0.

H; : f: QO xR — R is a nontrivial Carathéodory function, such that f(z,0) = 0 for a.a.
z € O and o
(i) there exista € L*®(Q), g € C(Q), g+ < p—, such that

0< f(zx) <alz)(14x73"1) foraa.z € O, allx > 0;
(ii) we have that

. flzx)
xl—l>Too xl’(z)*l

=0 uniformly fora.a.z € ();

(iii) there exist T € C(Q)) with T4 < p—,§ > 0and ¢y > 0 such that
COXT(Z)_1 < f(z,x) foraa.zeQ,all0<x <4

(iv) for every ¢ > 0, there exists 6@ > 0 such that for a.a. z € Q, the map x — f(z,x) +
&oxP) =1 is nondecreasing on [0, g].

Remark 2. Because we look for positive solutions and the above hypotheses concern the positive
semiaxes (lack of symmetry) Ry = [0, +-00), we may assume without any loss of generality that
f(z,x) =0foraa z e Q,all x <O0.

We introduce the following two sets:

L = {A>0: problem (P,) has a positive solution},
Sy = setof positive solutions of (Py).
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3. Positive Solutions

In this section, we prove an existence theorem for problem (P, ), which describes the
set of positive solutions as A varies in (0, +0c0).

Proposition 1. If hypotheses Hy and Hy hold and A > Ay, then A & L.

Proof. Arguing by contradiction, suppose that A € £. Then we can find u € S;. The
anisotropic regularity theory of Fan [10] implies that u € C;. \ {0}. We have A,,ju < 0in
Q) and so Proposition A2 of Papageorgiou-Radulescu—Zhang [11], implies that u € int C.
Moreover, let if; be a positive eigenfunction for 7\1 (recall that 7\1 >0y >0
i1 > 0). Similarly, we have 7 € intC,..

Consider the Picone function R(#7, u)(+) defined by

R(f1,u)(z) = | Dty (2)7)| | Du >W@>1(Du@»D(;‘@Vfﬁ))RM

From Jaros$ [12], we know that
0 < R(iuy,u)(z) VzeqQ,

SO
LA{P(Z)

. 1
0 < ¢p(Dity) — /Q(—Ap(z)“)m dz
(using the nonlinear Green’s identity), thus
0< Raoy(i) — [ Aaf®
(see (2) and recall that f > 0), hence
0 < (A — A)gy (i)
IfA> /A\l, then we have a contradiction.
If A = Ay, then R(ify,u)(z) = 0 for a.a. z € () and so by Lemma 2.2 of Jaros [12],

we have
ﬁlDM = MDI//I\l,

D(”1> —0.
u

Hence, i17 = du for some ¢ > 0, a contradiction since f # 0. [

SO

Let

P _P-s
Ui m#l

Proposition 2. If hypotheses Hy and Hy hold and A < n*, then A € L.

Proof. Let F(z,x) = [; f(z,5)ds and consider the C!-functional ¢, : W P )(Q) — R
defined by

A z
o (1) = /Qp( )|Du| —/Qﬁ(tﬁ)p()dz—/QF(z,u*(z))dz.

On account of hypotheses H; (i), (ii), given e > 0, we can find ¢; = ¢1(¢) > 0, such that

F(z,x) < (—|x|’”(Z +c; foraa.ze, allx e R ©)]



Symmetry 2023, 15, 495 7 of 16

Forallu € Wé’p(z) (Q)), we have

or(u) > /Qi\DuV’(Z)dz—/ E|u|p(2)d2_62

p(z) o p(z)
1 A+e
g <P++;71P—>Q”(Du)_cz @

for some c; > 0 (see (2) and (3)).
Because A < #*, we can choose ¢ > 0 small so that
p,

+

p-
Consequently, from (4), we have

@A (1) = c30p(Du) — c,

for some c3 > 0; thus, ¢, is coercive (see Theorem 1).
By using the anisotropic Sobolev embedding theorem, we see that ¢, is sequentially
weakly lower semicontinuous.

Consequently, we can find u, € W&’p @) (Q)), such that

oa(up) = inf{ga(u) : u € Wy ()} 5)

On account of hypothesis Hj (iii), we have

0 4T@) < F(z,x) foraaze, all0< x <é. (6)

7(z)

Let if; € int C4 be an eigenfunction corresponding to A1 > 0. We choose t € (0,1)
small, so that

0< tiuy(z) <6 VzeQ. (7)
From (6) and (7), we have
. tP- N cot™
pa(tih) < —op(Dily) — =—gy (i)
p- T+
tP=  cot™ > ~
= (——= D)
<P MT4 ol

_ ( 1 Co )tpgp(pﬁl)_

- AqTotP-T
Because 74 < p_, we see that if we choose t € (0,1) even smaller, we have

pa(tiy) <O,

Pr(up) <0=9,(0)

(see (5)), thus u, # 0.
From (5), we have

(@h(up),h) =0 Vhe W'D (q),

SO
(Ap(uy), h) = /Q A@HPE 4 f(z,ut))hdz Vi e WP (Q). ®)
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In (8), we choose h = —u; € W&’p(z)(ﬂ) and obtain

Qp(DuX) =0,

souy =0,uy #0.
Then from (8), we have

Byt = /\“K(Z)_l + f(z,up) 20 inQ.

The anisotropic regularity theory (see Fan [10]) and the anisotropic maximum principle
(see Papageorgiou-Rddulescu—Zhang [11]), imply that uy € int C,. O

Corollary 1. If hypotheses Hy and Hy hold, then L # @ and Sy C intC..
Next, we show that £ is connected (an interval).

Theorem 3. If hypotheses Hy and Hy hold, 0 < y < A € Land u, € S, then y € L and there
exists uy € Sy, such that uy —u, € int C,.

Proof. We introduce the Carathéodory function EH (z,x) defined by

=

)+ fert) i <),
”(Z"‘)‘{ Hin(2) + Foun(z) i ua(2) < ©)

Let I?y(z,x) = fox@(z,s) ds and consider the C!-functional @y, : W&’p(z)(Q) — R
defined by

1 ~
. p(z) / Lp(z)
Pu(u) = / ) |Du|P\*) dz Ky(z,u)dz Yu e Wy"7(Q).

We have 1
@1(”) 2 *QP(DW — C4, (10)
P+

for some ¢4 > 0 (see (9)). By using Theorem 1, we infer that ¢, is coercive.
Moreover, the anisotropic Sobolev embedding theorem implies that ¢, is sequentially
weakly lower semicontinuous.

Therefore, we can find u;, € W&’p(z) (Q)) such that

Pu() = inf{@ () : u e WP ()} (11)

By using Proposition 4.1.22 of Papageorgiou—-Radulescu-Repovs [13] (p. 274), we can
find t € (0,1) small, such that

0 < ti(z) < min{u,(z),6} Vze Q.

Then, as in the proof of Proposition 2, because 74 < p_ and taking t € (0,1) even
smaller if necessary, we have

SO

(see (11)); thus, u;, # 0.
From (11), we have

(@, (), by =0 Vhe WP (),
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SO
(Ay (), h) = /ﬂ ku(zu)hdz W e WP (q). (12)
In (12), first we choose h = —u,, € Wg’p(z) (Q) and obtain 1y, > 0, u, # 0. Then, in (12)
we use the test function h = (1, —uy)* € W&’p(z)(Q). We have
(Ap(uy), (uy — ur)™)
= /Q (yuﬁ(z)_l + fz,up)) (uy —up) " dz
uh " 4 f(zup)) (uy —uy) " dz
A A 5’\(2) 1 P + d
(Ar(up), (e —upr)™)

(see (9) and use the fact that u) € S,), so

N

Uy S Uy
(see Theorem 2). Consequently, we have proved that
uy € [0,uy], uy #0. (13)
From (13), (9) and (12), it follows that
uy €Sy CintCy,

andsoyu € L. R
Let 0 = [|u) || and let §, > 0 be as postulated by hypothesis H (iv). We have

)—1 1

yui(z)_l + f(z,uy) + Eguz(z)_
Aui(z)_l + f(z,up) + Eguﬁ(z)_l
= Ay + Gl (14)

z  pz
_Ap(z)uy + gpuy

N

(see (13), hypothesis Hj (iv), and use the fact that u, € S)).

Note that 0 < (A — ;4)u§(z)71 (since uy, € int C). Consequently, from (14) and Propo-
sition 2.5 of Papageorgiou—-Radulescu-Repovs [14], we infer that uy —uy, € intCy. [0

Next, we will produce a lower bound for the elements of S,. To this end, note that
hypotheses Hj (i), (iii) implies that we can find ¢5 > 0, such that

f(z,x) = cox™® 1 —e5xPB 1 foraa.ze O, x> 0. (15)

This unilateral growth estimate leads to the following auxiliary problem

(16)

—Apyu(z) = cou(z) &1 — csu(z)P@-1 inQ,
ulpgn =0, u > 0.

In the next theorem, we show the existence and uniqueness of solutions for prob-
lem (16).

Theorem 4. If p € COY(Q) with 1 < p_ < p4 < Nand Tt € C(Q) with T4 < p_, then
problem (16) has a unique positive solution u € int C.

Proof. First we show the existence of a positive solution. To this end, consider the C!-
functional ¢: Wg’p @) (Q2) — R defined by
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1 c Coc
o(u) = —Du’”(z)ﬂlz+/—51ﬁr ’”(Z)alz—/—otﬁr ™) 4z
0= [ 5 /Pw o) oz )
forall u € W&’p (z)(Q). Because 17, < p_, it is clear that o is coercive. Moreover, it is

sequentially weakly lower semicontinuous. Consequently, we can find u € W&’p @) (Q),
such that
o(@) = inf {o(u) : ue WP (Q)} < 0=0c(0) (17)

(because 74 < p_),sou # 0.
From (17), we have

(@ @),h)y =0 Vhe WD),

SO

(Ap(a),h) = /Q (co@")™ @1 — s (@H)PENndz vhe WP (Q).

Choosingh = -1~ € Wé’p ) (Q2), we obtain > 0, u # 0. Consequently, we have

—Ay i = cout @1 — P in Q.

p(z)

From the anisotropic regularity theory, (see Fan [10]), we have # € C \ {0}. We have
—Ap(z)ﬁ-l— C5ﬁp(z)_1 >0 inQ),

so i € int C (see Papageorgiou-Rddulescu—Zhang [11]).

Now we will show the uniqueness of this positive solution. Suppose that v €
Wg #E) (Q)) is another positive solution of (16). For this solution, we also have 7 € int C..
Then, by using Proposition 4.1.22 of Papageorgiou-Radulescu—Repovs [13] (p. 274),
we have

€L®(Q) and % € L%(Q). (18)

SITRN

We introduce the integral functional j: L'(Q)) — R = RU {400} defined by

1 1
i) = { Jo D Pz ifu>0,ut e WP (),
+o0 otherwise.

Let domj = {u € L'(Q) : j(u) < +oo} (the effective domain of j). From Taka¢-
Giacomoni [15], we know that j is convex. Let h = ™ — 7"+ € C}(Q)). Then, by using (18)
we see that for t € (0,1) small we have

u™ +thedomj, T +the domj.

Consequently, we can compute the directional derivatives of j at #™ and at 7™ in the
direction h. A direct computation using the chain rule and Green’s identity gives

L 1 —A, U
J@) ) = E/o ﬁri’(_zi hdz
= % Q(CO—C5ﬁP(Z)*T+)hdZ,
" 1 AV
7@ () = E/Q ﬁTf(_Zi hdz
1

= E a0 (CQ — cﬁp(z)_u)hdz.
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The convexity of j implies the monotonicity of j'. Consequently, we have
0< / cs (517(2)*@ — gP(Z)*U) (@™ —7™) dz,
Q

and thus # = 7. This implies the uniqueness of the positive solution of problem (16). [
This solution provides a lower bound for the elements of S, A € £, as shown in the
next proposition.

Proposition 3. If hypotheses Hy, Hy hold, then u < u forall u € S).

Proof. Letu € S, C intC, and introduce the Carathéodory function ! (z, x) defined by

_ ) eox)TET —es(x)PET i x Cu(z),
Hzx) = { cou(z)PD1 —csu(z)PD-1 i u(z) < x. (19)

We set

L(z,x) = /Ox I(z,5)ds

and consider the C!-functional w: Wé’p @) (1) — R defined by

w(u) = Lu(z)z— z,u)dz
W = [ o Dul® iz [ Lz

1
> ;QP(D”) —Ce

for some ¢4 > 0 (see (19)); consequently, w is coercive (see Theorem 1).
Moreover, w is sequentially weakly lower semicontinuous. Consequently, we can find

e Wé'p(z)(ﬂ) such that
w(i) = inf{w(u) : u e WP (Q)}. (20)

Given v € intCy, because 74 < p_ fort € (0,1) small so that tv < u (recall that
u € int C+ and use Proposition 4.1.22 of Papageorgiou—Rddulescu—Repovs [13] (p. 274)),
we obtain
w(tv) <0,

w(il) < 0=w(0)

(see (20)), and thus & # 0.
From (20), we have

(@ (@),h) =0 Yhe W (),

SO

(A (iD), h) = /Q I(z,i)hdz Yh e WP (). 1)

We choose h = —ui~ € W&'p(z)(ﬂ) and obtain # > 0, i # 0.
Next, in (21) we use the test function h = (i1 —u)™ € Wg’p(z) (Q)). We have

(Ap(in), (T —u)*)y = /Q (cou™ @71 — c5uPE 1) (i1 — u) T dz
< [ flaw—utd
< (Ap(u), (F—u)™)
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(see (15), (19), and use the fact that u € S)), so i < u (see Theorem 2). Consequently,
we have

welou, u#£0. (22)
Then, (19), (21), (22) and Theorem 4 imply that & = u, so
u<su VYues,.
O
Let A* = sup L. From Propositions 1 and 2, we see that

nt= p;ﬁl <A <AL

P+

It is natural to ask about the admissibility of the critical parameter value. On this issue,
we have only some partial answers.
First, directly from Proposition 1, we have the following result.

Proposition 4. If hypotheses Hy, Hy hold and A* = Ay, then \* & L.
Another result in this direction is the following one.
Proposition 5. If hypotheses Hy, Hy hold and A* < yy, then A* € L.

Proof. Let {A,},eny € £ be such that A, A*. From the proof of Theorem 3, we know
that we can find u, € S, C intCy, n € N, such that

¢r, (1) <0 VneN,

SO

/Q p(lz)|Dun|”(Z) 4z < /Q pt)uﬁ(” dz + /QF(Z, un)dz Vn €N, (23)

Hypotheses Hj (i), (ii) imply that given ¢ > 0, we can find c; = c7(e) > 0, such that

F(z,x) < ELC) + 7217 foraa.z€ Q, allx > 0. (24)

p(z)

We use (24) in (23) and obtain

1 ] A+
/QM“D”MP( Jdz < /Q p(z)guﬁ(z) +cgoq(u) VneN,

for some cg > 0, so

*
/Q 1 |Dun|p(z)d2</ 1A +£|Dun|p(z)d2+68gq(un)

p(z) ap(z) m
(see (1)), and thus
Aty 1 (2)
(1 ” ) /Q ) |Duy |P*) dz < cgog(un). (25)

Our aim is to show that the sequence {1 },en C W&’p @) (Q) is bounded. So, without
any loss of generality, we may assume that

unll > 1, Huan(Z) >1 VneN.
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Recall that by hypothesis A* < yj. Consequently, we can choose € > 0 small so that

A* +¢€ < pj. Then, from (25), Theorem 1 and because the embedding WS”’ (2) (Q) C L13)(Q)
is continuous, we have
lun|P~ < collun || Vn €N,

for some cg > 0. Thus the sequence {1, },en C Wg’p(z) (Q)) is bounded (since g4+ < p—).
Consequently, we may assume that

Uy — Uy in W&’p(z)(ﬂ), Uy — 1, in LPE(Q). (26)

Because u, € S5, n € N, we have

(Ay (1), ) = /Q At D7 4 F(zun))hdz Ve WP (). 27)

In (27), we use the test functionh = 1, — u, € W& 24 (Q)), pass to the limitas n — +o0
and use (26). We obtain

HETM<AP(MH), Uy — M*> = 0,

SO
wy — u, i WP (Q) (28)

(see Theorem 2). From Proposition 3, we know that
u<u, Vnel,
so
u < Uy, (29)

and so u, # 0.
In (27), we pass to the limit as n — +o0 and use (28). We have

(Ay(1.), 1) = /Q WDy f(zu) hdz vh e WP (),
sou, €Sy« CCy (see(29))andsoA* € L. O

Remark 3. Propositions 4 and 5 are consistent with what is known in the isotropic case (when p is
constant). For that case, we have 0 < Ay = py = fiy and L = (0, A1) (using Picone’s identity, see
Papageorgiou—Rddulescu—Repovs [1]).

It is an open question what can be said about A* > 0 when

< 7\1 and 1 < A< Xl-
Consequently, we can state the following existence theorem for problem (P) ).

Theorem 5. If hypotheses Hy and Hy hold, then there exists A* & [%ﬁl,il], such that

(a) for all A € (0, A*) problem (Py) has at least one positive solution u, € int C;
(b) for all A > A*, problem (P, ) has no positive solution;
(c)if \* = Ay, then A* & Land if \* < pq, then A* € L.

4. Minimal Positive Solution

In this section, we show that for every A € L, problem (P, ) has a smallest positive
solution and we determine the continuity and monotonicity properties of the minimal
solution map.

Theorem 6. If hypotheses Hy, Hy hold and A € L, then problem (P)) has a smallest positive
solution Ui, € int Cy.
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Proof. From Filippakis—Papageorgiou [16] (Lemma 4.1), we know that S, is downward-
directed (that is, if uq,u» € S,, then we can find # € S,, such that & < uq, < up).
Consequently, invoking Theorem 5.109 of Hu-Papageorgiou [17] (p. 309), we can find a
decreasing sequence {uy },ecn C Sy, such that

infS, = inf u,.
neN
We have
(A (i), 1) = /Q Al 4 f(zun(2))hdz Vhe WPE(Q), neN,  (30)

S0
u<u, <up vneN (31)

(see Proposition 3). From (30) and (31), we see that the sequence {uy, },en C Wé’p(z) (Q)is
bounded. Consequently, we may assume that

up % @y inWPE(Q), w, — @y in LPE(Q). (32)

In (30), we use the test function h = u, — il € W&’p(z) (Q)), pass to the limitas n — +o0
and use (32). We have

nEToo<AP(””)'”” —1y)=0

SO
un — @, in WP (Q) (33)

(see Theorem 2). From (30), in the limit as n — o0, we have

(Ap(ita), 1) = /Q (AR 1 f(z amndz Yh e Wy (Q)

(see (33)), so
u < iy
(see (31)) and hence
iy €S, CintCy, Uy =inf§5,.
O

We consider the minimal solution map 8: £ — Cl(Q) defined by
B(A) =1, VYAelL.
We say that Bis strictly increasing if
0<pu<A = iy —ily€intCy.
The next theorem indicates some monotonicity properties of 8.
Theorem 7. If hypotheses Ho and Hy hold, then
(a) O is strictly increasing; and

(b) § is left continuous.

Proof. (a)Let0 < u < A < A*andletify € S, C intC, be the minimal positive solution
of (Py). According to Theorem 3, we can find u, € S, C int Cy, such that
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Because L/l\}, < uy, we have

so 0 is strictly increasing.
(b) Let A, > 0, A, /A < A*. Consider the corresponding minimal solutions i, € S), C
intCy, n € N. From (a), we know that the sequence {ii,, } ,cx is increasing. We have

<Aﬂmgmy:£“mﬁﬁ”4+f@ﬁnnhﬁ vhe WPE(@Q), neN,  (34)

and
ﬁgﬁ/\ngﬁ/\ Vn eN (35)

(see Proposition 3). From (34) and (35), it follows that the sequence {if), },en C Wé/p(z) (Q)
is bounded.

Then, from Fan—Zhao [18] (Theorem 4.1) (see also Papageorgiou-Radulescu—Zhang
[11]) (Proposition Al), we have that

{in, tnen S L7(Q),  lip, llo <0 VR EN,

for some c1p > 0. The anisotropic regularity theory of Fan [10], implies that there exists
a € (0,1) and ¢17 > 0, such that

iy, € Q) 1, llciaqy <en VneN. (36)
From (36), the compactness of the embedding Cé'“ (Q) C C}(Q) and the monotonicity
of the sequence {1, },cn, we have
iy, — iy inCiQ). (37)
We claim that i, = if,. If not, then there is zy € ), such that
i) (z0) < Ux(z0),

SO
il\A(Zo) < Z//l\)\n (Zo) Vn > ng

(see (37)), which contradicts part (a). Consequently, i, = i), and we conclude that B is left
continuous. [J

Remark 4. Closing this work, we mention an open problem. Are the results of this paper valid if
we replace hypothesis H (iii) by the weaker one

lim fzx)
x—0+ xp(z)-1

= 0 uniformly for a.a. z € (3?

5. Conclusions

In this paper, we have examoned a superlinear perturbation of the anisotropic eigen-
value problem, and we were able to provide a complete description of the set of positive
solutions as the parameter changes. Moreover, we established the existence of a minimal
positive solution i) and examined the continuity and monotonicity properties of the map
A= Ijl\)\.
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