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Abstract: The main objective of this paper is to study a new family of analytic functions that are
g-starlike with respect to m-symmetrical points and subordinate to the g-Janowski function. We
investigate inclusion results, sufficient conditions, coefficients estimates, bounds for Fekete-Szego
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consequences of main results are also obtained.
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1. Introduction

The concept of quantum calculus or g-calculus is ordinary calculus without the notion
of limits. Recently, due to its wide applications in applied sciences [1-3], the area of g-
calculus has attracted the serious attention of researchers [4-7]. Jackson [8,9] was the first
who initiated the study of g-calculus by introducing g-analogue of ordinary derivative
and integral. He defined and studied g-difference operator and g-integral operator in
a systematic way. Ismail et al. [10] used the g-difference operator for the first time in
geometric function theory by introducing the class of g-starlike functions. Later the study
of g-calculus in geometric function theory was developed by many authors [11-14]. Several
researchers studied the subclasses of analytic functions associated with the g-difference
operator [13,15-19]. Raghavendar and Swaminathan [20] defined and studied some basic
properties of g-close-to-convex functions. Agrawal and Sahoo [21] introduced the family
of g-starlike functions of the order a. The aim of the present work is to explore some
properties of a subclass of analytic functions associated with g-Janowski functions involving
a g-difference operator.

Let A denote the family of functions f of the form

f@)=z+Y" ,anz", (1)

which are analytic in the open unit disc E = {z € C: |z| < 1}. Any function f is said to be
univalent in a domain I if it never takes the same value twice in ). Let us denote by S the
subclass of A consisting of univalent functions in E. For two functions f and g € A, we say
that f is subordinate to g, written as f < g, if there exists a Schwartz function w(z) which
is analytic in E with w(0) = 0 and |w(z)| < 1, for all z € E, such that f(z) = g(w(z)),z € E.
If g(z) is univalent in E, then f < ¢ < f(0) = g(0) and f(E) C g(E). For any function
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f defined by Equation (1) and g € A given by ¢(z) = z+ Y, b,2z", the convolution or
Hadamard product of f and g is defined by

(f*g)(z) =z+Y . ,anbuz",z € E. @)

For 0 < g < 1, the g-difference operator of a function f € A is defined as

@) - far)
©qf<z>={ imq 0 TEPO 3
£/(0), ifz=0.

For g € C,|q| < 1, a natural generalization of Equation (3) is given by the convolution

operator
1 z
/@) = /@ i

which for g = 1, becomes the derivative f’ and for g € R,0 < g4 < 1, is equivalent to
Equation (3). For f given by Equation (1), we have

=1+ Z n]ganz" !, 4)

where

[n]y = 1_ +Zk g, neN. (5)

From Equations (4) and (5), it can be noted that lim, ;- ©,f(z) = f'(z) and

lim, - [n]g =n.
We denote by P, the class of analytic functions p with

z) =1+ 220:1 cnz", (6)

such that Re(p(z)) > 0in E. Any function of the form in Equation (6) is said to be in the
class P[A, B] if and only if
(z) < 144z z€E
P 1+Bz' “ =%
where —1 < B < A < 1. The class P[A, B] was introduced by Janowski [22].

A function f € S is said to belong to the class S* of starlike functions if, and only if,

Re(Z]{;S)) >0,z€L,

which is equivalent to
zf'(z) 14z
= ,
f(z) 1-z
Let S*[A, B] denote the subclass of S, defined by

sa.B]={fes: ZJ{;S) < 11‘;5 z€E}.

It is known that $*[1 — 2a, —1] = $*(«) is the class of starlike functions of the order
a (0 < a < 1). This class consists of the functions f € S with the property that

zf'(2)
Re( ) )>0€,Z€E. 8)

z € E. (7)
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Chand and Singh [23] introduced and studied the class S*[m] of starlike functions
with respect to m-symmetric points, consisting of the functions f € S such that
zf'(z) 14z
= /
fm(z) 11—z

z € E, )

where fy,(z) = %Z?:Ol e,;jf(eznz) , €m = exp(2X) and m € N. It can be noted that

fm (Z) =z+ 27:2 fsm,nanznz (10)

where
n—1

m

1 if n—_leN.
m

0 if

¢N,

fsm,n =

Kwon and Sim [24] studied the class $*[m, A, B] which consists of the functions f € S

such that
zf'(z) - 1+ Az

fm(Z) 1+ Bz’

In [10], Ismail et al. introduced the class Sj‘]‘ as:

z€E. (11)

Definition 1. A function f € Ais said to belong to the class S; if

20qf(z) 1 P
f(z) l—gq| =~ 1-¢q

or equivalently
z29,f(z) 1+z

f@ T1-g’

It can be noted that if 4 = 1 then Equation (12) coincides with Equation (7), that is,
forg=1,5; =5"

By taking motivation from above-mentioned work and using a g-difference operator
D, ,for 0 < g <1, we introduce the following new subclasses of analytic functions.

z € E. (12)

Definition 2. A function f € Ais said to be in class S;[m] if

204f(z) 1 P
fn(2) l—q| = 1-¢q

or equivalently
29,f(z) 14z

Fu@ 1-qz

Definition 3. A function f € Ais in class S;[m, A, B if

z € E. (13)

z9,f(z) - 1+ Az

, 2 €E, 14
fm(2) 1+ Byz z (14)
where,
_(A+1)+(A-1)q _ (B+1)+(B—-1)q
Ay = 5 , Bg= 5 ,

and -1 < B < A<LI1.

It is important to note that —g < Bq < Aq <1
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Remark 1. It is worth mentioning that the functions in class S;[m, A, B] are not necessarily to be

univalent in E. For example, f(z) = z + §z2 is not univalent in E but one can easily verify that it
belongs to classes Sjj 5[2,1, —0.4] and S§5[1,0.95,0.5].

1.1. Special Cases

1. Form =1,5;[m] = S is the class studied by Ismail et al. [10].

2. Forq=1,5;[m] = S*[m]is the class studied by Chand and Singh [23].

3. Form=1landq=1,5;[m] = S"is the familiar class of starlike functions.

4. S3m,1,—1] = S;[m] is the class of g-starlike functions with respect to m-symmetric

points defined by Equation (13).

Forq=1,5;[m, A, B] = §*[m, A, B] is the class studied by Kwon and Sim [24].

Forq=1,S;[1, A B] = S*[A, B is the class studied by Janowski [22].

7. Forq=1,5[1,1—2a,—1] = §*(a) is the class of starlike functions of the order a,
defined and studied by Roberston [25].

8 Forg=1, SZ; [1, 1, —1] = 5% is the class of starlike functions defined by Alexander [26].

9. Forq =1, 5;21,-1] = §*[2] is the class of odd starlike functions studied by

AL

Sakaguchi [27].

1.2. Geometrical Interpretation
29, f(z
A function f € Ais in the class S;‘ [m, A, B] if, and only if, fq{z()) takes all values in
m

. . 1- ‘7B q : A‘i —B q

the circular domain centred at ————— and radius .
1-— B% 1-— B%

2. A Set of Lemmas

The following lemmas are needed to prove our main results in the subsequent section.

Lemma 1 ([28]). If p(z) = 1+ c1z + 22 + - - - is an analytic function with a positive real part
in E and p is a complex number, then |c; — pc| < 2max{1, |2 — 1|}. This result is sharp for the
functions given by
1+z 1+22
p(z) = 1—2 p(z) = 1_22

z € E.
Lemma 2 ([29]). If p(z) = 1+ c1z + 22 + - - - is an analytic function with a positive real part
in E, then |cy| < 2. This result is sharp for the function given by

1+z
= E.
plz) =z €

Lemma 3 ([30]). Let =1 < By < By < A1 < Ay < 1. Then

1+ Az 1+ Apz
1+ Biz 1+ Bz’

z € E.

Lemma 4 ([31]). Let p(z) =1+ Y ;1 puz", q(z) =1+ Y 1 quz" and p < qin E. If q(z) is
convex univalent in E, then
|pu| < qu, foralln > 1.

3. Main Results
Theorem 1. Let f € S,}‘ [m, A, B], then fy, € S; [1, A, B].
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Proof. Since f € S;‘ [m, A, B], therefore

z9,f(z) - 1—|—qu’ 2 e
fm(Z) 1+BqZ

Replacing z by ze{71 wherej =0,1,2,... ,m —1, we have

€£nZ(©qf) (elp2) . 1+ Aqe];nz 1+ Az

- : ,z€E.
fn(€p2) 1+ Bgepz 1+ Bgz

Using the properties fm(einz) = e]mfm(z) and (qu)(efﬂz) = e,ﬁj(Qq(f(e{nz))), we
obtain

en 2D, (f(ehz)) 1+ Agz

< ,z€E.
fm(2) 1+ Byz

+ Aqz
1+ Byz
by m, we obtain

Since is a convex function, therefore applying summation Z}’:Ol and dividing

20, (fm(2)) . 1+ Ayz

,z€E.
fn(2) 1+ Bz

Thatis f, € S[1,A,B]. O

Theorem 2. If -1 < D < B< A <C <1, then S;[m,A,B} - Sz;[m,C,D].

Proof. The proof follows directly by using —g < D; < B; < A; < C; < 1, and applying
Lemma 3. [

Theorem 3. Let f € A be given in Equation (1) and satisfies
Y o (([1lg = Gmn) + | Agdmn — By[nlgl) lan] < A — By, (15)
then f € S;[m, A, B].

Proof. Let the Inequality (15) hold. Then from Equations (4) and (10)

29, f(z) B

Ful@) | Df(@) ~ ful2)

B 29, f(z) Agfm(z) — ByzD4f(2)
A

(z + Lolonlganz") — (z + L5y Ompnanz")
Ag(z + X5ls Omnanz") — By(z + Lo [n]ganz")
Yoo ([1]g = Gmn)anz"

(Ag — Bg) + Lo (Agdmu — By[n]g)anz"—1
Yool [1lg = G |an|z" |
= (Aq— By) — L3l Agdmn — By[nlgllan||z" 1

(S
= (Aq— Bg) = Xl Agdmu — Bglnlgllan| =
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then by maximum modulus theorem

5] 1+A
z qf(Z) =< + qZ, z e
fm(2) 1+ Bz

O
Using g =1 and m = 1 in Theorem 3, we obtain the results of Ahuja [32].
Corollary 1. If the function f defined by Equation (1) satisfies the inequality

Yo, ((n=1) +]A —nB|)|as| < A B,
then f € S*[A, B].

Usingg=1 andm =1,A =1—2a, B = —1in Theorem 3, we obtain the following
result of Silverman [33].

Corollary 2. If the function f defined by Equation (1) satisfies the inequality
Z:,o:z(" —a)|ay| <1—ua,
then f € S*(a).

Theorem 4. Forany I,k € Nwith ] <k, the polynomial functions

A;—B 141 z"
pi(z) =z + -1 ,,| yo (16)

k(1+|Bq ) 2 [n]y’
belong to the class S,’; [m,A,B] forallm > k.

A‘i — B‘l
k(1 + [By|) [nlq
Equation (15) and then applying Theorem 3 we obtain the required result. O

Proof. By choosing a, = forn=2,3...,1+1anda, =0forn >1+2in

Theorem 5. Forany I,k € Nwith ] <k, the polynomial functions
n

I+1 2
+Zn Zk (17)

belong to the class Si[m] for allm € N.

1
Proof. By choosing A =1, B= -1, a, = mforrt:2,3...,l+1anda,1 =0forn >
q

[ 42 in Equation (15) and then applying Theorem 3 we obtain the required result. []

Theorem 6. Let f € S;[m, A, B] is given by Equation (1) then

lay| < A~ By (18)

a S

2= [2]g = Omp

and
A;— By .
3, —0 forall m>2orm=1 with A<D,

TS (19)

(A _Bq[ ] )(Aq q)

if m=1and A>D,
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3 —¢°
14+4q °

where b = (1+4q)B +
Proof. Let f € S;[m, A, B is given by Equation (1) then

z04f(z) 1+ Agw(z)

= . 20
fu@ 14 B 20)
From Equations (4) and (10) we have
29,f(2)
=1+ ([2lg — dm2)az2z + (([3]g — omz)as
fm(2)
+ (625 — [2]g0mp)a3)z* + - - (21)
Similarly for w(z) = w1z + wyz? + w3z% + - - -, we have
1+ Ayw(z)
m =1+ (Ag — By)wiz + ((Ag — Bg)wa — By(Ag — By)w?)z* + - --
Next we calculate the values of w; and w,. Taking
71+w(z):p(z):1+cz+czz+~~ (22)
we obtain
142wz + Qs +2w)z2 4+ =1+ crz+ 2> +-- - . (23)
Comparing Equations (22) and (23), we have
_a 1, d
wy, = > and wy = > (cz 5 ) (24)
Therefore,
1+ Ayw(z) Ay — By
Z AT
11 Bw(z) ( 2 >Clz
A, —B c?
+< qz q)(cz—(1+Bq)21>zz+'--. (25)
From Equations (21) and (25), we see that
A;—B
(12ly — sn)an = LB, )
and
A;— B c?
(18lg = 0m3)as + (85,2 — [2]40m2)a5 = w <C2 - (1+ Bq)21>. (27)
From Equation (26), we obtain
A;—B
a; = (4 1) c1. (28)

2([2]g = Om,2)
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Using Equation (28) in Equation (27) we obtain

gn — (Aq — Bg) o 2], (1+Bq)—(5m2(1+A )(A B
T 2Bl —0ma) & A2y = 0ma)(Bly —Oma) 1 T
_ (Aq—Bg) ( [](1+Bq) 5m2(1+A)
2([3]g = 0ma) (CZ ( 2(12]g = bm2) )01)- (29)

Applying Lemma 2, we obtain the first part of the result. For the second part, using
Lemma 1 we obtain

A, — B 21,B; — 00 A
lag| < 7( 1 2) max{l, —[ JaBy ~ omady

By — Oms [2]g = m2
Note that
2|aBs — b0 A
‘[]qquq <1forallm>2orm=1 with A <b,
[Z]q_(sm,Z
2|;B; — 00 A
‘[]’7‘7”‘2‘7 >1ifm=1and A > b.

Hence, the result follows. O

Theorem 7. If f € Si[m, A, B] is given by (1), then

lay| < H < w),for alln > 3. (30)
mli - 5m,j
Proof. Let >
: f;j(;()z )~ ). (31)

Using Equations (4), (10) and p(z) = 1+ Y, pxz" in Equation (31), we have

z+ Z n)ganz" = (1 + Z ., Pnz ) <z + ZZOZZ (Sm,nanz”). (32)

Comparing the coefficients of z", we obtain

-2
([”]q —Ompn)an = Pn-1+ ZZ:1 O k+10k+1Pn—k—1- (33)
Since 14 A
z
p(z) < 1+BZZ =1+ (A;—By)z—By(Ag—By)Z® +- -+, (34)

therefore, by Lemma 4
|pn| < A;—Bgforalln > 1. (35)

Taking the absolute value of Equation (33) and using Equation (35), we obtain the
following inequality
Ay
‘ai’l| < [7’[] 5mn(1+2k 1 mk+l|‘1k+1|) (36)
We shall use principle of mathematical induction to prove Equation (30). By taking
n = 3 in Equation (36) and using Equation (18), we have

A, —B Sma(Aq — By)
a3 < ot (1+ et ) 37
931 = 1 =5, \ 1 T2l o (7)
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which shows that Equation (30) is true for n = 3. Let us suppose Equation (30) holds for all
n <s. For n = s + 1 from Equation (36), we see that

< M=B g 5 44
‘as+1| = [ ( + m,2|512|+ m,3|a3|+ + m,s|as|)

s+ ”q - 5m,s+1

< Aq - Bq 1+ 5m,2(Aq B Bq) 5m,3(Aq B Bq) ( 5m,2(Aq B Bq))
- [S + ”q - 5m,s+l [z]q - 5m,2 [3]q - 5111,3 [Z]q - (Sm,Z

A, — B _ O i(Ag— B
+...+5mrsqqn;_;<1+m[r/{(ﬂq)>}

[S]q — Om,s ]q —Om,j

o [S =+ 1}17 - 5m,s+1 j=2 []]17 - ‘5m,j ’

which shows the result is true for n = s 4+ 1. Hence Equation (30) holds foralln > 3. O

Theorem 8. Let f € S;[m, A, B], then for any p € C, we have

A;—B
Mmaxu, 24 —1[},
5m,3

2
asz — paz| <
| H 2| [3]17_

where
2];(1+ By) = dmpa(1+ Ay) N (Ag —By)([3]g = 0m3)

212l = om2) (Rl = 8ma)?
Proof. From Equations (28) and (29) we have

)\:

(38)

R (Ag — By) c 211+ Bg) = dma(1+ Ay)
3 T Bl —m) 2 42l = 0m2) (Bl — Oms)

. (Aq - Bq)Cl 2
”@mﬂmﬂ
(Aq— By)

2(Bly — oms) (2-d),

(Aq - Bq)C%

where A is given by Equation (38). Applying Lemma 1, we obtain the required result. [

For m = 1 and q = 1, we obtain the following result for the class defined by
Janowski [22].

Corollary 3. Let f € S*[A, B] then

a3 — pa3| < max{1,|2B — A +2u(A — B)|}.

Form=1,A=1-2a,B= —1and g =1, we obtain the following result which is a
special case of the result proved in [34] and can be found in [35].

Corollary 4. Let f € S*(«), then
a3 — pa3| < (1 —a)max{1, |3 — 2& — 4u(1 —a)|}.

Form =1,A =1,B = —1and g = 1, we obtain the following familiar Fekete-Szego
inequality for starlike functions.

Corollary 5. Let f € S*, then |az — pa3| < max{1, |3 — 4u|}.
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Theorem 9. If f € Sj[m, A, B] given by Equation (1) is univalent, then f(E) contains an open
disc of radius
o = [2]17 - ‘Sm,Z
2({2]q - 5m,2) + (At] - Bq) .

Proof. Let wy # 0 be a complex number such that f(z) # wy for z € E. Then

_ fle) _ wof(z) _ 1
g@f_l_%?_%%if@)—z+<@+}%>¥+ ..... (39)

is analytic and univalent, therefore,

| <2 (40)
w,

0

The triangle inequality yields
1
RCEE
wo

Using Equation (18) we obtain

1l 2([2]g = dmp) + (Ag — By)
wo| [2]17 —Omp ’
which implies
29
jwol > 2y — oz (41)

= 2([2]4 = dmp2) + (Ag — By)’

which shows the image of E under f(z) must cover an open disk with centre at the origin
and radius rg. O

Theorem 10. If f € S; [m, A, B], then

1{f(z) ) (MZO_MQ T By — (14 Aqel‘e)h(z)> } £, (2)

z

where h(z) = z+ Y00 5 62" and 0 < 0 < 27, The converse holds i fL(Z) Oforall z € E.
n=2 , z

z9,f(z) . 1+ Ayz
fm(2) 1+ Bz

Proof. Assume that f € S;‘ [m, A, B],, then we have if, and only if,

D 1+ Age?
z qf(Z) -+ + qe‘ forallz € E and 0 < 0 < 27t. The last condition can be written as
fm(2) 1+ Bge®®
1 i0 i0
E{z@q F(2)(1+ Bge®®) — fu(2)(1+ Age )} £0. (43)
On the other hand,
z
z29,f(z) = f(z2) ¥ —————
qf() f() (1—2)(1—172)
and

fm(z) =z+ ZZO:Z Smnanz" = (z+ Z:ozz anz") * (z + Z:;z Omnz") = f(z) * h(z).
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Substituting values in Equation (43), we have

1 z i i
{f&)*u_ﬁﬂu_ﬁﬂ%1+B¢9)_ﬂ@*h@ﬂ1+AW%};ﬁa (44)

z

which implies Equation (42).

fn(z)

Conversely, if the assumption in Equation (42) holds for 0 < 6 < 27t and =—— # 0

z
z290,f(z

for all z € E, then the function g(z) = # is analytic in E and g(0) = 1. Since we
m

have shown that Equations (42) and (43) are equivalent, therefore

20,f(z) | 14 Age®
Fu(@) 7 1+ By

(45)

1+ Agz .
For ¢(z) = 1782 and z € E, Relation (45) shows that g(E) N (dE) = ¢. Therefore,
q
the simply connected domain g(E) is contained in a connected component of C — i(9E).
Using the fact that g(0) = 1(0) together with the univalence of function 1, it follows that

g < ¢ which shows that f € S;[m, A,B]. O

4. Conclusions

The g-calculus is an important area of study in the field of mathematics. It usually
deals with the generalization of differential and integral operators. In recent years, it
has attracted many researchers due to its wide range of applications in different fields of
sciences such as quantum mechanics, physics, special functions, orthogonal polynomials,
combinatorics and the related areas. This article concerns a generalization of the class
of starlike functions using the g-difference operator and the concepts of m-symmetrical
points. This work includes sufficiency criteria, coefficient estimates, bounds for Fekete—
Szego functional and convolution results for a newly defined class. During this study; it
is noted that the classes defined by the g-difference operator are larger than that defined
by ordinary derivatives because they also contains non-univalent functions. For example,

3
the function f(z) = z + =22 is not univalent in E but this belongs to classes S} (2,1, —0.4]

and Sj;5[1,0.95,0.5]. By using the technique presented in this article, an infinite sequence of
functions can be generated for a wide range of subclasses of analytic functions which are
special cases of the newly defined class. Hopefully, the results proved in this article will be
beneficial to researchers in the field of geometric function theory.
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