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1. Introduction and Preliminaries

The classical Banach contraction theorem [1] is an important and fruitful tool in
nonlinear analysis. In the past few decades, many authors have extended and generalized
the Banach contraction mapping principle in several ways (see [2-12]). On the other hand,
several authors, such as Boyd and Wong [13], Browder [14], Wardowski [15], Jleli and
Samet [16], and many other researchers have extended the Banach contraction principle
by employing different types of control functions (see [17-21] and the references therein).
Alam et al. [22] introduced the concept of the relation-theoretic contraction principle and
proved some well known fixed-point results in this area. Afterward, many researchers
focused on fixed-point theorems in relation-theoretic metric spaces. Here, we will present
some basic knowledge of relation-theoretic metric spaces (see more detail in [23-26]).
Furthermore, Sawangsup et al. [27] introduced the concept of the (F,y)g-contractive of
mappings to extend F-contractions in metric spaces endowed with binary relations. One of
the latest extensions of metric spaces and partial metric spaces [10] was given in paper [28],
which completed the concept of m-metric spaces. Using this concept, several researchers
have proven some fixed point results in this area (see [20,29-33]). Subsequently, since
every F-contraction mapping is contractive and also continuous, Secelean et al. [34] proved
that the continuity of an F-contraction can be obtained from condition F,. After that,
Imdad et al. [35] introduced the idea of a new type of F-contraction by dropping the
condition of F; and replacing condition (F3) with the continuity of F. They also proved
some new fixed point results in relation to theoretic metric spaces.

In this paper, we introduce weak (F}f, 17)-contractive mappings and cyclic-type weak
(FJ¥, n)-contractions and provide some new fixed point theorems for such mappings in
relation to theoretic m-metric spaces. Finally, as an application, we discuss the lower and
upper solutions of Volterra-type integral equations.
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Throughout this article, N indicates a set of all natural numbers, R indicates a set of
real numbers and R " indicates a set of positive real numbers. We also denote Ny = N U {0}.
Henceforth, U will denote a non-empty set and the self mapping v : U — U with a Picard
sequence based on an arbitrary ¢ in U is given by ¢, = ¥(¢,—1) = 7" (o), where all n are
members of N and 9" denotes the n!"-iteration of 1.

The notion of m-metric spaces was introduced by Asadi et al. [28] as a real generaliza-
tion of a partial metric space and they supported their claim by providing some constructive
examples. For more detail, see, e.g., [29,31].

Definition 1 ([28]). An m-metric space on a non-empty set U is a mapping m : U x U — RT
such that forall &, 3, N € U,

(i) ¢=S <= m( ) =m(S, ) =m(E3)(To-separation axiom);

(ii) mes < m(E, ) (minimum self distance axiom);

(iii) m(E, ) = m(S,§) (symmetry);

(iv) m(¢,¥) —mey < (m(E,R) —mep) + (M(R, ) — myg) (modified triangle inequality)

where

mzy = min{m(¢,¢),m(S,I)};
Meg max{m(¢,¢),m(S, )}

The pair (U, m) is called an m-metric space on nonempty U.
Lemma 1 ([28]). Each partial metric forms an m-metric space but the converse is not true.

Among the classical examples of an m-metric space is a pair (U, m), where U =
{¢, 3, N} and m is a self mapping on U given by m (¢, &) =1, m(3, ) = 9and m(R, N) = 5.
It is clear that m is an m-metric space. Note that m does not form a partial metric space.

Every m-metric space m on U generates a Ty topology, e.g., T, on U which is based
on a collection of m-open balls:

{Bu(,€):¢ € U,e >0},

where
Bu(,e) ={S e U:m(E,3) < mgy +etforallg € U, e > 0.

If m is an m-metric space on U, then the functions m™ and m*® : U x U — R™ given by
m®(g,3) =m(E, ) — 2mzg + Meg,

" — —mgg,ifgfg
0,if & = 3. ’

define ordinary metrics on U. It is easy to see that m™“ and m® are equivalent metrics on U.

Definition 2 ([28]). Let {,} be a sequence in an m-metric space (U, m), then
(i)  {&n} is said to be convergent with respect to Ty, to & if and only if

lim (m (&, &) — meg,z) = 0. foralln € N.

H—00

(i) IFlimy oo (1(8n, Em) — Mgz, ) and imy, oo (Mg, &, — Mgz, ) foralln,m € N exists
and is finite, then the sequence {&, } in a m-metric space (U, m) is m-Cauchy.
(iii) If every m-Cauchy {y,} in U is m-convergent with respect to Ty, to ¢ in U such that

lim m(&y, &) — mg,e = 0, and Jij{}o(Mén,é‘ —mg,z) =0. foralln € N,

n—oo
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then (U, m) is said to be complete.

(iv) {Cn} is an m-Cauchy sequence if and only if it is a Cauchy sequence in the metric space
(u,m?),

(v) (U, m) is M-complete if and only if (U, m™) is complete.

Denote V (F) by the collection of all mappings F : (0,00) — R satisfying [15]:
(F1) F(¢) < F(S) forall ¢ <
(F2) For each sequence {,} of positive numbers

Jim &, =it lim F(&) = —ov

(F3) There exists p € (0,1) such that lim,,_,o+ {PF(¢) = 0.

As in [27], we denote V (p)and V(7r) (Where p and 7t are two new control functions)
by the collection of all mappings F : (0,00) — R, # : (0,00) — R, respectively, satisfying:

(F,) For each sequence {(, } of positive numbers, lim;, ;o & = 0 if limy 0 F({n) = —o0;
(F3) F is lower semicontinuous;

(11) For each sequence {&, } of positive numbers, lim,, e § = 0 if limy 0 () = —o0;
(172) 7 is right upper semicontinuous.

Now, we present some extensive examples of control functions in p and 7.

Example 1. The following functions belong to V(p) and V()

2, ifge3 o) Ly ifEe28,00)
_ ¢ — ¢
(1) Fl(‘:) { g:.ll)/ ng c (3/00) (2) FZ(é) { 2(: 3 1f€ c (3[00)
—1 . 4 . .
_ = if¢ € (0,4.6) _ ) In(3+sing), ifCe (0,3.2)
(3) (@) { cos{, if¢ € [4.6,00) @) m(s) <3sin{f, ) if¢ €[3.2,00) '

Let R={(¢, ) € U?: ¢, I € U} be a relation on U. If (§, ) € R then we say that
& = 3 (& precede ¥) under R denoted by ¢RS, and the inverse of R is denoted by R~! =
{(&,3) e U?: (3,8) € R}. The set S= RUR™T C U? consequently illustrates another
relation $* on U given by {S*S & IS¢ with ¢ # S.

As (7)p;, denotes a set of all fixed points of ¢, O([¥,S]) = {¢ € U:¢Sy(¢)} and
F (¢,3, V) denotes the fashion of all paths in V from ¢ to 3.

Definition 3 ([22]). Let U # ¢ and v : U — U, and R is a binary relation on U. Then, N is
y-closed if for any O, S € U,
GRS = 7()R(9).

Definition 4 ([22]). Let U # ¢ and R be a binary relation on U. Then, R is transitive if RN €
and XRS = VRS forall ¢, S, N € U.

Definition 5 ([22]). Let {, S € U. A path of length n € N in R: § — < is a finite sequence
{to,t1,t2,...,tn} < U such that
(i) to=Candt, =S;
(it) (tj, tiy1) € R forall j in this set {0,1,2,...,n —1}.
Consider that a class of all paths from ¢ to S in R is written as V (&, S, R). Note that a path
of length n involves n + 1 elements of U, although they are not necessarily distinct.

Definition 6 ([36]). Let (U, m) be a relation theoratic m-metric space endowed with binary relation
R on U, which is reqular if for each sequences {&, } in U, we have

CuREpy1 foralln € N

limy—seo (1 (80, §) = mg,) = e, &n % £ € R } = CuRC foralln € N.
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Definition 7 ([36]). Let (U, m) be a relation theoratic m-metric space endowed with binary
relation R on U. A sequence ¢, € U is called R-preserving if $, NCyy41.

Definition 8 ([36]). Let (U, m) be a relation theoratic m-metric space endowed with binary
relation R on U, which is said to be R-complete if for each R-preserving m-Cauchy sequence {G,}
in U, there exists some ¢ in U such that

lim m({jn, 6) - méng = 0, and }%(Mé”’é — m(;rnér) =0.

n—o0

Definition 9 ([36]). Let U # ¢ and «y : U — U. Then, vy is said to be R-continuous at ¢ if, for R-
preserving sequence {y, } with &, — &, we have v(&n) — (&) as y — oo. 7y is R-continuous if it
is R-continuous at each point of U.

2. Weak (EJ¥,n)-Contractions

In this section, we introduce the concept of weak (FJ{, 7)-contraction relations and
establish related fixed point theorems in relation theoretic m-metric space, where 7 is a
control function and R is a relation. We begin with the following Lemma.

Lemma 2. Assume that (U, m) is an m-metric space and let {, } be a sequence in U such that
limy 00 1(&n, Ent1) = 0. If {&pn} is not an m-Cauchy sequence in U, then there exists € > 0 and

two subsequences {ij,x(x)} and {gﬁ(x)} of positive integers such that {ay } > {By} > x and the
following sequences converges to e as x converges to +oco. With M* (¢, ) = m(&, ) — mgg;

M (€ €0 ) M (€ 1) M (Eato-1 500 ) (1)
M* (Cﬁ(x)ﬂgﬁ(x),l), M* (gﬁ(x)ﬂf gﬁ(x)ﬂ) .

Proof. If {G,} is not an m-Cauchy sequence in U, there exists ¢ > 0 and two sequences
{ay} and {By} of positive integers such that {ay } > {B,} > x and

M (Zatr Sp00-1) <& M (Gago Epn) = & )

for all positive integers x. Using the triangle inequality of m-metric space, we obtain

M* (Za(a Ept)) < M (Catar Epi)) + M (Baro-1,8p0))
M (Camffﬁ(x)) +e

€

IN

N

Thus,
lim M (§a<x)r5ﬁ<x>) =¢

X—roo
which implies
A, (m (ga(x)' Cﬁ(x)) - m”v’am'@ﬁm) -

Furthermore,

lim m 0.

xvoo G0 B0
Hence,
Jim m (8ury o) = ¢ ®
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Again, using the triangle inequality,

M*(Ca<x>f§ﬁ<x>) < M*(Camf@ﬁ(ml)+M*(Ca(x>+lr5ﬁ<x)+l)
+M (éa()c)ﬂf gﬁ()c))'

and

M (a1 Gom1) < M (G Epioar) + M (Gapor Soi)
+M*(§a<x>+1f§ﬁ<x>)-

Taking x — +4-o0 in the above inequality and from (3), we have

lim M (Sagry 1, Gpig 1) =€

X—0
O

Now, we introduce the concept of weak (FJ{, 7)-contractions.

Definition 10. Given a relation theoretic m-metric space (U, m) endowed with binary relation R
on U. Suppose
E={5"%:m(¢,I) >0}

We can say that a self mapping v : U — U is a weak (F}},n)-contraction if there exists
Fy € V(p),n € V() and
T+ B (m(7(8),7(3))) < n(m(E,3)), )

forall (¢,3) € E.
Our main result is demonstrated in the following.

Theorem 1. Let (U, m) be a complete relation theoretic m-metric space endowed with transitive
binary relation ® on U, -y : U — U, satisfying the following conditions:

(i)  O([y,R]) is non-empty;

(ii) R is y-closed;

(iii) vy is R-continuous;

(iv) vy is a weak (F},n)-contraction mapping with F{ (&) > n(¢) forall ¢ > 0.

Then,  possesses a fixed point in U.

Proof. Let & € O([y,R]). Define a sequence {1} in U by &,11 = 7(&) = 7" 1(&) for
each n € N. If there exists a member ny of N such that y(&,,) = »,, then 7 has a fixed
point &, and the proof is complete. Let

Cnt1 7 Gns ©)

for all member n of N such that m(&,,41,§x) > 0. Since (Q)S*Qp, and by the y-closedness
of R, 0,+15*Qy, for all n € N. Thus, (&, &y41) € E and from (iv) we obtain

By (m (841, 8n)) g (m(v(Sn), 7(En-1)))
Fg (m(8n, Gn1)) = T

IN
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Let 8y = m(Cu,Cns1) forall n € N. Then, 6, > 0 for all n € N, and using (5), one
obtains

FR(0n) < (0p—1) =T < F(0p—1) =T < 5(0p—2) =27 < ... < 7(by—2) — nT.

From the above inequality, we obtain lim;, e F{ (6,) = —c0. Then, by (F), we have
nlgx;lo 6y, = 0. (6)

From (3) and (6), we have ¢,,+1 # §, for all n,m € N with n # m. Now, we shall prove
that {¢,} is am m-Cauchy sequence in (U, m). Assume, in contrast, that {{,} is not an
m-Cauchy sequence. By Lemmas 2.1 and 2.6, there exists ¢ > 0 and two subsequences

{ffa(x)} and {gﬁm} of {¢,} such that {é"‘(?()} > {Cﬁ(x)} > x and
,}Efo‘om(é‘a(mf‘?ﬁ(x)) = ¢
;}ijﬂom(gw(x)flfgﬁ(;c)fl) = &

Since R is a transitive relation, (gam_l, Ejﬁ(x)_1> € R. From condition (iv), we have

T+ (m (‘:a(x)' ‘gﬁ(x))) <7 (m (Ca(;{)q, 65()(),1) )

and so

IA

o lim inf F (m (8 Epen ) ) < Jiminfn (m (Gag -1 G001

XIEIJO sup (m (’vza(x)—l' Cﬁ(x)—l) ) .

IN

Thus,
THE(E) < ()
< R
is a contradiction; hence, {¢,} is an m-Cauchy sequence in (U, m). Since (U, m) is R-
complete, there exists {* € U such that {¢,} converges to {* with respect to t,,; that is,
m(Gn, &*) — mg, @ — 0asn — co. Now, the R-continuity of v implies that
¢ = lim ¢y = lim (¢n) = 7()-

Therefore, ¢ is a fixed point of y. O

Example 2. Let U = [0, c0) and m be a relation theoretic m-metric space defined by m(&, ) =

@ forall &, 3 € U. Then, (U, m) is a complete m-metric space. Consider a sequence {@,} C U

given by @, = w for all u € N. Set a binary relation ® on U by R={(1,1)} U
{(1,@r):TeN}U{(@or,@p): T <A foreachT, A € N}. Define a mapping vy : U — U by

g, if ¢ € [0,1]
ceil(In¢), if ¢el,m]
1(8) = (&) +1, if ¢ € [@1,@)]

wn—l(wnJrl_C)-‘r@n(C—wn)’ if & e [‘Dnrw;l+1] foralln =2,3,...100.

@py1—Wn
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Obviously, R is y-closed and y is continuous. Define Fjy, 1 : (0,00) — R by

Fi(@o) = {% + %w if o€ (0,1.1]_51 +w if @€ (1.1,00) and
-1 1 -2
@) = {5 +3@ if @ €(0,65)—+a@ if @ € [6.5,00)

&3]
Il

Now, we will show that vy is a (F}{ i)-contraction mapping. Assume that (¢, ) €
{8S*S :m(y(C),v()) > 0}. Therefore, we will discuss four cases.
Casel If{ =1and S = @, then m(&,¥) = 4.5 and m(y(§), v(J)) = 1.5,

1 4

2+ Fl(m L7 (S = 2——+ =-m , (S
2
< __“ &) x
< oy T IEY) = n((E D))
Case2 If { = 1and S = wr forall T > 2, then m(§,¥) = ‘H% > 10.5 and
m(1(8), () =[5 | > 45,
21+(Dr,1 B 14 wr 21-|—(i71",1 1+cor||1+orq
2 2 2 2 2
14+c@r||1+or_q 1+cor||1+or_q _5
2 2 2 2
which implies
2 B 1 1+ wr B 1+ wor1
‘1+wr ‘lﬂorq 2 2 !
2 2
and thus,
9 _ 1 B 1+ wr— B 2 B 14 wr
‘ I+or 2 - ’ 1t+op ‘ 2 '
2 2
Then,
1
2+ Fj¥(m (S = +m (S
2 ) — &
— m(é‘,%) + (gr‘y) - U(m(é,d))

24 FY(m(1(2),7(3))) = 2= e+ am(1(9),7(3))
< oy MEY) = H((E,9)

Case4 If { = wrand S = @ forall T and A in N and (T, A) is not equal to (1,2) with

[ <A, thenm(E, ) = "DFJFT‘DA > 14 and m(y(€),7(Q)) = |L=1591| > 7,
5| @r-1 tT@Or—1| |@r+@a < 2 @r_1 +@OA—1 @Or + @ || @r—1 +OA_1
2 2 2 2 2
@Or + @A || @r—1 +OA—1 @r—1 + @OpA-1

@r + @x
2

_2),

2

2 2
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which implies

24 2 B 1 <‘COF+CUA _‘C@rl-‘rc@Al .
@r+@p @Or_1+®p-_1 2 2
2 2
Then,
B 1 @Or_q1 +Op-1 2 2
Or_1+®@A_1 2 @r-+wa + @r+wa ’
2 2 2
Hence,
1
2+ Fg(m(v(6),7(Y))) = —W+m(7(§)r7(%))
< - ) = 3)).
< oy T MEY) (@)

Therefore, from all cases, we deduce that

T+ By (m((8),7(3))) <n(m(E,3)),

for all §,3 € E. Then, vy is a weak (FJ{,n)-contraction mapping with T = 2. Furthermore,
there exists ¢y = 1 in U such that QgS*y(Q) and the class ©([y, R]) is non-empty. Thus, all
conditions of Theorem 2.3 hold and -y has a fixed point.

Theorem 2. Theorem 1 remains true if the condition (ii) is replaced by the following:
(i)' (X,x, V) is reqular.

Proof. Similar to the argument of Theorem 1 we will show the sequence {¢, } is m-cauchy
and converges to some ¢ in U such that m(¢y, §) — mg, z as n — co. Now,

r}gl;lom(gnlg) = }ijr‘}omén,f; = ng;}omin{m(‘:nr ffn),m(é,ij)} = m((’f,é{)
= M m(Gn Gm) =0and lim e, g, = 0.

As §,S*Cpy1, then ¢, S*C foralln € N.Set L = {n € N: () = v(¢)}. We have two
cases dependent on L.

Case 1: If {Lis finite}, then there exists ny € N such that y(,) # () for every
n > ng. Moreover, &,S*¢ and y(&,)S*y() for all n > ng. Since vy is a weak (FJf,7)-
contraction mapping, we have

T+ Fg (m(v(Su), () < n(m(Gu €)).

Since, limy,_yc0 m(&n, &) = 0,
Jim B (80, €)) = —co.
Hence,
Jim FE(m(7(n), 7(8))) = —oo.

Therefore, limy, 0o m(7y(&n), v(&)) = 0 and (&) = &, where ¢ is a fixed point of 7.
Case 2: If { Lis infinite}, then there exists a subsequence {¢,, } C {¢,} such that

Sn+1 = 7(8n,) = 7(§) for all k € N. Thus, (s, ) — () with respect to t,; as & — ¢,
then y({) = ¢, i.e., y has a fixed point. Hence, the proof is complete. [

Now, we discuss various results to ensure the uniqueness of the fixed points:
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Theorem 3. If F (¢, 3, V) # ¢ forall {,3 € (), in Theorem 1 and Theorem 2, then 7y
possesses a unique fixed point.

Proof. Let ¢, 3 €Fix(y) such that ¢ # . Since F (§, 3, V) # ¢, then there exists a path
({ao,a1,...a,}) of some finite length p in V from ¢ to & (with as # a5, foralls € [0, p — 1]).
Then, ag = §, ay = S, asS* a5, for every s € [0,p —1]. Asas € y(U), y(as) = a, for all
s € [0,p — 1] and since F}*(¢) > 7({), we obtain

R (m(as,a511)) = Fg (m(v(as),v(as11))) < n(m(as, as11))
Since Fj(a) > n(a) foralla > 0,
Fg (m(as, as41)) < Fg (m(as, a54+1))-
Hence, y possesses a unique fixed point. [
Theorem 4. Let (U, m) be a complete relation theoretic m-metric space endowed with a transitive

binary relation R on U. Let vy : U — U satisfy the following:

(i)  The class O([vy, R]) is nonempty;
(ii) The binary relation R is y-closed;
(iii) The mapping vy is R-continuous;
(iv) Thereexists Fl € V(p), n € V() and § > 0 such that

v+ B (x(m(@),4%(@)) ) < n0m(& ()

forall § € U, with (§)S*v*(¢) and F' (&) > 5(§) forall ¢ > 0.

Then, v has a fixed point.
Furthermore, if the following conditions are satisfied:

(v) (o)
(vi) ¢ € (Y")py (for some n € N) which implies that {S*y(¢).

Then, (7")pix = (7)piy for each 7 is a member of N.

Proof. Let &y € O([y,R)]), i-e., {oS*y (o), then, from (ii), we obtain {,S*E, 1 for each
n € N. Denote &, 1 = (&) = 7v""1(&) for all n € N. If there exists ng € N such that
Y(Eny) = Cny, then 7 has a fixed point ;. Now, assume that

Cnt1 7 G, @)

for every n € N. Then, ¢,5%¢,+1(for all n € N). Continuing this process and from (iv)
we have,

B (m (7(En-1), 7 (En-1)) ) < R (a1, 7(En1))) < m(Enmr,En) = T,

for all n € N, which implies,

F(m(&n, Ens1)) < n(m(En1,En)) — T
< Fg(m(én—z, gnfl)) - T
< n(m(Cn-1,8n)) — 21
< #n(m(Co,&1)) —nt.
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Setting n — oo in the above inequality, we deduce that limy,—co F§¥ (1(Cn, Gny1)) = —00.
Since Ff € V(p), then
Tim (&, Erin) = 0. ®)

From conditions (7) and (8), we have {,.1 # &, for all n,m € N with n # m. Now,
we will prove that {{,} is an m-Cauchy sequence in (U, m). Assume, in contrast, that
{€n} is not an m-Cauchy sequence; then, by Lemma 2 and (6) , there exists ¢ > 0 and two

subsequences {Cﬂc(x)} and {Cﬁ(x)} of {¢,} such that {a(x)} > {B(x)} > x and

Jim m(Zage Gp) = eand
Jim m(Gu-1.Gpo1) = e

Since R is a transitive relation, (@am,l, (;‘lg(x),l> € R. From condition (iv),

T+l (m (6«(@@5(@)) < n(m (ga(x)_l,gﬁ(x)_J)

and hence,
© o lim inf B (m (o Gpn)) < liminty (m (81 g1

Jim sup (a1, Gpo-1) )

A

IN

Then,
THE(E) < n(e)
< FR(e")
it is contradiction. Hence, {{,} is an m-Cauchy sequence in (U, m). Since (U, m) is R-

complete, there exists { € U such that {,} converges to {* with respect to t,,; that is,
m(&n, §*) — mg, @ — 0asn — co. By using the R-continuity of -y,

¢= nlglgo Cny1 = nlglgo Y(n) = ¥(S)-

Finally, we will prove that (v")p;, = (7)p;, Where n € N. Assume, in contrast, that

¢ € (Y")pix and ¢ & (), for some n € N. Then, from condition (iv)l, m(¢&,v(&)) > 0and
&S*v(&) . Using (ii) and (iv), we obtain 4"(¢)S*y"+1(&) foralln € N,

B m@ @) = F(m(v(v @) (7@))) <n(m(x(v@). 22 (v @) - 7
< B(m(r@)r@) -
< g(m(r2@) @) -2¢

< B(m(y @) @) -2
a(m(v @) @) s

IN

IN

n(m(g,v(¢))) —nt

Taking n — oo in the above inequality, we obtain

Fg (m(g,7(8))) = —o0

as a contradiction. Therefore, (7")p;, = (7)pjy foranyn € N. [
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3. Cyclic-Type Weak (F}},77)-Contraction Mappings

In 2003, Kirk et al. [37] introduced cyclic contractions in metric spaces and investigated
the existence of proximity points and fixed points for cyclic contraction mappings. Inspired
by [37] and our Theorems 1 and 5 we obtained the following fixed point results for cyclic-
type weak (Flf, 17)-contraction mappings.

Theorem 5 ([37] ). Assume that (U, m) is a compete m-metric space and G, H are two non-empty
closed subsets of U and «y : U — U. Suppose that the following conditions hold:

(i) 7(B)C Dand (D) C B;
(ii) There exists a constant k € (0,1) such that

m(y(£),v(S)) < km(¢,) forall § € B, S € D. ©)
Then, BN D is non-empty and ¢ in BN D is a fixed point of .

Theorem 6. Let (U, m) be a complete relation theoretic m-metric space endowed with a transitive
binary relation % on U, G and H are two non-empty closed subsets of U and «y : U — U. Assume
that the following axioms hold:

() (G)C Handy(H) C G;
(ii) There exists F§y € V(p) and 1y € V(7t) and ¢ > 0 such that

T+ B (m(v(8),7(3))) < n(m(S,9)) (10)
forall ¢ in G, S in H, with F'(¢) > 1(¢) forall ¢ > 0.

Then, {* € Z = G U H is a fixed point of . Moreover, ¢ € BN D.

Proof. From (i), Z = GU H is closed, so Z is a closed subspace of U. Therefore, (U, m) is a
complete m-metric space. Set the a binary relation it on Z by

=G x H.
This implies that
RS € <=(E ) eBxDforalg, S e Z.

The set S= RUR ! is an asymmetric relation. Directly, we set (U, m, S) as regular. Let
{¢én} € Z be any sequence and ¢ € Z be a point such that

¢nSCpi foralln € N

and

lim m(gﬂ/ C) = nlgr;lomm{m(r:n, C”)/m(él g)} = m(C/ g)

n—oo
Using the definition of S, we have
(Cn,Cnv1) € (BXD)U(D xB) foralln € N (11)

Immediately, we obtain the product of Z x Z in the m-metric space m as

m((G1,31), (62, 32)) = m (&1, 31) erm(gzr 32).

Since (U, m) is a complete m-metric space, (Z x Z, m) is complete. Furthermore,
G x Hand H x G are close in (Z x Z,m) because G and H are closed in (U, m). Applying
the limit n — oo to (11), we have (§, ) € (B x D) U (D x B). This implies that { € BN D.
Furthermore, from (11), we have ¢, € BU D. Thus, we obtain ¢, S*¢ for all n € N. Therefore,
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our theorem is proven. Furthermore, since v is self mapping, from condition (i), for all
¢, € U, we obtain

(
(

The binary relation R is y-closed, and as B # ¢, there exists &y € B such thaty({y) € D,
i.e., oS*v(Co). Therefore, all the hypotheses of Theorem (2.8) are satisfied. Hence, (7)p;,
# ¢ and also (7v)p;, € BN D. Finally, as {S*S for all {, 3 € GN H. Hence, GN H is
V-directed. Hence, all conditions of Theorem 3 are satisfied and -y has a unique fixed
point. [

)inGxH = (&)
JinHxG = (7(5)(

&S 3
&S 3

7

)) e Hx G
)) € G x H.

4. Application

In this section, we study existence of a solution for a Volterra-type integral equation
by using Theorem 2.6. Consider the following Volterra-type integral equation:

E(a) = /O " Aa,0,E(0))mo +¥ (@), ac[0,1], (12)

where A : [0,1] x [0,1] x [0,1] — [0,1] and ¥ : [0,1] — [0,1]. Consider the Banach

contraction 6 = C(][0,1], [0, 1]) of all continuous functions ¢ : [0, 1] — [0, 1] equipped with
norm ||¢|| = maXp<,<1|¢(a)|. Define an m-metric space m on 6 by m(¢, ) = H@ H for

each ¢, ¥in . Then (J,m) is a complete m-metric space.

Definition 11. Lower and upper solutions of (9) are functions A and © in Banach space 6,
respectively, such that

Aa) < /OIXA(IX,O',C(O'))K0'+T(¢X) and O(a) > /O“A(uc,a,g(a))maJr‘I’(a), a € [0,1]

In this section, we prove the existence and unique solution to the Volterra-type integral
Equation (12).

Theorem 7. Consider Volterra-type integral Equation (12). Assume that there is a positive real
number T such that

’A(oc,a,(j)—i-A

(v, 0,) < i+ <
2 - 2

a7
e 9 (13)

forall w,0 in [0,1] and &, S in 6. if (12) has a lower solution, then a solution exists for the integral
Equation (12).

Proof. We define an operator 7y : 6 — J, Fj{, 77 : Rt — Rby

(&) = /OIXA(zx,U,C(U))mU—PI’(a), )

(@) =Inw — T al

and
(@) =Inw

forallo € R*, Fj} € V(p) and 1 € V(71), respectively. We can verify easily that -y is well
defined and < on R is y-closed. Note that ¢ is a fixed point of -y if and only if there is a
solution to (12). Now, we want to prove that <y is a Fi-contraction mapping with 7. Let

(¢,F) € E={¢S"¥:m(¢, ) > 0, where m is Banach space },
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which implies that § < . Since R is y-closed, then ¥ (&) < (),

7(5(“))+7(3(04))‘ | Al 0,8 (0)mo + ¥ (a +f0 (2,0, 3(c) Jmo +¥(a)
2
Jo Ale,0,8(0))mo + ¥ (a +f0 (0))mo + ¥ (a)
</ 2‘ i+
e+ _1+‘;+2“\‘ ot
< [ ‘ 2]
o [F ma|EESL BT
0 aclo1]| 2
and so 1
) L0 | 249, I
2 = 2 :
Taking the supremum norm on both sides, we have
[rete e | 4 R
2 = 2 :

This implies that

ln( ‘v(ﬁ(a)) -;’Y(%(zx)) H) i (HHSHE—W_)

then
1n(’7((§(0€))‘|2'7<‘s<“))H) :m(lﬁzd‘D - [1+H1§+2% | )
Consequently,
T+F§¥(HW tr) S"(Hg;% tr)'
Thus,

T+ F (m(v(8),7(3))) < n(m(g, ).

Therefore, 7 is an (Fj',i7)-contraction and thus, Inequality (4) holds. Since {¢, } is an
R-preserving sequence {,} in Z([0,1]) such that ¢, converges with respect to t,, to ¢ for
some ¢ in Z([0,1]), we obtain

Coa) 2 Ga(w) X &a(a) 2 ... 2 nla) 2 Gpaa(a) 2oy
for all w € [0,1]. Which implies,

En(a) 2 &(a) forallw € [0,1].
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Thus, ¢, S € (7)gj,- Then, R = max{Z, I} € Z([0,1]), and thus § = R, I < N, S*N
and IS*N. Hence, all axioms of Theorem 3 hold and the integral Equation (12) has a
solution. [J

Theorem 8. Consider Volterra-type integral Equation (12). Assume that A is non-decreasing in
the third variables; then, there is positive real number T such that

A, 0,8)+ A, 0,3) ‘
2

forall a,0in [0,1] and &, in 6. If (12) has an upper solution, then a solution exists for the integral
Equation (12).

Proof. Define a binary relation on Banach space as follows
(€,3) € E={¢S*Swithwa(¢) = a(F) :m(¢, ) > 0, where m is a Banach space}.

Now, due to the proof of the above Theorem, then all conditions of Theorem 8 and
integral Equation (12) have unique solutions. [J

Example 3. Assume that a function
o .
¢(a) = > forall ain [0,1]
is a solution of Equation (12)

é(a) = %(a) —(14+a)In(1+a)+ /(;a In(1+ ¢(o))mo, forall ain [0,1]. (14)

Proof. Let y be a self operator from ¢ to 6, which is given by

v(é(a)) = %(a) —(14+a)In(1+a)+ /Oa In(1+ ¢(0))mo, forall a in [0, 1].

Now, we take T € [0.0091, ),
A(a,0,¢) = In(1+¢(0))

and

Y(a) =z(a) = (1+a)In(l+a).

N W

Observe that given function A(x,0,¢) = In(1+¢(0)) in the third variable is non-
decreasing and that § < 3(a) — (1+a)In(1+a) + foa In(1+ &(o))mo for all « in [0,1]
such that {(a) = 5 is a lower solution of (16), then the following below inequality holds,

& & Tlesn ©
‘A(“’U”:HA(“’U’J)‘ S‘““ e ] (15)
2 2
— 17 —0.091
Now, from the non-decreasing function « — ¢ [+ ] , we have
- —0.091
In(14¢)+In(1+9) ’ - ‘«: +$ ’e [+
2 - 2

Hence, all conditions of Theorem 7 hold and the integral Equation (12) has a unique
solution §(«) = § forallain [0,1]. O
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Example 4. Assume that a function
¢(a) =w, foralla € [0,1]
is a solution of Equation (12):
o
flo)=a—(1—a)In(2 —a) —In(2) +/ In(2 — ¢(o))mo, forall win [0,1]. (16)
0

Proof. In view of the above example, the following below inequality holds for all ¢, S in
[0,1] and T = 0.091

T
SRl
Using the arguments of the above example, we can say that the all conditions of

Theorem 8 hold. Hence, the integral Equation (12) has a unique solution ¢(a) = « for all &
in[0,1]. O

1n(2—§)+1n(2—%)‘< E+9
2 =12

Finally, we give an example different to the above example and others given in the
literature [38] which satisfies all conditions of Theorem 15.

Example 5. Assume that a function
1 )
¢(w) = 3 forall ain [0,1]

is a solution of Equation (12):

g(w)_glx-13{_(}(+/Oa<1f_(g()0)>ma,forallain[0,1]. (17)

Proof. Let <y be a self operator from ¢ to 6, which is given by

5 x ar (o) .
Y(E(a)) = 3 Tra —|—/O <1+€(U)>m(f, for all w in [0, 1].

1+¢(0)
and 5 .
Fla) = 371 +ua
Observe that given the function A(x,0,¢) = % in the third variable is non-
decreasing and that $a < 3a — e+ an (15(6(7(27) ) mo for all a in [0,1] such that &(a) = Ia

is a lower solution of (16), then the following below inequality holds:

] . (18)

Ala,0,8)+ Ar,0,3) ‘
2




Symmetry 2023, 15, 922

16 of 18

References

0.9
, we have

S W
. . @
Now, from the non-decreasing function a +— e [+]5]]

2%

¢
7 T 1
2

Hence, all axioms of Theorem 7 hold and the integral Equation (12) has a unique
solution {(«) = 5 forallain [0,1]. O

Example 6. Assume that a function

é(a) = gtx—i— %,for alla € [0,1]

is a solution of Equation (12):

i(o) = §1X+ % —(1-a)(2—a) +2+/O.a(1+§(0))ma, for all a in [0,1]. (19)

Proof. In view of the above example, the following below inequality holds for all ¢, & in
[0,1] and T = 0.9

_ 1 _
e i
2 SIPe '

Using the arguments of the above example, we can say that the all conditions of
Theorem 7 hold. Hence, the integral Equation (12) has a unique solution {(a) = %tx + % for
allain [0,1]. O

5. Conclusions

In this article, we have introduced the notion of weak (Fg, n)—contractions and proved
related fixed point theorems in relation theoretic m-metric space endowed with a relation
R using a control function 5. Examples and applications to Volterra-type integral equations
are given to validate our main results. Analogously, such results can be extended to
generalized distance spaces (such as symmetric spaces, mym-spaces, rmm-spaces, riym-
spaces, pm-spaces and pjm-spaces) endowed with relations.
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