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*

Abstract: A toy model (suggested by Klauder) was analyzed from the perspective of first-class
and second-class Dirac constrained systems. First-class constraints are often associated with the
existence of important gauge symmetries in a system. A comparison was made by turning a first-class
system into a second-class system with the introduction of suitable auxiliary conditions. The links
between Dirac’s system of constraints, the Faddeev—Popov canonical functional integral method
and the Maskawa—Nakajima procedure for reducing the phase space are explicitly illustrated. The
model reveals stark contrasts and physically distinguishable results between first and second-class
routes. Physically relevant systems such as the relativistic point particle and electrodynamics are
briefly recapped. Besides its pedagogical value, the article also advocates the route of rendering
first-class systems into second-class systems prior to quantization. Second-class systems lead to a
well-defined reduced phase space and physical observables; an absence of inconsistencies in the
closure of quantum constraint algebra; and the consistent promotion of fundamental Dirac brackets
to quantum commutators. As first-class systems can be turned into well-defined second-class ones,
this has implications for the soundness of the “Dirac quantization” of first-class constrained systems
by the simple promotion of Poisson brackets, rather than Dirac brackets, to commutators without
proceeding through second-class procedures.

Keywords: Dirac; first class; second class; constraints

1. Introduction

The Hamiltonian formalism provides a natural starting point for the development of
classical dynamics, and, to quote Dirac, “For the purpose of setting up a quantum theory
one must work from the Hamiltonian form” [1]. At the outset, one has an even-dimensional
phase space (g;, p;) of dimension 2N with symplectic structure Q = YN dg; A dp;, and one
can define functions on this phase space. The Poisson bracket forms a Lie algebra on this
space of functions:

N
(A7), B Phen = 1 (5050 — S22,

oA9dB 9B oA 1
= \dg;dp; 9q;Ip; M

The Hamiltonian H(§, 7, t) is a special phase space function that generates evolution
with respect to a parameter ¢, known as time, of any quantity g(t) via

.0
¢= 2+ {q, Hyrp. @)

For the choice g(t) = (g;(t), pi(t)), (2) corresponds to the Hamilton’s equations for
the phase space variables. The Hamilton’s equations can be solved for the evolution of
the system (g;(t), p;(t)) from initial conditions (g;(0), p;(0)). In its original formulation,
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quantization proceeds via the prescription of the promotion of dynamical variables to
quantum operators a — 4 and Poisson brackets to quantum commutators:

4,b] = ab — ba = ih{a,b}pg.. (3)

A modulo operator orders ambiguities, a Hamiltonian operator is constructed, H 4,p1) =
H(4,p,t), and a wavefunction ¥[7, t] describing the state of the system can be defined based
on the configuration space g, wherein the conjugate momenta act by differentiation. Then, one
solves the Schrodinger equation for the system ih%—f = HY governing the unitary evolution of
the state with respect to time f in terms of the quantum mechanical axioms.

There are various ambiguities and subtleties inherent in the process of constructing a
quantum theory from its classical starting point (see, for instance, Ref. [2]). For instance,
using the Gronewald van Howe theorem, in general, one cannot consistently carry out
(3) for all phase space functions a(4, ) and b(§, ), but rather only a limited subset [2]. In
addition, the naive Poisson Brackets to Quantum Commutators prescription presumes that
there are no constraints on the phase space variables. This fails for constrained systems and
the whole quantization procedure must be carefully modified in order to take constraints
into account. This brings us to the main topic of this paper, namely totally constrained
first-class versus second-class systems and the interpretation of Dirac’s formalism.

In Refs. [1,3] , Dirac addresses the issue of constrained systems, classifying constraints
®; into either first class or second class. First-class constraints ®; have {®;, ®;}pp. =
CEQDK, whereas, for second-class constraints, det({®, ®;}pp.) # 0. Dirac lays out the
consistency conditions that must be satisfied for both types of constraints, both classically
and upon quantization; however, these necessary conditions may not be sufficient to
guarantee well-defined physical theories. This is a fundamentally important question
regarding our universe, particularly in the case of totally constrained systems with a weakly
vanishing Hamiltonian, as in the usual canonical formulation of Einstein’s theory [4-6].

Given a choice between first-class and second-class constrained systems, it is a perti-
nent question as to which, if either, should be implemented in nature. It is the proposition
of this paper that second-class constrained systems are superior to first-class constrained
systems in possessing a well-defined even-dimensional phase space and in their avoidance
of inconsistencies in the constraint algebra with Dirac brackets. Indeed, Dirac allows for
the possibility (on pp. 33-36 of Ref. [7]) of physical states being annihilated by first-class
quantum constraints. However, he does not specify whether the constraints should be
quantized via Poisson brackets or otherwise, but only that [&;, 1= (ff]@ x with structure
functions Cf](ﬁ, p) appearing on the left as necessary in order to avoid inconsistency. On
the other hand, second-class constraints must be solved and eliminated from the theory
prior to quantization, which proceeds by replacing Dirac brackets with commutators.

We will show that (3) fails for first-class constrained systems. Some of the missing
elements of first-class constrained Dirac quantization are that there is no clear phase space
correspondence or direct link to perturbative quantum field theory via canonical functional
integral formalism. Indeed, as we will show, there cannot be a canonical functional integral
without Faddeev—-Popov determinants [8] and the second-class Dirac scheme. For example,
in the first-class constraint 41 = 0 in a system with more than one variable, p; = 0 is
obviously the proper subsidiary condition to convert to a second-class system, and hence
the Dirac (not Poisson) bracket is zero. Then, one consistently promotes g1 =0, p1 =0 as
operators without violation of canonical commutation relations (CCRs). On the other hand,
the Poisson scheme will yield inconsistent [g1, p1] = i and p; = %%. Suppose that the
theory contains a Hamiltonian H(p1, p2, . .. ); then, Poisson-Dirac first-class quantization
will result in a nonsensical theory lacking a sensible classical limit. Dirac himself advocated
that second class be quantized via the Dirac-bracket-to-commutator route. A first-class
system does not have access to the Dirac bracket unless it is first turned into second class
with supplementary conditions.
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The proper relation between phase space variables is paramount. A constraint C
implemented via a Lagrange multiplier A in the first-class approach can be deemed a
phase space variable whose conjugate variable is A and not A. Thus, the natural question
arises as to what is conjugate to C. Since this is part of the redundant variables, then the
conjugacy as per the Dirac-Faddeev—Popov scheme is that a subsidiary condition y = 0
be taken to be equivalent to the new coordinate y = Q = 0 and its conjugate arises via
6(P)3(Q) = 6(C)det{x, C}(x).

This is in contrast with the naive Poisson-CCR-first-class quantization, wherein one
promotes {g;, pj} = 7 [4i, p;] in any system. We will see that the correct prescription is to
promote Dirac brackets {g;, p;}ps. to quantum commutation relations. In a system with
second-class constraints ®j, the Dirac bracket is given by

{A,Blpp. = {A Blps. — {A, @ }pp. (M 1)/{®),B}pp. 4)

with My = {®, @ ]}P.B,, wherein constraints and auxiliary conditions are lumped together
into the same even-dimensional phase subspace. In other words, for a constrained system,
quantum CCR cannot be determined before Dirac brackets. Thus, given ®(p;,q;) = 0
above, one cannot know what ®(p;,4;) = 0 is as a quantum equation. This is not an
operator-ordering issue. One cannot even say that p; = %diq, because that would violate
the Dira-brackets-to-CCR rule. Thus, [f;, 4;] can only be determined from the promotion of
Dirac brackets to commutators.

One of the main motivations of this paper is to highlight and address some of the
difficulties associated with the treatment of general relativity as a constrained system. It is
our view that the prescription whereby first-class constraints fix physical states ®|¢p) Phys = 0
via quantization based on Poisson brackets (see, for instance, Refs. [6,9-11]) does not provide
the correct interpretation of Dirac’s work [7]. We utilized an interesting toy model for
illustrative purposes. This model is known as the Klauder toy model for quantum gravity,
due to John Klauder. It consists of a two-dimensional system with the potential energy of a
spring that has a negative spring constant. As seen, this system accentuates the differences
between first-class and second-class constrained systems, and suggests the latter as a more
viable approach.

In this paper, we argue that nature has a preference for second-class constrained
systems for several reasons. Every system is either (1) second class, in which case it cannot
be made first class; (2) first class, in which case it can be made second class by introducing
appropriate subsidiary conditions; or (3) partially first class and partially second class, in
which case it can be made second class by (2). Using the Maskawa—Nakajima theorem [12],
second-class systems inherit a natural phase space whereas first-class systems do not.
It should be noted that all variables satisfying second-class constraints are observables
in the sense that, by construction and through the definition of the Dirac bracket, all
variables have trivial Dirac brackets with all of the constraints {A, ®;}pp. = 0 VA, ®}; in
particular, constraints themselves also have trivial Dirac brackets {®, ® ]}D.B. = 0 with
each other. They can thus be promoted to quantum observables, where the concepts of
Dirac observables weakly Poisson commuting with first-class constraints and the constraint
algebra being weak at the Poisson bracket level make local Dirac observables extremely hard
to find and the consistency of the quantum constraint algebra a formidable challenge [6,13].

In this paper, we focused on the Klauder problem, highlighting the differences between
first-class and second-class constrained systems that it brings out, as well as its relation to
general relativity.

2. Derivation of the Dirac Bracket and Reduced Phase Space

For a 2N dimensional phase space, given first-class constraints ¢; = 0 and auxiliary
conditions x; = 0 with i and j ranging from 1 to K < N such that:

det({xi, ¢j}ps.) # 0; ©)
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N
{Ar B}reduced = 2 <
I=1

9q10pr  Ip1 g1

we can set {x; } as the first K variables of a new set of general coordinates of the same phase
space. We denote this by * superscript x; =: q; = 0. Then, det({x;, ¢;}pp.) # O translates

into invertible {q;*,cpj}p_g_ = %.

Maskawa and Nakajima iaroved that, for second-class systems, canonical variables
exist for a given restricted submanifold, where the submanifold is specified by setting
those canonical variables equal to zero. Thus, we may decompose the total canonical phase
space {(q1,p1),I = 1,.., N} into the sum of the reduced physical phase space {(q;, pr),
r=K+1,..,N}and {(q7,p),i = 1,...,K}, and the constrained surface can be obtained
by setting canonical (g7, p),i = 1,...,K} to zero (which is equivalent to satisfying ¢; = 0,
Xi = 0,Vi= 1,....K).

The Poisson bracket between A and B for the reduced phase space would then be

dA 0B 0A 9B _i dA 0B 0A 0B
aq]’.‘ ap]’.‘ E)p}k aq]’.‘

K
={A,B}pp. — Z({A, pj tes{q;, Bles. — {q;, A}en.{B, Pf}RB.)

=1

K dA 9P]  9A 9p; oB 9p; 9B 9]

(= t\ogrdprL  dpL oqL dqr dp,  IpL 9qL ©)

= {4, B}pp. — ; Z [(77 - 77>{Q7,B}P.B. - {q;frA}P.B ( vy 77)}
K

={A,B}ps. — i[(aA X _ 24 a(Pk) (871) {4, B}es.

(A s (b‘” ) (2820 _ 35 3y,

9. dpL.  Opr Aqr

dx/ \oqL dpL  dpLIqL

= {A,B}pp. — ({A ¢xes AP X} {xj, Bles. + {A x;}os.{xj ¢} {$x Blrs.),
={A,B}pp.

Let

{A|CI B|C}P.B. =

=0+ ),

Thus, the Dirac bracket is equivalent to the Poisson bracket with regard to the total
phase space subtracted by the unwanted phase space (g7, p}) eliminated by x; and ¢;.
The correct evolution of an operator in a constrained system should be with regard to the
physical reduced phase space, implying that the Dirac, rather than Poisson, bracket should
be used to arrive at the right physical evolution, i.e., A = {A, H}pp, wherein H is the
Hamiltonian of the system.

Interestingly, the following holds true:

Alc := Aly=04=0, Blc := Bly=0,9=0

f(amlc) a(BLc)_a<ALc>a<BLC>>+ - EEDELDECOELEY

j=1

aqj apj 8pj aqj oqr opy opr g,

N (BA B 9A zns)’

=K+1

@)

=K\ Opr Oprdar )|

= {A, B}pB.Ix=0¢=0,

The first entry of the intermediate step vanishes because, on the constrained surface,
dqf = 0,50 Alc = A(qy, pr) and B|c = B(qy, pr) have no dependence on g;. That the second
entry is equivalent to the Dirac bracket is precisely a theorem of Maskawa and Nakajima:
the Dirac bracket of a second-class system is equal to the Poisson bracket with regard to the
reduced variables.

3. Symplectic Analysis: Relativistic Particle and Maxwell Theory

The treatment of second-class constrained systems resides in the existence of an
invertible map between a subset of the starting phase space and the constraint and auxiliary
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condition that preserves the existence of an even-dimensional phase space. This can also
be seen from the point of view of the symplectic two-form. We will start with two known
examples, highlighting various attributes that each brings to the table.

The first example is the relativistic point particle in Minkowski spacetime. In the
first-class approach, one starts from action S = f ( p”%l —AC ) dt, wherein the mass shell
condition 1 (p#p, —m2) = 0 = C becomes implemented as a constraint via Lagrange
multiplier A. The naive application of the Dirac procedure, wherein first-class quantum
constraints annihilate physical states, leads to the Klein—-Gordon equation (upon promotion

Pu = —iha,,)
A 1/ 92 ,  m?
Clp_i(ﬁ_a_g)lﬁ— ; 8)
l/)(x t) - (21)3 /dBk(A(E)g(l/h)(\/mt—?f) —|—B(7(’)e_(l/h)(\/k2+7t—7(‘f)) (9)
7T

whose solution consists of forward and backward propagation corresponding to positive
and negative energy modes. This is inconsistent with the invariance of the state under
transformations with respect to the parameter T generated by the constraint through
Poisson brackets:

i .
A — ( ACYes = Ap's P = (p, ACYe =0 (10)
since (1) the polarization of the state is not preserved on configuration space x' as
(i, [AdT) = p(x' + p' [ Adt, [ AdT) on account of the constraint’s being quadratic
in momentum, as well as (2) the arbitrariness in A. The evolution generated in this case is
fictitious, having nothing to do with physical time evolution. The analogue of this is the
Wheeler-DeWitt equation for gravity, wherein one has the problem of time [11,13].
Conversely, in the second-class approach, one proceeds based on the premise of the
preservation of an even-dimensional phase space With starting symplectic two-form

Q =dxt A dpy = Qphys + Qconstr. = _dxi A dpi + de A de (11)

wherein Qgpnstr. = dx° A d po, we choose the following constraint and auxiliary condition:

1
C=5(pup" —m?) = 5(p5 — pipi —m*); {=x"— . (12)

N —

The physical interpretation is the emergence of a genuine Hamiltonian pg = /p;p; + m?
and a time x* = T upon implementation. This is similar to the emergence of a reduced
Hamiltonian in the full theory of gravitation [14].

One sees on the constraint surface that {x,C} = po = /pip; + m? # 0, and that
the constraint and auxiliary condition (which we will from now on lump into the
same category as constraints for ease of exposition) produce a symplectic two-form
dx AdC = dx® A (podpo — pidp;), yielding the desired invertible map

dx NdC  p;
0 t 4,0 .
dx’ Ndpg = (LCT + Podx Adp;. (13)

One sees in this case that there is a cross term dx? A dp; between Qpyys and Qconstr.-
Substituting (13) into (11), we have, for the physical part of the phase space, after subtracting
out the constrained part,

dxNdC

Qppe = O — 2AEE
Fhys {x.C}

A dx: — Pigy0 ,
(dxl Podx)/\dp,. (14)
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The vanishing of this symplectic two-form Qpy,s = 0 follows from Hamilton’s equa-
tion from emergent Hamiltonian H = +/p;p; + m?, which generates evolution in time
t = 7, both determined from the constraints. The same time t governs the evolution of the
wavefunction ¢(x', t) via Schrodinger equation if:(dy/dt) = Hi with solution

. ) i m2
x'(t) = x'(0) + ﬁ P(X, T) = exp {—in/ —0% + h—z}lp(“ 0) (15)

which can be seen as time evolution within a single branch of (8). From a physical point of
view, one must have positive energy solutions propagating forward in time via the unitary
evolution of quantum mechanics. On the other hand, evolution via (10) must be interpreted
as a gauge transformation, which is unphysical.

The second relevant example is the Maxwell theory, with starting symplectic two-form

0= /d3x SA;(x) A SE;( /d3x SAT;(x) ASET;(x) + /d3x SAL;(x) ASELi(x) (16)

with the association of () Phys and Qopstr, to the transverse and longitudinal parts, respec-
tively, of the vector potential and electric field (A;, E;). We choose the constraint and
auxiliary condition

C=0iE; x = 9iA; (17)

whose interpretation is the imposition of transversality for physical fields. The constraint
C = 0;E; = 0 is the Gauss’ law constraint. One sees that, for appropriately defined
conditions, {x(x),C(y)} = 3*5(x —y) # 0, that the constraint and auxiliary condition
imply dx(x) AOC(x) = 9;(dA;(x)) A 9;(dEi(x)) and that we have, for the longitudinal part
of the phase space,

dx(x) NoC(x) 1
{xcy "

Substituting (18) back into (16), we have, for the transverse part of the phase space,

SAL(x) NOEH(x) = —0;(6A;(x)) A9;(8A;(x)). (18)

Qphys_/d x AT (x) ASET (x /d3 —)5A( ) A SE;(x) (19)

with a transverse, albeit non-local, projector. There is no Hamiltonian and no time, as
neither the Gauss’ law constraint nor the auxiliary condition, unlike the case of the rela-
tivistic point particle, involve a Hamiltonian or time. To obtain nontrivial time evolution,
both classically and quantum mechanically, we must choose a Hamiltonian involving the
transverse physical fields. For the choice of Hamiltonian density 4 (ETET + 02ATAT),
when we have a physical Hamiltonian and a physical time whose evolution is generated
via Dirac brackets,

Al (x) = E] (x); E] (x) = —0*A] (x); (20)

L op[AT 1] 1 52
1 = /d3 (1 + AT (1) AT ATt 21
with a Schrodinger equation governing the evolution of the state with respect to the same
time t. In this case, the analogue of (10), the Gauss’ law constraint

W _ 1) = w(A; 49,
0; A 0 — (A, t) = P(A; +9iA, 1) (22)

can be correctly interpreted as invariance of the state under gauge transformations
6Ai(x) = {A;(x), [ d*yA(y)9;Ei(y) }pp. upon promotion to quantum commutators on ac-
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count of the constraints being linear in momentum. Additionally, there is no conflict in the
existence of a gauge symmetry with time evolution dictated by the reduced Hamiltonian.

4. The Klauder Toy Problem: Canonical Equivalence of the Second-Class Approach

We now move on to the Klauder toy problem for quantum gravity, which has various
features in common with the previous two examples. Let us consider a two-dimensional
starting phase space in polar coordinates (g;, p;) = (7, ¢, pr, py). In accordance with the
procedure for handling second-class constraints, we need to impose, for each constraint
C = 0 on this phase space, a suitable auxiliary condition x = 0. For the constraint

2
C = %(p% + % —a?r?) = 0, we can choose the auxiliary condition x = rp, —k = 0,
respectively. Here, k is constant with respect to the phase space variables but may in gen-
eral have explicit time dependence. Ly := p,, is actually the generator of “z-axis rotations”
for all of the variables; moreover, L, commutes with C and also with x since they are both
rotationally invariant. Note that, other than at the point (p,r) = (0,0), the criterion

2
p
{x,C}ps. = p% + T;P +a?r? = p2 +a?r2 £0 (23)

for Dirac’s second-class system is met, where p is the total momentum of the system
2

2_ 24P
P - pr + 2
In order to see the implications for the canonical phase space path integral, it is
instructive to examine the system in the formalism of differential forms. The symplectic
two-form on the total unconstrained phase space is given by

2
Q= Z(Sql/\éplzécp/\ép(p—kér/\ép,. (24)
I=1

The variations in the constraint and auxiliary condition are given by

2
Py Po | 2 N5 s
6C = prdpr + 3 0pg — (73 +a r) o1; 6x = rpy + pyor. (25)

Thus, the constraint and auxiliary condition furnish a symplectic structure:

2
_Pe o Py 00
Sx NoC = r—z(rép,—i—p,&r) Nopy + (Pr+r7+“ r )er/\(Spr

= %(5(@,) Nopy +{x,C}or Adp, (26)

One sees that the transformation (r, p;) — (x, C) saturates the constrained part of the
phase space, whereupon the conditions C = 0, x = 0 can be imposed as strong equalities.

2 2
Then, rp, = k implies that 6(rp,) = ok = 0 and {x,C},—oc—o = 201> = M and,
subject to the constraint and auxiliary condition, we have
Ox No
5x A S6C — {x,CY5r A Spy —> 61 A 6py = %ﬂc 27)

x=0,C=0

with a one-to-one correspondence to the relevant part of the canonical phase space imple-
menting these conditions. In fact, there is a strong analogy to the Maxwell problem in that
the angular phase space (¢, py) plays an analogous role to the transverse field (AT, ET), as
does the radial phase space (r, p;) to the longitudinal (A}, EL), as the phase space variables
will form an orthogonal decomposition with respect to some suitable inner product. The
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canonical functional integral measure with the constraint and auxiliary condition for a
totally constrained system with a vanishing Hamiltonian is

[ draprdgap, det({x,Chos)5()S(C) exp[1 [ (prdr + pydo - Hat)] @9
= / drdp,dedp, (p* + a®r?)6(x = rpy — k)d(C) exp{ﬁ/(prdr+p¢dgo—Hdt”. (29)

Subject to the constraint and auxiliary condition, there is a one-to-one mapping
(r,pr) = (x, ¢), with a contribution to the phase space measure given by

L A pr ry dxdC
drdp, = det ! dxdC = det 2 dxdC = —"———
pr % g% _ (l%p + “21,) Py P2 + a2r?

Substituting into the measure, we have

dxdC i
/7})2 jf 272 @ qu(p + a’r )(5()()(5(C) exp[ﬁ /(p,dr+ Pede — Hdt)} (30)
= /d<pdpq,drdpr(5(pr —pr)o(r—r*) exp [ﬁ /(prdr + pede — Hdt)} (31)
- / d(pdp(pe(i/h) Jprdr (i/h) [ pede,—(i/n) [ H(r*,p*,p,pe)dt (32)

The correctness of the measure is guaranteed by canonical equivalence

/ dxdCs(x)3(C) = / drdp.d(r — )6 (pr — p7); (33)
VLR N K2+ po\ —1/4
r:( w2 ) ’ ’:F:k( w2 ) ’ (34)

wherein the reduced phase space can be identified as (¢, py). It can be verified that the
Dirac brackets are as follows:

-1 +1
{9, potpe. = {9, peplrn — {QDIX}RB.m{Cngo}P.B. - {CP/C}P.Bm{X/ Pg}rB. (35)
= {¢pyptee. =1, (36)

since {X, pp = Ly}pe. = 0 = {C, py}pp. due to rotational invariance under L, as noted
above. The Dirac bracket of reduced resultant pair (¢, py) equals the Poisson bracket,
signifying that the pair is indeed canonical, even with the constraint solved and auxiliary
condition imposed. On the other hand,

-1 +1
7, .B. — r, B. — 1 B. 7 A C/ B. — T’,C BT o~ ’ .B. 37
{r,pr}pB {r.pr}en. — {r.x}rn {X,C}P.B.{ priee. — { }PB{XIC}PB. {x,pr}vB (37)
_ —1 Po o 1 18
= {r,pr}eB — (V)m(—ﬁ —a’r) — (Pr)m(i’r) (38)
1 &
= 1—7p2+a2r2(r;’)+acr +p;) =0, (39)
indicating that the pair (7, p) is no longer canonical!
The remaining Dirac brackets are given by
-1
/ B. = 1Pr, PoiPB. — 1Pr XJPB. 7o 1C PoipB. — 1P CiPB A7 — X : 40
{pr.potoe. = {pr potes. — {pr. x}rB {X/C}P.B‘{ Potes. — {pr }PB{X,C} {x pyles (40)

—1 Po . - 1 _
~1) () O = (F +0) (o) © =0 4D
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with cross-brackets

{(Pos 305, = {py. rhon. = o Xhen (G rhom. = (P, Chrn—er— {0 e 2)
= 0 () P = O () (1) = 0 3)

{pes 9300 = {pr9hen ~ {prben Ty —AC hen = (P, Chon {9 (a4)
~ 0= () 580~ (5 ) () O ®

The vanishing of any Dirac bracket with p,, is consistent with rotational invariance.
Finally, we have

{r,¢}ps. = {r, ¢}pB. — {Y,X}P.B.{Xcl}{cl ¢tps. — {1, C}P.B{X/J(r:l}PB{X/ ¢}pp. (46)

=0- (r)(pz;izrz> ( Z;P) (pr)(lgz_’_lazrz)(o) = _r(pziiqjazrz) (47)

5. Dynamics on the Reduced Phase Space

Summarizing the previous results, the Dirac brackets of the variables give the follow-
ing relations:

{r.pr}pp. =0
{1’, P(P}D.B. =0
_ "Po
{r.¢}pp. = P2+ r2p + ot
prp (48)
{9 prios = ———— 2(,9 2,4
py +1opr +acr
{¢.pg}pB. =1
{Pr/ Pq)}D.B. =0
Solving for the variables from the x;, C restrictions, we obtain the following:
r2p? + atrt = pé + 2k
4/ K2+ p2 k
r = qj} pr = -
a2
{r,¢}pp. = — "Pp 3[4 P5 k50 1 pr 49
»$IDB. = 2(p2+K2)  2(p2 +k2 a2 qu] ma2
kpy kpe 4 o2 —0
, = — = — 0
(opdon =50t m = TR | el

Had we substituted the solution of (r,p;) in terms of (¢, py) and computed the
resultant P.B., we would have obtained the same results. This is a consequence of a theorem
that we proved earlier.

Since all phase space functions f (g;, py) Dirac-commute with the constraints { f, C}pp. =
{f, x}pp. = 0 for all £, all phase space functions in second-class constrained systems are
said to be Dirac observables. As the system has been completely reduced without an
emerging Hamiltonian, a physical Hamiltonian needs to be prescribed to discuss dynamics
and also classical orbits. This is exactly analogous to the situation in the Maxwell problem
considered earlier. To it, we introduce the general two-dimensional non-relativistic Hamil-
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r(t) = (

K2+ p5
“2

tonian with radial potential, which preserves the invariance under rotations generated
by py, which was present in C and x. For any radial potential V(r), the Hamiltonian

2
H= %% + 57"; + V(r) gives the following relation:

2 2
_ b Pe 155 _ _ 155
H= > +272 SO +U(r)—C—|—U(r)—zocr + V(r) (50)

wherein C = 0 has been imposed as a strong equality. In second-class constrained systems,
constraints and auxiliary conditions may be a priori imposed on the system prior to the
computation of evolution via Dirac brackets. This is in contrast to first-class systems,
wherein constraints can be implemented only after Poisson brackets have been evaluated.
In the former case, a genuine physical Hamiltonian serves as the generator of the evolution
of the reduced variables with respect to some parameter ¢, which we will identify as time.
Then, we have the following results, from the implementation of the constraints prior to
the computation of brackets:

oH
{7’, H}D.B. - W{r/ r}D.B. =0

oH
{pr,H}pB. = y{PhT}D.B‘ =0

oH rppU’ (1)
H = — g
{(Pr }D.BA or {(Pr r}D.B. ng + T’ZP% +0(27’4 (51)
o0H
{ry,H}pB. = 5 {re,r}pB. =0,
au
1 —
where U'(r) = o

Dirac brackets, like Poisson brackets, obey the Leibniz rule from calculus. Substituting
the above relation with y = 0,¢ = 0, we obtain:

pel'(r) . (kz +Pfo)”4 (52)

{¢,H}pp. = T o3 ro= 22
Since the Dirac bracket of a variable with a Hamiltonian is the time-evolution of that
variable under that Hamiltonian, we have

L pq,ll’(r*)_
"—pr—Pq)—qu’——Wr (53)
V7O K+pi\-1/4 &k u'(r*)
)= =k(—52) = (p(t):(p(O)—p;“Wt; Polt) = po (54)

It is interesting to note that the system will only have circular orbits regardless of
the value of k for constant k, since r is constant in time since p,, is conserved as it Dirac-
commutes with the Hamiltonian. With respect to observational applications, the results
thus derived should be true just for experiments or observations that fulfill the auxiliary

condition p, = %

6. Quantization

Canonical quantization proceeds by the promotion of all dynamical variables to
operators A — A and by promoting all Dirac brackets, 1ot Poisson brackets, to quantum
commutators {A, B}pp. = % [A, B]. Thus, we have

[#, pr] = [7, f’q)} = [ﬁrrpq)] =0; [¢, f’(p] =ih (55)

Surprisingly, values of (7, pr), which is albeit a non-commuting pair at the Poisson
bracket level, can be determined with infinite precision quantum mechanically because
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[?, pr] = ih{r, pr}pB. = 0. For the remaining commutators, note that all variables may be
reduced a priori by the constraint and auxiliary condition prior to quantization:

0,71 = 5 Pol# 2% [ g1 = N py 7+ )5 56

As all commutators have been reduced to dependence on one fundamental variable p,,
there are no operator ordering ambiguities. Quantization of the theory gives eigenstates that
obey Lo ¥y (@) = (mh)¥ (), and the relations have a well-defined action on eigenstates
of py. The physical Hamiltonian operator is also given by H = U(r*(py)).

A time t emerges from the classical equations via Dirac brackets, whose evolution is
generated by a physical Hamiltonian U(r) # 0. We require, as a consistency condition on
second-class constrained systems, that the same time ¢ govern the unitary evolution of the
quantum state ¢ via the Schrodinger equation

., 0 - itU(p
2L = fy; o1 = exp - TPy ,0) 7)

Let us choose the initial wavefunction, which is polarized on a configuration space given
by the unit circle S!, as a normalizable superposition of eigenstates of angular momentum

P(9,0) = Y cpelMme; (58)
mez
1 27
- do v*(9,0)w(ep,0) = nl?=1 59
o) = 5 [} A0 ¥ (@000 = T [an] (59)

wherein ¢, are the Fourier coefficients. For the totally constrained case, the state remains
as in (58) for all time. However, under physical Hamiltonian Hpy,s = U(r), the state
evolves via

Pl t) = Y cpmel/Mmee=(i/mumt )

mezZ
which preserves its normalizability. In addition, the expectation values go through
1 2 d * A N
(4) =57 | dov"(o.0Alg pe)u(0.1) (61)

It is interesting to compute the expectation values of the dynamical variables in the
state (60) and to compare them with the classical evolution via Dirac brackets. We have the
following results:

(r(0) = ¥ lenp (Y, 62
meZ
(10) = T leaPi(55) 7 () = 1 e 3

The variables that, in the classical theory, are time-independent, similar to in the
quantum theory do not evolve in time, but now appear as superpositions labelled by the
integers. The time independence is a consequence of k having no explicit time dependence,
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M) =

M) =

(R

n

which results in a time-independent physical Hamiltonian (for the time-dependent case,
we must construct solutions via time-ordered exponentials). For the angle ¢, we have

; 21 )
(p(t)) = LM Unthiicic, [ g g ellr-me (64)
mmn

i/ Un~Un)t e ¢,

(m—mn)?

(65)

The quantum time evolution is more complicated than the linear evolution in ¢ of the
classical theory ¢. An interesting question is whether canonical transformations on the
phase space commute with quantization. While, as noted, there are no ordering ambiguities
in polar coordinates, one sees that ordering ambiguities exist in Cartesian coordinates:

X = rcos@; y = rsing; (66)
Px = Prcosg — pr—(psinqo; py = prsing + Py ~ CosQ. (67)

on account of the noncommutativity of ¢ and p,. Nevertheless, expectation values can be
computed for a given ordering using the polar coordinate quantization. We have

<(x(t))M> - Z(W)M%(m—mﬂwmms(@)u (68)
(UOIEDY (’ﬂizmh)z)wﬂxn —m+ Mh)sin(wy (69)

For M = 1, the delta functions have no support yielding (x) = (y) = 0 except in
the classical limit i — 0, whereas the radius r has a nonzero value both classically and
quantum mechanically that satisfies the {x, C} # 0 condition for second-class constrained
systems. For the momentum components, we have

mh) ) M/4(5(n —m + Mh) [kcos(qu_ (mh)sin(@)t]; (70)

( mh) ) M/4(5(n —m+ Mh) [(mh)cos(@)t - ksin(@) t} (71)

7. First-Class Constraints Approach

The Klauder toy problem in the first-class approach with Lagrange multiplier A, can
be well illustrated in Cartesian coordinates via the starting action (using the summation
convention):

5= /(Piqz' - %(Pipi - “2%%)>dt- (72)

Canonical equivalence with its representation in polar coordinates furnishes uncon-
strained canonical Poisson brackets {q;,9;}ps. = {pi, pj}rs. = 0 and {g;, pj}ps. = J;;- The
corresponding Hamilton’s equations read as

di = Api; pi = Aa’q;; C = pip; — a?q;q; = 0. (73)

The third equation is the constraint C = 0, which follows on from the equation of
motion for the Lagrange multiplier A, which, at this stage, can be an arbitrary function
of time. It can also be viewed, within the context of the Dirac procedure, as a secondary
constraint arising from the preservation of the primary constraint p, = 0, where p, is the
conjugate momentum to the Lagrange multiplier A. Then, we have p), = C = 0.
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dx _ d(gipi) —

dt

dt

The solution can be written down by inspection:
7:(T) = gi(0)cosh(aT) + @sinh(aﬁ); pi(T) = p;i(0)cosh(aT) 4+ ag;(0)sinh(aT), (74)

with T = fg dt’' A(t') assuming the role of an evolution parameter. However, T is ar-
bitrary on account of the arbitrariness of A, and does not correspond to physical time
evolution; indeed, this system is invariant under time reparametrizations t — T(t). This
has the interpretation that the state (g;(t), p;(t)) at any time ¢ can be obtained from the
initial state (g;(0), p;(0)) by some sort of group action (the group is nonabelian and non-
compact, and resembles the preservation of a hyperboloidal light-cone structure as in
special relativity). Note that, throughout its evolution, the system respects the constraint
Clai(t), pi(t)) = C(4:(0), pi(0)).

That the constraint is preserved under evolution via Poisson brackets can also be seen
directly from the Hamilton’s Equation (73):

d . .
a(PiPz’ — a?qiq;) = 2pip; — 20°q:4; = 2pi(AaPq;) — 202q;(Ap;) = 0. (75)

No further constraints are generated and the system is first class. Indeed, on page
21 of [7], Dirac states (and we paraphrase) that Primary first-class constraints are generating
functions of infinitesimal contact transformations, which lead to changes in the q’s and p’s that do
not affect the physical state. Within the context of first-class systems, one must interpret the
auxiliary condition as a gauge-fixing condition. Let

X=q-P—k(t), (76)

where k = k() has explicit time dependence, the reason for which we will see momentarily.
In a gauge-fixed first-class system, we require the gauge-fixing condition to be preserved
for all time. Thus,

k(t . . , X .
® _ dipi + qipi — k = (Ap;)pi + qi(Aa’q;) —k = A(pipi + «*qiq;) —k = 0. (77)

A gauge-fixing condition must be accessible, starting from any initial configuration of
the system. Thus, we would like to examine whether x = 0 lies in the orbit generated by
the constraint C = 0. Note that, for constant k, we have k = 0 and x # 0, and the auxiliary
condition cannot be preserved. Thus, for k = k(t), this enables the determination of the

k() k()
PP+a?(q? 2077
the second-class approach furnishes a well-defined time independently of any explicit ¢
dependence in k().

Another flaw in the methodology of first-class constrained systems is when one wants
to quantize the system via the so-called Wheeler-DeWitt equation [11]. Let us first examine
the prescription, in the quantum theory, wherein Poisson brackets get promoted to % times
commutators. Since the relations are canonical, the momentum acts on wavefunctions

¥ (g1, 92, t) by differentiation p;¥ = %g—; and the physical states of the system must satisfy

a Schrodinger equation ihaa—‘f = AY. On account of the first-class constraint C = 0, we
obtain the following partial differential equation:

Lagrange multiplier A =

The meaning of A is unclear, especially since

N A

AY = A(5? —a2?)¥ =0 — (

This means that aa—‘f = 0, namely that the physical state ¥ cannot evolve in time. This

is precisely what the procedure for Dirac quantization would prescribe, namely that the

physical states are annihilated by the quantum constraints. In general relativity, this leads
to the problem of time in the analogous “Wheeler-DeWitt” equation.
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Constraints linear in momenta admit an interpretation of generating gauge trans-
formations that preserve the configuration space polarization of the wavefunction; for
example, those found in Maxwell theory. Since the wavefunctions ¥(g1,4;) should be
defined on configuration space and not phase space, the gauge transformation should
admit a quantum interpretation wherein annihilation of the state by the constraint signifies
its invariance under the transformation

. L2 oY
¥ (q; +0q;,t) = e/MTCY = ¥(q;,t) + 25’11'871" (79)
i 1

However, C = 0 is quadratic in momenta. As can be seen from (74), this constraint
generates transformations that mix coordinate space with momentum space variables.
Thus, the analogous Wheeler-DeWitt Equation (78) does not have the same meaning as
a quantum wavefunction invariant under a transformation generated by C = 0 since the
polarization of such a wavefunction on configuration space cannot be preserved.

It is interesting to note that the “First Class Dirac Quantization” procedure of having
the constraint annihilate physical states,

)
A 1., P
C¥(r,9) = 5(p7 + 3 — )% (r,9) =0, (80)

can yield a correspondence if we were to replace p, with k/r, where it would yield the

- K24p2\1/4
restriction v = ( af‘") , and the results would correspond roughly to those presented

in the earlier second-class analysis. However, p, — k/r is consistent with the Dirac
bracket, and not Poisson bracket, to commutator rule, and this rule cannot be deduced a
prioriwithin the context of first-class quantization without first turning the system into
second class. Furthermore the Dirac bracket between r and ¢ does not vanish, so quantum
states cannot be a function of both of these variables. In fact, this highlights another
complication for first-class quantization: in a theory with K first-class constraints, the
reduced phase space will only be 2N — 2K-dimensional, so at most (N — K) variables,
and not N variables, can play the role of commuting configuration variables. It is far too
optimistic in the first-class scheme to assume that the K constraints annihilating the wave
function (which is still assumed to depend on the original commuting N configuration
variables) will naturally reduce the system to one with (N — K) commuting configuration
variables, whereas examples show that some of the configuration variables may in fact be
reduced to non-commuting variables.

8. Summary/Conclusions

This work illustrated the vast differences in the interpretation of totally constrained
systems as seen from a second-class versus first-class perspective. The main motivation
was to highlight some of the main problems that arise in general relativity and to provide a
resolution within the simpler context of a toy model sharing some of the relevant features
in common. We argued that nature should exhibit a preference for second-class systems
over first-class systems with a view toward the preservation of an even-dimensional phase
space. This is the most natural configuration on which to base a quantum theory.

There are several points that should be reiterated. (i) In the case of unconstrained sys-
tems, Poisson brackets and Dirac brakets coincide { A, B} p g = {A, B}p.g., and the standard
quantization procedures carry through. However, where constraints exist, they should be
supplemented with auxiliary conditions to make the system second class. The prescription
that constraints annihilate physical states still holds—for example, as in (80)—upon the
promotion of Dirac brackets, not Poisson brackets, to commutators. In this sense, unlike
in the case of first-class systems, wherein the constraint fixes the state through a solution
to a differential equation, for second-class systems, the condition ®|¢) Phys 18 trivially sat-
isfied, and a physical state [¢) py,ys can be fixed only through unitary evolution under a
genuine Hamiltonian. (ii) All phase space functions A Dirac-commute with the constraints
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{A, ®;}p p. = 0 by construction, which also make them observables in the quantum sense
[A, &[] = 0. Nevertheless, transverse fields (AT (x), EI (x)), for example, which form the
reduced phase space for Maxwell theory, are also observables in the first-class sense in
that they are gauge-invariant. (iii) While first-class constraints generate transformations
of the phase space variables, this is not time evolution, as shown in all examples. Time
evolution can only arise from the existence of a physical Hamiltonian Hpy,s, and is the
fundamental quantity when constructed on the reduced phase space. (vi) In the process of
formulating second-class systems, it may not be possible to satisfy the required condition
det{®;, ®;} # 0in the full phase space. In this case, when the condition fails on a set of
phase space points of measure zero, these points can be excluded from the phase space
in the construction of the reduced phase space. In the case of the Klauder problem, the
origin (x', p;) = (0,0) must be excluded. However, such exclusions should be considered
as a small price to pay for the availability of a vastly more colossal phase space. In the
case of the Maxwell field, analogous to gravity [14], the condition can be satisfied globally.
(iv) The Klauder toy problem suggests a strategy for the study of physical systems. One
could envision the process of this article in reverse. The Klauder problem can be seen as the
particle in a plane wherein the radial momentum is placed on the same footing as angular
momentum (as the condition k = rp; is dimensionally consistent with the interpretation of
k as angular momentum). Then, the problem becomes that of a particle on a circle, which
can be solved exactly, classically and quantum mechanically. Using this as the starting
point, one may enlarge the phase space by introducing a radial degree of freedom 7, along
with its conjugate momentum p;,, to preserve an even-dimensional phase space. Then, one
constructs a constraint with an auxiliary condition that can be invertibly mapped to these
additional variables, and one has the Klauder problem and its variations for that system.
On a final note, one may analyze the effect wherein k = k(t) is no longer a numerical
constant and has explicit time dependence. In this case, we no longer have circular orbits
as in (52), (53), (62). Additionally, we now have a time-dependent Hamiltonian U(p, t)
resulting in a time-ordered unitary evolution of the state

vo) = Tlew[ 4 [ Ulpo )¢ ]0(p0 @)

Equation (81) is analogous to the case for full gravity [15] within the context of the
relativistic point particle example considered, and the incorporation of transverse-traceless
auxiliary conditions turning general relativity into a second-class system with a reduced
Hamiltonian generating cosmic time translations has been addressed in Ref. [14].

From an observational standpoint, the theoretical results obtained through the tech-
niques demonstrated in this article should only be true for experiments or observations
that fulfill the associated constraints and auxiliary conditions. So far, the best observa-
tional evidence in support of second-class systems resides in the physicality of transverse
electromagnetic fields, as well as the detection of transverse-traceless perturbative gravita-
tional waves.
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