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Abstract: Aiming at the penetration problem of high-speed vehicles against a modified propor-
tional guidance interceptor, a three-dimensional mathematical model of attack–defense confrontation
between the high-speed vehicle and the interceptor is established in this paper. The modified propor-
tional navigation guidance law of the interceptor is included in the model, and control constraints,
pitch angle velocity constraints, and dynamic delay are introduced. Then, the performance index of
the optimal penetration of high-speed vehicles is established. Under the condition of considering the
180-degree BTT control, the analytical solutions of the optimal speed roll angle and the optimal over-
load of high-speed vehicles are obtained according to symmetric Hamilton principle. The simulation
results show that the overload switching times of high-speed vehicles to achieve optimal penetration
are N − 1, where N is the modified proportional guidance coefficient of the interceptor. When the
maximum speed roll angle velocity is [60, 90] degrees per second, the penetration effect of high-speed
vehicles is good. Finally, the optimal penetration guidance law proposed in this paper can achieve a
miss distance of more than 5 m when the overload capacity ratio is 0.33.

Keywords: high-speed vehicles; modified proportional navigation guidance; optimal penetration
guidance law; Hamilton principle

1. Introduction

Near space high-speed vehicle technology is an important milestone in the history of
modern weapons and equipment. As the commanding height of science and technology, it
greatly enriches the content of attack–defense confrontation in near space [1–4]. Aiming
at the optimal penetration guidance problem of high-speed vehicles against a modified
proportional guidance interceptor, this paper obtains the analytical solution of an optimal
penetration strategy by introducing Hamilton’s principle [5–7]. Hamilton’s principle is
based on the principle of minimum action, which indicates that the motion trajectory of an
object in any time interval causes the action to obtain the extreme value. This means that
in a system, the motion track of an object is the track that causes the action (i.e., the sum
of the Lagrangian integral in the time interval) to obtain the extreme value. The optimal
penetration strategy reflects a principle of stability and symmetry, which pursues a balance
between the maximum expected miss distance and the minimum required energy.

Now, the research on the guidance of high-speed vehicles mainly focuses on re-entry
guidance, trajectory optimization, etc. Zhang Konan et al. [8] solved the optimization of
aircraft penetration parameters using the sequential quadratic programming method and
obtained several typical penetration modes; however, the form is relatively simple. Wang
Qing et al. [9] proposed a predictive correction guidance method to study the re-entry
guidance problem of high-speed vehicles. The constraints of dynamic pressure, overload,
heat flow, etc. are comprehensively considered to successfully avoid the no-fly circle, and
the guidance and impact accuracy are high. Ming C et al. [10] effectively solved the trajec-
tory planning problem under multiple constraints based on the pseudospectral method
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and its improved method, but the pseudospectral method and its improved algorithm
are highly dependent on the initial guess, and the algorithm iteration efficiency fluctuates.
Wang Jianhua et al. [11] obtained pitch, yaw, and roll rate commands using the terminal
sliding mode control method and the principle of zeroing the line-of-sight angular rate,
and designed the guidance control in an integrated way; however, the target is a stationary
ground target. Liu Qingkai et al. [12] introduced four elements to avoid the divergence of
the Euler angle solution and improved the hit accuracy, but, again, for stationary targets.

However, the research on the guidance of high-speed vehicles against a modified pro-
portional guidance interceptor is relatively scarce at home and abroad. It mainly includes
the following: Rusnak, I. et al. [13] raised the issue of three-party pursuit and gave their
respective action strategies based on simple assumptions. Perelman A. et al. [14] obtained
the optimal guidance strategy for attack–defense confrontation based on linear differential
game theory, but the obtained results only depend on their maximum mobility, which are
conservative strategies. Kumar S. R. et al. [15] studied the cooperative guidance strategy
for defense missiles and protected aircraft according to optimal control theory. The results
show that the cooperative strategy can effectively protect aircraft and reduce the overload
demand of defense missiles. Weiss M. et al. [16] studied the combined penetration attack
guidance law of homing missiles and the cooperative guidance law of defense missiles and
protected aircraft. However, their assumptions about the enemy were relatively simple in
the derivation process, and their respective control saturation constraints were ignored.
Gao Changsheng et al. [17] studied the trajectory design of a hypersonic glider to avoid a
no-fly zone and divided the whole trajectory into several segments by introducing splicing
points. However, the adaptability of splicing point selection needs to be strengthened.
Li Jinglin et al. [18] studied the problem of terminal re-entry maneuver penetration and
precision strikes for gliding high-speed vehicles. They established a multiobject, multi-
segment, and multiconstraint maneuver penetration trajectory optimization model and
proposed an optimization strategy to deal with the shortcomings of the pseudospectral
method, but it only aimed at stationary targets. Guo Hang et al. [19] designed a penetration
guidance law to break the antiorbit interception situation based on the model predictive
static planning algorithm for the penetration guidance problem of the cruise phase of
air-breathing high-speed aircraft, making it impossible for the interceptor to achieve the
intermediate and terminal guidance handover.

In recent years, the penetration guidance law considering reasonable penetration
with a certain miss distance has gradually become a research hotspot. Based on the
optimal control theory, Guo Hang et al. [20] studied the penetration guidance law for
the target defense missile group and achieved the guidance effect of penetrating the
defense missile and attacking the target under the situation of three-way attack–defense
confrontation. In view of the problem of an air-breathing hypersonic vehicle penetrating
multiple interceptors, Tian et al. [21] designed the optimal performance index of penetration
with a certain miss distance, proposed the concept of a penetration window, and gave the
penetration strategies and simulation effects of “one out of two” under different situations.

Aiming at the optimal penetration guidance problem of a near space high-speed vehi-
cle against a modified proportional guidance interceptor, a three-dimensional mathematical
model of attack–defense confrontation between the high-speed aircraft and the interceptor
is established in this paper. The modified proportional guidance law of the interceptor
is included in the model, and control constraints, speed roll angle speed constraints, and
dynamic delay are introduced. Based on the performance index of the optimal penetra-
tion of the high-speed vehicle, and considering the 180◦ bank-to-turn (BTT) control of
high-speed aircraft [19], the analytical solution of the optimal speed roll angle and optimal
overload of the high-speed vehicle is obtained according to Hamilton’s principle. The main
contributions of the paper can be concluded as follows:

(a) Rather than using the proportional guidance law as in most other papers, the modified
proportional guidance law of the interceptor is introduced, which is more challenging
for the penetration strategy of the high-speed vehicles;
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(b) The analytical solution of the optimal penetration strategy using a three-dimensional
mathematical model of attack–defense confrontation is derived in this paper; while in
most other papers, only the analytical expression of the penetration strategy in the
plane is obtained;

(c) Different from the conventional analytical expression derivation in previous papers,
the common constraints in engineering applications are further considered and the
application-oriented optimal penetration strategy is obtained in this paper.

2. Scenarios and Mathematical Models of High-Speed Vehicle Penetration

For the application scenario of the approximate antiorbit interception of a typical
high-speed vehicle, it is assumed that both the high-speed vehicle and interceptors have
the characteristic of a first-order link autopilot. The interceptor adopts the modified
proportional guidance method, and the moving target is always in the horizontal plane.
The three-dimensional space attack–defense confrontation relationship is shown in Figure 1.
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Figure 1. The relative kinematics of spatial attack and defense countermeasure.

Considering the angle of attack constraint of high-speed aircraft in the actual situation,
it is assumed that it adopts the 180◦ BTT control mode and introduces the maximum speed
roll angle speed constraint. The state vector of the overall mathematical problem is as
follows:

x =
{

y,
.
y, z,

.
z, ny, nyi, nzi, γVh

}T (1)

The mathematical model can be expressed as follows:

.
y =

.
y

..
y = nyg cos γVh − nyig.
z =

.
z

..
z = −nyg sin γVh − nzig.
ny = − 1

τy
ny +

1
τy

nyc
.
nyi = − 1

τi
nyi +

1
τi

nyic
.
nzi = − 1

τi
nzi +

1
τi

nzic
.
γVh = µ

.
γVhmax

(2)

where (y, z) is the relative coordinate of the high-speed aircraft and interceptor in the y-axis
and z-axis;

(
nyi, nzi

)
is the actual overload of the interceptor in the y and z directions;(

nyic, nzic
)

is the command overload of the interceptor in the y and z directions;
(
nyc, ny

)
are the command overload and actual overload of high-speed aircraft; γVh is the speed
roll angle of high-speed aircraft; µ is the speed roll angle speed equivalent command of
high-speed aircraft;

.
γVhmax is the maximum speed roll angle velocity of the high-speed
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aircraft;
(
τy, τi

)
is the dynamic time constant of the high-speed aircraft and interceptor; g is

the acceleration of gravity. According to the modified proportional navigation method, nyic =
Vi N

.
λP

g + 1
2 ny cos γVh

nzic = −Vi N
.
λY

g − 1
2 ny sin γVh

(3)

where Vi is the interceptor speed; (λP, λY) are the elevation angle and azimuth angle of the
line of sight of the high-speed aircraft relative to the interceptor, respectively. Under the
condition of approximate antiorbit, the following formula is applied:{

λP = y/r
λY = −z/r

(4)

where r is the distance. Then, the angular speed of the line of sight is:
.
λP = y

Vc(t f−t)
2 +

.
y

Vc(t f−t)
.
λY = − z

Vc(t f−t)
2 −

.
z

Vc(t f−t)

(5)

where Vc and t f are the approach speed and terminal time. They are applied in the following
formula: {

Vc = Vh + Vi
t f = r/Vc

(6)

Then, the state equation of the system mathematical model is:

.
y =

.
y

..
y = nyg cos γVh − nyig.
z =

.
z

..
z = −nyg sin γVh − nzig.
ny = −ny/τy + nyc/τy
.
nyi =

N′
τi g

y

(t f−t)
2 +

N′
τi g

.
y

t f−t +
1

2τi
ny cos γVh − 1

τi
nyi

.
nzi =

N′
τi g

z
(t f−t)

2 +
N′
τi g

.
z

t f−t −
1

2τi
ny sin γVh − 1

τi
nzi

.
γVh = µ

.
γVhmax

(7)

where N′= NVi/Vc is the effective navigation ratio.
The performance index of the optimal penetration guidance problem is:

J = − 1
2 x
(

t f

)T
Qx
(

t f

)
+ 1

2

∫ t f
t0

uTRuµdt

= − 1
2 Q11y2

(
t f

)
− 1

2 Q33z2
(

t f

)
+ 1

2

∫ t f
t0

Run2
ycdt

(8)

The penetration command input of the high-speed aircraft is u =
(
nyc, µ

)T, and the
instruction constraint is: {

0 ≤ nyc ≤ nhmax
|µ| ≤ 1

(9)

3. Solution of Optimal Penetration Guidance Law for High-Speed Vehicle

According to the mathematical model of the optimal penetration problem of high-
speed aircraft, the optimal control quantity can be expressed as{

n∗yc, γ∗Vh

}
= argmin
{n∗yc , γ∗Vh}

J (10)
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The Hamilton function is:

H = 1
2 uTRuu + λTf(x, u, v)

= H(x, λ) + 1
2 Run2

yc +
λ5
τy

nyc

+λ2nygcos γVh − λ4nygsin γVh

− λ6nycos γVh
2τi

− λ7nysin γVh
2τi

(11)

Considering ny≥ 0, then γVh, which minimizes the Hamilton function, should satisfy:
cos γ∗Vh =

−
(

λ2g+ λ6
2τi

)
√(

λ2g+ λ6
2τi

)2
+
(

λ4g+ λ7
2τi

)2

sin γ∗Vh =

(
λ4g+ λ7

2τi

)
√(

λ2g+ λ6
2τi

)2
+
(

λ4g+ λ7
2τi

)2

(12)

The governing equation is:

∂H
∂u

= 0⇒ n∗yc = −
λ5

Ruτy
(13)

The co-state equation is:

.
λ1 = −N′λ6

τi g
1

(t f−t)
2

.
λ2 = −λ1 − N′λ6

τi g
1

t f−t
.
λ3 = −N′1λ7

τi g
1

(t f−t)
2

.
λ4 = −λ3 −

N′1λ7
τi g

1
t f−t

.
λ5 = −

(
λ2g + λ6

2τi

)
cos γVh +

(
λ4g + λ7

2τi

)
sin γVh +

λ5
τy.

λ6 = λ2g + λ6
τi.

λ7 = λ4g + λ7
τi

(14)

In order to solve the above equation conveniently, the following variable is introduced:

υ =
(

t f − t
)

/τi (15)

According to the method of Laplace transform, the co-state variable could be solved
as follows:

1©When N′= 3, the co-state variable is solved as follows:

λ1(υ) = Q11y
(

t f

)
e−υ(1− υ/2)

λ2(υ) = τiQ11y
(

t f

)
e−υ

(
υ− υ2/2

)
λ3(υ) = Q33z

(
t f

)
e−υ(1− υ/2)

λ4(υ) = τiQ33z
(

t f

)
e−υ

(
υ− υ2/2

)
λ6(υ) = −τ2

i gQ11y
(

t f

)
e−υ

(
υ2/2− υ3/6

)
λ7(υ) = −τ2

i gQ33z
(

t f

)
e−υ

(
υ2/2− υ3/6

)
(16)
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In addition, for λ5, when τi 6= τy, the result is as follows:

λ5(υ) =


−τ2

i ge−τiυ/τy R[h(υ) + c1] 0 ≤ υ ≤ 9−
√

33
2

τ2
i ge−τiυ/τy R[h(υ) + c2]

9−
√

33
2 < υ < 9+

√
33

2

−τ2
i ge−τiυ/τy R[h(υ) + c3] υ ≥ 9+

√
33

2

(17)

where R =

√
Q2

11y2
(

t f

)
+ Q2

33z2
(

t f

)
,



h(υ) = τi
τi−τf

e
τi−τy

τy υ
(

υ− 3
4 υ2 + 1

12 υ3
)
+
(

τi
τi−τf

)2
[

1− e
τi−τy

τy υ
(

1− 3
2 υ + 1

4 υ2
)]

+
(

τi
τi−τf

)3
(

e
τi−τy

τy υ υ−3
2 + 3

2

)
− 1

2

(
τi

τi−τf

)4
(

e
τi−τy

τy υ − 1
)

c1 = 0
c2 = −2h

(
9−
√

33
2

)
c3 = 2

[
h
(

9−
√

33
2

)
− h
(

9+
√

33
2

)]
(18)

In particular, when τi = τy, the result is as follows:

λ5(υ) =


−τ2

i ge−υR[h′(υ) + c1] 0 ≤ υ ≤ 9−
√

33
2

τ2
i ge−υR[h′(υ) + c2]

9−
√

33
2 < υ < 9+

√
33

2

−τ2
i ge−υR[h′(υ) + c3] υ ≥ 9+

√
33

2

(19)

where
h′(υ) =

1
2

υ2 − 1
4

υ3 +
1

48
υ4 (20)

2©When N′= 4, the co-state variables are as follows:

λ1(υ) = Q11y
(

t f

)
e−υ

(
1− υ + υ2/6

)
λ2(υ) = τiQ11y

(
t f

)
e−υ

(
υ− υ2 + υ3/6

)
λ3(υ) = Q33z

(
t f

)
e−υ

(
1− υ + υ2/6

)
λ4(υ) = τiQ33z

(
t f

)
e−υ

(
υ− υ2 + υ3/6

)
λ6(υ) = −τ2

i gQ11y
(

t f

)
e−υ

(
υ2/2− υ3/3 + υ4/24

)
λ7(υ) = −τ2

i gQ33z
(

t f

)
e−υ

(
υ2/2− υ3/3 + υ4/24

)
(21)

In addition, for λ5, when τi 6= τy, the result is as follows:

λ5(υ) =


−τ2

i ge−τiυ/τy R[k(υ) + d1] 0 ≤ υ ≤ 6− 2
√

6
τ2

i ge−τiυ/τy R[k(υ) + d2] 6− 2
√

6 < υ < 4
−τ2

i ge−τiυ/τy R[k(υ) + d3] 4 ≤ υ ≤ 6 + 2
√

6
τ2

i ge−τiυ/τy R[k(υ) + d4] υ > 6 + 2
√

6

(22)

where
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k(υ) = τi
τi−τf

e
τi−τy

τy υ
(

υ− 5
4 υ2 + 1

3 υ3 − 1
48 υ4

)
+
(

τi
τi−τf

)2
[

1− e
τi−τy

τy υ
(

1− 5
2 υ + υ2 − 1

12 υ3
)]

+
(

τi
τi−τf

)3
[

5
2 − e

τi−τy
τy υ

(
5
2 − 2υ + 1

4 υ
2
)]

+
(

τi
τi−τf

)4
[

2−
(

2− 1
2 υ
)

e
τi−τy

τy υ
]

− 1
2

(
τi

τi−τf

)5
[

e
τi−τy

τy υ − 1
]

d1 = 0
d2 = −2·k

(
6− 2

√
6
)

d3 = −2·
[
k
(

6− 2
√

6
)
− k(4)

]
d4 = −2·

[
k
(

6− 2
√

6
)
− k(4) + k

(
6 + 2

√
6
)]

(23)
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λ5(υ) =


−τ2

i ge−υR[k′(υ) + d1] 0 ≤ υ ≤ 6− 2
√

6
τ2

i ge−υR[k′(υ) + d2] 6− 2
√
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−τ2
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√

6
τ2
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where
k′(υ) =

1
2

υ2 − 5
12

υ3 +
1

12
υ4 − 1

240
υ5 (25)

After obtaining the co-state variable λ, the optimal speed roll angle γ∗Vh can be ex-
pressed as follows:

cos γ∗Vh =

 −sign
(

υ− 3
4 υ2 + 1

12 υ3
)Q11y(t f )

R
(

N′1= 3
)

−sign
(

υ− 4
5 υ2 + 1

3 υ3 − 1
48 υ4

)Q11y(t f )
R

(
N′1= 4

)
sin γ∗Vh =

 sign
(

υ− 3
4 υ2 + 1

12 υ3
)Q33z(t f )

R
(

N′1= 3
)

sign
(

υ− 4
5 υ2 + 1

3 υ3 − 1
48 υ4

)Q33z(t f )
R

(
N′1= 4

)
(26)

where sign(·) is the symbolic function.
Considering the need of high-speed aircraft to penetrate with as much miss distance

as possible, the control constraints are considered in the performance index function
(Q11, Q33)� Ru. Thus,

n∗yc = nhmax (27)

When y
(

t f

)
and z

(
t f

)
are determined, the optimal speed roll angle γ∗Vh determines

the “optimal penetration plane”, and its switching is related to υ (i.e., the remaining time).
From a practical point of view, the normal operation of the high-speed aircraft engine
requires that its flight dynamic pressure should be kept within a certain range. Therefore,
maneuvering in the vertical plane will easily lead to the shutdown of the engine, which
will cause the aircraft to stall and make it easier to intercept. Thus, the “optimal penetration
plane” is simplified as a horizontal plane. In order to make full use of the position deviation
in the z direction at the initial time with the least energy consumption, we have:

sign
[
z
(

t f

)]
= sign[z(t0)] (28)

Then, the expression of the optimal velocity roll angle γ∗Vh can be obtained as:

γ∗Vh= arcsin

 sign
(

υ− 3
4 υ2 + 1

12 υ3
)

sign[z(t0)]
(

N′1= 3
)

sign
(

υ− 4
5 υ2 + 1

3 υ3 − 1
48 υ4

)
sign[z(t0)]

(
N′1= 4

) (29)
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4. Simulation and Verification of Optimal Penetration Guidance Law for High-Speed
Vehicle

We chose MATLAB as the simulation platform and the Simulink module was used
to build the simulation system. The simulation parameter settings in typical scenarios are
shown in Table 1. The initial situation of the simulation is illustrated by Figure 1.

Table 1. Values of simulation parameters for optimal penetration guidance law.

Parameter Symbol Unit Value

Initial position of interceptor / / (0, 0, 0)
Interceptor speed Vi km/s data
Initial position of target r km (30, 0, 0)
First-order time constant

(
τi, τy

)
s (0.5, 0.5)

Maximum speed roll angle velocity of high-speed aircraft
.
γVhmax deg/s 60

Speed of high-speed aircraft Vh km/s 1.5
Maximum usable overload of interceptor nimax / 6
Maximum usable overload of high-speed aircraft nhmax / 2
Corrected proportional guidance coefficient of interceptor N / 3

Under the typical interception situationof approximate reverse orbit, the flight paths
of the high-speed aircraft and interceptor are shown in Figures 2 and 3. The change in the
speed roll angle of the high-speed aircraft is shown in Figure 4, and the normal overload of
the high-speed aircraft and interceptor is shown in Figure 5.
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The Monte Carlo shooting simulation takes the initial longitudinal and azimuth line of
sight angles (λP0 and λY0) as random variables, and they obeyed a uniform distribution of
U
(

0,(4/57.3)2/12
)

. In addition, 5000 shooting simulation runs were carried out for each

case. The average miss distances at different maximum speed roll angle speeds
.
γVhmax of

the high-speed aircraft are shown in Table 2.

Table 2. Simulation results of Monte Carlo shooting.

Parameter Unit Value

Maximum speed roll angle velocity
of high-speed aircraft,

.
γVhmax

◦/s 30 60 75

Miss distance m 0.625 3.431 3.172

Maximum speed roll angle velocity
of high-speed aircraft,

.
γVhmax

◦/s 90 120 150

Miss distance m 2.156 1.316 1.508

Maximum speed roll angle velocity
of high-speed aircraft,

.
γVhmax

◦/s 180 240 300

Miss distance m 1.873 2.348 2.791

Maximum speed roll angle velocity
of high-speed aircraft,

.
γVhmax

◦/s 360 720 ∞

Miss distance m 3.092 4.428 5.217

From the above simulation results, the following conclusions can be drawn:

(1) The overload switching times of high-speed aircraft to achieve optimal penetration is
N − 1, where N is the modified proportional guidance coefficient of interceptor;

(2) When
.
γVhmax ∈ {60, 90}(◦/s), the speed roll angle of the high-speed aircraft can

enable its overload command to complete just one switch, which can produce a larger
normal distance to penetrate; thus, the average miss distance is larger, and a better
penetration effect is achieved;

(3) When
.
γVhmax ∈ {90, 240}(◦/s), the variation range of the speed roll angle γVh of the

high-speed aircraft is further increased, but the second switch cannot be completed
effectively, which leads to the failure to fully utilize the mobility at the terminal time,
and the penetration miss distance becomes smaller;

(4) When the speed roll angle speed constraint exceeds 240◦/s, the penetration miss
distance gradually approaches the penetration effect without the maximum speed roll
angle speed constraint;

(5) From the perspective of high-speed aircraft penetration, the proposed optimal pen-
etration strategy can achieve a miss distance of more than 5 m when the overload
capacity ratio is 0.33.

5. Conclusions

On the basis of three-dimensional attack–defense confrontation, the optimal pene-
tration guidance strategy for high-speed vehicles against an interceptor with modified
proportional navigation guidance is proposed according to Hamilton’s principle. The
maximum speed roll angle velocity limit, the maximum available overload, and dynamic
delay were introduced to verify the performance of the proposed penetration guidance
strategy for the high-speed vehicles in a sense of a physical application. The Monte Carlo
simulation showed that the proposed optimal penetration guidance law can successfully
penetrate the modified proportional guidance interceptor when the overload capacity is
weak, which guarantees the penetration of the high-speed vehicle with a desirable miss
distance larger than 5 m. As a result, the optimal penetration guidance strategy of high-
speed aircraft proposed in this paper can effectively deal with the modified proportional
guidance interceptor, which provides a new idea and reference for the penetration guidance
of high-speed vehicles in the future.
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