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1. Introduction

In the past 50 years, non-metric generalizations of Banach’s fixed point theory and
its applications have played an important role in nonlinear analysis; see [1-5]. There are
many definitions of extended metric spaces (in these spaces, the distance need not satisfy
the triangle inequality or need not be symmetric). Some examples of such spaces are
d-complete L spaces or Kasahara spaces [6] (see also [7]). Hicks [8] first introduced the
notion of d-complete topological spaces and obtained the topological properties of those
spaces. In the paper [9], d-complete topological spaces were extended via the d*-complete
topological spaces. Fixed point theory for non-commutative mappings was introduced by
Kannan [10] and further developed by Srivastava and Gupta [11], Wong [12] and Ciri¢ [13].
Classical results have been presented by Wong [12] and Ciri¢ [13], which were extended by
George et al. [14] on b-metric spaces.

In this paper, we obtain some theorems that draw out significant results in [9], about
the existence and uniqueness of fixed point obtained for d*-complete topological spaces.
The significance of our improvement is that we obtained results about common fixed points
for two mappings that are not required to have a commutative property. Our results are
shown at complete b-metric spaces CbMS with an (SC) property.

Our results generalize previous results of Wong [12], Ciri¢ [13], Bianchini [15], Bryant [16],
Caccioppoli [17], Marjanovi¢ [18], Reich [19], Taskovi¢ [20], Yen [21] and Zamfirescu [22]
on b-metric spaces.

Moreover, we take into consideration some properties of b-spaces, a class of topological
spaces which belong to E-spaces (spaces with regular écart) and include metric spaces.
However, we draw the attention of the reader to the fact that we use CbMS for a complete
b-metric space and bMS for a b-metric space.

2. Preliminary Notes

In this section, we list several well-known definitions, remarks and lemmas.
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Definition 1. Suppose that Q) and T are topological spaces. The mapping f : QO — T is sequentially
continuous if for every sequence (wy) C Q,

nl_l)IJ'I_l wy = p implies hm fwn = fp.

For wy € O, we affirm that the sequence (wy,) defined by w, = f"wy is a sequence of Picard
iterates for f at point wq or that (wy,) is the orbit of f at point w.

Suppose that () is a nonempty set, f : 3 — ) is a mapping and x € Q) is a fixed point
for fif fx = x.

The first part of the following statement was developed and proved by Adamovic [23].
Its second part was presented in [24].

Lemma 1. Let Q) be a nonempty set and f : Q — Q be a mapping. Let I € N, where f' has a

unique fixed point u,. Then,

(1) us is the unique fixed point for f;

(2)  IfQis the topological space and a Picard-iterated sequence defined by f' converges to u., then
the sequence of Picard iterates defined along f converges to u.

Definition 2 ([8,9]). Suppose that Q) is a Hausdorff topological space and d : Q) x Q) — [0, +-00)
is a mapping. We define the next three valuable properties:

(a) Forany w,0 € Q,d(w,0) = 0ifand only if w = 6;
(b)  For every sequence (wy,) C Q,

Z (Wn, wy11) < oo implies that (wy) converges in C); 1

(c)  For each sequence of (wy,) C Q, if thereis L > 0and A € [0,1), where
A(wn, W) < LAY, @)

forn=0,1,2,..., then (wy) converges in Q).

If (Q), d) satisfies conditions (a) and (b) ((a) and (c)), then we say that (Q), d) is a d-complete
topological space (d*-complete topological space).

Remark 1. Obviously, any d-complete topological space (Q), d) is d*-complete; however, the con-
verse is not true (see [9]).

In the article [25], Fréchet established the classes of metric spaces E-spaces. The
historical development of the theory of b-spaces was revisited in the paper by Berinde and
Pacurar [26].

Definition 3. The triplet (B, p,s), where B is a nonempty set, p : B X B — [0, +00) and s > 0, is
a bMS with constant s if the following conditions hold:

(B1) p(u,v) =0ifandonlyifu = o,

(Ba) p(u,v) =p(v,u),

(B3) p(u,v) <slo(u,w) + p(w,v)],

forallu,v,w € B.

Remark 2. (i) It is clear that (B, p, 1) is a metric space.

(ii) If v = w is put into (Bs), we obtain p(u,v) < s[p(u,v) + p(v,v)] = sp(u,v). So, in a b-metric
space (B, p,s), we have s > 1.

Here are some results that can be seen in [27,28].



Symmetry 2023, 15, 1344

30f12

In every b-metric space (B, p, s), one can propose the topology 7, on behalf of defining
the family of closed sets as follows:
A set A C Bis closed if and only if for every u € B, p(u, A) = 0 implies that u € A,
where
p(u,A) =inf{p(u,a) :a € A}.

The convergence of the sequence (u,) in the topology 1, is not necessarily implied
p(un, ) — 0, although, the converse is true (see [24]).
Many notions in bMS would be the same as those in metric spaces.

Definition 4. A sequence (u,) C B is said to be a Cauchy sequence if for a given € > 0, there is
N; € N such that d(uy, u,) < ¢, forall m,n > Ne. AbMS (B, p, s) is said to be complete if every
Cauchy sequence converges to some u € ).

Letr > 0and u € B. By
B(u,r)={veQ: p(u,v) <r},

we denote an open ball with a center 1 and a radius r.

Many properties of bMS would be the same as those in metric spaces (but, it is not all
because there is no triangle inequality). For example, each bMS is a Hausdorff space.

Further, An etal. [29] proved that every bMS is a semi-metrizable space (for a definition
of a semi-metrizable space, see [24]), but there exists bMS in which open balls are not open
sets. Additionally, every bMS satisfies the first axiom of countability, which implies that
continuity and sequential continuity in bMS are equivalent notions.

In [30], Miculescu and Mihail proved the following result. Its simple and short proof
was presented by Mitrovi¢ [31].

Lemma 2. Suppose that (B, p,s) is a bMS and sequence {u,} C B. If there exists A € [0,1)
such that

p(un+l/uﬂ) < Ap(unr un71> (3)
forall n € N, then {u,} is Cauchy.

Remark 3. From Lemma 2, we have that CbMS is a d* complete topological space.
Definition 5. We say that b-metric space (B, p,s) has the property (SC) if

LHE p(un, u) = 0 implies limy,_, +cop (1n, v) = p(u,v), 4)

where (u,) C B,u,v € B.

Remark 4. In [24], it was proved that bMS has the property (SC) if all its open balls are open sets
in topology Tp.

3. Main Results

In the following results, some properties of the finite product of CoMS are given. We
use the notation [n] = {1,...,n}, wheren € N.

Lemma 3. Let (B;,p;,s;),i € [n] be bMS, B = By x --+ X By and p : B> — [0,+00) be
defined by

pUp1-espn), (q1,- -, qn)) = max{pi(pi, qi) 1 € [n]}, ®)
where p;,q; € B;,i € [n]. Let s = max{s; : i € [n]}. Then,
(1) (B, p,s) is a b-metric space;
(2) (B, p,s) is complete if and only if (B;, p;,s;),i € [n] is complete;
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(3) (B, p,s) has the property (SC) if and only if (B;, p;,s;),i € [n] has the property (SC).

Proof. (1) Conditions (1), (2) and (3) are trivial-satisfied.
(2) Suppose that (B, p,s) is CbMS. Suppose that k € [n], (u¥) C By is Cauchy sequence
in (By, pr,s¢) and p/ € B; such that j € [n]\{k}. Then, sequence (u;) = (u},...,u}') € B

defined by
i {uk if j =k,
P, ifj #k,
is a Cauchy sequence in (B, p). So, x; converges. Hence, we have that (1) converges.
Now, assume that (By, pk, sx) is a CbMS for each k € [n], and that sequence (1;) C B
defined by u; = (u},...,u") is a Cauchy sequence in (B, p,s). We can see that then, (u¥) C
By is a Cauchy sequence in (B, p). Let im; o x%‘ = p, k € [n]. Then, for each & > 0 and
every k € [n], there exists mf; € N, where i > m§ implies p(ui.‘, pF) <eletp=(pl,...,p").
So,i>my = max{m(l), ..., my} implies p(u;, p) < e. Hence, lim;_, , o, x; = p.
(3) Let U; C B;,i € [n] be open balls and U = Uj X - - - x Uy. Then, U is an open set
in topology 1, if each U;, i € [n] is an open set in topology T,,. So, if U is open, then all U;
are open.
Further, if B(p,r) C B, where p = (p1,..., pn) is an open set, then B(p;, ) C B;is an
open set as a projection of B(p,r) to B;. [

Next a common fixed point theorem extends previous fixed point results presented by
Mitrovi¢ et al. [9] and Taskovi¢ [20].

Theorem 1. Let (B;, p;,s;),i € [n] be a CoMS with the (SC) property. Let B = By X --- X By
and p : B> — [0, +00) be a mapping defined as

o((w, ..., wn), (01, on)) = max{pi(wy,yi) : i € [n]}. (6)

Let s = max{s; : i € [n]}, fi,gi + B — Bj,i € [n] and F,G : B — B be defined by
F=(f1,-..,fn)and G = (g1,...,8n). Suppose that

p(Fw,GO) < Ap(w, ) (7)

forall w,0 € Q and some A € [0,1). Then, F and G have a unique common fixed point ® € Q).
Also, © is a unique limit of all Picard sequences defined by F and a unique limit of all Picard
sequences defined by G.

Proof. Suppose that @) = («?,...,w}) € B and (©;) is a sequence defined by @y; 1 =

FO,; and Oy;;, = GO,;,1. We have that

P(®i11,0i42) < Ap(0;,0;i41) ®)

fori =0,1,2,.... Now, from (8), Lemmas 2 and 3, we conclude that there exists ©® € B
where ® = lim; , | o, ®;. Also, we have

O = lim ®i = 111’1’1 ®2i+1 = 111’1’1 F®2i
1—+00 1—>+00

i——+oo
and
® = lim ®i = lim ®2i+2 = lim G@21‘+1.
i——+o0 i—+o0 i—+o0
From

p(FO,03i12) < Ap(©,0yi41),
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using the (SC) property, we obtain
lim; s 4 op(FO, @ 12) < Alim;_, 1 00p(®, Oai11) = 0.
Therefore, FO® = lim; , , o, ©y; 1, = ©. Further, from
p(GO, 0z 41) < Ap(O, Os),
again, using the (SC) property, we have
lim;_, 1 00p(GO, @i 11) < Alim;_, 40op(©, O;) = 0.

So, GO = lim; 1, ®y41 = O. Let w € B, where Fw = w and w # ©. Then, we
deduce that
p(w,®) = p(Fw,GO) < Ap(9,0).

This is a contradiction.
Similarly, let w € B where Gw = w and w # ©. Thereafter, we have

p(w,®) = p(Gw, FO) < Ap(w, ®).

This is a contradiction.

So, ® is a unique common fixed point for both F and G.

We obtain the convergence of Picard sequences defined by F and Picard sequences
defined by G from

p(F"1w,GO) < Ap(F'w,©) < ... < A"1p(8,0),

and
p(G"1w, FO) < 2p(G"w,0) < ... < A" p(w, O).

O
Remark 5. In [32], the authors used additive metrics instead of max and obtained similar results.

From Theorem 1, we obtain the next corollary which generalizes the well-known
results initiated by Bryant [16].

Corollary 1. Let (B,p,s) bea CbMS, A € [0,1), f,¢: B— Band n € N, where

p(f'w,8"0) < Ap(w,0), )

forall u,v € B. Then, both f and g have a unique common fixed point q € B. Also, q is a unique
limit of all Picard sequences defined along f and a unique limit of all Picard sequences defined

along g.

By Corollary 1, we arrive at the following common fixed point result that provides the
theorem for Yen [21].

Corollary 2. Let (B,p,s) bea CbMS, A € [0,1), f,g: B— Band m,n € N, where

p(f"w,8"w) < Ap(w,0), (10)

forall w,8 € Q. Then, f and g have a unique common fixed point q € B. Also, q is a unique limit
of all Picard sequences defined by f and a unique limit of all Picard sequences defined by g.

Proof. Put w = f"y and 6 = ¢"v, where i, v € B. We have that " and ¢g""*" hold all
conditions of Corollary 1. [
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By Corollary 1, we obtain the next common fixed point, which expands upon the
well-known theorem of R. Caccioppoli [17].

Corollary 3. Let (B,p,s) bea CbMS, A € [0,1), f,g : B — B, (cn) be a sequence such that
Y ey < 400,04 > 0,1 € Nand

p(f'w,8"0) < cnp(w,0) (11)

forallw,0 € B,n € N. Then, f and g have a unique common fixed point q € B. Also, q is a unique
limit for all Picard sequences defined along f and a unique limit for all Picard sequences defined

along g.

Proof. For some positive integer 1, we have ¢, < 1. Now, the statement follows from
Corollary 1. O

Lemma 4. Let (B,p,s) be a CbMS with an (SC) property, A € [0,1), f,¢ : B — B and
ps 1 B2 — [0, +00) be defined by p.(w,0) = 0 for w = 6 and

p«(w,0) = max{p(w,0),p(fw,gb),...,p(f"w,g"0)} (12)

for w # 6. Then, space (B, px,s) is a CbMS with an (SC) property.

Proof. The space (B, p«,s) is bMS because conditions (B1), (B2) and (B3) are trivial-satisfied.
Also, we have p(w,0) < pi(w,0) for any w,0 € X. Further, if (6;) C B is an arbi-
trary Cauchy sequence in (B, p.), (6;) is a Cauchy sequence in (B,p), which implies
that (B, p«) is CbMS because (B, p,s) is complete. Further, for every k € [n], we have
lim; .,y op(ffw, §56;) < p(f¥w, *0), which implies that limp.(w,8,) < p«(w,8). Hence,
(B, p, s) has the property (SC). O

The following theorem extends the previous results presented by M. Marjanovi¢ [18],
from CMS to CbMS.

Theorem 2. Suppose that (B, p,s) is a CbMS that satisfies the (SC) property, and A € [0,1) and
f,g: B — Bare two mappings such that

p(f”+1w,gn+19) <A max {p(fiw,giQ)}/ (13)
0<i<n

forall w,0 € Q). Then, f and g have a unique common fixed point z € B, which is a unique limit
for all Picard sequences defined along f and a unique limit for all Picard sequences defined along g.

Proof. By Lemma 4, space (B, px,s) is a CbMS that has the (SC) property. Further, we
have that
P+ ("M w, 8"10) < Apu(w, 0).

Based on the one-dimensional case of Theorem 1, it follows that f"*! and ¢g"*! have a
unique common fixed point, say g, which is a unique limit for all Picard sequences defined
by f"*1 and a unique common fixed point that is a unique limit for all Picard sequences
defined by f"*1. By Lemma 1 we obtain that g is a unique fixed point for f and a unique
limit for all Picard sequences defined along f, and g is a unique fixed point for ¢ and a
unique limit for all Picard sequences defined along g. Hence, g is a unique common fixed
point for f and g. [

Next, the common fixed point theorem extends the results from George et al. [14].
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Theorem 3. Suppose that (B, p,s) isa COMS, f,g: B — Band a, € [0,1), where x +25 < 1
and

p(fx,8y) < maX{p(u/v),p(u/fu),p(v,gv)/ Pl 80) ;p(fu’ 0) } (14)

n ﬁ[p(u,gv):p(fu, v)],

forall u,v € B. If one of the next conditions are satisfied,

(1)  f and g are sequentially continuous or p is sequentially continuous;
(2) (B, p,s) has the (SC) property and s(a + B) < 1,

then f and g have a unique common fixed point z € B. Also, a sequence (uy) defined by uy, 1 =
fXon, Uapyo = guoni1,n =0,1,2,..., where uy € B, converges to w.

Proof. Let 1y € B be arbitrary and a (u,) sequence defined by 15,1 = fuy, and Uz, 4o =
Quoy+1- Then, there exists w € () such that w = lim u,,; the proof is the same as that in [14]
(Theorem 13).

Case (1): If f and g are sequentially continuous or p is sequentially continuous, then
by Theorem 13 in [14], we obtain that f and g have a unique common fixed point w € Q).
The rest of the proof is like that in Case (2).

Case (2): Let (B, p, s) satisfy the (SC). From (14), we have

p(fw, guzni1) < amax{p(w, uzni1), p(w, fw), p(Uzn+1,§U2n+1),

p(Uzns1, fw) + p(gU2nt1, W) - Blo(uany1, fw) + p(gHans1,w)]
2s S

which implies

limp(fw, guzn41) < lim[amax{p(w, uzu11), p(w, fw), p(Uzn+1, U2n+2),

P(”2n+1/fw)2tp(8u2n+1/w) )+ 5P(M2n+s1,fw) i ﬁP(Suzzﬂlw)]'

So, we have that

limp(guzn11, fw) < amax{p(w, w), p(w, fw), p(w,w),
plw, fw) + plaw,w), ol fw) _ gpla,w))

2s S S

Therefore,
limp(guan 41, fw) < (& + B)p(w, fw).
Now, we have
p(w, fw) < slimp(guopi1, fw) +limp(guznr1,w)] < s(a+ p)p(w, fw).  (15)

Since s(« + B) € [0,1) from (15), we have w = f(w). Further, we have

p(fuzn, gw) < amax{p(uzq, w),), p(u2n, fuizn), p(w, gw)

p(t2n, gW) ;rs p(fuzy, w) - 5p(uzg,gw n ﬁp(fuzn,w)

which implies

limp(fuuz,, gw) < lim[a max{p(uzn, w), p(tt2n, tizn+1), p(w, gw),

p((u2n,82) J;Spwzm,w» Vo ﬁp(uz;:gw) n ﬁp(fuzn,W)].




Symmetry 2023, 15, 1344

8of 12

So, we have that

Timp (fuze, gw) < amax{p(w, w), p(w, fw),p(w, w),

p(w, fw) + p(w, w) p(w, fw)  p(w,w)
P R st
Therefore, o
limp(fuzn, gw) < (a + B)p(w, gw).
Now,

p(w, gw) < s[limp(fuay, gw) +limp(fuzn, w)] < s(a + B)p(w, gw),

sow = g(w).
Further, we prove that the fixed point is unique. Suppose that there are two common
fixed points w and w’, i.e. gw = fw = w and gw’ = fw’ = w’. Then, we obtain

d(w,w’) = d(fw,gw’) < Dé{d(W,w/),d(w,w)d(w’,w’), d(w,w") +d(w,w')

2s }
v P | pat,of) < (@t 2B,

which implies that w = w'.
Finally, we prove the convergence of sequences of a corresponding Picard iteration:

o(f" N, qw) < Ap(ffu,w)) < ... < A" o(u,w),

and
p(gnﬂv,fW) < Ap(g"v,w)) < ... < Aﬂ+1p(v,W)-

O

The next Corollary extends the known results presented by Reich [19], Bianchini [15],
Singh [33], Srivastava, and Gupta [11] and Ray [34] to b-metric spaces.

Corollary 4. Suppose that (B, p,s) isa CboMS, A € [0,1) and f,g : B — B. Suppose that

d(fw,gf) < Amax{p(w,0),p(w, fw),0(0,80)}, (16)

forall w,0 € B and one of the following conditions is satisfied:

(1)  f and g are sequentially continuous or p is sequentially continuous;
(2) (B, p,s) satisfies the (SC) property and sA < 1.

Then, f and g have a unique common fixed point w € Q). Also, w is a unique limit of all Picard
sequences defined by f and a unique limit of all Picard sequences defined by g.

Finally, we prove the following statement, which extends earlier results presented by
Marjanovi¢ [18] and Zamfirescu [22].

Corollary 5. Let (B, p,s) be a CobMS with the (SC) property, A € [0,1) and f,g : QO — Q. If
there exist positive integers i, j and k such that m = max{i, j, k}

p(fm+1wl gm+19) < /\max{ofg?i(i{f)(fnw'gng)}’

n n+1 n n+1
Ogrnn%)'(—l{p(f w,g" 0}t + Ogrgggfl{p(g w, f 9)}}
2 7

forall w,8 € Q, then f and g have a unique common fixed point w € X. Also, w is a unique limit
of all Picard sequences defined by f and a unique limit of all Picard sequences defined by g.
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Proof. By Lemma 4, the space (B, p«,s) is a CbMS with the (SC) property. Further, we
have that

p+(f" 1w, g"10) < Amax{p.(w,0), p«(w, f0), p+(gw,0))}.

By Theorem 3, we obtain that f"*! and ¢”*! have a unique common fixed point g, and g
is a unique limit of all Picard sequences defined by f"*! and a unique limit of all Picard
sequences defined by f"*1. By Lemma 1, we obtain that g is a unique fixed point for f and
a unique limit of all Picard sequences defined by f, and g is a unique fixed point for g and a
unique limit of all Picard sequences defined by g. Hence, g is a unique common fixed point
for fand g. O

Remark 6. Note that Theorem 3 generalizes the classical results presented by Ciri¢ [13] and
Wong [12] obtained in complete metric spaces.

4. Some Examples

+o0

Example 1. The space IV = {{u,} C R : ¥ |uu|? < 4o0,p € (0,1)}, together with the
n=1

function dy : [P < IP — R defined by

foo )
dp(u,0) = | Y [un — val?
n=1
where u = {u,},v = {v,} € IF is not a metric space (the function d, does not satisfy the triangle
1
inequality), but (IP,d,, s) is a b-metric space with s = 2v 1 [35,36]. Let f,g:P = 1P i=1,2be
defined by

(0,4, ), ifx £ (1,0,0,0,...),
f(”)_{ (%3040 ) ifu=(1,0,0,0,...),

Then, we have

(1) Ifu,0€1P\{(1,0,0,0,...)}, then it is d,(fu,gv) < 1d,(u,0);
(2) Ifu=(1,0,0,0,...),v€1P\{(1,0,0,0,...)}, then it is

_ 1 01 92 U3
dp(fu,gv) = dp((4,0,0,0,...),(0,4,4,4,...))
1 T 1
I N TIG)
i=1
1
= iyl g0);

(3) Ifuel”\{(1,0,0,0,...)},v=(1,0,0,0,...), then we obtain

dy(fu,qv) = dp((o,%,%,%,...),(o,i,o,o,...))
1
= ([ e e )
= }Ldp(u,v);

4 Ifu=v=(1,0,0,0,...), we obtain
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1 1
dp(fu,gv) = (4000 ),(0,1,0,0,...))
/11Ny
- \wtw

_ {
T4

On the other hand,

dy(u, fu) = p((l,o,o,o,...),(i,o,o,o,...))

d
3
T

1
So, we conclude that the conditions of Corollary 4 are satisfied for A = Tp <landp € (log;2,1).
Example 2. Let B = [0,1] and p(a,b) = (a — b)? for any a,b € B. Then, (B, p,2) is CbMS and

o is sequentially continuous. Let

)5 ifuelo1);
o= {3 et

and g(v) = § for every v € [0,1]. We have that p(u,v) = §(u — v)? for u,v € [0,1). Further,
we have

p(f1,80) = o < 1=p(1,0)

d 16 25
p(fL81) = 155 < 100 = L1 80)-

Since the conditions of Corollary 4 are satisfied for A = ﬁ, we conclude that f and g have a unique
common fixed point w € Q, which is a unique limit of all Picard sequences defined by f and a
unique limit of all Picard sequences defined by g.

5. Conclusions

We present some theorems that extended some results on the existence and uniqueness
of a fixed point obtained for d*-complete topological spaces in [9]. The significance of our
improvement is that we obtained results about common fixed points for two mappings that
do not possess the property of commutativity. Our results are given on ChMS with the (SC)
property. Our results generalize previous results in the literature. Also, we considered some
properties of b-spaces, a class of topological spaces that belong to E-spaces and includes
metric spaces.
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