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1. Introduction

Thomas Simpson, a pioneering mathematician from 1710-1761, made significant
contributions to the field of numerical integration and the estimation of definite integrals,
specifically through the development of Simpson’s rule. A comparable approximation was
employed by Kepler nearly a century earlier, leading to its alternate designation as Kepler’s
rule. Simpson’s rule encompasses the three-point Newton—Cotes quadrature rule, giving
rise to estimations that rely on a three-step quadratic kernel, which is occasionally referred
to as Newton-type results.

(1) Simpson’s quadrature formula (Simpson’s 1/3 rule) is expressed as follows:

2 7Ty — 7T
/ F(x)d(x) =~ %

T

T + 70

{F(nl)+4F( 5 ) —i—F(m)].

(1) Simpson’s second formula, or the Newton—-Cotes quadrature formula (Simpson’s
3/8 rule), is expressed as follows:

/:F(x)d(x) ~ ? [F(m) +3F(2”13+”2) +3F(7”+327T2) +F(7t2)}

A large variety of methods and techniques for estimations with these quadrature rules
are available. One of them is Simpson’s inequality, which can be stated in the following way:

Theorem 1. Suppose that | : [mt1, o] — R is a four times continuously differentiable mapping
on (1y, 11p), and let HF(‘L) H = sup ’F(4)(x)’ < co. Then, one has the inequality

xe(my,my)
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The work of numerous mathematicians has been dedicated to the advancement of
Simpson- and Newton-type results for convex functions. The theory of convexity has been
instrumental in addressing various problems. Such a domain involves studying numerical
integration quadrature formulas, where novel Simpson’s inequalities and their far-reaching
applications have been propounded by Dragomir et al. [1]. Furthermore, Alomari et al. [2]
developed some new inequalities of Simpson-type s-convex functions. The classical concept
of convexity also has a close connection with the concept of symmetry. In the literature,
there exist numerous properties of symmetric convex sets. One fascinating aspect of this
relationship is that we work on one and apply it to the other.

Mathematicians were inspired by Euler’s groundbreaking work to establish a vital
connection between physics and mathematics, paving the way for the development of
quantum computing, quantum calculus, and quantitative computer mathematics. The
impact of these innovations is wide-ranging, with implications for numerous mathematical
disciplines such as combinatorics, number theory, polynomial orthogonal, and fundamental
hypergeometric functions, as well as other scientific fields including mechanics, relativity
theory, and quantum theory [3,4]. Quantum calculus leverages quantum information theory
to address diverse applications spanning the domains of computer science, information
theory, philosophy, and cryptography, thereby constituting a compelling interdisciplinary
domain [5,6]. Subsequently, Jackson introduced g-calculus, which did not rely on limit
calculus [7,8]. In 2013 the r, D,difference operator and g, integral were presented by
Jessada Tariboon and Sotiris Ntouyas et al. [9]. After that, the expression of 2D, for the
derivative and the q™2-integral were established by Bermudo et al. [10] in 2020. Sadjang
etal. [11] generalized quantum calculus and post-quantum calculus and introduced new
notions. Tung and Gov introduced the post-quantum variant of the ~, D, difference operator
and g, integral in [12]. The authors of [13] used the ., Dq,”2 D, derivatives and qr,, g2
integrals in the proof of Hermite-Hadamard integral inequalities and left-right estimates
for the coordinated convex and convex functions of these inequalities. The generalization
of the results in [14] and the work on the proof of Hermite-Hadamard-type inequalities
with the left estimates using a , Dy ; difference operator and (p, q),Tl integral was carried
out by Kunt et al. In [15] Noor has given quantum estimates for Hermite-Hadamard
inequalities. Nwaeze et al. [16] proved some satisfying parameterized quantum integral
inequalities for generalized qiasi-convex functions. The quantum Hermite-Hadamard
inequality was proven by Khan et al. by using a green function [17]. In [18-21] authors have
introduced the new quantum Simpson- and quantum Newton-type inequalities for convex
and coordinated convex functions, respectively. The authors of [22-26] studied quantum
Ostrowski inequalities for convex and coordinated convex functions. The notions of a ™D, 4
difference operator and (p, q)?-integral were employed by Latif and Chu in establishing
their right estimates of Hermite-Hadamard-type inequalities [27]. These inequalities
were used to prove Ostrowski’s inequalities. For further interesting advancements in
this field, see [28-33]. However, in [34] Latif gave g-analogues of Hermite-Hadamard
inequality of functions of two variables on finite rectangles in the plane. In [35] Vivas-
Cortez, introduced new quantum estimates of Trapezium-Type Inequalities for Generalized
¢-Convex Functions.

Motivated by the above-mentioned works [20,35], in this study, we develop two
new identities to obtain fresh error bounds for Simpson’s one-third rule and Simpson’s
three-eighths rule named the Newton’s rule, by coupling with the quantum integration
convexity property of the functions over a rectangular domain. Our work presents a
novel contribution by successfully integrating various existing and new findings from the
literature, resulting in a significant unification of knowledge.
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The rest of this study is structured as follows. Section 2 provides a concise overview
of the history and applications of quantum calculus. Section 3 furnishes an abridged
explanation of the terminologies and concepts underlying quantum calculus, as well as
the relevant inequalities. Section 4 formulates the coordinated version of right quantum
integral identities. Section 5 outlines the key findings, comprising coordinated versions of
right quantum Simpson- and right quantum Newton-type inequalities, as well as related
outcomes that were unearthed through appropriate fabrication. Section 6 presents the
concluding remarks and highlights of this innovative research.

2. Quantum Calculus Preliminaries

In this section, we present some basic definitions and inequalities.

Definition 1 ([35]). Let v,u > 0and o = (c(0),...,0(k),...) be a bounded sequence of positive
real numbers. A nonempty set A to be generalized convex if

T+ thy,v,a(nz —m) €N Vm,meAN te]|01].

Here, IV{W,,U(.) is Raina’s function, which is as follows:

) ) > (k)
Ryyo(2) = RO gy — g 000 g0 )
}, ,U( ) }l,l/ ( ) kgo I’(y+v)

where |Z| < R and I'(.) is the well-known gamma function. For further details, see [36].

Definition 2 ([35]). Let v,y > 0and o = (c(0),...,0(k),...) be a bounded sequence of positive
real numbers. A function F : A — R is said to be generalized convex if

F(my + tRyue(m — m) < (1= t)F(m) + tF(m), Vm,me£, te[0,1. (2

Definition 3 ([37]). For p,c > 0and o = (¢(0),0(1),...,0(k),...), this is assumed to be a
bounded sequence of R*. A nonempty set A is known to be a coordinated generalized convex set

(711 + tRyp,o (12 — 711), 3 + SRy 0 (14 — 713)) € A 3)

which holds for all t,s € [0,1], while (71, 3) X (712, 14) € A and RZ/V(') denotes Raina’s
function.

Definition 4 ([37]). For p,c > 0and o = (¢(0),0(1),...,0(k),...), this is assumed to be a
bounded sequence of R™. A mapping F : A — R™ is said to be coordinated generalized convex if

F(rm + tRyp,o(m — 1), 13 + SRy 0 (714 — 713))
< tsF(mp, my) +t(1 — s)F(my, 1t3) + (1 — £)sF(7my, 713), 4)

holds for all t,s € [0,1] and (71, 7t3) X (712, 714) € A.

Definition 5. In [8], F. H. Jackson gave the q-Jackson integral from 0 to 7tp for 0 < g < 1 as

U3

[0 dy) =1 -9y 1 (o), ®)
0 "=

provided that the sum converges absolutely. Moreover, he gave the g-Jackson integral in an arbitrary

interval [111, 712] as follows:

T i

/F(x) dg(x) :'/ F(x) dy(x) —/F(x) dg(x) -

0 0
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Definition 6 ([9]). For a continuous function | : [r11, 2] — R, the left quantum derivative
(g, — derivative) of | at x € 711, 2] is as characterized below:

_F(x)—Fgx+(1—gq)m)
e [

For x=r11, we state that , DyF (711)=1limy 7, 7, DgF (x) if it exists and is finite.

, X F . (6)

Definition 7 ([10]). For a continuous function F : 1, 3] — R, the right quantum derivative
(9™ — derivative) of F at x € [111, 712] is characterized by the expression

"2DgF (x) ZF(qx(J; (_1[5(2:2_);)“96)/ X # 0. ?)

For x=r1y, we state that 2Dy [ (1) =limy—,, "™DgF (x) if it exists and is finite.

Definition 8 ([9]). Let F : [y, o] — R be a continuous function. The left definite quantum
integral (9, — definite integral) on [111, 72| is defined as

[1@ b = A-pim-m) Lef@mt0-gm) 6
US| :
= (nZ—nl)/F((l—T)n1+T7t2) dg(T) -
0

On the other hand, S. Bermudo et al. [10] gave the following new definition:

Definition 9. Let [ : [y, ] — R be a continuous function. The right definite quantum
(9™ — definite integral) on [111, 715] is defined as

[r@ P = 0-gm-m) L @m e -gm)©)

1
(nz—nl)/f (tmry + (1= 1)mp) dy(T) .
0

For more details about 472 integrals and the corresponding inequalities, see [10].
Now, let us give the following notation, which will be used many times in the later
sections (see [4]):
_q' -1

Moreover, for our main results, we give the lemma

Lemma 1 ([9]). We have the equality

70

« (m—m
J = m)® midalo) = —

)rx+1
for o € R\{—1}.

In [26], H. Budak et al. proved the following variant of the quantum Ostrowski
inequality using the g, and 4’2 integrals:
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Theorem 2 ([26]). Let f : [rr,712] C R — R be a function and ™Dyl and », DgF be two
continuous and integrable functions on [y, 7). If | ™Dy F (T)| < Mand | Dy F(7)| <M
for all T € [y, 712], then we have the following quantum Ostrowski-type inequality for all x €

[711, T2]:

~ (m—m)

77217'(1 [/JCF(T) 4(7) +/F ) "2dg( ]

where 0 < g < 1.

< gM [(x—rrl)Z—i-(rtz—x)Z

(10)

In [38], H. Budak et al. gave the following definitions for the g, 7, g7+, g7, and 727

integrals and the related inequalities of the quantum Hermite-Hadamard type:

Definition 10 ([34,38]). Suppose that | : [rt1, 7t2] x 713, 714] C R? — R is a continuous function.

Then, the following qr, ey, G-, Grz, and g2 integrals on [1y, 702] X [113, 714) are defined by

x Y

//F(T’S) w3, () i dg (T)

(ool e o]

(I—q)(A—q)(x—m)(y—73) Y Y qia5'F (qix+ (1 —qf)m1, 5y + (1 — g5')713);

n=0m=0

agk

(1—=q1)(1 —q2)(x — 711) (714 — )

3
Il
)

m=0

Y

[ [ F@s) minnls) " (7)

X TT3

HM8

(1=g1)(1 = g2) (712 — x)(y — 713) ZMZ (ix+ (1 —qi)m2, g7y + (1 — q3') 3);

and
[ [F@s) dus) mdy (@)
Xy
(1—q1)(1—q2) (2 — x) (714 — y Z Z F(gix+ (1 —q1)m, g5y + (1 —g5') a).

for (x,y) € [m1, o] x [113, 714].

Y diay F(gix + (1—qf)my, g5ty + (1 — q5') 7a);

(11)

(12)

(13)

(14)

Definition 11 ([34]). Let f : [y, 2] X [113, 714) € R? — R be a continuous function of two vari-

ables. The partial q,derivatives, q, derivatives, and q1q, derivatives at (x,y) € [y, 2]

can be defined as

X [ 713, 714
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monl (By) _ Flaxt+ A—q)my) —FEy)
1199, X (1—q1)(x — 1) ’ v
ﬂsaqu(x/y) _ F(x,qy+ (1 —q2)m3) — F (x,y) £ 713
700y T q)(y— ) YT

T, 7T38§1,q2'f(x1 ]/)

1

119X 739q,Y

nzath F(x/ y)
nza‘hx

"40g,F (x,y)
740g,Y

002 L F (x,y)

092

4s| alhx 48172.1/

7222
”38171 q2

F(x,y)

28q1x 7T3aqz]/

Ty, Tty 82

1192 (x’y)

nza,hx ”48,12y

T G- Ty ()

—F(qx+ (1 —qi)m,y) — F(x,q2y + (1 —q2)73) + F (x,y)], x # m, y # 73;

_ Flpx+(A-—q)m,y) —F(xy) .
- G—gm(m-x 7™
_ Feayt(-g)m) —Fy)

(1—q2) (14 — y)
1

_ )[F(q1x+ (1 —q1)7m1, g2y + (1 — g2)714)

(x=m)(m—y)(1—q1)(1 — g2
—F(px+ QA —q)m,y) = F(x,qy+ (1—q2)m) + F(x,y)], x # 11,y # 1g;

1

= [F(q1x + (1 —q1) 72, 92y + (1 — g2) 713)
q2)

(m—x)(y —m3)(1—q1)(1 —
—F(nx+ 1 —q)m,y) = F(x,qy + (1 —q2)73) + F (x,y)], x # ma, y # 73;
1
(o =0~ )0 =)~ 2)
—F x4+ —q1)m,y) — F(x,qoy + (1 —q2)mta) + F (x,y)], x # 12, y

F(q1x+ (1= q1)m2, g2y + (1 — g2) 714)

7%— TU4.

For clarity, we adopted the following notations to facilitate comprehension of this paper:

Ryl V1 (7[1 7[2) = (?1
2 Vz( M) = QZ (15)
yl vy (7T2 m) = (?1
R, (my—m3) = O

3. Identities

In this section, we prove two identities with the right quantum integral which are
useful for the formulation of quantum Simpson- and quantum Newton-type inequalities.

(74 + Oa, 7t4] € A — R bea twice partially q19o-differentiable
T g ()

729g, (£)™9g,(s)

Lemma?2. Let [ : [mp + Oy, 1) x
function on (1rp + O1, 72) X (714 + O2, 14) such that is continuous and integrable.

Then, we have the following identity:
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1 1 72,704 92 F(T[z + tOl T4 + SOz)
SO q q 7
qlquOZ/O /0 Ng tAgys 1 27128{11 o o, t Tdg,s (16)
= 4o, F | 71, 704 + + Flm+ =5, m+ ==
el s |1 (2 ! [zh,z) 7iazltln ( o, mq2>

6) ) O . )
A F | mo+ o ma+ Or | + Pqa[dlg F | o+ o | + B4l F | o+ O, 7ty + 2
[2]{11 [2]£]1 [2] q2

n F(TL'z + Oy, 14 + Oz) + q1qoF (712, 774) + qu(nZ, Ty + Oz) + qu(T[z + 0y, 7'(4)
[6]4, (614,

1 ) 0,

—= F + + + F (x, 14+ O2) | ™dy, (x
01[6] A2+Ol qz (x 7-[4) ‘12[ ] <x 7Ty [2]172> ( 4 2) %( )
— /m F(mo,y) + qi[4lg, F 7r+i + F (11 + O1,y) | ™dg, (y)
02[6]q 7I4+02 171 2/]/ lh q1 2 [2]q1/y 2 1/]/ q2 ]/

2d Y ,

O]Oz / m+0; / +Oz n 12 (y)

where

f_ 1 4e [o L) s 1
[6]g, " 2lg, )’
NS T TP AT b
[6]q, 7 2" 7]
Proof. By using the basic properties of the g integral and definitions Ay, (t) and Ng, (s),
we have

1,1 72,74 92 (7T2 + i’(j1, T4 + S(jz)
Ag, (HA 72 H)dg, (s
| ] Aan®8g0) s o1 () ()

() 1%

(B [ @E}:)Wﬁ

_ — T, 7'(432 F(T[ +t(j T +SO )
'717 [Z]ql /1 [5]112 91,92 2 1,714 ]
i < [6l4, ) /0 0 (S [6]4, 729, (£)0g,(5) dg, (5)dg, (£)

11 [5] N [5] 1 2 7-[4821 2F(7T2 + tél, Ty +SOQ)
+/O '/O (S_ [6]q2> (t_ [6]31) q qzafh (t)”4aq2(s) qZ(S)dql (t)

1 1 72,74 92 7y + O, 114 + O
/ / Afh t/\qz( ) L ( - N S 2)
204, () ™9y, ()

By using Definition 9 for the right quantum integrals, the quantum integral I; becomes

(51g, = 1) ([5]4, — 1) o, 5,
F6]q1 [6}@03@2 a (7‘(2 + 214, 7t [2]%) + F (712, 714)

0, O,
—F 7'[2,714—1—% —F nz—i—m,ml .

d‘il (t)dqz (S):Il =+ 12 + 13 + I (17)

L =
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Now, solving the quantum integrals involved in I, by using Definition 7 yields

/Z]L72 /1 T ez L F(m + tOq, 14 + 505)

7291 (F) 730, (5) dg,sdg,t (18)

1 [ 1 /ﬂz . 1 . O
= —|= CF(x,mmy) ™dg, (x) + —F| mp+ O, my + ——
010, | O141 Jm+6 e 70a) Py () A ( [2]q, )
1 /-frz O, 1 .
o —  Flx,my+ Md, (x) — —F(mp + O1, 14) |-
Olﬂl +0q ( [z]th) o q, ( )

By using similar arguments, we have

1 T2/ g?2 (113 + tO1, 714 + 5O
/ [ ved (0 IOV T T 0) g (=
2041 () ™0y, (s) 010,

F (1, 14) — F | 710, 714 + Oz (19)
2]4,

) ) o)
—F(7T2+O1,7T4) +F<7‘L’2+Ol,7'[4+ [2]2>‘|
92

By putting the values from Equations (18) and (19) into I, we have

[5]5 — 1 { 1 o 1 .
L=< N / ) F(X, 7'[4) g (x) — —F(m+ 01,14
O12Ri2 o, (714, 72) [6] 4, LO1q1 2464 o 9, ( )

1/”2 Fxrr—l—oz ”de+ —F|lm+0 71’+O
- = . 7 /t4 IS 2 1,744
O191 Jm+0y [2]qz n 4 [Z]qz

) ) o)
) —F(7T2+Ol,7f4)+F<7T2+O1,7T4+[2]2)].
92

_ [5}% ([S]qz — 1)
0102(6lg, (6],

X
2] q2

O
F(T[z, 71'4) —F (71'2, T4 + [72

Similarly, I is evaluated as

[5}‘71 —1 |: 1 7Ty
3=~ 5 / . F(mo,y) ™d
O12R2 4, (714, 2)[6] g, LO2g2 7446, (72:) ", (9)
F (12, 14 + O2) 1 /ﬂ4 O, x
- . e Sy )
q, 0292 J74+0, [z]th Y (Y)

_ Blgp(15)g — 1) [

= F(7T2, 7'[4)

2

1 Oy )
+—F|m+ —,m+ 0
q < [2]111 ! )

O . 0] .
—F | m+ e, —F(m, ma+02) + F M+ ==, +Oa | |
[2]41 [2}111

Solving the quantum integrals in I4 yields

1 72, 7'[482 F(m + t(j1, Ty + SOZ) 1
d dy. (t)=—— 20
I ) O, (=55 0)

[F (112 + Oy, 14 + Oy) + F (712, 1a) — F (12 + O1, 714)

*F(sz, TT4 +Oz)]
1 1 22 Ty + 10y, 704 + 5O
/ / p 2 F (7 v Z)dqz(s)dql(t):%
0 Jo 2041 (t) ™0y, (s) 010,
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1 ™ F(m+0 , T 1
A S 7 ey () - PO
01 g1 Jm+04 9, O111
4yl P F (T +O , 7T +O
G ma G) oy (x) 4 T OV TS O
401 ql
1 2792 (113 + tOq, 714 + 5O
/ / ! 72+ 1O 74 2)df,z(s)dql(t):é 1)
201 (1) ™0y, (s) 0,0,
1 /m - 1 1
X9 =<—  F(m,y)d — —F (m, g+ O02) — ——
{Oztn m4+0;, (72, ) ey (9) A ( ! ) 0242
7T4 Z 7r2 z 7
X/ . F(7‘[2+Ol,y) dqz(y) + —F(n2+01,m+02) .
14+0, q2
In addition, we have
M2 (11 4 tOy, 114 4 505) 1
q1, ‘72 4 _
b e e 0=5 s, 22
| 50mms s o g (1) ()~ — - [ G G2y, (3)
- N L AT 2
01020192 Jm+6, +Oz n o 419201 Jm+0, o
1 P P 1 Tty .
+—F (mp+ 01,14+ O3) — : / F (7 + Oq,x) ™d }
9192 (2401, 704+ 02) 7192 Oz Jmu+0;, (724 01, %) i (y)
Using (20)-(22), we obtain
1 1 U
I / / Tod, (x) Ty, () — ——— / ,
e 010, qulizoloz m+0, +Oz 0 () e (9) 719201 Jma+0
. O, O 1 [ .
XF(X, T4 —|—Oz)n2dq1(9€) + F(7T2 Ot 2) — \7\/ . F(?Tz —|—Ol,y)n2dq2(y)}
q192 Oy Jr+0,
[5]112{ 1 /7r4 7T, 1 i A4 Tty
o [ F () M) - [ F (ot Oyy) ™
[6] Ol‘]l 44+ 0s ( y) flz(]/) quz 14Oy ( y) qz(]/)
1 2 2 1 2 [5]q2 1 Uy T
+—F(mp+ 01,14+ 0y) — —F (11, 14 + O } {,/ CF (x,7m4)2d, (x
q2 ( ) q, ( ) [6]qZ 0191 Jm+0; ( ) 171( )
1

1 p 1 . .
- 04, — 04, Oy) — =
0 F(m+ 01, ) + 0 F(m+ 01,y + 0y) G

[5]4: [5)gs
Ol OZ [6] n [6]112

/‘712 ( 2 )nzd ( >}
F X, 7T +O X
- ,1 4 2 1

f(ﬂ2,7T4)*f(TC2+O,1,7T4)*f(ﬂz,TC4+Oz)+f(7‘(2+ol,7'[4+(jz) .

By using integrals (I; — I4) in Equation (17) and multiplying O;0, on both sides, and
after some simplification, we obtain the required result. [

Remark 1. If we set O1=my — my, O1=m1 — 113, Or=(113 — ), and Oy=714 — 713 in Lemma 2,
then we have an identity:
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Usy 7T48%1 qZF(7'L'2 + H(m — 11p), 14 + 5(713 — 7T4))d (1), (5)= 1
201 (t) ™0y, (s) " 2 [6]4, [6]4,

m =T 3 — T 3 — 7T
{‘7%‘72[4}71/((7[2 + = 2,714) +‘11’1%[4]qu(”2/ T+ = 4> +‘1%[4]qu<7'51/”4 + =2 4)
[2]111 [2]112 [2]112

m — T T3 — Tt T — 7T
SR s (2 ot 3[2]q24>+q%[4]q1F(712+ . 2,7 )|
1

) TTa — 7T )
~ Entn = /m {qu (x, 714) + q3[4]g, F (x, Ty + M) +F(x, 7r3)] dg, (x)

2

D20~ )= 73) [ [ 8 (08(6)

- M/: qu(ﬂz,y)Jrﬁ[‘l]qu(nHW,y) +F(7‘cl,y)] dgy (y)

n q1F (2, 13) + F (111, 3)) + qoF (711, 70a) + q192F (712, 714) f f F(x,y)™dg, (x)™dg, ()

[6] a1 [6]% (7‘[2 — 7T1)(7T4 _ 7[3) ’
where
t-g t€|0ms) 5§ — s€ 0,5 ),
Arh(t):{ e | 1[2]";). and, Ay, (S>:{ g:i [ P )
_W’ E{m, }' S_m Se[m, }

Lemma 3. Let f : [m+ Oy, m]x[ma+0y,m] C A — R be a twice partially g1q,-
differentiable function on (7t + Oy, 712) X (714 + Oa, 74) such that the partial q1q, derivative

gz L F(t,s . .
W is continuous and integrable on |1ty + Oy, 3] X [114 + O, 114], where

0<g1 <1land0 < gy < 1. Then, the following identity holds:

o . (11 492 (115 4 tO4q, 714 + SO
‘71‘120102/ / Ag, ())Ag, (5) no! (02 1,704 2) T (1) Tdy (5) 23)
a‘h (t)a‘h (S)

1 Ul .
x) ™4d - = / F(x, 4+ 0O
O1 Oz /2+’71~/ +1 gy (x) " ) 01[8],, [F (2,744 O2)

T+

@) 3 )

q2 12 [2] q2 3] q2

3 .
1 /7T4 ql[6]q1 Ol ,

T ——F | m+ ——y | +F(m+0y) +q1F (72,y) +
0208],, Jrien | Rl \ B, (m2+ G2 y) + ik (72,y)
[2],,01
xF(nz—l— [;]1 Y | dg, (v)
q1

+F (2, 1 + Oa) +

ﬂqul (x)

q;16],,
2]

qn
HO
2]

g, (y) +

0 O,
F | o, s + M + qof (712, 114)
q2

[ 8]‘11 92

F(”zl 1Ty + + F(n2+(51,7r4)

3 2 2
q,[6] 0 q1[6] [2] 01 ) )
o %F<m+[3}1'n4>+ o F(mt g 1 (4 O+ 6r)

! q1 q1

where
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1 : 1 1 : 1
t—m, lf t e [O,B]ﬁ), t—m, lf ES [O,B]ﬁ),
1 - 1 2 1 , 1 12
A (h=q t @y f € {mm) and,  Ap(s)=q P E, U OSE [Mm>
7] . 2] 7] . 2]
—[8—:11, if te {[3]‘” 1] [8:2 if se€ {[3]”’2 1}

Proof. Through the fundamental properties of g integrals and Ay, (s), Ag, (t), we obtain that

1 r1 72,704 92 (7'[2 + tOl, T4 + SOQ)
Ay (DA 2 dg, (t)d 24
/0 /0 m( ) qz( ) 28!11 (t)n4aq2( ) m( ) qz(S) ( )
_ [S]qz - [z]qz /[3]qu [8}111 - [z]ql /[3]1,1 T2 651 qu(T[Z + tOL Ty +SO’2>d (t)
(8],,12],, Jo [8]4,2],, Jo 20, (t)70g, (s) n
pm—mmfyzm%%<m+mWWﬂ@u 9
0 20, (t)™40g, (s) n

- 1(f _ [7]q1> 20 g b (2 + 101, 4 +502)
] 205, (t)70g,(s)

M /ggi [S]ql - [Z]ql /[3]1»11 7T2,7T48L271,q2:f(71'2 + tO1, Ty + S(jz) 0
0 8,121, Jo 029g, (1740, (s) M

1 [8]‘71 /E{zi T, 7T4a§1 qZF(7T2+tO1,7T4+S(52) t)

[8],, (2], 0 129y, (1), (s) 0

ﬂz[ q2

dgy (£) | dqy ()

] ) 7T, ”4831 qZF(T[z +t(jl,7‘(4+s(jz) J (t) J (s)
[8lg, 720y, ()04, (s) e

8], — mmfaﬂm%%<m+@WWH@u ;
0 23y, (17405,(5) "

[2] !

2] . i
[Z]ql - [S]ql /3]:1 T 7r4a§1 g2 (HZ + tOL Ty + SOZ)
: i, (709, ()

1 [7)g,\ 27405 o, F (702 + tO1, 714 + 50,)
+/ (t - ) 23q1 (t)maﬂlz(s) d‘h (t) dqz(s)-

d'h (t)

By following the arguments similar to those which were used in the proof of Lemma 2
and multiplying with O; O, on both sides, we have the required identity. [J

Remark 2. If we replace O1=m — 1, O1=711 — 113, Op=113 — 714, and Or=7114 — 713 in
Lemma 3, then we have

”2 492 [ (11y + tOq, 14 + 50,)
7192 4
q192(2 — 1) (714 — 713 / / Agy (£)Ag, (5) 729g, (£)0y, (5) dg, (£)dg, (s)
3
T 1 70 | 36 (713 — 114)
= F X, HZd x 7T4d _ / qZF X, 7Ty + —— =2
(7‘[2 — 7‘[1 7'[4 - 7'[3 / /7t3 ( y) ql( ) & (y) (71'2 - 7T1)[8]q2 Jmy [ [2]!12 4 [3},12

9516,
[2] 92

+q,F (x, 1) + a (x, Ty + W)dql(x) + F(x, 713)] "2dg (x) — (1 /7I4

314, 7y = 703) 8]y, St
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3 2 _
F(7T3,]/) i q1 6}q1 F (71.2 + (7Tl — 7T2),y> + ql [6]41 F<7T2 + W,y> dl]z(]/) +qu(7T2,y) 7r4dq2(y)

[2]‘71

[3]‘72

T — 1M))

3 2 7ty — 7L
F (71, 713) + %2 [6]q2F (nz, 7Ty + (75 — M)) + 716 2 (nz, 7Ty + [2]%(34)> + qof (712, 7r4)]
w |

3 2
q - q16]
F(my, 7t4) + — qu<7I2+ (m 7T2),7r4> NEEE Ll Ly Pt

, 7T4> + F (m, 7T3)1

4. Main Results

Within this section, we present fresh inequalities of the Simpson and Newton types
for generalized coordinated convex functions by utilizing Lemmas 2 and 3, respectively.
We shall commence this segment by introducing certain concepts that will be useful in
verifying our outcomes:

202215+ [6]7([6], — 131, )
A = 25
1@ CHERGE >
_al3llel, — 1<q+q2q2+2q>
O Eel TR\ By 20
o) 208l 161y (1+ 217) (305l (1.+ 21) o
21,13, [6)° 213[3], 6],
alBRleL, B, - B 2 a1 [BlP 420 g4
RO e B, mwh[a[ o, B,
&@_Mm%%ﬂ@ﬁhﬁﬁ) o)
2], 313813
B = , 30
O e, e T eLeE e, 0
2 3\ _ [a12 2
21373, 21235
2  q 7
By(g)=—F — — — —— — Ay(g), (32)
M@_zﬂm4gmmmﬁ+m®[mmm%+mﬂ )
21,03, 1813 21,3138,
aBLITRB, R A, 2B -RR) @+ a0,
S TN TN T M R I P T B o



Symmetry 2023, 15, 1441 13 of 31

4.1. Simpson-Type Inequalities

"y 72749F o F (01, s +50,) |
Theorem 3. We assume that the conditions of Lemma 2 hold. If e (Zz)ﬂ4a 1(73 e isa
n 72

generalized convex function and integrable on A, then the following inequality holds for the right
quantum integrals:

]_ 2 O] 2 2 Ol
— q74]g, F | 2+ —, 1+ O2 | + djg F | Mo+ 7
[6]q1 [6]q2 lql[ ](11 ( 2 [Z]ql 4 2) ‘11‘12[ ]‘]l ( 2 [2]q1 4)

+%%[1[mf<m+¢§1

Oz 2 O
JT+ = |+ 4|0, F | 2, 14 + +
q1 ! [2]172) qwz[ ]qz ( 2 mw) q2[ ]

i (mptOyms 2|4 L
S I Pt [6]4, 6],

. 2 1 sl
+F (1124 O1, 714 + O3) + qugoF (112, 714) | — 6.0 / 6 [q2F (x, 74)
q2 1712 1

Uy) ]' 4
)= [
[6]q] Oz 7T4+0;

7T4dQ2 (]/)

+ [ q1F (712, 14 + O3) + q2F (712 + Oy, 714)

. O
+F (x, 14+ Op) + q%[él]qu (x, Ty + [2}2>
92

O, 3
X 111F(7T2/y)+¢ﬁ[4}qlf<7f2+ 2, ,y> F (2 +O1,y)

Ty
, 7T2d 7T4d
OlOZ /2+Ol /”4+Oz F(x y) 7 (x) q2 (y)‘

T, 7'(4651 qu(”l/ 7-[3)
729g, (£)7404, (s)
T, 7T4a§1 qu(nl’ n4)
nzalh ( ) 48!72(5)

< 71920102 | (A1(q1) + A2(91)) (A1(92) + A2(q2))

+ (B1(q1) + B2(q1)) (A1(q2) + A2(q2))

]

Proof. By taking the modulus on the right side of the inequality in Lemma 2 and using the
properties of the modulus along with the definition of pre-invex, we have the inequality

+(B1(q2) + B2(q2)) (A1(q91) + A2(q1))

R F ()

7209, (£)740g, (s)

B F (1, 7s)

7209, ()70, ()

+(B1(q1) + B2(q1))(B1(g2) + B2(42))

- T2 (7 ) )
o s 2 +tO1, 14 +50,)
quzO1Oz//Aq1(t)qu( s) = qzzaq (£)9g, (5) dg, (£)dg, (s)
1 2

0
/ A‘h
09,704 82

q1, qZF(TQ/ 7—[4 + SOZ)
720, ()04, (5)

Using the definitions of Ag (t) and A, (s), the integral on the right side of Equa-
tion (35) yields

(35)

T2, ”4831 qu(Tfl, 4 +507)

720y, (£)740y, (5)

< 71920102 / Ag, (s)

+(1-1)

dg, (f)] dg (s)-
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T8 b (M1, 74+ 502)
720g, (£)™0g, (s)

T, ”4831 qu(ﬂ.’Q, Tty + Séz)

720y, (£)740g, (5)

/ Ags(s) [ {A1(a1) + Aa(gn)} + {Ba(gr) + Balan))

R (m, )

720, ()40, (5)

{A1(q1) + A2(q1) }

]%(S) < A1(q2)

0,714 2 T, 7T 70,74 2 P
HBilg) + Baln)} nzaqq] (‘72)';(8;(8)3) + Bi(92) [{(A1(q1) + A2(q1))} ma;l(‘?;;gq;(s)‘l)
7, 7r482 , o, ”432 ,
B + B2} ql(%)g(é;: (;;4) + A2(2) | {Ar(n) + o)} 5 (qz);(a:zl (SS)
T, 7T482 , o, 7T432 ,
B0+ B} s B |+ Bl () el )| e

2 7-[4831 qZF(HZI 7_[4)
720, (£)40y, (s)

{Bl(‘h)JrBz(%)}}/

Multiplying 4192010, on both sides and some simple shuffling gives the required
result. [

Corollary 1. If we have g — 1=, then Theorem 3 gives us the following quantum Simpson-type
inequality:

’;[r(n2+%,n4+oz) +F(n2+él,n4+%) +4F(nz+ T+ )

+F(7T2,7T4—|- %) +F(7T2+%,7T4)} 3% [F(ﬂz,ﬂ4+02) —|—F(7T2+Ol,7t4+02)

T
. 1 0
- 4 2
+F (2 + 01, 1) + F (7, 114) ] 6 (1, 703) / [F(x, ) + F(x, Ty + )
o +04
Tty
+F (x, ta + O0p)] ™dg, (x) — 1 / [+4F (nz + %,y) + F (m+01,y)
6 (m, M) S
4+0,
Ty < 5 5
+F(7T2/y)] 0102 / +Ol/ +02 (x) dl]z(y)’\Ol o))
X 25 T2s ﬂ4a§1 QzF(ﬂb m3)) e 714351 ‘12F(7T1/ my)) 2 ma%l f/]zF(NZ/ m3)) e 7T4a§1 qu(sz, 74))
5184 20(t)™9(s) 29(t)™9(s) 20(t)™9(s) 20(t)™9(s)
Remark 3. If we replace O1=m — 1, O1=111 — 113, Op=113 — 714, and Or=7114 — 713 in
Theorem 3, then we have the identity
1

2 q17T+TT Q17T +7T1 4o 7T4+ 7T 2 Qo TT4+TT
‘[6]%[6]‘72 [q1[4]ﬂ1F( 1[22]q1 ! >+q1q2[ ] [ ]ﬂzF< 1[22]q1 1/ 2[24],42 3) +q1‘72[4]612'f<n2f 2[24][]2 3)

Yo)
+giaa g (DB, ) + Bl (1 B )] = ey [ [aer o) + gBldl (v B

92 2
T
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T4
(1, 7)) g, (x) + W2 ) T () ¥ dof (T, ) el () /[%F(nz,y)
(6], (614, [6]g, (m2—m1)

T3

1 T 7Ty
2 172+ T, T iy

il d (BFEY) + )] M)+ ey | [ ) e () )

Ty 73

< (m — m)(m — 73) | (A1(q1) + A2(q1)) (A1(g2) + A2(92))

7, 71'4831 qu(nl, 773))
729y, (£)7™0g, (s)
Uusy 71'4851 qu(T[l’ 7-[4))

+(B1(q2) + B2(q2)) (A1(q1) + A2(q1)) 120, ()0, (s)

‘ + (B1(q1) + B2(q1)) (A1(q2) + A2(q2))

T, 7T4a§1 QZF(TCZ’ 7-[4))
7209g, ()79, (s)

T, 71'48%] qu(T[ZI 7-[3))
729g, (£)7™04, (s)

’ + (B1(q1) + B2(q1)) (B1(92) + B2(92))

Remark 4. If we replace O1=m — 1, O1=111 — 113, Op=113 — 114, and Or=7114 — 713 in
Theorem 3 along with q1,q2 — 17, then we have the identity

5[ () (%, ) 4 (257, 735 4 (o, 278 ) 4 (274 |
+316[F(7T2,7T3)+F(7‘L’1,7T3)+F(7‘[1,7T4)+F(7'[2,7-[4)]_6(n21_n1)/Hl [4F< 7T3+7T4)

F(x,mq) + F (x,13) | ™2d(x) — m /;4 {F(sz,y) _|_4F<7r1+7r2’y) n F(nl,y)} md(y)

+(7'(2—7Tl 7T4—7T3 / / x ]/ HZd )Tud(y)

2 7.[48%1 qu(nll 7-[4) e 77:48%1 qu(NZI 7T3) e 7T4a%] qu(HZ/ 7-[4)

=a(6)7a() @()7a(s) (1) 9(s)

70, 7'[4831 qZF(Tfll 7-[3)

=0(0)7a5)

< 521 (m — m) (my — m3) [

] |

Theorem 4. We assume that the conditions of Lemma 2 hold. If

4G 1 F (401, my4s0,) [P

29, (0750,,(5) 5

a generalized convex function and integrable on A, where p1 > 1 and rl + p—zl, then we have
1 1
the following inequality:
\m (74l s (724 g 7+ Gz) + Bldlgat (2 4+ Ov s+ 195 ) + a3 4]y, [, (36)
o 2 o
F(sz T [2] s } ) +aiq2(4]g, (7"72 + ﬁ,m) +‘71‘12[4]qu(”2/ 4+ ﬁ)}
n %F(T[z, 7Ty + 02) + ¢]1£72F(7[2, ) + F(7T2 + Ol, 7Ty + Oz) + ¢72F(7T2 + O1, 7'[4)
[6}‘71 [6]112
1 7 2 2
_ _ / [qu(x, m4) + q5[4lg, F (x Tt o } ) + F (x, 14 —1—02)} dg, (x)
[6]q201 40
2 1

Tty
1 , TT,
Gl ) / [t (2 )+ @4l (724 g,y) +F (2 +Ouy)| i ()
1 4 .
714+02
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/ / dg, (x)™dy, (v) | <9192010,

T -‘rOl 7T4+Oz

1
11 "
X (//|Aﬂ2(5)Aq1(t)’rlmdqz(s)deIl(t)) [[2]411[2]q2
00

P1

01 O,

i 774351 l/IzF(nl’ 73) ; + q2
o () | P,

P1 70,704 2
9192 aql ‘iZF(nz’ 7T4)

25, 2y, | ™09y, (£)70,, (s)

nmR | F (1, 7ms)

720, ()70, ()

T2 77:48%1 qu(nl, 7T4)

720, ()70, ()

where0 < g1 <1land 0 < g < 1.

q
+ 1, b,

P1‘| %

Proof. From the integrals on the right side of Equation (35), and by applying the well-
known quantum Holders integral inequality, it is found that

o s T2 (1 + tO, 114 4 505)
1320102 [ [ A (A, (8)— 12 mma@) dgy (£)dg, (5) (37)
00 n g2
72,704 52 (7.[1,7.[3) P1
< 1102010, (//|qu 5) g, ()] dgy (s)dg, (¢ ) [//( n qz )70y, (5)
2
P1 P1
. (1 - t)s T, 7T4a$1 qu(ﬂz, 7'[3) N (1 B t)(l ~ S) o, 7T48$1 qu(ﬂg, 7'[4)
720, (£) 740y, (5) 720, (£)™40g, (s)
1
7T, 7'[482 F(7T1 7T4) P1 iz
_ 9192 4
+t(1—s) 720y, ()04, (5) dgy (t)dg, (s) | -

By applying the technique of Lemma 1 when a = 0 to the above integrals, we have the
following results:

//tsdql (/ td,, (¢ )(/ sdqz(s)):[z]qll[z]qz, (38)

// §)do, (£)dg, (5)= 12l —1 (39)
‘11 92 [2]q1 [2} 0 ’
/1 "1 = Bsdy, (54 (s)—mqli_l (40)
o Jo 1 92 _[z]ql[z]qzl
2], —1)([2], -1
Y

By using all these values in Equation (37), we find the required result. [

Corollary 2. By replacing O1=m1 — 1y, O1=m19 — 111, Op=713 — 74, and Or=7m14 — 713 in
Theorem 4, we obtain the following inequality:
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1 T+ 7T T4+ 7
’M {q%[LL]‘ilF(lhzlr”B) +‘1%[4]qu<711,[1243> +q%q%[4],h 4],
2

Al 2]4, 2l
x F(‘“E}Z a, ”ZE]; ”3) +q%q2[4]qu<W,n4> + PB4
. (”2’ WE]; nsﬂ + LI m)[;];lq [26/]:5711’ R [6]@(7112 )
o (<23552) ] i ] Ll
—MZ{QM(MW + a4y, F (W}/) + F(m,y)} Tadg, (y)
00 02y, | ™0 (070, 20,

1
™ ”4331 gl (11, 7) a q > ”4831 gl (12, 713) " q192 48%1 gl (72, 71) ok
720y, ()40, (s) (2], [21g, | 209, (£)749g, (s) (2], [21g, | 209, (£)™40g, ()
0,74 52 Oy, o,) |P1
Theorem 5. We assume that the conditions of Lemma 2 hold. If o q,lr’z"gj(g;,ztaqlg; 02 is
1 2

generalized convex and an integrable function on A, where p1 > 1, then

2 ) + ‘7%‘7%[4]% [4]512

o
Bl F | m+ ==, 1+ 0y | +43[4 70+ O, 7y + =
Z]ql 2]42

[6]4, [6]4,

O1 0, O
X\ o+ o M+ o |+ q5 (4, b | 2, 7T4+ +aiq[4lg, F | o+ o) 7
2], 2]42 2l
n th(ﬂ.’z, T4 + OZ) +I12F(7T2 + Ol, 71'4 + F(T[z +Ol, T4 + OZ) —|—I]1I]2F(7T2, 7'[4)

[ ]‘71 [6]'72
% ],,1201 ~/7T7:iol QF (x,714) + F (x, 714+ O3) + 43[4, (x, 7T4+[2O]j2>] "y, (x)
1
- [6 ]‘7102 /714+Oz

O A 7T
qF (12,y) +’ﬁ[4]qlf<772 + m;ﬂ) + F (24 O1,y) | ™dg,(v)

O10z/ +0 / 4+0 (x)mldlh(y)'ﬁ 71920102
1 2

2 18], —a1 2 I ke &
q1 q2 2°0gy —
8 [(qul[ 6la, + qumql )(H 617, * 6]y, (215, )}

" 7T4a$1 thF(nl’ 713)
20, (£)™0g, (s)

B1(4,)

A1(qy) (Al (42)

1
o, 714851 qu(nl’ 7T4)) P B, (ql) Al(qz) usy 7T4a§l qu(n'z, 7'[3) p1 . Bl(qz) o, m;a% q2F(7T2, 7.[4> p1 1
720y, (£)™9g, (5) 720q, (1), (s) 720y, (£)™9g, (5)

0n| (2 BBl ) (20, _[51q2_[z}$2[51q2—[61q2>1 :
e ([2]%[6]2 "l )(quw Tl Bl (6,0

q q2
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2 o F (m, ) | gl F () |
9142 ’ 91,92 ’
x [ A1(q1) (Az(qz) T3y, (£)7105,(5) + Ba2(42) 7204, (£)0g, (s) + Bi(q1)

1

P1 P1
+ 4192010

ﬂzrﬂ4ag}1,qu(nZ, 73) + Ba(92)
242

P1
T23gy ()40, (5) )

<z%mi+_1 mm_pﬁm%—mh>< 24, +ﬁm%—w>
2] [

2, 62, [, 6, 6], 121, W62 (6,2
Pl)
! +¢I1Q2oloz

2T agl,qz F (7T2r 7_[4)
T23gy (07593,(5)

X (Az(ﬂlz)

_1
1 Py

‘h[
7T2/7T4a§1,q2/f(7-[1’ 7_[3)
2dg, (1)7105,5)

‘11[ 71
p
' nz,n4a§1,QZF(7T1/7T4)

©2dy, (1405, (5)
7T2r7T4a§1’q2F(712, 71'3)

P1
T23gy (£)405,(5) )

% l( 21 [5]51 + 1 [5}q1 _ [2]51 [5]q1 B [6}%) ( 2112[5]32 + 1 [5]@ [2]32 [S}qz o [6]Q2>1 o

2, 1617, [2lg,  [6ly, [6],, 1215 2],,165,  [2lg, 16y, 6], 217
Pl)

ok

where 0 < q1 < 1,0 < g < 1, and A1(q1), A2(q1), A3(q1), Aa(q1), B1(q2), B2(q2), B3(q2),
and B4(q2) are given in Equations (25)—(30).

X

+ B1(q2)

Az(q1) <A1 (92)

P1

702,704,972 F(T(z, 7'[4)
+ B1(q2) i

™20, (£)™0g, (s)

+B2(q1) <A1(LI2)

2
n [ n th[ q2

P1

YL ook (T, 73) + Ba(q2)
242

9192
ﬂzaql (t>n4afh (S)

712,714851,qu(7'[1, 7'1.'4)

Hzaq] (t)n4aQ2 (S)

X

Az(q1) (Az(%)

P1

et () [
2\42

9192
720y, ()70, (s)

71'2/7'[4851,‘]2/5(7-[2’ 7-[4)
720y, ()70, (s)

+B2(q1) (Az(‘h)

Proof. By applying the power mean inequality for integrals on the right side of
Equation (35) (used in the proof of Theorem 3) along with definition of preinvexity of

”2'”4331,q2F(7T2 + 101, 714 +503) m

o e (104 my 50
R 1 1 2714 F (712 +tO1, 714 +5O7
q1.492 1 T
‘71‘120102/0 /0 Agy (£)Agy(s) 720, (D494, (5) dg, (t) "dgy (s)

, we have

(42)

1 1 1--L 1
A 2 1 'l 1 o 1
< 9192010, / Nt — ——1\d,, (t / 71— ——\|dg, (s / 2|g— ——
e {< 0 (6], n(t 0 [6],, (%) J0 [6],,
X ﬂz,maélﬂz’f(nl' Tt SOZ) i /[2]1»11 Lt — 1 d (f) + ”2'7'(483]#2'((7@, 4 + SOz) &
20, (t)™0g, (s) 0 (6], | ™ ™20, (t)™dg, (s)

x ( [ma—nje- [Gj d%(t)) }dq2<s> ! +qlqzoloz{ ( e [6} dmu))
Uh1 q1
X /1 — % d (S) 17;71 /1 S — [5]@ nZ,Tua;quzF(nl/ 7Ty +SOZ) ~
e IO =l Wl 723, ()94, (5)
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1
1 70,704 2 F(ﬂ.’ T + SO 1 e
Bloy 1 gl (712, 74 2) /
X HEt— dg, (1) | + dg, (t dg, (s
(/0 [6]q1 ‘71( ) nzaql( )7r4aq2 0 [6]q1 171( ) qz( )
1 5 1
s 2y, z]
+ 4192010 / F— ql dq (/ g — dy, (s ) l 0 e _
aol Bl | 6 ’ [6],,
. T, 7'[4831‘1 F(m, 7T4+SO2 1 oy [5]111 )+ T, 7'(4351 qu(T(Z/ 7T4+SOz) p1
23y, (07503, (5) e 2y, (07503, (5)
n

1" ;
A (s)| 4 7192010, / )
By

y /1 B % PL 5 { 0, 774831 qu(7T1,7T4—|—S(jz) p1

ﬁ [6]072 6 20y, ()0g, (s)

1 [5],, ”2'”4821, (o, +502) |11 [ 1 5, o
* </[zfq i [6}3l dql(t)) * nqzai,l (£)9g, (5) (/pfq(l —h)t- ﬁ dql(f)) }%(S)]

o 20 q?[S]q —lh) ( 2q, ‘7%[3]172_’12>}1—r11
< 010
= M2t 2{ (mm [6]51 " [6] 2 ]31 [2]q2 [6]52 ’ [6]72 [2]32

. 72 (1y, 7ty +5Oq) |7 . 1
A /[2]'12 _ d 9192 /[]‘72 1-— ———1d
X l(%)( 0 5(8 [6]172 ‘72(5) nzaq] (t)n4aq2(s) + 0 ( S) s [6]112 ‘72(5)
2, 7-[4831 qu(nl,m+s(§2) P By () /[2]1‘725 . 1 2, ”485 qu(nz,n4+séz) p]d (s)
20, (t)™0g, (s) 0 (6], 720, (t)™0g, (s) »
1
i M2 [ (my, ma+50,) [P\ ] 7t
2lg, _ 1 q1.92 1,744 2 N
+/0 (1—s)|s 6, dg, (5) 290, ()dg, (5) + 41920102
1—L
§ {( 29, 9Bl —q1> ( 2,050, 1 Bl 205,50, - [%) } " st /1
2], (617 [6],,[2]0 2],,1612, [l 16l l6],, (217, B
5 T3, 7T4aZ r , + O’ P1 1 5
(s | P LSO )y [ 1)
O || 20y, (0790,0) o 6,
TG gyl (1, 74+ 502) ; + Bi(q1) /l sls — =— % (72,714 4 500) pld (s)
204, (t)™dg, (s) ﬁ 1Blg, 20, (t)7™dg, (s) o
1
1 1 T, 7'[482 F(ﬂ1,ﬂ4+502) P1 P1 R
+/ 1—5)|s — ——|dg, (s 0192 + 0,0
ﬁ( ) [6]q2 qz() 7-[28 (t)ﬂ4aq2(s) 41920102
1—
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1 g2 F(my, m +s0) | 1 1
x | s|s — dy, (s .2 +/ 1—s)|s — ——|dg, (s
( [6]q2 ’12( ) "28 " (t)maqz (s) [Z]qu( ) [6]q2 qz( )
2 o F (i, g+ sOy) [ +By(a) /1 iy ) M2 o F (1, g+ 50) [
sls — ——|dg, (s
20y, (7405, (5 B U O 20y, (17405, (5
1
1 1 T, 71482 F(7T1 7(4+S(jz) P1 P1 N
_ _ 91,92 4
+/¢(1 S 6 | ) T, (e ) 11920102
G 42 1 2

% { ( 201 [5]21 + 1 [5]111 _ [2]21 [5]111 o [6]%) < 292 [5]22 + 1 [5]'12 [2]52 [5]@ B [6]112) } plT

2, 67 2, el 6], 213, qu[é]z 2, [, [

q2
—l—/ (1—-5s)

n

s (/ﬂs

2lg,

Mgl o F (71, 71+ 50y)
28‘71 ( ) 48{12( )

[5],,
- [6l,,

S —

d‘lz (s)

T2 (1, 1y + 500 | 1 5 ”2”482 [ (11, 714 + 50,) |

% 91492 ( 7-[1 4 2) +B2(q1) / slg — [ ]‘12 dqz(s) n’il A2 ( 7_[2 4 2)
3y, (17405, 5) 2 205, (79,5
1
1 5 Ty, 7'(482 F 7T1, 7T, + SO 4 P1

+ [ a-9fs- qu 0| a, (:)”ta G : |

Plg, 72 al 2

Corollary 3. If we take the limit q1,q2 — 1~ in Theorem 5, then we have the following inequality:

1 Ol 2 ()1 O OZ
9 F<7T2+2,7T4+Oz>+F<7T2+2,7T4>+4F<7T2+ > 7T4+2>

O]Oz/ +O1/ +0,

O1 )
4F (7'(2 + ,y> +F (124 01,y)

. o))
+F 7T2+01,7T4+7 +F 7T2,7'L'4+

< F (o y) () ) - o —— [

6172 ( 7, 7-[2) 7T4+07

1 T Z. OZ
Tty B — 4 —_< o
+F (12, )] ™d(y) 6 1, 72) /712+o’1 F(x, 144 Oy) + F (x,114) + F(x,rc4+ > )] d(x)
+F(7(2, Ty + Oz) + F(ﬂz + Ol, 7(4) + F(7T2 + O],ﬂ4 + Oz) + F (710, 114)
36
N A 1-L O%F (rty, 113) |7 02F (mry, my)) |1
< 010 [554] 1%36(1%36 “aa(s) 1% TaG) + 1%
1
o 2o Pt (mry,73) | o1 9% (o, y) P\ | 7 L2 (e O*F (my, 1t3) | 9 |97 (1, 1y) p
1296 a(t)a(s) 1296 a(t)a(s) 1296 | 1296 a(t)a(s) 1296 a(t)a(s)
1
461 [ 6l aZF(n2/7T3) n 29 aZF(T[Zrml) | + |6 (22 azF(nl/”3) P1+7
129 | 129 | 5(1)a(s) 29 | " 3(1)a(s) 1296 | T29 | w2 (1) (s) 1296
1
O2F (rmy, 1) |7 L2 (2 O2F (1m0, 113) |7 61 O2F (1mp, 1g) |1 | 1 + {Q(@
a(t)a(s) 1296 | 1296 a(t)a(s) 1296 a(t)a(s) 1296 \ 1296
1
PF (m,ms) |7 9 |9PF (m,ma) |7 N PF (m, m3) |7 9 |PF (rmp, mra) |P1) |
a(t)9(s) el a(t)a(s) 135 | 135 d(t)a(s) 126 o(t)o(s)
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Remark 5. By replacing O1=m — m, O1 =mp — 1, Oa=(113 — 114), and Opr=my — 713 in
Theorem 5, we have the following inequality:

1

2 T — 702 (7T1 — T2 T3 — 7y
‘ 6o 6l [ql ot (”2 M ) + A ldn 4o (”2 TE e TE, )
7

T — T3 — Ty T3 — 7T

F @@l (o + 2, 7t ) + 3[4, 7, i+ + B, (7, g+
[2]% [2] [2]112

¢71F(7T2, 13) + F (711, 713) + q2F (711, 7704) + q192F (702, 704) / /”4 F(x,y) ™dg, (x) ™dg, (y)

[6]4(6]4, (r1y — 111) (774 — 773)
1 7o) o .
oMy /m {F(x, 13) + qoF (x, 714) + g3 4]0, F <x, 1+ = [2],,2 4>} dy (x)
Gt o [ e (e B |

3 3 1--
< q192(7r2 — 711) (774 — 713) [{ ({2]211[16]2 %[23 ) ( 2q2 ’12[[3] 342) } { A1(q1)(A1(q2)

qmtim 6] []th

T, 714351 qZF(7T1/7T3) P1 Bl(qz) T, ”4851 0 (7-[1,”4 +B1(q1) Al(qz) T, 714351 qu(T[ZrT[B) p1
720y, ()70, (s) 720y, ()70, (s) 720y, ()7™0g, (s)
q1 92 q1 92 q1 92
1
p P 2 2
+Bl (qz) T, 7'[4831 qZF(T[Z/ 7-[4) 1> } + { ( 2q2[5]q2 + 1 . [S}qz _ [z]qz [5]q2 - [6}q2>
2 3
"9 (£)7495,(5) 21,06, Pl Bl 6,020,
I o (1, 73) n M2 F (my, my)

9192
+B2(42) nzalh ( ) 48,,2(5)

x< 29, 10, “71>}1p11{A( )(A( )
2], 162 [6],, 212, | e

e n4a%l QZF(nL 7T3) T ”4851 qu(T[ZI 7T4) Pl) }

720q, (£)749g,(s) 720q, (£)7™9g,(s)
1_1

+{<2q1[5]§1 L _[51q1_[2151[51q1—[61q1>< 20, B0, —fh)} z
2,162 By Bl e, 2B )\ 262 (6,02

q2

)

20y, (t)70g, (s)

P1

+B1(q1) <A2(¢72)

Ba(q2)

X{A2<q1><Al ) nz”j;a?(qz)i(gzgf) R nznj;a?(qz)i(;:i'(:;) pl)
+{ <2q1 [Z]i][%ﬁ] i [2},,1 B EZI - [2151[2]%[2]21[6]%)

-4
’ <2q2 [z][j[%@ ! [ziz - EZ 2 [? o - >}
A (i | el b )
] N AT "
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4.2. Newton-Type Inequalities

. . 27492 F (mp+t0q,my+s0
Theorem 6. It is assumed that the assumptions of Lemma 3 hold. If 2 ((7:§7'[4 5 : (7;)4 )
0 %2

is a generalized convex function and integrable on A, then the following inequality holds for the
right quantum integrals:

1 2 qg[6]q2 O>
oloz/ +ol/ po, TN () — 5 8],, /mo1 Bl () 2], F(’ 4+[3]qz> @)
.. ;6] 2],,02\1 .., 1 no [43l6], O
+F (x, 7m4 + Og) + [2],: F(x, T4+ [;]qz ) dg, (x) — Oz[S]ql/méz [2}; F<m+mql,y>
. q716],, 2],,01 - 1
+F(7TZ+OZ/]/> + [Z]q]q F<7T2+ [;]q] Y +q1F(7r2,y) d‘iz(]/)“—m
7316],, ( [21qgoz> 7,161,
F (7, s+ O F o, my+ + qaF (112, 714) +
(72, t4 + O2) + 2, T2, T4 Bl G2 (712, 74) 2,
. 36 )
(7'(2, n4+ ) +[8],,11[8]q2 F(m+ 01, m4) + ql[z[]jlqu<7T2+ 5;,774)
% [2]q1© o o
T, ) O 0

mmgr o F (7, 7s)

720, ()70, ()

< 71920102(As(q1) + As(qr) + As(q1)) | (As(q2) + As(q2) + As(92))

+(B3(92) + B4(q2) + Bs(q2)) + q1920102(B3(q1) + Ba(q1) + Bs(q1))

™20, (t)™0g, (s)
T2, 774831 qu(nzf 7T3) 02, 714831 qu(T[Z’ 714))

™29y, ()™, (s) 720, (t)™0g, (s) ],

where 0 < q1 < 1, 0 < q < 1, and A3(q2), As(q2), As(q2), Asz(q1),
A4(q1), As(q1), Bs(q1), Ba(q1), B5(91), B3(q2), B4(g2),and Bs(qo) are from Equations (25)—(30).

T, 714821 qZF(TL'l, 71'4)) ‘

x [ (As(q2) + As(92) + As(q2)) + (B3(q2) + B4(q2) + Bs(42))

Proof. Following the same arguments used in the proof of Theorem 3, and by using
Lemma 3, we have the required inequality in Equation (43). O

Remark 6. If we replace O1=m — 1, Op=m14 — 113, O1=711 — 113, and Oy=115 — 714 in
Theorem 6, then we have the following inequality:

/”2 /”4 F(x,y) "dg, (x) ™dg, (y) 1 /
m Jm (2 —m) (7 — ) (12 — 1) (8], Jm

45161, ( (8], 7ta + 2], (713 — 714) - 1
F\x g, (X) = ———~e
3], " (74 — 713) (8],

y /7::4 [qg?]ql F ( 3], 72 + (1 — ﬂz)’y> N q;16],, - < 8], 72 + (2], (713 — 774)’y>

[3][,1 [2]l71
3 7T+ (713 — 7T
q, [6}q2 <7T2, [3]{12 4 [3]( 3 4))

93161, F (x [8)g, 74 + (113 — 7T4)>

[2] 92 [3] 92

) +a,F (x, 71a) + F (x,713)

+F (13, y) + q1F (72, y)] ™dg, (y) + [S]qzl[S]ql

q2
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2 T -7
q2[6]’”,f<n2, (3], + 2], (713 — 714) F(rm, ma) + F (1, 713) +

2, al,, ) ek ()| g

8], 72 + (m1 — 72) q716] s 8]y, 72 + [2],, (11 — 712)
><F< q [3]{1] ,714> + [2]{: ( 3}; ,7T4>H

T, 7T4a§1 q2F(7-[1, 7-[3)
729y, (£)740g, (s)

< q192(mp — 1) (714 — 113) | (A3(q1) + As(q1) + As(q1))< (A3(q2) + As(q2) + As5(q2))

usy 7T4a%“ qu(nll 7—[4))

720q, (£)7™9g,(s)
0 7T4a%]1 qZF(HZIT[?))

720g, (£)740g, (5)

+(B3(q2) + B4(g2) + Bs(42))

‘} {(B3(q1) + Ba(q1) + B5(q1))

Usy ”4831 qZF(n’z, 7'[4))
720, (£)™9g, (s)

(A3(92) + As(q2) + As(q2)) + (B3(q2) + Ba(q2) + Bs(q2))

Corollary 4. If we replace O1=m — 1, Oy=114 — 113, O1=711 — 713, and Oy =(7115 — 74) along
with the limits gy — 17 and qp — 17 in Theorem 6, then we have the following inequality:

6 T3 + 2714

e fo o a0 ) = g [+ 3 (5 )

é 2713 + 114 7 B 1 /”4 9 T 4 2717
+F(x,n3)+2F<x,3 )} d(x) 80t —73) Jne F(ns,y)+2F —a Y + F (12, y)

6 27 + 7T 1 6 T3 + 271, 6 273 + 7T
+2F<132,y>] n4d(]/) + 674 |:F(7'C2, 7'[3) + 2F<7T2, 334) + F(?Tz, 7'(4) + F(ﬂ.’z, 334>]

1 6 T+ 2m; 6 2m + 1M 25
- by ol (et i ey ol it S <
te {F(m,m;) + 2F< 3 ,7r4) + 2F< 37 ) T (m, ) 010, e

AR (1) ﬂz'maZF(m,m”\ P (705, 703) ”2'”4azf<mﬂ4”H

729(t)™9(s) 720(t)™0(s) 729(t)7™0(s) 720(t)7™0(s)
O, 0,) |P1
Theorem 7. We assume that the conditions of Lemma 3 hold. If ’ q}fzqgl ((73:4'*6‘1: (7;4+s : is
a generalized convex function and integrable on A, where p1 > 1 and rl + pf:l, then we have
1 1
the following inequality:
L2 ) ) ) - 5
O Oz 401 S0, " "2 01 (8],
3 £ 2
2 1,16] 0 o\ 1l6]
/ G (4, 708) + o2 F 2y 22 ) (2t Og)
m+04 [2]q2 [3]q2 [Z]qz

Fx my+ 21,02 "2dg (x) - 1 /"4 [F (7 +0a,y)
T 0 01[8],, Jriior” 2y

HEM o) g3[6],, 2],,61 }
+ [Z]qlq F<7T2+[3]:1/y> + [2}‘: F<7T2+ [;]ql ,y) +41F(ﬂ2,y)] dqz(y)

1 [alel, 6, |, el 2],,02
" [81%[81%[ 2l,, F(’”'”‘** [SL,) T, F(’”'”‘** Bl

F(T(z + 0y, 7T4) +

+qoF (10, 14) + F (72, s + O2) ] +
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) 93 6] 2],,0
><F<7T2 + [;;,M> + EZ]qle<n2+ B

n

][

< 19204 Oz[Al(ﬂh)] [A1(g2)]"

1,7'(4) +F(n2+01,n4+02)

p1
P T2 F (711, T4)
. M " ”48% q2F(7'C],7'L'3) +D2(q2) 7'[28 = (‘72) T49,,(s) )
D1(q1)| D1(g2) ™20y, (+)7dg, (s) 7 92 1
P\ 791
2 Q2 [ (11y, T4)
. M > ”485 ‘72F(7T2’ 3) +D2(‘72) ™9, o (‘72) 49, (s) >‘|
P21\ Prln) | 5 ma, () neee
1 1
N N T H A n
+ 719201 Oz[Al(ql)]ﬂ | 22(‘72)] )| 72,74 92 g F (711, 70) .
) X gz, %F(nl’n?’ Ex(92) %) ql() 49, (s)
x| Dilg1) | E1(g2 720g, (£)™0g,(s) o " |
P\ 7 w1
p1 92 (11p, 7T4)
) 5 2, ”4651 g b (702, 713) + E2(q2) 9, o 612) 40, () )]
Dy(q1) | E1(q2) 2y, (1) 43112(5) a1 (t 92
_ 1z "
+Q1LI201 O2[A1(91)17 [4s(g2)] 2} 79,74 2 (111, 714)
5 usy 7T4a§l qu(T[l, 773) GZ(QZ) 91, ‘72 L >
X Dl(ql) <G1(6]2) 7-[2(') 0" ( ) 4an(S) 7‘(28 48qz :
5 )
] ) T, magl qu(”2'7T3) P o) 279 4;2,714 )]
+Da(q1) | G1(92) 720y, ()49, (5) 720, (£)™40g, (
1 "
+ 19201 O2[Ax(q1)]71 [A1(g2)] i — m
g < " 7T4a$1 ol (1, 73) Da(q2) T = qz )40 I )
| Exta)  Drlan)| iy e o 073G | )
5 1
. YL ol (102, 703) p1+f)2(‘h) el )1
Ez(q1)<D1(‘72) 720y, () 4%( 5) ™20y, (£)7™0y, (s)
1
SOoA R TIA
+ 419201 OZ[AZ(ql)]n [22(q2)] )P 2 o F (my, ) |
5 5 2, 48‘71 QZF(nl’TEB Ez(qz) Y ‘71(‘72)”48 (S)
x [Ex1(q1) | Ex(q2) 20, (t)™0g, (s) " " 1
PIN 771
2, 7143% g F (712, 703) 1 Er(an) 2, ”433 .1 (72, 74) )]
E‘Z(ql) (El(qz) nza ( )mlan (S) 2 7'[28 " ( ) 4aqz (5)
1
N N 1 T A "1
+ 010201 OalAz(q)]7 [As(g2)] " o, 74 32 m,m;
. < " T[4a§l fizF(m’n3) Ga(q2) ™20y, . qZ )40
X |Ex(q1)| G1(g2) 7203, ()04, (s) ’ n( !
5 2%
g < " n4a$1 %F(ﬂz’ 3) : Gz(ﬂz) nznma’h o 48”2, o )1
+Ex(q1) | G1(g2) 129, (t) 4aq2(5) 20y L (1) ‘72
L 1
NN = Iz8 A '1
+ 01920102 [As(q1)] li az(qzﬁ( & Mgz o F (7, ) pl)
702,74 71, T3 x
. . 9192 D
« Gl(q1)<D1(q2) - 11() o) + D> (q2) 23y, (£, (s)
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1

5 5 o, 7r4az F(nzl 71,3) P1 5 o, 71482 F(Tl'z, 7[4) P1 i
+G2 D1(gn q1.92 + Dy (o 9192
“’”( 1) g, (70 ) 2| 53y, (705,05
.o 1 1
+ 719201 O2[A3(q1)] "1 [A2(g2)]1
o, 71482 F(Tfl 7T3) P1 o, 714az F(Tfl 7T4) P1
= r 192 4 = 192 4
<o (151(;,2) Ty () | )| T, (e, 6)
1
72,74 2 F (710, 713) P 72,74 2 F (710, 714) PINT 1
= “ 11,92 ’ “ 91,92 /
) (El(q” Ty () | 2| g (e o)
o« - 1 1
+ 919201 O2[A3(q1)]1 [As(g2)]
5 5 2,74 52 F(7T1,71’3) P1 5 2,704 52 F(7T1/ 7.[4) p1
x| Gr(q) | G1(42) | Ga(q2) |5
20g, (t)™0y, (s) 20g, ()™0g, (s)
1
72,7042 F(Tl’z 7T3) P1 712,74 52 F(ﬂz 7.[4) P1 1
5 5 91,92 4 = q1.492 4
+G2(‘71) (Gl(‘n) nzaql ( )n4aq2(5) + GZ(qZ) nzabh ( )maqz(s) ’
Fori € {1,2} we have
3r-
q; ' [5];! SN 1 s o [8][20, -1
Alg)= B D)=, D0)="prp)
il - . 242 . 42[3),, 2, — (#+29)
A L Ei(gi)="b-,  Ealgi)=—"—% ,
Z(ql) [37]V1+1[2];} ’ 1(q1) [S]qi[z]qi 2(q) [3] [2]
a4 [2]4,.([] (31, 181, [L,,.) < o BERE < aBl,0R, +[2] -[3];,
(‘71) [S]q‘ [8]”[ ]r1+1 ’ Gl(‘iz)— [3];i [2]% ’ GZ (ql)_ [3] ,[ ] .
where 0 < g; < 1.
79,714 2 4 4 P1
Theorem 8. We assume that the conditions of Lemma 3 hold. If ’ 48@;;2((722;;(2'(73 +e02) ,

1 1

where p; > 1 and - + p—zl , s a generalized convex function and integrable on A, then we
1 1

have the following inequality:

1 4ol
(x,y) ™dg, (x) Tdy, () — ~———— / 14
O, oz/ +ol/ +o2 y) gy (x) Mg, (y) 01 [8],, Jm+0y (44

3 2 )
7;6],, q;(6],, 2,0 .
X | g, F (x, 7tq) + [Z]qz F( X, 7Ty + [3]q2> + %F(x, Ty + [3]2@) + F (x, 7m4 + Oy)

dql (x)

F(T[z + Oz,

1 /mx
Oz [8] 0 7T4+éz

16, 2],,01
- 1[21q11F<”2+ Bl

0, .
xF <7T2, 4 + [[]3] ) + a2 (712, 714) + F (72, 704 + Oz)} + [8]41 8], [F (712 + O1, 114)

2 O 3 6 . . )
+qu[]6,3le( 2+ [[]3] 1%4) + —ql[z[]jjl F(sz + 5;1,714> +F (M4 Oy + Oz)] ‘

F<7'[2—|- [3 ,y) +Q1F<7T2,y)
1

. [61q %6,
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< s A -1 1_1 2 F(my, ) P
<719201 O2(S1(41))" 71 (S1(42))" 7 | As(qn) (As(fiz) 29, a (qz) T3, (3) B3(d,)
q1 2
1
Ty, 71’482 F(ﬂ.’l, 7.[4> P1 Ty, 7'[482 F(T[], 7T3) P1 Ty, 7'[482 F(n], 7.[4) P1 iz
3 L o + Bs(q1) | A3(q,) "3, e 9 Bs(q5) 722, oG 7P
g (£)740g,(s) g1 ()70, (s) g1 (£)740g, (s)

mmgr o F (7, 7T3) "

720y, (t)7™49y, (s)
P1

< A 1, 1
+ 1920102(51(q1)) 7 (52(‘12))1 &

B4(q5)

As(qy) <A4((12)

T, 71'48% q2F<7T1/ 7'[4>

720, ()70, ()

o, 714831 qu(T[l, 7'[3)

20, (£)™40g, (s)
R ()
7203, ()04, (s)

2, ”4831 qu(Tflr TTy)

720g, (£)™9g, (s)

Bs(q;)

B4(q5)

i

1

P1
) + B3(q;) <A4(‘72)

P1

< 1, 1
+41Q20102(51(41))1 1 (53(‘13))1 &

As(q1) <A5(Q2)

Ty, 7'(482 F(nll 7.[4> Ty, 7'[482 F(n]/ 7.[3) P1 Ty, 7'[482 F(nll 7.[4)

P PN 71
91,92 91,92 91,92
T3y, (0795, (5) ) + B3(qy) (As(qz) 720, (1)740g,(5) Bs(4,) 729, (£)70g, (5) )]
. R -1, 1 T3, 71'482 F(7T1,7T3) P1
+ 017201 O2(S2(01)) 71 ($1(72)) 71 | Auln) | As(q2)| 2 B3(4,)
204, (t)70g, (s)
q1 2
1
T, 7'(4851 qu(TL'l,r[4) P +B4(q ) Aa(q ) 0, 71483 qu(Tfl,TfB) p1 Bs(q ) o, ”483 qu(7T1/7T4) p1 P1
™20, ()™0g, (s) ! 27 20y, (1), (s) 20 7295, (£)74dg, (s)

< 1 1 M2 (my, ms) |V
+ 31920102 (52(91)) 771 (52(92)) 71 | Aa(qr) | Aa(ga) |2 By(q,)
20q, (t)™0g,(s)
1
M2 (ry, my) |7 g2y, ms) | g2 () PP\ ] P
i (711, 774) T Ba(g) [ Aulgy)| it (11, 713) By ()| it (111, 714)
zaﬂl ( ) 4aq2(5) za q1 ( ) 486]2(5) za q1 ( ) 48!12(5)
R R -1, 1 72,704 52 F(7T1,7T3) P1
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1

T2, 7'(4821 ZF(7T1/7T4) P1 T, 7r4821 2F(7(1,7T3) p1 T2, 7r4821 ZF(n1/7T4) P1 7
W (79,05 >+B~”(‘“)<A5<"2) Wy (a6 | 2| T, (man ) )]
where for i € {1,2}, we have
3 29 8], — 135,215, 8 29 qi 131,12,
S i)=— s S i)— ’
e, R, o, ( ) 9o e, T e,
. qil7ly, Bl + 25 7 (Bl + 2,
85(q;)=2—5 1 :
2 R B 81,131,

Proof. Following the same arguments used in proof of Theorem 6, and by using Lemma 3,
we have the required inequality (Equation (44)). O

5. Applications

In this section, we discuss some applications of our main findings.

5.1. Applications to Hypergeometric Functions

Now, we derive some more inequalities pertaining to hypergeometric functions and
Mittag-Leffler functions.
For Equation (1), if weset y = 1,v = 0,and o'(k) = ((a)(B)x)/ ((7)x) fork=0,1,2,3,
., where &, B, and <y are parameters that may be real or complex values, provided that
¥#0,—-1,-2,...and (m)k is defined as

I'(m+Xk)

(m)k:W:m(m—Fl)...(m—l-k—l-l), k=0,1,...,

and restrict the domain to |x| < 1 (withx € C), then we find the following classical
hypergeometric functions [30,32]:

[e0)

v k
Ruuo(2) = R, B 732 Z ) kk” , (45)

Using these substitutions and the assumption in our Riana functions will transform
them into hypergeometric functions, and thus Equation (15) will be replaced by follows:

R(a,p;yv;mi —ma) =Hi,  R(a, ;7m0 —m) = 1H,
R(a, By —ma) =Hp,  R(a, By — 713) = oH.

Therefore, our Theorem 3 can be changed as follows:

nrfaz

Iy F (ta+tO0q,mt4+50:
Theorem 9. We assume that the conditions of Lemma 2 hold. If ”,}2‘% (ra HOu s +500)

1 (£)9gy(s)
generalized convex function and integrable on A, then the following inequality holds for the right
quantum integrals:

isa

1 2 ( H; ) 2 < Hy ) 22 Hy H,
e 4 F | Mo+ ——, mqa +Hy ) + 4|, F | T+ , Tty | + 4|y |4|g, F | T2 + , T4+
[6]q1 [6]42 ql[ Lh 2 [2}111 4 2 q1q2[ ]lh 2 [21171 4 qqu[ ]%[ ]lJz 2 [2}171 4 [2]q2

> H» ) H»> 1
+0193[4lg F | 712, 4 + +q3(4]g, F | 72+ Hy, g + + g [ F (2, 7ty + Ha) + q2F (712 + Hy, 714)

[z]l]z [2]q2 [6] n [6] q2
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m [ aa () + G+ F) + Bl (vt )|

+F (rmp + Hy, g + Hy) + q1q2F (712, 14)] — /ﬂ H \Hi[6] ﬁzdl]l (x)
2 1 q2
I [nF (2o w) + gl (72 + gt y) + F (2 + Hyw)| mid,, s Sl ()™ e ()
_ X
o 2H6y, S 1H2H nt) ety

T, 7'(483 qu(nl’ 7'[3)
7203, (£)70y, (s)
T, 71'4831 qu(nl/ 7-[4)

729g, ()70, (s)

(A1(q1) + A2(91))(A1(q2) + A2(q2))

< 1HHqig

+ (B1(q1) + B2(q1)) (A1(q2) + A2(q2))

] |

Similarly, one can find all inequalities of Sections 4.1 and 4.2 involving a hypergeomet-
ric function.

+(B1(92) + B2(g2)) (A1(91) + A2(q1))

7T, 7'(48%1 qu(nZ’ 71'3)
729y, (£)7404, (s)

MmagE o F (72, 7y)
™20, (t)™dg, (s)

+(B1(q1) + B2(q1))(B1(q2) + B2(42))

5.2. Applications to Mittag—Leffler Functions

Furthermore, by considering o = (1,1,1,...),v = 1, and p = ® with R(®) > 0in
Equation (1), we arrive at the widely recognized Mittag—Leffler function:

) © 1
Ro(2)= Y — 2
°®) = L i oR

Therefore, Theorem 3 can be changed as follows:

1:3@(71'1 —mp) =1, 1?<I>(7T2 —m) = 1L,
Ro(ms —my) =1,  Re(m—m3) = oL

s T2749Z oo F (7101, 714450
Theorem 10. We assume that the conditions of Lemma 2 hold. If i%z'% (ZTSM aqlz (73 C2)

generalized convex function and integrable on A, then the following inequality holds for the right
quantum integrals:

isa

1 L L L L
| OO [q%mqf(nz - it Lz) +q%qz[4}qlf(nz + i ) Rl 4 ]qu<7T2 - it ml)

L L 1
+q1 75 (4]0, F (7'52/ 4 + mi) +q3[4],F (”2 + L,y + [2]?42)} + m[ﬂhﬂﬂz 7y +Ly) + q2F (2 + Ly, 714)
2 1 2

o [0F () +F (o m L)+ 3ldlF (xmt )]
+F (2 + Ly, ma + L) + q1g2F (72, 71a)] — /n N 16, 2dg, (x)
2TLq 7 2

L
/7?4 [qu(nz,y) + q%[ﬁl]q]F(ﬂz + ﬁ,y) +F(m +L1,y)] g, / d (x)™d,, (y)
B x
4+l [6]% 2L athy Jratl, 1L ZL ; Y

R ()

720q, (£)™49g, (s)

T, 71'48%1 qu(nll 7-[4)

720, ()70, (s)

< 1L Lqig2 | (A1(q1) + A2(q1)) (A1(92) + A2(42))

+ (B1(q1) + B2(q1)) (A1(q2) + A2(92))

] |

+(B1(92) + B2(g2)) (A1(q1) + A2(q1))

T, 7'(4831 qu(T(Z/ 7-[3)
™20, (t)™0g, (s)

mmgs o F (72, 7y)
™20y, (£)™49y, (s)
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1

(64, (6)g

O
><F<7T2—|-[

Similarly, one can find all inequalities of Sections 4.1 and 4.2 involving Mittag—Leffler
Functions.

Applications to Bounded Functions

We assume that the given conditions hold true:

42 [ (711,73) T2 oo b (701,7)
9192 ! <M 9192 ’ <M
ﬂzaql( ) 4aq2 (s) - L ﬂzaq (1) 4aq2(5) = V2
2T g, F (72,73) <M T2, gy (72, a) <M
> 3/ = 4-

7205, (1)™9g, (s) "20q; (£)™49g, (s)

In addition, My, My, M3, My < M, where F is a function that is twice (g1, g2) differen-
tiable and bounded by the positive real number M.

Proposition 1. Under the conditions of Theorem 3, we have

2

O . O
Q% [4]41F <7T2 + [2]; /T4 + OZ) + q%qZ [4]111F <7T2 + [2}: ’ 7T4> + Q%q% [4}171 [4]‘12
1 1

2

1 0, 0, ) . 0,
+ + gt 2 |+ Bl |+ O+
; , Tl P ) 719544, <7T2 Ty [2]q2> 73[4]4, <7T2 1,74 [Z]qzﬂ

L [q1F (712, 04 + O3) + qaF (112 + O1, 71a) + F (712 4 O, g + O2) + q1g2F (72, m4) |

J..
7Tz+él

L.
7T4+Oz

qaF (x,7a) + F (x, 71a + Oz) + ‘1%[4]qu(’€' 4+ %)

[6]4, (614

qF (m,y) + q%[4}q1F(7'fz + [é)]fqll,y) + F (m + Oy, y)

z T2 d
[6] q2 Ol " (X)

N T

T2d Tag
0102 /2+O1/ +Oz g1 (%) fh(]/)‘

< 11920102[(A1(91) + A2(91)) (A1(92) + A2(g2) )M + (B1(42) + B2(q2)) (A1(q1) + Az(q1)) M
+(B1(q1) + B2(q1)) (A1(g2) + A2(92))M +(B1(q1) + B2(q1) ) (B1(q2) + B2(92) ) M.

6. Conclusions

The theory of inequalities has flourished at a fast rate in recent years due to its diverse
range of applications. Undoubtedly, convexity and its general representation are the main
tools for developing fundamental inequalities. Numerous inequalities involving convex
functions have been retained in the literature. Various generalizations of Simpson-type
inequalities have been proposed in the literature through quantum calculus, fractional
calculus, and post-quantum calculus. To summarize, our work has established quantum
integral identities and introduced new inequalities of the Simpson and Newton types
for coordinated generalized convex functions in the context of right quantum integrals.
By performing appropriate substitutions of iRy;, v;% and using the limit g; — 1, where
i € {1,2}, we also obtained additional results. These coordinated formulations of novel
and intriguing problems can prove useful for future research on identifying analogous
inequalities for diverse forms of generalized convexity, which have numerous applications
in various mathematical fields. In the future, we will develop some new variants of integral
inequalities involving new generalizations of quantum calculus, fractional calculus, and
fractional quantum calculus involving different kinds of convexity. We hope that this paper
will open a new arena for research.
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