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Abstract: From the previous work, when solving the LQ optimal control problem with random
coefficients (SLQ, for short), it is remarkably shown that the solution of the backward stochastic
Riccati equations is not regular enough to guarantee the robustness of the feedback control. As a
generalization of SLQ), interesting questions are, “how about the situation in the differential game?”,
“will the same phenomenon appear in SLQ?”. This paper will provide the answers. In this paper, we
consider a closed-loop two-person zero-sum LQ stochastic differential game with random coefficients
(SDG, for short) and generalize the results of Lii-Wang-Zhang into the stochastic differential game
case. Under some regularity assumptions, we establish the equivalence between the existence of the
robust optimal feedback control strategy operators and the solvability of the corresponding backward
stochastic Riccati equations, which leads to the existence of the closed-loop saddle points. On the
other hand, the problem is not closed-loop solvable if the solution of the corresponding backward
stochastic Riccati equations does not have the needed regularity.

Keywords: stochastic differential game; random coefficients; robust optimal feedback; backward
stochastic Riccati equations

1. Introduction

In this paper, we consider the following controlled linear stochastic differential equa-
tion (SDE, for short) on a finite horizon [s, T]:

dx(t) =[A(t)x(t) + B1(t)ua (t) + Ba(t)ua(t)]dt
d
+ Z[C,-(t)x(t) + Dyi()ur(t) + Dai(t)ua (t)|dW;(t), t € [s, T] ¢y

with the following quadratic objective functional:

Jous ) =3 E{ (D) x(T)mo + [ [ROD(0), () )
@
+ (N (B 0,111+ (00, (0ot |

for simplicity of notion, sometimes we denote m = m + m3 and:

B=[By By, D;=[Dy; Dy, i=12,...,4d,

- ui o Nl O
u_{uz}' N_[O Nz}
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1.1. Literature Review

Thanks to the key role of economics and finance in the real world, much attention
has been paid by many researchers to mathematical financial problems, including the
differential game theory, not only because of its useful basic theory, but also because of its
practical applications to financial markets. The differential game (DG, for short), which
involves the decision-making of multiple players being affected by each other, could be
traced back to 1965 and the work carried out by Isaacs [1], which inspired later research in
this field. For research in the early years, we refer to the literature [2-7] and the references
therein. Among them, Ho-Bryson-Baron [7] may be the first paper about deterministic
two-person zero-sum differential games (DG, for short) where the stochastic perturbation is
absent. In 1989, Fleming-Souganidis [6] generalized the DG in the deterministic framework
to the stochastic case, which is considered the major work of the research on the problem
(SDG). After that, Hamade-Lepeltier [8] investigated the SDG using the BSDEs approach.
Then, Yong and Mou-Yong [9,10] generalized the SDG into a leader—follower case and
investigated it in the open-loop form using a Hilbert space method. In 2008, Buckdahn-
Li [11] focused on the existence of players’ value through the viscosity solution theory.
Yu [12] obtained the existence result of the corresponding Riccati equation by virtue of
Hamade’s linear transform, which enriched the related Riccati equation theory, and studied
the general case of SDG (i.e., D1; # 0 and Dy; # 0). Very recently, Moon [13] studied the LQ
stochastic leader—follower Stackelberg differential games for jump-diffusion systems with
random coefficients. In addition, Wang-Wu [14] considered a kind of time-inconsistent
linear-quadratic non-zero sum stochastic differential game problem with random jumps.
For more details, we refer to [13-18] and the references therein.

To some extent, the problem of SDG can be treated as the generalization of a stochastic
LQ optimal control problem with two controls. From this viewpoint, these two problems
have a close relationship with each other and benefit from each other. In 2003, Tang [19]
obtained the equivalence between the existence of the solution for the Riccati equation and
the homomorphism of the stochastic flows derived from the optimally controlled system,
which solved the long-standing open problem proposed by Bismut [20] in 1978. After that,
Tang [21] improved the well-posedness results in [19] through dynamic programming. In
2017, Lii-Wang-Zhang [22] showed the nonexistence of feedback controls to a solvable SLQ
with random coefficients, which is significantly different from its deterministic counterpart.
Very recently, Zhang-Dong-Meng [23] investigated the well-posedness of stochastic Riccati
equations associated with stochastic linear quadratic optimal control with jumps and
random coefficients using an approach similar to that introduced in [21]. For more essential
details on SL.Q, one can refer to [23-27] and the rich references therein.

1.2. Main Contributions of This Paper

As is well-known, when solving the closed-loop SLQ or SDG, the key point is
the solvability of the corresponding backward stochastic Riccati equations in the form
of the following:

d
dP = —F(A,B,C;,D;;R,N; P, Q;)dt + Y _ QidW;(t), t € [s,T]
i=1

P(T) =G, Q:=(Q1,Q2...,Qu),

which is a highly nonlinear backward stochastic differential equation; the coefficients will be
specified later. Fortunately, Tang [19] obtained a wunique solution,
(P,Q) € LR (0, T; S(R™)) x LE (O; L2(0, T; S(R™))) for p € [1,00). After that, Lii-Wang-
Zhang [22] remarkably showed that it is not regular enough to establish the feedback
control because the second part of the solution Q € Lgtt(Q; L%(0,T; S(R™))) will be in-
volved in the feedback control (for details please see Remark 3). This phenomenon is
interesting and important. As a generalization of SLQ, a natural question is,“will the same
phenomenon appear in SDG?” Obviously, the answer is affirmative and this paper will
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show that the same remarkable phenomenon appears in the SDG problem. Then, inspired
by the idea from [16,22], we establish the equivalence between the existence of the robust
optimal feedback control-strategy operators (please see Section 2 for the definition) and the
solvability of the corresponding backward stochastic Riccati equations. Furthermore, the
existence of a closed-loop saddle point will be obtained by way of some suitable conditions.
Finally, from the example, the SDG problem is not closed-loop solvable without the needed
regularity of the solution for the corresponding backward stochastic Riccati equations.
Note that, in the literature mentioned above, no works focus on the above phenomenon
in SDG. Especially, when considering recent works [13,14,18,23] ([14,18] only consider the
deterministic coefficients case [13,23] and do not pay attention to the robustness of the
feedback control), to the best of our knowledge, the robustness of the feedback control-
strategy pair in SDG with random coefficients has not yet been studied. This paper
can be viewed as a nontrivial extension of [22] in the differential game case. The main
generalizations and technical challenges of this paper are compared with [22] as follows:

(a) The inclusion of two controls appears in Equations (1) and (2).

(b) The explicit dependence of two controls on both the drift and diffusion terms
in Equation (1).

(¢) The backward stochastic Riccati equations above with a high dimension.

1.3. Problem Statement

Throughout the paper, we let R” be the n-dimensional Euclidean space with Euclidean
norm | - |gs and Euclidean inner product (-,-)gs. We also let S(R") be the set of all
(n x n) symmetric matrices, ST (R") be the set of (n X n) positive definite matrices, and
S~ (R") be the set of (n x n) negative definite matrices. Furthermore, we suppose that
(), F, (Ft)t>s, P) is a complete filtered probability space with the natural filtration (F¢)¢>s
generated by a d-dimensional standard Brownian motion {W; = (Wy, Wa,..., W;)’;s <
t < T} augmented by all P-null sets, where the superscript (-)’ denotes the transpose of
vectors or matrices.

In Equations (1) and (2) above, x(-) is the state variable in R", the matrix-valued
stochastic processes A(-), B1(+), B2(+), Ci(+), D1i(+), D2i(+), R(+), N1(-), Na(+) are given F;-
progressively measurable processes, and G is given Fj-measurable random variables
satisfying suitable assumptions to be given later such that Equation (1) admits a unique
strong solution. In what follows, the time variable ¢ is sometimes suppressed in the form
A,Bq,Ci, Dy, ete. Forany s € [0,T) and i = 1,2, we introduce the following collections of
all admissible controls:

T
Uils, T] == {ui € R™i|u;(-) is F;-progressively measurable, E/ i (1) [2dt < oo}.
S

We also need to introduce the following collections of all admissible non-anticipative
strategies for Player i,i = 1,2 on [s, T], which is adopted from Buckdahn and Li [11] and
Yu [12]:

Ails, T] := {'y,» Ujls, T] — Uils, T]|vi(uj) = vi(uj) on [s, 7], if u; = u; on [s,T]},
where j =3 —iand 7: Q — [s, T] is any stopping time. In the above collection, for i = 2,
then j = 1, 72 (u1) means the admissible strategy for Player 2 to deal with the control of
Player 1 in the game. Further, Player 1 aims to maximize (2) and Player 2 wants to minimize
it. So, Jg(u1,uy) can be regarded as the payoff for Player 1 and the cost for Player 2. Above
all, the two-person zero-sum linear quadratic stochastic differential game (SDG, for short)
can be stated as follows.
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Problem (SDG) For each pair (s, 0), find an admissible control i1; € U;[s, T| and an
admissible strategy 9, € Aj[s, T] such that:

]9(1’71/’?2(5[1)) = inf sup ]9(1’[1/’)/2(”1))/ (3)
12648 Tl cuqy [s,T)

which is called Player 1’s value, and (73, 92) is called an optimal control-strategy pair
of Player 1. On the other hand, if we find an admissible control 71, € U[s, T] and an
admissible strategy 471 € A;1[s, T] such that:

Jo(n1(i2),12) = sup  inf Jo(71(u2),u2), @
T1€EA; [5,T|H2 €Uy [3,T]

which is called Player 2’s value and (71, il2) is called an optimal control-strategy pair of
Player 2.

In the case that the two players’ values are equal, we call this common value the value
of the game and (iiy, i1y) is called the saddle point, where 7i; = ¥ (i) and @I, = ¥,(i1),
these two conditions can be replaced by another two matrices (please see
Remark 7 in Section 3).

This paper is organized as follows. Some preliminary results and definitions are
provided in Section 2. Section 3 is devoted to presenting the main results of this paper.
Finally, two examples are provided to illustrate our results.

2. Preliminaries
The following collections will be used in this paper: here, p, p1, p2 € [1,0):

L;T(Q;]R") = {g : Q — R"|¢ is Fr-measurable, E||5, < oo},

Lpft(Q;C(s, T;R")) = {x : Q) x [s,T] — R"*|x(t) is Fy-adapted, continuous,

1
(E sup |x(t)\]§,,) P < oo},

tels,T]
2l

T o
L?{(Q; LP2(s, T;R")) = {x QX [s,T] = R*|x(t) is ]-'t-adapted,E</ |x(t) %ant> 2 oo}’
S
T n
P
Lgft(s, T; L (O;RY)) = {x QX [s,T] = R*|x(t) is ]-'t-adapted,/ <E\x(t) %n) dt < oo}.
s

All the collections above are Banach spaces with the canonical norms. L% (€); LF2(s, T; R")),
Lg{ (;L%(s, T;R")) and LE (€4 L*(s, T;R")) can be defined in the same way. For simplic-
ity of notation, we denote Lfrlt (s, T; LP1(C;R™)) by L% (s, T;R™). In Problem (SDG), we
adopt the following assumptions:

Assumption 1. (AS1) The coefficients of the state Equation (1) satisfy the following:

A(-) € LR (O L'(0, T;R™™)), By (+) € LR (Q; L*(0, T, R™ ™)), Dy;(-) € LR (0, T; R™™),
Gi(-) € LR (O L*(0, T; R™™)), By(+) € L (Q; L*(0, T;R™*™)), Dyy(-) € LR (0, T; R™™).

Assumption 2. (AS2) The weighting coefficients in Equation (2) satisfy the following:

{ R(-) € LR (L0, T;S(R"), G e LR (O S(R"))
Ni(-) € LE(0, T; S(R™)), Na(:) € LE(0, T; S(R™)).
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Lemma 1 ([16]). Suppose the assumption (AS1) holds. For any (s,0) € [0,T) x L% ((;R"),
and up € Uy = szt (s, T;R™)), up € Up = szt (s, T;R™2)), the state Equation (1) admits a
unique solution x(+;s,0,u1(-),uz(+)) € szt (Q; C(s, T;R™)).

Remark 1. Further, under the assumption (AS2), Equation (2) is well-defined for any (s,0) €
[0,T) x L% (;R") and uy € Un[s, T}, up € Ua[s, T]. So the Problem (SDG) provided before is
meaningful.

Next, we present some well-known results, which will be used later.

Lemma 2. Forany (s,0) € [0,T) X L%TS(Q; R™), the stochastic differential equation:

d
dx(t) =(A(t)x(t) + f(£))dt + ;(Bi(t)x(t) +gi(1))dWi(t),

x(s) =6

©)

admits a unique Fi-adapted solution x(-) € L%(Q;C(s, T;R™)), if the coefficients A(-) €
LR (O; L2(s, T;R™ ™)), B(-) € LR (O; L2 (s, T; (R™")), f(-) € L% (s, ;R ") and g(-) €
L% (s, T; (R™")%).

For details of the existence and uniqueness results of Equation (5), we refer to [27,28].

Lemma 3 ([29]). Suppose that the coefficient f satisfies that:

(i) f(-,0,0) € LR (Q; L' (s, T;R")),

(@) |f( 0, B1) = f( a2, B2)| S Ka(-)|ar —az] +k2(-)[Br = Pal, Var, a2, B1, P2 € R, where
ki(+) € LR (Y LY(s,T;R)) and ky(+) € L2 (& L%(s,T;R)). Then, for any ¢ € LZ (BR"),
the backward stochastic differential equation:

d
dy(t) =f(t,y(t),zi(t))dt + ;Zi(t)dwi(t)r
y(T) =¢

admits a unique solution (y(-),z(-)) € L% (Q; C(s, T;R")) x L%(Q; L% (s, T; R"™*4)), which is
Fi-adapted.

(6)

Further, we would like to recall the Pontryagin-type maximum principle for differential
games; for further details, we refer to [30] and the references therein.

For any (w,t,x,y,z,uq,uz) € Q x [0, T] x R" x R" x R4 x R™ x R™2, we define a
Hamiltonian function associated with Problem (SDG) by (the variable ¢ is suppressed),

d
H(t, XY,z uy,up) =(Ax + Brup + BzMz,]/) + Z(Cix + Dyjuq + Dyjua, Zi>

= @
1
+ E <er x> + <N1u1,u1> + <N2u2, Ll2> .
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Lemma 4. Let (2(-),i1(-), #2(+)) € L% (O;C(s, T;R")) x L% (s, T; R™) x L2 (s, T;R™) be
an optimal pair of Problem (SDG). Then there exists a pair (7(- ) z(1) € L% (O C(s T;R"™)) x
L%T (s, T; R"Xd) satisfying the following BSDE:

t

dij(t) =— |A'g(t) + Xd:(ci)’zi(t) + Rx(t)|dt + Xd:z,-(t)dwl t ®
i=1 i=1
y(T) =Gx(T),
such that ]
(B)'7(-) + Y_(D1i)'zi(-) + Nyita (-) = 0,
i=1
d

(Bz)’?(~)+;(Dzl) zi(-) + Naiip(+) = 0.

As is well-known, stochastic Hamiltonian systems are very useful for deriving the
open-loop form control-strategy for Problem (SDG), which is closely linked with the
stochastic Riccati equation. Next, in order to investigate the closed-loop form (SDG), the
associated backward stochastic Riccati equation takes the following form:

d
dP =—F(A,B,C;, DR, N; P, Q;)dt + Y QidWj(t), t € [s,T] )
i=1

P<T) :Gl Q = (Ql/ QZ!' . '/Qd)/

where the variable f is suppressed, and for any A € R"*", B € R"*" C = (Cy,...,Cy) €
(R™M)d, D = (Dy,...,Dy) € (R™m)d; R € R™1, N ¢ Rm<m p ¢ R,
Q=(01,02...,Q4) € (R™M with Pand Q;(i = 1,...,d) being symmetric, the genera-
tor F is defined by:

F(A,B,C;,Dj;R,N; P, Qz’)

_AP+PA+R+Z PC+2 )/ Qi + QiG]
i=1 i=1

d - 10
(D;)' PD; (10
i:l

PB+Z )'PD; +ZQ1

PB+Z )'PD; +ZQ1

It is well-known that Equation (9) is a backward stochastic differential equation with the
generator F (A,B,C;,D;;R,N;P,Q;) being nonlinear in P and Q. For the simplicity of
notation, we denote:

d d d

Ni1:= Ny + ) _(Dy;)'PDyj, Npp:= No+ ) (D) PDy;, Nip:= ) (Ds;)'PDy;

P - ~
~ Nyq le}
N:=N+ D’PD:[~ Niz |

l;( i) PDi (N12)" Np
P (11)
By := PBy +Z PD11+ZQ1D11, B, —PBz+): ))'PDy; + Y QiDo;,
i=1 i=1 i=1 i=1
d

B :=PB+ Z(Ci),PDi + Z Q;D; = [§1 Ez} .
i=1 i=1
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Remark 2. The backward stochastic Riccati equation (BSRE, for short) above becomes the Riccati
equation for SLQ when SDG involves only one player (i.e., By, Dy, No = 0) in the suitable
dimensions, for the formal derivation about the Riccati equation for SLQ, we refer to Bismut [20,31].
Yu [12] solved Equation (9) without a stochastic part by virtue of Hamade’s linear transform, which
needed to restrict the matrices Band D;(i = 1,2...,d) to some special case,

B]' = koK]', Dij = kl‘K', i= 1,2,...,d; ] = 1,2,

where Ky € LZ (0, T; S(R"™™)) and Ky € LZ (0, T; S(R"*™2)). In this paper, we release this
restriction under some sharp regularity on feedback control-strategy operators (the definition will be
given later).

With the notation above, Equation (10) can be rewritten as:

F(A,B,C;,D;;R,N;P,Q;) AP+PA+R+Z )'PC; +2 i)' Qi + QiCi] 12)
i=1

— BNY(B)'.

From the above notations, along with Yu’s [12] observation on the following,
algebra equations,
{ Nigu(+) + Nigua () + (B1)'x(-) =0, 13)
(N12)'ur () + Nagia (+) + (B2)'x(-) = 0,
solve them in a useful expression for studying the game problem with strategy, then derive
the following two control-strategy forms for Player 1 and Player 2, respectively:

-1 /
() = — [Nll - leﬁz_zl(ﬁu)/} [51 — Ezﬁz_zl(ﬁu)’} x(+),
14)
a1 () = — Ny [(’B})'x(-) + <Nu>’u1<->]

and

Taa()) = ~N! | (B1'xC) + Rhana (),
1 ) (15)
() = — [sz - (N12)/N1_11N12} {Bz - BlNﬁlNu} x().
Taking advantage of these two expressions, Equation (10) can be rewritten in the following
two forms:

(i) From Equation (14), F can be rewritten in the following Form (I):
F(A,B,C;, Di;R,N; P,Q;)

—AP+PA+R+Z PC+Z[ )'Qi + QiCi] (16)
i=1

-1
— BNy (By) — [Bl - BzNz}l(le)/] [Nu — NuN;;(le)’] [Bl — BoNy' (Npo)'

(i) From Equation (15), F can be rewritten in the following Form (II):
F(A,B,C;, Di;R,N; P,Q;)

_AP+PA+R+Z PC+Z i)' Qi + QiCi]

i=1 i=1 (17)

/

-1
— BiN;;'(By)' — {Bz - BanlNu] [sz — (N12)/N111N12} {Bz — B1N111N12} .
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These two forms are convenient for completing the square of Players’ control strategies and
also investigating the Players’ values.

Remark 3. In 2003, Tang [19], connected the existence of a solution of the Riccati equation for
Problem (SLQ) to the homomorphism of the stochastic flows derived from the optimally controlled
system, and obtained a unique solution (P,Q) € L% (0, T; S(R")) x Lp (O L%(0,T; S(R™)))
for a given p € [1,00), from which we know that the optimal feedback opemtor for SLQ (denoted
by A) only with the reqularity A € Lpff (Q; L2(0, T; S(R™))). Although it showed that if % is an
optimal state, then Ax € L%_-t (0, T; R™) is the desired optimal control, and such feedback control is
not robust, even with regard to some small perturbation, i.e., one cannot conclude that A(X + €x)
(ex € L% . (Q;C(0, T, R")) is a small perturbation) is an admissible control because the second part
of solutlon Q will be involved in the feedback representation, which is not regular enough. Only
when the optimal feedback operator has the sharp regularity A € LZ (Q; L%(0, T; S(R™))), does it
become a robust optimal feedback.

Remark 4. In Problem (SDG), because of the closed relationship with SLQ, it also meets the same
difficulty stated in Remark 3, which denies the robustness of the control-strategy pair. Actually,
taking advantage of the same direction of Yu's [12] approach, i.e., Hamadé’s linear transform, we
can obtain the solvability of Equation (9) with the existence results of BSRE in Tang’s paper [19];
nevertheless, the second part of the solution Q € L?_-t (Q; L2(0, T; S(R™))) is not regular enough to
design a robust feedback control strategy.

Next, let us give the notions of robust optimal feedback control-strategy operators for
Problem (SDG).

Definition 1. The pair of stochastic processes (P1(-), ¥2(+)) is called a robust optimal feedback
control-strategy operator of Player 1 for Problem (SDG) if

(i) yq(:) € L%(Q,‘LZ(O T; (R™>™M)), Yo (1(+)) € L°° (Q,LZ(O T; (Rmzxn))

(i) Forall (s,0) € [0,T) x L% ((GR") and uy(-) € Lll[ T], v2(-), 12(-) € Aals, T), it
holds that
Jo(u1(+), Y2(u1(+))) < Jo(ur(+), v2(ua(+))), (18)
and
Jo(1(1)x (), Fa (1 (1))x(+)) = Jo(ua (), 72 (u1())), (19)

where %(-) is the solution of
dx(t) =[A(t) + By (t)1(t) + Ba(t)¥2 (1 (1)) ]x(t)dt
+ i[Ci(t) + Daj(£) 1 (1) + Dai (1) F2 (1 (1)) | x (1) dW; (1), (20)
x(s) =6. -

Similarly, we can give the same notion of the robust optimal feedback control-strategy
operator of Player 2.

Definition 2. The pair of stochastic processes (P (-), ¥1(+)) is called a robust optimal feedback
control-strategy operator of Player 2 for Problem (SDG) if

() 9a() € L (L0, T3 (R77)), ¥y(¢a(-)) € LR, (O L3(0, T; (™),
(ii) For all (5,9) [0,T) x L2 (Q R") and uy(+) € U[s, T), 11 (), 71 (-) € Ai[s, T), it holds
that
Jo(71(ua(-)), u2()) < Jo(r1(u2(-)), ua(-)), (21)

and

Jo(F1(2(:))x(-), Y2(-)x(-)) = Jo (71 (u2(:)), u2(+)), (22)
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where X(-) is the solution of
dx(t) =[A(t) + By (8)¥1(2(£)) + Ba(t) o (t)]x ()t
d
+ Y [Gi(8) + Dui()¥1(2(1) + Dai ()2 ()] x ()W 1), (23)
i=1
x(s) =6.

Remark 5. In the Definitions above, y1(uz(+)) and 7, (u1(+)) are the feedback strategies for Player
1 and Player 2, respectively, which means Player 1 (Player 2) in the game knows how to deal with
the control for Player 2 (Player 1) in the following feedback control-strateqy form:

T1(ua2()) = =Ng' {(El)/f(') + leuz(')]/
oy () = —Nig! [u%)’x(-) + <N12>'u1<o>]

Remark 6. Taking Definition 1, for example, the optimal feedback control-strategy operator
(p1(+), ¥2(+)) is required to be independent of the initial state 6 € szs(Q; R™). For a fixed
(s,0) €10,T) x L%ts (C; R™), Equations (18) and (19) imply that the control-strategy pair

!/

-1
() = g1 ()2() = - [ﬁn - Nuﬁfz—;(ﬁuy] [El - Ezﬁrz;l(zvu)'] £()
T2 () = Falpr()E() = — N [@2)' - <N12>'¢1]x<~>

is optimal for Player 1 for Problem (SDG). Therefore, the existence of a robust optimal feedback
operator implies the existence of an optimal control-strategy pair (i1 (-), y2(i11(+))) for Player 1.
Player 2’s situation can be stated similarly.

3. Main Results

In this section, we state the main results of this paper, inspired by the idea from
[12,16,22].

Theorem 1. Suppose that the assumptions (AS1)—(AS2) hold. Then, Problem (SDG) admits a
robust optimal feedback control-strateQy operator (1 (-), ¥2(-)) for Player 1 if and only if:

(i) The Equation (9) admits a Fy-adapted solution, for p € [1,00),
(P(-),Q(")) € L% (0, T;S(R")) x LY (% L*(0, T; (S(R"))"))

(ii) The matrices Ny, are positive, and Nij — N12N2_21 (le)’ are negative—uwe denote this condi-
tion Condition (I);
(iii) The feedback operator of Player 1 can be written as:

-1 1
P1=— [Nn - leﬁz_zl(ﬁu)'] [El — BNy, (N1p)'| € LR (O L2(0, T; (R™*™))),
Fa(y1) = —Ny' {(Ez)’ - (le)’llh} € L% (Q; L2(0, T; (R"XM)));
(24)
(iv) The value of Player 1 is:

1
inf  sup Jp(u1,72(u1)) = 5E(P(s)6,0). (25)
T2 Ty ey [s,T] 2
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Proof. “<" Suppose the Equation (9) admits a unique solution,
(P(-),Q()) € L% (0, T; S(R")) x L (4 L*(0, T; (S(RM)?)), p € [1,00),

such that Conditions (ii) and (iii) hold. Then, the function pair (i1 (-), ¥2(-)) is a robust
feedback operator. We only need to show it is an optimal one.

Letui(-) € Uy[s, T], up(-) = v2(u1(+)) € Azs, T] be any given admissible control for
Player 1 and strategy for Player 2, respectively, and also suppose x(-) € L% (;C(s, T;R"))
is the corresponding state trajectory of state Equation (1). By using state Equatlon (1) and
Equation (16), and applying the It6 formula to Px(t), we obtain:

d
d(Px(t)) :{ A'Px(t 2 )'PC; + Q;C;]x(t) + PByuy(t) + PBaus(t)

d
+ BN, (By) x(t) + 2[Q1D11u1( ) + QiDyiuz(t)]

_ o _ _ o _ -1 _ o _ /

+ [31 - BzNz_zl(le)/] [Nn - leNz_zl(le)/} |:Bl - BzNz_zl(le)/} x(t)}dt
d

£ Y [P(Cox(t) + Dygaa (1) + Dagua(5)) + Qux(H]AWi(1).

i=1

Further, applying the Itd formula to (Px(t), x(t)), and noticing the Equation (11) for simple
computing, we obtain:

,x(t))

{ )) +2(Buua (), x()) +2(Bouz (t), x(t)) + (BoNyy' (Bo)'x(t), x(t))
_|_

M=

d
((Dy)' PDyjuq (1) g (Dai) PDagjun (1), un(t)) + (Nigua (), uy (t)) 26)

!/

1
+ {Bl ByNy,!' (N12) ] {Nn - NuN{zl(ﬁu)/} B {51 - Ezﬁ{zl(ﬁlz)’} x(t)/x(f)>}df

(2(P(Cix(t) + Drjur (t) + Dajua(t)), x(t)) + (Qix(£), x(¢)) JdW;(t).

Mm

1

From Equation (24), we have:
N o ~ -1 ~ o _ /
Pi(c) =— [Nn - leNz_zl(Nu)/} [Bl - B2N2‘21(N12)’} ,
together with the symmetry of [Ny — leﬁzal (Np2)'], which implies that:

{gl - Ezﬁnl(ﬁ1z)/} = —(p1) {Nll - leﬁzzl(ﬁu)/}
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Since 1 (-) € LR (Y L2(0, T; (R™*")) and [Nq; — N12N5,' (Ny2)'] are bounded, we have
[By — B'zNZEl(Nu)’] € LR (O L2(0, T; (R™>™)). Moreover, from Equation (24), we derive
that:

-1 /
[gl — §2N221(N12)’] [Nn - leﬁzzl(ﬁlz)/} {gl — Ezﬁnl(ﬁlz)/}
-1 1
= —(1) [ﬁn - N12N2_21(N12)/] {Nn - Nuﬁ{zl(ﬁu)/} [El - Ezﬁ{zl(ﬁu)’}
= (1)’ [Nll - leﬁzzl(ﬁu)'} 1.

Therefore, we rewrite Equation (26) as:

+ <(1P1)’ [Nn - leﬁz_zl(ﬁlz)/] 1P1x(t),x(f)> }dt
d
+ Y [2(P(Cix(t) + Dyjur (t) + Dojua(t)), x(£)) + (Qix(£), x(£))JdWi(t).
i

In order to ensure that the stochastic integral above makes sense, we introduce the following
stopping times 7 as, for any s € [0, T),

d r
wimin {r= sl Y [ |Qi0Pdr = k) A
i=1"%

Obviously, when k — co, then 7x — T a.s.. Integrating from s to T and having an expectation
on both sides of Equation (27), we have:

E(P(ti)x(tic), x(1ic)) — (P(s)0,6)

=E /STx[s,Tk}{ — (Rx(t), x(£)) 4+ 2(Byuq (£), x(£)) 4+ 2(Byus (t), x(t))

=

(28)

+ (BaNy,' (Ba)'x(8), x(#)) +

=

((D1;)'PDyjuy (1), ur (£)) + Y ((Da;) PDoju(t), uz(t))
i=1

N — NlZNZ_zl(le)/} ¢1x(t),x(t)> }dt-

1

+ (Nygua(t), u1 (1)) + <(1P1)/

Il
_

—

Clearly,
2
’<P(Tk)x(rk)rx(rk)>| < |P|L§t(O,T;S(R”))|x|L%(Q;C(0,T;Rn))

by virtue of the Dominated Convergence Theorem, we have:

lim (P(7i)x (), x(7)) = (P(T)x(T), x(T)) = (Gx(T), x(T)).

k—o0

Similarly, since all the terms in the integral can be dominated by some bounded functions,
we can prove the right hand side of Equation (28):
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JJLHJOE ST Xs, Tk]{ — (Rx(t), x(t)) +2(Bruq (t), x(t)) + 2(Bous(t), x(t))

d
Z (Dy;) PDyjup (1), ua(t))

d
+ (BaNy' (By) x(t), x 2 (D1i)/ PDyjuq (t), us (¢
i=1 i=1

+ (Nygua (), uy (t)) + < P1) {Nn — Ni2NR! (Nyp) }%x(t x(t )>}df

(29)
—E/ { )) +2(Byug (1), x(t)) +2(Baua(t), x(£)) + (B2Ny,' (By)'x(t), x(t))
d
+ Z (D1;)' PDyjup (t),u1(t)) + Y ((Dai) PDojua(t), up(t)) + (Nipup(t), uq (t))
iz iz

+ <(¢’1)/ {Nn - NuN{zl(Nu)’} ¢1x(t),x(t)>}dt.

Then, letting k — oo, and adding the same term:

E / [(Rx(t + (Nyug (), 1 (£)) + (Noup (£), up (1))t
on both sides of Equation (28), and by the Equation (11), it follows that:
2Jp(ur,u2) — (P(s)0,0)
_E/ { )+ 2(Brun (), x(6)) + 2(Baua(8), (1)

d

d
+ (BaNy,' (Ba)'x(t), x(t)) + Z D1;)' PDyjus (t),u1(t)) + ) {(Dai)' PDojua(t), ua(t))
i=1 i=1

+ 2(Nnpup (1), us (t)) +< /[Nu — Ni2Ny,' (Npp) ]%X( ), x(t )>}dt
+E/ [(Rx(£), x(5)) + (Nqus (1), 1 (£)) + (Nowa (£), ua(£))]dt
—E/ { (Byuy (1), x(8)) + 2(Baua(£), x(£)) + (BN (By)'x(£), x(1))
+ (Nuqug (1), ur (t)) + (Naaua(t), ua(t)) + 2(N1gua(t), u1 (t))
+ <(1,b1)’ [Nn = Nuﬁlgzl(ﬁu)’} ¢1x(t),x(t)> }dt,
from the notation 72 (u1) in Remark 5, using the completion of a square for 12, we get:
2Jg(u1,u2) — (P(5)6,0)
— [ { (Neaa(0), (1)) ~ 2(Na0), 7201 () + (N Ta(oa 1), a0 ()
+2(Byua (t), x(t)) + <32sz1(1§ ) x(t), x(t)) + (Nnyup (t), w1 () — (NaaFa(u1(#)), Y2 (ur (1))

u(t
< { 11 — Ni2Ny' (Npp) ]1P1x(t),x(t)>}dt
N (

5[ { (Rt

+ 2< [31 — BN, (N12)/} ul(t)/x(f)> + <(1/11)/ {Nn - NuN{zl(le)/} 1P1x(f),x(t)>}dt,

o (9)), () — “72(”1(ﬂ))> T < [Nn - NnNz;l(Nu)’} un(t), u1<t>>

noticing that:

|:§l - §2N221(N12)/:| = —(yp1) {Nn - leﬁzzl(ﬁu)/} ,
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and using the completion square for 11, we have:

2]p(u1, 12(u1)) =2Jp (Y1 %, ¥2(p1)x +E/ {<sz up () — 2 (uq (t )))z(”2*72(”1(f)))>
(30)

([ = Mgt (Ria) | a6 = a0, 0 ) = () ) e,
From Condition (ii), we obtain

Jo(u1, 72(u1)) < Jo(u1,v2(ur)), Yuy € Us[s, T], up = y2(u1) € Azfs, T},

and
Jo(P1%, Y2 (1) %) > Jo(ur, ¥2(u1)), Yuq € Us[s, T),

which means that (¢1(-), ¥2(+)) is an optimal operator for Player 1 by Definition 1.

“=" In this part, we prove the necessity in Theorem 1 and we divide the proof into
three steps.

Step 1. We provide some existence and uniqueness results of SDEs. Suppose that
(1(+), ¥2(+)) is a robust optimal feedback control-strategy operator for Player 1. Then,
from Lemmas 2—4, for any p € R", there is the following forward-backward SDE:

d
dx(t) =[A + By + Ba¥a(y1)]x Z [Ci + D1jp1 + Do ¥ (1) ]x(t)dW;(t),
d (31)
dy(t) = )+ Z )+ Rx(t)|dt + ) zi()dW;(t), t€[0,T],
x(0) =p, y(T) = Gx( ),
which admits a unique solution:
(x(£),y(t),z(t)) € L% (Q;C(0, T;R")) x L% (Q; C(0, T; R")) x L% (0, T; R"™*?)
such that: ]
(B1)'y(t) + ) _(D1i)'zi(t) + Nignx(t) =0,
o (32)
(B2)'y(t) + Y (D2i)'zi(t) + No¥a (1) x(t) = 0.
i=1
Additionally, we introduce another SDE:
d
dx(t) =[—A = By — Ba¥a (1) + }_(Ci+ Duitpr + Dai¥a(yn))?) %(t)at
i=1
d / (33)
— Y [Ci+ Duitpr + Do ¥ (1)) %(H)dWi(t), t € [0,T],
i=1
x(0) =pu.
From Lemma 3, Equation (33) admits a unique solution ¥(t) € L% (Q;C(0, T;R™)).
Moreover, consider the following R"*"-valued SDEs:
d
dX(t) =[A+ By + Bo¥2(y1)] X (t)dt + ) _[C; + Dy + Doi¥a ()| X(£)dWi (1),
i=1
d (34)
Ay (t) = — |A'Y(t) + Y (C)' Zi(t) + RX(t) dt+ZZ W;i(t), t€[0,T],
i=1 i=1
X(0) =I,, Y(T) = GX(T),
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and,

d
dX(t) =[—A — By — Ba¥a(yp1) + Y_(C; + Dyjpr + Do (yr)) ) X (t)dt
-

(35)

Mm

[C + Dhi,bl + Dzl‘Yz(l/Jl)] (t)dWi(t), te [0, T],
1

X(0) =p.

Equations (34) and (35) above also admit unique solutions X (t) € L% . (Q;C(0, T; R™™")) and
(X(1),Y(t),Z(t) € L%, (Q; C(0, T; R™")) x L% (Q; C(0, T; R"X")) x L% (0, T; (R™™)4).
Obviously, from Equatlons (32) and (37), we obtaln

(D1i)'Zi(t) + Nay1 X (t) = 0,

Ma.

(B1)'Y(t) +

Il
-

(36)

o
E
3

Il
—_

(B2)'Y(t) + ) Zi(t) + No¥a (1) X (t) = 0.

Also from Equations (31) to (35), for any u € R", it easily follows that:

x(tu) =X, y(pu) =Y, z(tEu) = Z(Hyu, 2(Ep) = X(Hy, ae te[0,T], (37)

where Z(-) = (Z1(-),...,Z4(+)) and z(-) = (z1(*),...,z4(+)). Further, for any y,v € R"
and t € [0, T}, applying the It6 formula to (x(t; i), & (t 1/)) we have:

(x(t0), 5(50) = ()
= [0+ Bugs + Ba¥alg)lx(r ), 5050)

(Ci + Dy + Da¥a(1)]x(r: ), <r;v>>dwl-<r>

d
x(r3 1), Y [Ci + Dustr + Dar¥a ()] (r 'v>>dwi<r>

0 i=1

t d
- / < Y [Ci + Dy + Dzz“l’z(%)]ZX(r;y),f(r;v)>dr =0.
0 \iZ

Therefore, from Equation (37), it follows that:

(x(t;u), 2(tv)) = (X(O)p, X(t)v) = (p,v), as.,

which implies that X(¢)[X(t)] = I, i.e., [X(t)] = X ().

Step 2. We try to prove that Equation (9) admits a solution through the idea of making
the connection between the solvable SDG and the solvability of the Riccati equations.
We assume that:

P(t) = Y(H) X)), Yi(t) = Z;(t)[X(1)]". (38)
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Applying the It6 formula to P(t), we have:

dp—{ [AY+Z )'Zi 4+ RX| X! ZZX [Ci + D11 + Dai¥2 (1))
i=1

Lyxl [ — A— By — Bo¥a () + Z(Ci + D1yipr + Dzi‘f'z(‘l’l))z] }dt
i—1

d
+ [ZZiX_ ZYX [Ci + D1y +D21‘1’2(IP1)]} Wi (t)
i1

d d
:{ — AP~ Y (C)'Y; — R — Y Yi[Ci + Dystpy + Dyy¥a ()]
i=1 i=1
d
P [ — A =By — By (1) + Y (Ci + Dyjyr + Dzi‘I’z(tlJl))z] }df
i=1
d
oy [ — P[Ci + Duitpr + Dai¥a(pr)] | dWi(0).

Put Q; :=Y; — P[C; + Dy;p1 + D2;¥2(¢1)], then (P(-), Q(-)) solves the following SDE:

dP = {AP+PA+2 pc+2 1)'Qi + QiG]
i=1 i=1
~ - (39)
+ B1y1 + By ¥a(y1) + R}df + Z QidW;
i=1

P(T) =G. t€[0,T).

From Lemma 3, we deduce that (P, Q) € L% (€; C(0, T; R"™")) x LY (O L%(0, T; (R™*™)4)).
Next, we show that (P, Q) are symmetric. We introduce the following forward-
backward SDEs, for any t € [0,T) and & € L% ((;R"),

d
dx'(r) =[A+ By + By¥2(y1)]x' (r)dr + Z[Ci + Dyjp1 + Do¥o (1)) (r)dWi(r),

dy'(r) =— |A'y'(r) + d r) + Rxt( }dr—&- izf(r)dwi(r), reltT), (40)
z:l =
X (t) =, y'(T) = Gx(T),
and,
d
dX'(r) =[A + By + Bo¥2 (1) X'dr + ) [Ci + Dy + Doi¥a (1) X (r)dWi (1),
i=1
(41)

dy'(r) = — |A'Y!(r +2 )+ RX!(r) dr+22 YAW;(r), r € [t,T),

X(t) =L, YNT)= fo( ).
Clearly, the above two SDEs admit unique solutions:

(x',y',2") € L% (Q; C(t, T;R™)) x L% (Q; C(t, T; R™)) x L% (£, T;R™)
and,

(X', Y, Z") € L% (Q; C(t, T;R™™)) x L%, (Q; C(t, T;R™™)) x L% (t, T; (R™™)7).
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Obviously, from Equations (40) and (41), we have:
x(ra) = XH(r)e, y(ra) =Y (e, 2'(ra) =Z(r)a, ae. relt,T). (42)

Due to the uniqueness of the solution to Equation (31), for any 4 € R" and t € [0, T], it
follows that:

(X (Hu) = X ()X (Hp = x(r; ), as
therefore,

y'(EX(Hp) =Y ()X (=Y (), as.
which implies that:

Yi(t) = Y(H)[X(t)] = P(t). as.

Further, let «, € L%.-t(Q; R") and apply the Ito formula to (x(r;a),y'(r; B)), noticing
xt(r;a) = XH(r)a, y! (r; B) = Y'(r)B; then, we have:

E(w,P(p) =E [ { (X (10 RX0)B) — ([Buys + Bata(p)}X (1), Y (1))
d
- LD+ Da¥a(p) X ()0, Zi(1)B) -+ ECX! (T, GX!(T)P).

Noticing that Equation (36), we obtain:
(06.0) =E [ {(RX'(0),X!(1)a) + (Nupn X (1B, 12X/ ()a)
+ (X)X (B, a(p0)X'(0)a) b+ E(GX!(T)p, X' (7))
£ CX(Mp+ [ {[KOIRX0p+ X ()l N X' (1)
+ XV (2 p)) Naal) X' (1) [ ),
which means:

T
P =E{ X (GX (D) + [ {XRX (1) + (X)) [l Ny X 0

]:t}}

therefore, P(t) is symmetric, since G, R(-), Ny(-), Nx(-) are symmetric in (AS2). On the
other hand, (P, Q') satisfies that:

T [Xf(r)]’[‘fzwl)rwﬂz(wl)xf<r>}dr

dp' = {AP’+PA+2 )'P'C; +Z (C)'(Q1)" +(Q)'Cl]

i=1 i=1

d
+ (¥1)"(B1)" + [¥2(1)]'(B2)" + R}dt + ) (Qi) dw(t),

i=1

(43)

[P(T)]' = G. t € [0, T]

Let Equation (39) minus Equation (43) and integrate from 0 to t; noticing that P(t) is
symmetric, we obtain the diffusion term:

4t
Y- [10: - (Q)awi(r) =0

i=170
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and then we conclude that Q(t) is symmetric due to the uniqueness of the decomposition
of semi-martingale.

Next we show that (P Q) is the solution of Equation (9) in which F is in the Equation (16)
and the matrices Ny, and N11 — N12N22 (le) are invertible. Actually, multiply X~ 1 on both
sides of Equation (36); it follows that:

d
(B1)'P+ Y (D1;)'Yi+ Ny =0,
i=1

. (44)
(B2)'P+ ) (D2)'Y; + Np¥a(ypy) =0
i=1
By the definition of Q and by Equations (11) and (44), we obtain:
{(El)/ + Nip¥a(91) + Nigypy =0, (45)
(B2) + (N12)'1 + Np¥a(y1) = 0,
from which we have:
. o B -1 _ o _ 1
P = — [Nn - N12N2_21(N12)/} [31 — BoN,,' (Npp)/
(46)

Ya(yr) = {(Bz) (le)'lh]-
Putting these two equalities into Equation (39), for simplicity of computing, we have:

Biy + Bo¥o ()

-1 /
=— BNy, (By) — [Bl - BzNz_gl(le)/} [Nu - N12N2_21(N12)’] [Bl — BaNy,' (Np)' |,
which implies that (P,Q) € L% (Q;C(0,T;S(R"))) x L (O; L2(0, T; (S(R™))?)) solves

the Equation (9) and ends the proof of Condition (i).
Step 3. In this part, we show that Conditions (ii)-(iv) hold. Obviously, from Equation (46)

and (¢ (-), ¥2(+)) being robust, it easily follows that Condition (iii) holds. We only need to
prove Conditions (ii) and (iv). Actually, from Equation (46), it follows that:

/

-1
|:B1 - Bzszl(Nu)/} [Nll - N12N221(N12)/] [31 — BoNR (Nyp)
= (p1)’ [Nn - N12N2_21(N12)/] ¥1,
and repeating the procedures to derive (30), we have:

2Jg(u1,v2(u1))
ek [ {<sz us(t @(ul(t))),(uz(t)7z<u1<t>>>>

; < [N’u - NuNz;(Nu)'] (ur(£) — prx(8)), (s (1) — ¢1x<t>>>}dt.
T ~,
=2Jg(y1 X, ¥2(91)%) + E/S {<sz(”2(f) —Y2(u1(t))), (ua(t) — 72(”1(t)))>
; < [Nu - NuNz;(Nu)'] (ur(£) — prx(e)), (w1 (1) — ¢1x<t>>>}dt.
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Hence, from the optimality of feedback control-strategy operator (;(-), ¥2(-)), we obtain
that Condition (iv) holds, and from Definition 1 we have:

T/
E/S <N22(M2(f) — Y2 (ur (1)), (ua(t) — Vz(ul(f)))>df >0, Yup(t) = v(ui(t)) € Ayfs, T],
e[l < [Nu ~ Nt (N’ (11 (8) — x(8)), (s (1) —w1x<t>>>dt <0, Vur(t) € s, T),

from which we obtain that Condition (ii) holds and we finish the proof of the necessity. O

A similar statement of Player 2 is made in the following sense.

Theorem 2. Suppose that the Assumptions (AS1)—-(AS2) hold. Then, Problem (SDG) admits a
robust optimal feedback control-strateQy operator (¥2(-), ¥1(+)) for Player 2 if and only if:

(i) The Equation (9) admits a Fy-adapted solution for p € [1,c0),
(P(-),Q(")) € LE (0, T; S(R)) x LE (0 L2(0, T; (S(RM)) "))

(ii) The matrices Ny are negative, Ny — (Klu)’ Nﬁl Ny is positive, we denote this condition by
Condition (II).
(iii) The feedback operator of Player 2 can be written as:

¥1(2) = —Ny;' [(El)/ - lele] € LR (O; L2(0, T; (R™*™))).
(47)

/!

1
P =— {sz - (le)/Nﬁlle} [Bz - BlNﬁlle} €LZ (O L2(0, T; (R™>*™))).

(iv) The value of Player 2 is:

i 1
SUP s (M1 (2),2) = ZE(P()6,6) (48)
T EA [s,T]”zEUz [s,T] >

Proof. This theorem can be proved with the same approach in Theorem 1, so we omit it
here. O

Corollary 1. Suppose that the Assumptions (AS1)—(AS2) hold. Then, Problem (SDG) admits
robust optimal feedback control-strategy operators (1 (-), ¥Y2(-)) and (o(-), ¥1(+)) with:

1) =Y1(92(+)), $2(-) = Fa(91(+)) (49)

if and only if:

(i) The Equation (9) admits a unique Fi-adapted solution (P(-), Q(-)) € L% (0, T; S(R")) x
Ll (O 12(0, T; (S(R™))?)) (where p € [1,00));

(i)  The matrices N11 is negative, Ny, is positive, we denote it by Condition (I1I);

(i) 1(-), Ya2(1(+)), ¥1(p2(-)), wa(+) satisfy the condition given by Equations (24) and (47);
(iv) Further, the value of Problem (SDG) is:

1
inf su uy,72(u1)) = su inf up),ur) = —E{(P(s)6,0). (50
'YZEAZ[S'T]mGM}[)S,T]IQ( ' 72( 1)) ’Y1€A11?S,T]uzeu2[5/ﬂ]9(,Yl( 2) 2) 2 < ( ) > (50)

Proof. “="If (i)—(iv) hold, we can obtain that robust optimal feedback control-strategy
operators (¢1(-), ¥2(-)) and (¢2(+), ¥1(-)) exist from Theorems 1 and 2, because Condition
(III) in this Corollary holds if and only if Condition (I) and Condition (II) hold, which are
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the conditions (ii) in Theorems 1 and 2, respectively. Furthermore, from Condition (III) in
this Corollary,

(11, 72(11)) = (Y15, Yo (91)%), (71(i2), 112) = (F1(¢2)%, ¢2%) (51)

are the unique solution of the algebra Equation (13), which leads to the Equation (49).
“<«<" If Problem (SDG) admits robust optimal feedback control-strategy operators

(¥1(-), ¥2(-)) and (¢(-), ¥1(+)) with:
1) =Y1(92(+)), $2(-) = Fa(91(+))-

We can easily prove the results (i)-(iv) from Theorems 1 and 2, which ends the proof. [

Remark 7. Equation (49) can be replaced by the following matrices form if the matrices Nyj and
Ny, are invertible:

(N{,) 'NpNp' (By) = Ni* {1 - leﬁz_zl(ﬁlz)/ﬁﬁl} (By),
(52)
N, 'Ni1(N1,) " 1(By)" = Ny,! {1 — (le)’anlean} (By)'.

These two conditions can be obtained by using Equations (24), (47) and (49) with the observation
that Nqj and Ny are symmetric matrices.

Remark 8. Actually, the solution (P, Q) of the Equation (9) is also unique, because the Lemma 3
ensures the uniqueness of the solution for the Equation (39), which is another form of Equation (9).

Remark 9. In the Corollary 1, if the Equation (9) admits a solution (P, Q) with the feedback
operator having the sharp regularity, i.e., Equation (24) and (47) hold, then Problem (SDG) admits
robust optimal feedback control-strategy operators (1 (-), ¥Y2(-)) and (p2(-), ¥1(-)), and we can
obtain that Problem (SDG) is closed-loop solvable and the saddle point exists in the following sense:

(11, 112) = (Y1($2)%, ¥2(¢1)%)
and,

Jo(11,1) = inf sup Jo(u1,72(u1)) = sup inf  Jo(v1(u2),uz2)

1264208, ]y eqy[s,T] T1€M[s, TH2 €[S T
1
=5E(P(s)0,0) = Jo(¥1($2)%, Y2 (1)),

However, if the solution (P, Q) does not have the needed regularity, Problem (SDG) may fail to
obtain a robust optimal feedback control-strategy; this phenomenon is different from the deterministic
case.

4. Examples

In this section, we provide two examples to illustrate our theoretical results. Example 1
shows that the solvability of the backward stochastic Riccati equation is not sufficient
enough to guarantee that Problem (SDG) admits a robust optimal feedback control-strategy.
Example 2 shows that there does exist a feedback control-strategy pair under some suitable
conditions. These two examples are inspired by [16,22,26,32].
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Example 1. Firstly, we introduce the following stochastic processes I'(-), o(-) and stopping time Ty:

T() :/Ot L aw(), teo,T),

VT —r
T
o) = 5 ol 1€ 0T), 9
7 :=inf{t € [0,T),|T(¢t)| > 1} AT.
From [22,32], we have:
T T T T T
[ etaw| = 75| [1 | = el < T 6w

E [exp (/OT |a(r)|zdr)] — oo, (55)

In this example, we consider Problem (SDG) with the following form:

dx(r) =[u1(r) + uz(r)|dW(r), r€[0,T]
x(0) =6,

and the objective functional:

T
Jo(u,uz) = %K_lEx(T)2 + %E/ up (r)?dr,
0

forany 6 € L%TO (C;R), where m = n = d = 1. Obviously, we have the following data:

A=0, By=0, B=0, C=0, D; =1,
{ 1 2 1 (56)

D,=1, R=0, Ny=0, N,=1, G=x«"1,

where k = @(T) and (¢(t), p(t)) satisfy the following backward stochastic differential equation:

(1) :/OTa(r)dW(rH—2\%+1—/tT¢(r)dW(r), te0,T].

It admits a unique solution (¢(t), ¢(t)) in the following sense:

p(t) = /Ot(f(r)dW(r) + % +1, ¢(t)=0c(t), t€]0,T]
By Equations (53), (54), and (55) above, it has:
7T
1<o(t) < —=+1,
{ o) V2 (57)
p(t) & L3, (O;12(0, T;R)).

Then, from Equations (11) and Data (56) above, for simple computing, it follows that:
Niy=P, Np=P+1, Np=P, Bi=Q, B=0Q,
and the Equation (9), in which F is in the Form (I) in (16), is given by:

{dP(r) =P(r)~1Q(r)2dr + Q(r)dW(r), r € [0,T] 58)

P(T) =1
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Applying thelto formula to ¢(-) =1, we deduce that (P(-), Q(-)) = (¢(-) "1, —@(-) 2¢(-)) is the
unique solution of Equation (58). Furthermore, from Theorem 1 and Equation (57), we obtain:

1 =o(-) '9(-) & LE(Q;L*(0, T;R)),

=20(.
Ya(yr) = M ¢ L3 (Q; L*(0, T;R)).

(59)

Therefore, there is no robust feedback control-strategy operator for Player 1, that is, Problem (SDG)
is not closed-loop solvable.

Example 2. In this example, we shall apply the Ito formula to cos W (t), which shows that:
T 1 T
cos W(T) —cos W(t) = / —sinW(s)dW(s) — E/ cos W(s)ds. (60)
t t

From the above equality, we suppose that:

3 T 1 /T
0=+ - +cosW(T)+ f/ cos W(s)ds,
22 2 Jo
3T 1/t (1)
) = 5 + 5 +cos W(H) + 5/ cosW(s)ds. Y(£) = —sinW(¢), € [0,T].
0
From Equation (61), we have:
1 5 1 5
< V< Z — << =
5 S S5HT, 5<6<5+T
And (y(-),Y(+)) satisfies:
T
y(t) =6 — / Y(s)dW(s), te [0, T]. (62)
t
In this example, we suppose the following data:
m=n=d=1 A=0, Bp=0, Bp=0, C=0, (63)
Di;=1 Dy=1, R=0, N;=0, N,=1, G=¢6"L.
Then, from Equations (11) and (63) above, for simple computing, it follows that:
Niy=P, Np=P+1, Np=P, Bi=Q, B,=0Q,
and the Equation (9), in which F is in the Form (I) in (16), is given by:
dP(r) =P(r)"1Q(r)%dr + Q(r)dW(r), r € [0,T] 64)
P(T) =5"1.

Applying the It formula to y(-)~!, we deduce that (P(-),Q(-)) = (v(-)~1, =y (-)72Y(+)) is the
unique solution of Equation (64). Furthermore, from Theorem 1, we obtain that:

P =()1Y() € LR (Q; L*(0, T;R)),

m € LR (O 1%(0, T;R)) "

is a robust optimal feedback control-strategy operator. For clear presentation, we shall provide the
following graphs with T = 10. Figure 1 shows one controlled sample path of the state process under
the optimal control-strateqy (ily, iy ). Figure 2 shows the optimal control-strategy (ily, i1y ), which
is the solution of the game.

Ya(yr) =



Symmetry 2023, 15,1726

22 of 24

X(t)

One sample path of state

The optimal control strategy (u1 ,u2)

Figure 2. The trajectory of optimal control-strategy (iiq, ii7).

Remark 10. From the above two examples, although the form of the the Equation (9) is the same,
it remarkably shows that, with different endpoints, the robustness of the feedback control-strategy
operator will be different. Generally, it is interesting to find some suitable conditions to guarantee
that Equation (9) admits a unique solution:

(P(-),Q(-)) € LR (0, T;S(R")) x LR (Q; L*(0, T; (S(R™))4)),
which is unsolved.

5. Concluding Remarks

In this paper, we consider a closed-loop two-person zero-sum LQ stochastic differential
game with random coefficients. As we know, the feedback control-strategy contains the
robustness when facing small perturbations; however, our results show that the same
remarkable phenomenon appears in Problem (SDG) as appeared in the work of Lii-Wang-
Zhang, that the regularity of the solutions for the corresponding backward stochastic Riccati
equations is not enough to establish the closed-loop control-strategies; this phenomenon
has not previously been mentioned in the literature. On the other hand, under some
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suitable conditions, we have established the equivalence between the existence of the
robust optimal feedback control-strategy operators and the solvability of the corresponding
backward stochastic Riccati equations in SDG, which shows the importance of the regularity
of the solutions for the stochastic Riccati equations when trying to solve the closed-loop
SDG. Additionally, the saddle points in the closed-loop case have been obtained by some
sharp regularity assumptions on the control-strategy operators. Finally, from the examples,
Problem (SDG) is not closed-loop solvable without the sharp regularity of the solution for
the corresponding backward stochastic Riccati equations, which illustrate our theoretical
results.

As with the generalization, there are several interesting problems that deserve further
investigation. One is the solvability of the Equation (9), how to obtain a unique solution
(P(-),Q(+)) € LR (0, T; S(R")) x LR (€ L%(0, T; (S(R™))%)) so that the feedback operator
has the sharp regularity to guarantee the robustness, which is still open. Another one is to
extend the results in this paper to other LQ games, such as the mean-field LQ game, the
indefinite LQ game, and so on.
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