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Abstract: In this study, we first generalize the Lorentzian inner and vector products, and then
we define the generalized split quaternions by means of the generalized Lorentzian inner and
vector products. Next, on any hyperboloid of one or two sheets, which is a generalized Lorentzian
sphere, non-parabolic conical rotations with nonnull axes are expressed using the generalized split
quaternions with supporting numerical examples.
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1. Introduction

Quaternions were defined by W. R. Hamilton in 1843 to generalize complex num-
bers. Since rotations and reflections in three-dimensional Euclidean space can be ex-
pressed with quaternions, there are many application areas for real quaternions in various
fields of science. In addition to real quaternions, numerous different kinds of quater-
nions and their applications have been investigated over the years. For instance, rotations
in three-dimensional generalized Euclidean spaces have been expressed using elliptical
quaternions [1-3]. Some studies on the topic are given in the reference section [4-7]. How-
ever, generalizations of quaternions and their applications have also attracted researchers’
attention [8-11]. As is known, using generalized scalar products is one way to general-
ize quaternions [3,12]. See [13-18] for information on generalized scalar products and
related concepts.

In this study, we deal specifically with split quaternions as defined by Inoguchi [19].
Split quaternions comprise a number system that is closely related to three-dimensional
Lorentzian geometry, which is a geometric framework that is used to study the struc-
ture of spacetime in special relativity. Split quaternions can be used to represent conical
rotations on standard hyperboloids, which are spheres in three-dimensional Lorentzian
geometry [12,20,21]. Some recent studies on split quaternions are also given in the reference
section [22-24].

The aim of our study is to provide a generalization for three-dimensional Lorentzian
geometry and split quaternions by generalizing the Lorentzian inner and vector products,
and to determine non-parabolic conical rotations in three-dimensional space using general-
ized split quaternions. Due to these generalized split quaternions, any non-parabolic conical
rotation in three-dimensional space can be easily expressed without long calculations with
affine transformations.

The paper is organized as follows. First, we describe the basics of three-dimensional
Lorentzian geometry and define a three-dimensional generalized Lorentzian inner product
whose sphere is any given hyperboloid of one or two sheets, having the equation

Ax* + By? + Cz* + 2Dxy + 2Exz + 2Fyz = +12 1)
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and a three-dimensional generalized Lorentzian vector product. Then, we describe the
basics of split quaternions and generalize them using generalized Lorentzian products.
We also show how generalized split quaternions can be used to represent non-parabolic
conical rotations, which are elliptic and hyperbolic rotational motions on any hyperboloids.
Finally, we provide some numerical examples.

2. Generalized Lorentzian Inner and Vector Products

Three-dimensional Lorentzian geometry, also known as the Minkowski 3-space R, is
the Euclidean space R? endowed with the Lorentzian inner product

<u,w>L = —Uqwq + Upwy + Uzws, 2)

where u = (uy,up, u3),w = (w1, wy, w3) € R3. The associated matrix of the Lorentzian
inner product is diag(—1,1,1). Since it is indefinite, the vectors of ]R% are classified as
follows. A vector u € R‘;’ is called spacelike, timelike, or lightlike if (u,u); >0, (u,u); <0,
or (u,u); = 0, respectively. The norm of the vector u € R is defined by |lu|, = \/[(w,u), [,
and the Lorentzian vector product of u and w is defined by

-i j k
uXpw=\uy Uy Uz, 3)
wp w2 W3

where i, j, k are standard unit vectors. For further information on Lorentzian geometry,
see [25-27].

Similar to the generalization of the three-dimensional Euclidean inner product [1,28],
one can generalize the Lorentzian inner product by using a suitable general matrix instead
of diag(—1,1,1), as in the following example.

For vectors u = (uy,up, uz), w = (w1, wp, w3) € R3, and the real symmetric matrix

A D E
Q=|D B F @)
E F C

having a negative determinant, whose eigenvalues are not of the same sign, the map
Ba(u,w) = ulOw = Auqywy + Bupwy + Cuzws + D(ujwy + upwq) + E(ugws + uzwq)
+ F(upws + uzws) is called the generalized Lorentzian (or Bg-) inner product, and the
real vector space R3 with the generalized Lorentzian inner product is called the three-
dimensional generalized Lorentzian space, which is denoted by R%ﬂ.

Here, () is the matrix associated with the symmetric bilinear form, and

A =/ldetQ| = \/|ABC + 2FDE — AF? — CD? — BE?|. ®)

is the constant of it. As usual, the Bn-norm of the vector u is defined as

||u\|BQ:\/|BQ(u,u)| = \/‘Au% + Bu3 + Cu3 + 2Duyuy + 2Euquz + 2Fupus

7

and the vectors u and w are called B-orthogonal if B (u, w) = 0. As with the Lorentzian
space, since the generalized Lorentzian inner product is indefinite, the vectors of ]R%Q can
be classified as follows:

(i) If Bo(u,u) > 0oru =0, then u is called a Bn-spacelike vector.
(i) If Bo(u,u) <0, then u is called a Bn-timelike vector.
(iti) If Bo(u,u) = 0and u # 0, then u is called a Bn-lightlike or Bn-null vector.
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Normally,
cos 1 (Bg(u,w) ) and cosh™! <—BQ(u,w) ) (6)

[ull 5, W1l 5, [ull 5, Wl 5,

determine the Bn-measure of the angle between u and w, if they are Bn-spacelike and
Bq-timelike vectors, respectively. For a positive real number 7, the set

S%Q(r) = {u ER%O: Ba(u,u) = 1,2} (7)

is called a Bn-pseudosphere with the radius r, and the set

H%Q(r) = {u GR%Q: Ba(u,u) = —72} 8)

is called a Bn-hyperbolic sphere with the radius r. The Bn-pseudosphere and the Bq-
hyperbolic sphere are both called the generalized Lorentzian (or Bn-) sphere. In addition,
the set

Lg, = {u GR%Q: Ba(u,u) = 0} 9)

is called a Bq-lightcone. Using the classification conditions for quadrics (see [29]), one
can easily see that the Bn-pseudosphere is a general hyperboloid of one sheet, the Bq-
hyperbolic sphere is a general hyperboloid of two sheets, and the Bn-lightcone is a
general cone.

It is known that in three-dimensional space, the vector product can be defined by
a skew symmetric matrix. Now, we define and then determine the Bn-skew symmetric
matrices in R%Q.

Definition 1. Let T be a 3 x 3 real matrix. If
Ba(Su,w) = —Bn(u, Sw) (10)

for every u, w € R} - then T is called Boy-skew symmetric.

One can derive that the matrix S is Bo-skew symmetric if and only if S'Q) = —QS.
Thus, we obtain the following theorem:

Theorem 1. Bq-skew symmetric matrices are as follows

(EF—CD)us—(DF—BE)u;  (DF—BE)u;—(BC—F?)u;  (BC—F?)uy—(EF—CD)uy

det Q) detQ) det()
A (AC—E?*)uz—(DE—AF)uy (DE—AF)u;—(EF—=CD)us (EF—CD)us—(AC—E?)u; (11)
det() det Q) det()
(DE—AF)u3—(AB—D?*)u;  (AB—D?)uy—(DF—BE)us (DF—BE)uy—(DE—AF)uy
det() det() det()

where uq, Uy, uz, A € R.

Proof. We need to find the matrix

511 S12 513
S= | sau s» 523 (12)
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having the equality S'Q) = —QS, so we have the following system of equations:

As11 + Dsy1 + Esz; =0
Bsyy + Fs3p + Ds1p =0
Cszz + Fspz3 + Esi3 =0

. 13
Asip + Bsy1 + Fs31 + Dsq1 + Dsyp + Eszp =0 (13)
Asq3 + Csz1 + Fsp1 + Esq1 + Dsy3 + Esz3 =0
Bsys + Cszp + Fspp + Fszz + Dsi3 + Es1p =0
Using the substitutions

uy = Etyp + Ftyp 4+ Ctsp = —Dti3 — Btpz — Fisz

upy = At13+ Dty + Etz3 = —Et11 — Ftp; — Ct3y (14)

us = Dty + Biy + Ft3) = —Atip — Diyp — Ets,

one derives three systems of equations

As11 + Dsy1 + Esz1 =0
Dsq1 + Bsp1 4 Fs31 = u3
Es11 + Fsp1 + Cszp = —up

As1p + Dspyy + Eszp = —u3
Dsip + Bsy + Fs3p =0 (15)
Es1p + Fspy + Cs3p = uy

As13 + Dsp3 + Eszz = up
Dsy3 4 Bspz + Fs33 = —uq .
Es13+ Fspz + Csz3 =0

Solving them with Cramer’s rule, one obtains matrix (11). O
Considering the following Bn-skew symmetric matrix
Asuy — Agus  Asuz — Asuy  Aguq — Azup
G = |Agup —Apuz  Aguz — Aguy  Apug — Aglin , (16)

Aquy — Aquz  Asuz — Aqug Aguq — Asup

where A = +/|detQ|, A; = (AB — D?)/A, Ay = (AC — E?)/A, A3 = (BC — F2)/A,
Ay = (DE — AF)/A, As = (DF — BE) /A, and Ag = (EF — CD) /A, one has the following
definition:

Definition 2. Let u = (uy,up, u3) and w = (wy, wy, w3) be any two vectors in IR%O. The
generalized Lorentzian vector product is the function

XGL R%Q X R%O — R%Q, (u,w) = u XgL W, (17)
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defined by

[Asuy — Aguz  Azuz — Asuy Agtiq — Aziip
w1
uxgw = |Bauz—DBouz Aeuz —Aguy Mouy —Astiz | |,

Aquy — Aguz  Asuz — Aquy Aguq — Asup | LW3

[—As(uws — uzwy) — Ag(uswr — urws) — As(uyw — upwy )
— —A6(u2w3 — M3ZU2) — Az(l/t3wl — M1W3) - A4(M1H)2 — uzwl)

—As(upws — uzwy) — Ay (uzwy — uqwsz) — Aq(ugwy — upwy )

—Aszi— Agj — Ask  —Agi — Agj — Ak —Asi — Agj — Ak

— ui Us us

w1 wr w3

where Ay = (AB — D?)/A, Ay = (AC — E?)/A, A3 = (BC — F?)/A, Ay = (DE — AF)/A,
As = (DF — BE)/A, A¢ = (EF — CD) /A, and i, j, k are the usual standard unit vectors.

Using the substitutions i = Agi + Agj + Ask, j = Agi + Agj + Ask, and k = Asi +
A4j + A1k, one has the generalized Lorentzian vector product as follows

uXxgLw= |41 U2 U3 (18)

wyp w2 ws

3. Generalized Split Quaternions

For the real numbers qg, 41, 92, 43, and the basic elements i, j, k satisfying the equalities
i2=-1, j2 =K2=1, ij =k, jk = —i,ki =j,ji = —k, kj = i,ik = —j, a split quaternion
q is represented by g = (q0,91,92,93) = qo + q1i + q2j + g3k, or q = s; + v4, where s; = g
and v; = g1i + g2j + g3k denote the scalar and vector parts of g, respectively. The conjugate

and norm of ¢ are defined as § = s; — vy and N; = /[qq] = \/|q% +33 -3 —q3]. A
split quaternion is called spacelike, timelike, or lightlike (null), if I, <0, I; >0, or
I; = 0, respectively, where I; = 7% + 9% — 95 — ¢35 In addition, if N; = 1, then g is called
the unit split quaternion. The split quaternion multiplication of p = (p1, p2, p3, pa) and
q = (41,92, 93, 94) is defined by

pq = poqo + (W, W) + povg +qovy + Vp XL Vg, (19)

and the algebra of the split quaternion set H is an associative, non-commutative, and
non-division ring [19,21].

In this section, we generalize the split quaternions by using the generalized Lorentzian
inner and vector products. The generalized split quaternions will be the number system
related to the three-dimensional generalized Lorentzian geometry.

Consider the real value entries A, B, C, D, E, F of the matrix () and the basic elements
i,j, k satisfying the equalities
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Lp(q) =pq=

Ry(q) =qp=

i’ = A j>=B K=C
ij = D—iAs—jAs—kA;
ji = D+ids+jAs+kA; (20)
jk = F—iA3—jAg—kAs
kj = F+iAs+jAg+kAs
ki = E—ids—jhr—kAy
ik = E+4ils+jdy+kAy,

where A = /|detQ], A} = (AB—D?)/A, Ay = (AC — E?)/A, A3 = (BC — F2) /A, Ay =
(DE — AF)/A, As = (DF — BE)/A, and Ag = (EF — CD)/A. Then, for qo,q1,492,93 € R,
q = (40,91,92,93) = qo + q1i + q2j + g3k = s + vy, is called a generalized split (or g-split)
quaternion, where s, = go and v, = q1i + g2j + g3k. Here, s is called the scalar part of g,
and v is called the vector part of g, considering i, j, k are the usual standard unit vectors.
The set of all g-split quaternions is denoted by Hq,. For every (), this set is an associative,
non-commutative, and non-division ring. The g-split quaternion multiplication table is
as follows:

1 i j K

11 i j K

ili A D—iAs —jAs —kA; | E+ihg +jA, + KA, | (21)
i [ [ D+ids+jbs+ kA B F—iAs —jhe — kAs

K | k| E—iMg—jAr — KAy | F+iAz +jAg + kAs C

The g-split quaternion multiplication of two quaternions p = pg + p1i + p2j + p3k =
sp +vpand g = go + q1i + g2j + g3k = 84 + v is defined by

pq = podo + Ba(vp, vq) + povg + qovp + Vp XGL Vg (22)
Then, one can derive that

Spq = Podo + Ap191 + Bpagz2 + Cpsqs + Dp1g2 + Dpagr + Ep193 + Epsqr + Fpaqs + Fpsqo

pod2 + qop2 — De(p2qs — p3q2) — B2(p3q1 — p193) — Da(p192 — paq1),

pods +qops — Ds(p243 — p3gz) — Aa(paqi — p1g3) — B1(p1g2 — paqr)
The g-split quaternion left and right multiplications can be expressed as the following;:

podq1 + qop1 — B3(p2gs — p3q2) — Be(p3q1 — p193) — Bs(p192 — paqa),
and Vpg =

'po Ap1+Dpy+Eps Dpy+Bpa+Fps  Epi+Fpa+Cps] [40]
P11 Po+ p2ls — p3le P33 — p18s pP1l6 — p243 g1 (23)
p2 P2y — p3ia po + p3le — p1ds p1B2 — p2le g2
|3 P21 — p3ly p3ls — p14q po + p18s — p28s] |43

[po Ap1+Dpr+Eps Dp1+Bpa+Fps Ep1+Fpa+Cps] [90]
p1 Po+ p3lde — p2ls P15 — p3is3 p283 — p186 q1 (24)
P2 p3da — p2ly po + p1Bs — p3le p286 — p1d2 02|
L3 p3dy — pady p1B1 — p3is po + p28s5 — p1da] 3]
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One can see that the associative property for g-split quaternion multiplication is
satisfied since R;L, = LyR,. As usual, we also have the following conjugate, norm, and
inverse definitions for a g-split g:

g9 = 53—V
N; = /|Jy| where J; =q7 =749 = sg — Ba(vg,vy) (25)
1 q
q = 1.
Jq

In addition, if N; = 1, then g is called a unit g-split quaternion, and if N; # 0, then g/ N, is
a unit g-split quaternion. The g-split quaternions are classified according to the sign of J;
as the following split quaternions: a g-split quaternion is called g-timelike, g-spacelike, and
g-lightlike (or g-null) if J; > 0, J; < 0 and J; = 0, respectively. Here, one can also see with
a long calculation that

S%q — Ba (Vg Vpg) — (sf, — Bq (vp,vp))(sé — Ba(vyg,vy4)) =0. (26)

Then, we have J,; = J;];, and so Np; = NpN,. Notice that the set of g-spacelike g-split
quaternions and the set of g-lightlike g-split quaternions do not form a group under g-split
quaternion multiplication. However, the set of g-timelike g-split quaternions forms a group
under g-split quaternion multiplication.

The vector part of any g-timelike g-split quaternion can be Bn-spacelike, B -timelike,
or Bo-null. However, the vector part of any g-spacelike g-split quaternion is Bn-spacelike
necessarily. Any g-split quaternion q = qo + q1i + g2j + g3k without a Bo-null vector part
can be expressed in the polar form similar to the split quaternions, as in the following;:

(i) Every g-timelike g-split quaternion with a Bn-spacelike vector part can be written in

the form
q = Nj(cosh 6, + ¢;sinh 6,), (27)
where cosh8, = 4 ginh6, = M, and ¢, = M, which is a unit
q q q Ny q Ba(vgvg)

. . 3 . . . 2 _
Ba-spacelike vector in Ry , satisfying the equality & = 1.
(ii) Every g-timelike g-split quaternion with a B-timelike vector part can be written in

the form

g = Ny(cos b, + g4sinby), (28)

Ba(vqv i+qo] . . L.
where cost; = I'z,—“, sinf,; = M, and ¢; = itgajHask. is a unit Bn-timelike
q 1 Ba(vg,v, )|
|Ba(vq,vq
. 3 . . . 2 _

vectorin R, satisfying the equality &; = —1.

(iii) Every g-spacelike g-split quaternion can be written in the form

q = Ny(sinh 6; + ¢4 cosh6,), (29)
. _ q0 _ /Balvgvg) _  qitgaj+gsk PR :
where sinh 6, = N,/ cosh6, = N, and ¢; = B vy which is a unit

Bq-spacelike vector in R} - satisfying the equality sé =1

4. Generating Generalized Lorentzian Rotation Matrices

In this section, we first define Bn-rotations, which can be elliptic or hyperbolic ro-
tations of the three-dimensional space, and then we use generalized split quaternions to
generate B-rotation matrices, similar to the three-dimensional Lorentzian space.

It is known that orthogonal matrices whose determinants are 1 can be used to represent
rotations since they are the only linear transformations preserving both the norm and the
vector product. Therefore, we need to define the Bn-orthogonal matrices in ]R%O:
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Definition 3. Lef R be a 3 x 3 real matrix. If
Ba(Ru, Rw) = Ba(u, w) (30)

for all vectors u, w € R%o, then R is called Bn-orthogonal.

One can derive that R is Bn-orthogonal if and only if R‘OR = Q. It is clear that
the determinant of a Bn-orthogonal matrix is either 1 or —1. If R is Bn-orthogonal and
det(R) = 1, then R is called a Bn-rotation matrix. We denote the Bn-rotation around
the Bn-axis u by the Bno-angle 6, with Rj. Note that a Bo-rotation occurs on a general
hyperboloid of one or two sheets. By the following theorem, one can see that every unit
g-timelike g-split quaternion defined by the matrix (), whose vector part is not Bo-null,
determines a Bn-rotation in R%Q:

Theorem 2. If ¢ = qo + g11 + q2j + g3k is a unit g-timelike g-split quaternion whose vector
part is not Bo-null, then Ry(p) = qpq~" determines a Bo-rotation, and the matrix Ry of the
transformation is

(25]%—1) _2(5;1 _A;(5/6)) _2(5% B A/ql(?:,S)) _2(621/1/ - A/q/(/6r3))
20~ M) (A1) 20N s) 200 = AThg) |, GD
200~ M) 200~ M) (206-1) 200~ AT )

where (5(’11, =q;(Aq1+Dgx+Eqs), (5;'1 =q;(Dg1+Bq2+Fq3), (52,’1’:qi(Eq1+Fq2+Cq3),
i

A;(l,]) =40 (Aiqz—A]’I]Q,), Ag(i,j) =40 (Aiqg—A]’ql), and A;(l,]) =40 (Aiql_quZ) . In addition:
(i)  If the vector part of q is Bn-spacelike, and the polar form of q is

cosh 6, + g;sinh 0, (32)

then the Bq-axis of the Bo-rotation is &5, and the Bo-angle of the Bo-rotation is 26, =
&

2 cosh™! go. Therefore, Ry = Ryy.
(ii)  If the vector part of q is Bo-timelike, and the polar form of q is

costl; + &;sin 0, (33)

then the Bq-axis of the Bo-rotation is &5, and the Ba-angle of the Bn-rotation is 20, =
&

2cos ™! qo. Therefore, Ry = Ry,

Proof. Let g be a unit g-timelike g-split quaternion whose vector part is not Bo-null. Let us
consider the map R;(p) = q pq~! = qpq for any g-split quaternion p. It is not difficult to see
that R, is linear, preserving the norm of the vector part and the scalar part of p. Then, we
must consider only pure g-split quaternions whose maps are also pure g-split quaternions
with the same norm. To determine the transformation matrix, it is enough to find R, (i),
Ry(j), and Ry(K). Using Ry(i) = Ly(Li(@)), Ry(j) = Lq(L;(@)), Ry(k) = Ly(Li(@)), and
J; = 1, one obtains

Ry(i) = (2‘13 —1-2(8g, =AY s6) )) 1—2(07, = A 42))i —2(07, = Apg 4) )k
Ry(j) = —2(8) — Al 5) )it (2q3 —1-2(6 —A;’(()A))) j—2(3, — Al 1))k

Ry () = 206~ B Vi 207~ )i+ (203 1200~ ) VK

and we obtain matrix (31). In addition, one can see that (Ry) tQRq = O and det(R;) = 1.
Therefore, R,7 is a B-rotation matrix. In addition,
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(i) Let the vector part of g be Bn-spacelike, and let the polar form of g be
cosh 6, + &5 sinh 6. Since v, || &5, we have v; X1 &5 = &5 X1 V4 = 0 and ge; = £49.
Then, we have R,(g;) = geqq~ ' = &,99~! = &;, which means that g, is the Bn-axis
of the Bn-rotation. To determine the Bn-angle of the Bn-rotation, let us consider a
Ba-orthonormal set {&,, €1, & } satisfying

& XGL & =&, & XgL &g =€ and g; XgL & = &. (34)

It is enough to determine how &; changes under R,. Considering the g-split quaternion
multiplication, one obtains

Rq(e1) = ge17
= (cosh 6 + &, sinh ;)1 (cosh 6; — &, sinh 6;)
= (&1 cosh 8, + &5 sinh 6;) (cosh 6, — &, sinh §,)
= &1 cosh 26, + &3 sinh 26,. (35)

Thus, the Bn-angle of the Bn-rotation is 20;. In addition, 26, = 2 cosh™! qJo, since
cosh 0; = qo.

(ii) Let the vector part of g be Bn-timelike, and let the polar form of g be cos 6, + ¢4 sin 6.
Since v, || &;, we have v; Xgr &5 = & X vy = 0, and so g¢; = &;q. Then, we
have Ry(g;) = qeqq9 ' = €499~ = &;. Thus, g, is the Bn-axis of the Bn-rotation.
To determine the Bn-angle of the B -rotation, let us consider a Bn-orthonormal set
{eg,€1, €} satisfying

€ XGgL & = &, & XgL & = &,and g XgL & = &. (36)

It is enough to determine how &; changes under R,;. Considering the g-split quaternion
multiplication, one obtains

R(e1) = qe1q
= (cos 8, + &y sin ;)€1 (cos b, — gy sin )
= (€1 cos 0y + €2 sinby) (cos b, — &, sin )
= &1 €08 20, + &3 sin 20,. (37)

Thus, the Bno-angle of the Bn-rotation is 26,. In addition, 26, = 2 cos~! qo, since cos 6 = qo.
O

By the following corollary, we see that all Bn-rotations whose axes are not Bo-null
vectors can be represented by unit g-timelike g-split quaternions defined by the matrix ():

Corollary 1.
(i) For a unit Ba-spacelike vector n = (ny,ny, n3) in R%ﬂ, the Bo-rotation matrix R is
1— ps + &, s + A% 405 Oy s + A3 5ps Oy s + Ag3ps
‘5;/12 Hs + Afi,zps 1—ps+ ‘%P‘S + A/6/,4p5 ‘%’ﬂs + Alz’,/aps ’ (38)
Oy s + A 405 Oy s + A5 10 1 — pts + Oy s + AY'5ps

where ps = 1 — cosh 6, ps = sinh 6, 3;, = n;(Any + Dny + Eng), &, = n;(Dny + Bnp + Fng),
(5.:1/1/ = ni(Enl + Fnp + C?’lg), A;,]- = (Ainz — A]‘I’l3), AZ] = (Aing — Aji’l]), and
A;f]/ = (Aii’ll — A]'nz).

(ii)  For a unit Bq-timelike vector n = (n1,ny,n3) in R%Q, the Bo-rotation matrix R is
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T+ e+ &), e + D 61 Oy it + Dy 501 Ol e + Ag 50
Oyt + A 50 L+ pr + 8y, pie + Bg 4t Ot + Aot , (39)
Syt + DY 401 Oyt + D5 10t L pe + O e + Ay 50

where &, = n;(Any + Dny + Eng), &) = n;(Dny + Bnp + Fng), 8 = n;(Eny + Fnp + Cnj),
ég,j = sinf(Ajny — Ajnz), Affj = sinf(Ajn3 — Ajny), and A;’]’ = sinf(Ajny — Ajny).

Proof.

(i) Letn be a unit Bn-spacelike vector. Then, by the theorem, the unit g-timelike g-split
quaternion

g =qo+ q11 + q2j + g3k = cosh(8/2) + (n1,n3,n3) sinh(6/2), (40)

whose vector part is Bn-spacelike, determines the B -rotation around the Bn-axis n by
the Bp-angle 6. Therefore, we have qo = cosh(6/2), g1 = mnysinh(6/2),
g2 = npsinh(6/2), and g3 = n3sinh(6/2). Substituting these values into matrix
(31), we obtain matrix (38).

(ii) Letn be a unit Bo-timelike vector. Then, by the theorem, the unit g-timelike g-split
quaternion

g =4qo+ q1i+ q2j + g3k = cos(0/2) + (n1,np,n3) sin(6/2), 41)

whose vector part is Bn-timelike, determines the Bn-rotation around the Bn-axis n by

the Bn-angle 6. Therefore, we have qo = cos(6/2), g1 = n1sin(0/2), g = nysin(0/2),

and g3 = n3sin(6/2). Substituting these values into matrix (31), we obtain matrix (39).
O

Remark 1. Note that a Bo-rotation of a point P around a Bq-axis € by the Bn-angle 1t, which is
a Bo-half turn, is a point P!, which is determined by the Bo-symmetry about the plane through the
line ¢ and Ba-orthogonal to the line through the points P and P'.

5. Numerical Results

In this section, we give some numerical examples as applications of our results. In
the first example, we see that in three-dimensional Lorentzian space corresponding to a
given matrix (), a unit g-timelike g-split quaternion determines a conical rotation on a
hyperboloid of one sheet about its vector part by double its argument. This rotation is
elliptic since the vector part is Bn-spacelike.

Example 1. Given a matrix

Q:

1 -2 0
2 1 -2, (42)

which is suitable for the conditions, then we have A = \/m =4, N = — %, Ny=A5=1,A3=0,
Ay = %, As =1, and Ag = 2. Let us consider the g-split quaternion p = (1/v2,1//6,1//6,
1/2+/6) . It is unit g-timelike with a Bq-timelike vector part, since N, = 1, [, = 1, and
Ba(vp,vp) = —%. Then, its polar form is

p = cos(mr/4) + (%H—%j—!— zlﬁk) sin(7r/4). (43)
With a simple calculation, we obtain

1/3 (2-v3)/3  2/V3
R, = 1/3 (V3+4)/6  —1/V3], (44)
(1-2v3)/6 (5v3+4)/12 —/3/6
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which is the Bn-rotation around &, = (1/\/5, 1//3, 1/2\@) = & by the Bn-angle 7t /2. One
can check that (R,)!QR, = Q and detR, = 1. Let us also consider the g-split quaternion

g = (1/2,1/2,1/2,1/4), which is also unit g-timelike with a Bq-timelike vector part, since
N; =1, ]; =1and Ba(vy,vg) = —%. Then, its polar form is
— 1., 1., 1 ~
g =cos(m/3)+ (%z + 50+ mk) sin(7t/3). (45)
With a simple calculation again, one obtains

0

IO W NI

_1
1

which is the Bo-rotation e = & = (1/\/5, 1/\/5,1/2\@) by the Bn-angle 27t/3. One can
check that (Rg)'QR, = Q and det Ry = 1. In addition, we have

_ (\/E*\/g V3+1l V341 \/§+1)
Pq 4 7 2\/6 7 2\/6 7 4\/6
= cos(7m/12) + (%1 + i+ zlﬁk) sin(771/12), (47)
since Bo(vp, vg) = —\/6/4 and vp XL v = 0. Note also that Np; = 1, and we obtain
1-v3  3/3+4 V3
3 6 3
Rpg= | Y32 838 33 |, (48)
3v3+2  8-v3 _5/3
12 4 12

which is the matrix of the Bo-rotation around the Bo-axis epg = & = (1/\/§, 1//3, 1/2\@) by
the Bn-angle 77t /6. Note that

R% oRY /3 = Ror/3R% 0 = Ry 6 (49)

Now we have Bq-rotation matrices. Let us consider the vector u = (1,2,3) on the hyperboloid of
one sheet with the equation

X2+ y? 422 — 4wy —4yz = 9. (50)
One can see that
RE jp(u) = (/349,508 8) v (51)
Rea(w) = (44,-1) = (52)
RS/3(V) =R /o (V) =R5 /6(u)= (5‘3\@, \/5310, 10_112W§> =w. (53)

Note that these vectors are on the same hyperboloid. The rotation occurs on an ellipse that is the
intersection curve of the hyperboloid and the plane 11, through the end point of the vector u and
Ba-orthogonal to the vector e.

In the next example, we take a unit g-timelike g-split quaternion having a B-timelike
vector part, and then the movement of the Bn-rotation turns into a hyperbola.
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Example 2. Let us consider the g-split quaternions q = (1/2,1/2,1/2,1/4) and r = (0,1/+/3,
2/4/3,2/ \/5), instead of p and q. The g-split quaternion r is also unit g-timelike having a Bq-

timelike vector part, since Ng =1, J; = 1 and Ba(vr, vi) = —1. Then, its polar form is
r=cos(m/2) + (%z + i+ %k) sin(71/2). (54)
Then, one obtains
1 8 _8
3 3
R=1[4 B -1/, (55)
16 19
4 37 -3

which is the Bq-rotation around &, = (1 /V3,2//3,2/ \@) by the Bn-angle rt. For this example,
there are two different Bo-axes. In addition, since

_5V3

BQ(Vq/Vr) = 6 (56)
Vt] XGL Vr - (%/_gr £>/ (57)
one obtains /5
5v3 V3 V3 53
qr = (‘?r?r?rﬁ)r (58)

which is a unit g-timelike g-split quaternion whose vector part is Ba-spacelike. Then, it has the
polar form

.
gr = cosh + (31%2" ) + sinh#, (59)
where § = sinh ™14/ 13). Thus, one obtains
6 ¥ -9
_ |3 2 3
Rp=13 B % (60)
5 5 _7
i 2 12
which is the Bq-rotation around e, = (3 /+/13,1/4/13,5/ 2\@) by the Bq-angle

2sinh~! (4/ %) Note that RgR; = Ryr but RyRy # Rgy. In this case, for the vector u = (1,2,3),

Rgr(u) = (—6,—%,—35) = s. Note that Bq-rotation occurs on a hyperbola that is the intersection
curve of the hyperboloid and the plane I1g,, through the end point of the vector u and B-orthogonal

to the vector &g = (3/ V13, 1/\/ﬁ,5/2\/ﬁ).

Note that Bn-rotation matrices having the same coefficients are also valid for hyper-

boloids of two sheets. For example, take a vector m = (2,2, ? + 1) on the hyperboloid of
two sheets with the equation

¥+ y2 +47% — dxy — 4yz = —9. (61)

Then, one has R;(m) = (36729 V3 5671123 V3 56721\/3) = n. The rotation occurs on the in-

tersection hyperbola of this hyperboloid and the plane I, : x — 10y + 8z = 4/3-10
that passes through the end point of the vector m and Bqn-orthogonal to the vector

e = (3/V13,1/V/13,5/2V13).

In the last example, we determine Bn-rotation for a given axis and an angle, consider-
ing the same matrix Q).



Symmetry 2023, 15, 1805 13 of 14

Example 3. Let us determine the matrix of the Bo-rotation around the Ba-axisu = (1,1,1/2) by
Bq-angle 27t /3. Since we have the unit Bo-timelike vector u/Ny = (1/\@, 1/3, 1/2\/§)
and Ba-angle 0 = 1/3, we need to consider the g-split quaternion q whose polar form is

cos(7/3) + (1/V3,1/v/3,1/2V3) sin(7/3). (62)

This unit g-timelike g-split quaternion, whose vector part is Bq-timelike, determines the
Baq-rotation around Ba-axis eq and Bo-angle 27t /3. By a straightforward calculation, one obtains

It s 1 st 1 sy s 2 s sl s I Al
5/11 - (5'42 - 5‘73 - 3’1(5'13 - 61' 5‘71 - (5'152 - 3 5‘71 - 5‘12 _1 5113 =0, é5,6 - A4,2 =0,
I A "o "o nmo__ mo_
DNy=D35=006=—3DB64=17 D51 =3 D3=105=—7 and
1
0o 1 1
g _ |1 3 1
Ryps=12 1 —2| (63)
1 9 _3
i 8 1

which is the matrix of the Bo-rotation around the Bo-axis u = (1,1,1/2) by the Bo-angle 27t /3
(see Example 1).

6. Discussion

In this paper, we generalized three-dimensional Lorentzian geometry and its asso-
ciated number system, the split quaternions. Due to the results, the generalized split
quaternions can easily express any non-parabolic conical rotation in three-dimensional
space without long calculations with affine transformations. For future studies, one can
consider the famous Rodrigues, Hausholder, and Cayley transformations to derive new
simple formulas for non-parabolic conical rotations in three-dimensional space.
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