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Abstract: We investigate the Noether symmetries of the Klein-Gordon Lagrangian for Bianchi I
spacetime. This is accomplished using a set of new Noether symmetry relations for the Klein-Gordon
Lagrangian of Bianchi I spacetime, which reduces to the wave equation in a special case. A detailed
Noether symmetry analysis of the Klein-Gordon and the wave equations for Bianchi I spacetime is
presented, and the corresponding conservation laws are derived.
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1. Introduction
A conformal Killing vector (CKV) K has to satisfy

£xgij = 20(x")gij, 1)

where g;; is the metric tensor, £k is the Lie derivative operator along K, and o(xF)is a
conformal factor. When ¢;;; # 0, the CKV field is said to be proper [1]. The vector field K
is called a special conformal Killing vector (SCKV) field if 0;;; = 0; a homothetic Killing
vector (HKV) field if ¢; = 0, e.g., ¢ is a constant on the manifold; and a Killing vector
(KV) field if ¢ = 0, which is also called the isometry of spacetime. The set of all CKVs
(respectively SCKV, HKYV, and KV) forms a finite-dimensional Lie algebra. The maximum
dimensions of the CKV algebra on the manifold M is fifteen if M is conformally flat, and
it is seven if the spacetime is not conformally flat. The physical features of differential
equations, in terms of the conservation laws admitted by them, are directly associated
with the Noether symmetries, which is facilitated using a Lagrangian of the corresponding
dynamical system.As we show in the following section, there is a direct relation between
the conformal symmetries and Noether symmetries.

If a Lagrangian £ for a given dynamical system exhibits symmetry, this property
is strongly related to Noether symmetries, which describe the physical characteristics of
differential equations associated with a Lagrangian £, in terms of the first integrals they
possess [2,3]. This relationship can be viewed from two different perspectives. First, one
can take a strict Noether symmetry approach [4-6], which results in £x£ = 0, where £x
is the Lie derivative operator along X. On the other hand, one can employ the Noether
symmetry approach with a gauge term [7-13], a generalization of the strict Noether sym-
metry approach where the Noether symmetry equation includes the gauge term. Noether
symmetries with a gauge term are equally valuable in addressing a variety of problems in
physics and applied mathematics. In the following section, we will discuss the relationship
between Noether symmetries with a gauge term of the Klein—-Gordon Lagrangian and the
geometric symmetries of spacetimes. The study of differential equations involving geom-
etry is an active area of research. Recent literature [14,15] has delved into the connection
between geometrical structures and conserved quantities. Noether symmetries are directly
linked to conserved quantities or conservation laws [3], which naturally emerge in a wide
range of applications.
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The cosmological principle assumes that the universe is homogeneous and isotropic
at large scales, and the geometrical model that satisfies these properties is Friedmann—
Lemaitre-Robertson-Walker (FLRW) spacetime. However, there has been a suggestion
from studies of the cosmic microwave background (CMB) temperature anisotropies that
the assumption of statistical isotropy is violated at the largest angular scales, leading to
some intriguing anomalies [16]. In order to make predictions for the CMB anisotropies,
one can explore cosmological models that are homogeneous but anisotropic, such as the
Bianchi-type spacetimes, which encompass both isotropic and homogeneous FLRW models.

Bianchi classified all three-dimensional real Lie algebras and demonstrated that there
are nine possible simply transitive groups of motions, denoted as G3. These groups are
generated using Killing vectors K,, where o = 1, 2, 3, with structure constants Czﬁ, defined

by [Ka,Kﬁ] = CZ/SKW' The structure constants CZ[; can be decomposed into irreducible
parts, as follows:
Czﬁ = €upo N7 + Aa(sg — Agd]l

here N* is symmetric. It follows from the Jacobi identities that N"‘/SAﬁ = 0. One can
diagonalize N,z without loss of generality, choosing A, in the 1-direction when it is non-
zero. The real Lie algebras can then be classified into nine types of spatially homogeneous
Bianchi spacetimes, distinguished by the particular form of the structure constants Czﬁ,
based on whether A, = 0 (Class A) or A, # 0 (Class B). This classification results in the
Bianchi types, such as I, I1, VIy, VIIy, VIII, and IX for Class A models, and 111, IV, V,
V1, and V11, for Class B models. It is important to note that the Bianchi models include
FLRW models as special cases, with Bianchi I (flat), Bianchi V (open), and Bianchi IX
(closed) representing the FLRW models. In this study, we consider the Bianchi I metric as
the background spacetime in the Klein-Gordon equation. The line element for Bianchi I
spacetime can be written as follows [17]:

ds®> = —dt* + A(t)?dx* + B(t)*dy? + C(t)?dz>. )

The above spacetime yields a flat FLRW metric if A = B = C. For any form of the
metric coefficients A, B, and C, it can easily be computed from Equation (1) that the KVs
for Bianchi I spacetime are Ky = dy, K = dy, and K3 = 9. In this study, all vector fields
are written with bold letters.

The rest of the paper is organized as follows: In the next section, Section 2, we present
an analysis of Noether symmetries with a gauge term for the Klein-Gordon Lagrangian in
the context of the Bianchi I spacetime model. In Section 3, we apply the Noether symmetry
approach to the Bianchi I spacetime. In Section 4, we study the field equations of the Bianchi
I spacetime with an imperfect fluid. Conclusions and discussions are presented in the final
section, Section 5.

2. Klein—-Gordon Lagrangian and Noether Symmetry Equations

The Klein—Gordon equation in the Riemannian space with metric g is a second-order
partial differential equation of the form

Oy = G(x5, ), (3)

where |:|l[) = g% and O refers to the de’Alembertian or Laplace operator defined by
0= f 3 (, /— glk 2 ) in terms of the Riemannian space. The Klein-Gordon equation given
in (3) follows from the flrst—order Lagrangian, which is called the Klein-Gordon Lagrangian,

£ = V=5 (5800w~ ), @



Symmetry 2024, 16, 115

30f23

where 1; (x%) = %jk) and F’'(x*, ) = —G(x*, ). Here, the prime represents the derivative
with respect to the scalar field . The above Lagrangian reduces to the Lagrangian of the
wave equation when F = 0.

The wave equation of spacetimes is one of the most important equations in physics,
and it is common to study this equation in terms of the Lie and Noether symmetry gen-
erators they admit [18-23]. When symmetry generators exist, they play a crucial role in
finding exact solutions. Jamal et al. [21] investigated the wave equation of Bianchi III
spacetime, calculating and classifying Noether symmetries and constructing corresponding
conservation laws. They also obtained reductions of the wave equation and identified some
invariant solutions. In the papers [22,23], the authors utilized the invariance and multiplier
method [24,25] to conduct conservation law classifications of the wave equation for the
Bianchi I spacetime, using power law metric coefficients.

Noether symmetries of the Klein-Gordon equations for well-known spacetimes have
been calculated and classified according to their symmetry generators [15,26-30]. In [26],
the symmetry analysis of the Klein-Gordon equation in de Sitter spacetime was classi-
fied, and the obtained symmetries were utilized to find exact solutions using quadratures.
Paliathanasis et al. [27] conducted a classification of Lie and Noether symmetries for the
Klein-Gordon and wave equations in pp-wave spacetimes. The symmetry properties and
conservation laws of wave and Gordon-type equations in Milne and Bianchi III spacetimes
were investigated in the papers [28,29]. In [15], a geometric procedure was employed for the
symmetry classification of the Klein-Gordon equation in Bianchi I spacetime, connecting
the Noether symmetries with a gauge function of the Klein-Gordon Lagrangian to the
conformal symmetries of the metric tensor. Their study extended the results of Bozhkov
and Freire [31] for the Klein-Gordon equation with a constant potential, i.e., V(x¥) = Vp.
More recently, Paliathanasis [30] considered the Klein—-Gordon equations for the conformal
forms of Bianchi I, Bianchi III, and Bianchi V spacetimes, deriving closed-form expres-
sions for potential functions that admit Lie and Noether symmetries of the Klein-Gordon
equations. In this work, we aim to derive Noether symmetries with a gauge term for the
dynamical Lagrangian £ of the Klein-Gordon equation within the background of Bianchi
I spacetimes. To obtain the Klein—-Gordon equation in this spacetime, we construct a La-
grangian model. Using the obtained Lagrangian for the Klein-Gordon equation in Bianchi
I spacetime, we calculate and classify Noether symmetry generators with gauge terms.
Furthermore, we identify conservation laws provided by the Lagrangian for representing
the Klein—-Gordon equation.

In a general program of research into the problem of integrating the classical and
quantum equations of motion of a test particle in external fields of different nature in
spaces with symmetry following the sets of Killing fields, Obukhov found all admissible
electromagnetic fields for the case, when the groups of motions G3 act simply transitively
on the hypersurfaces of spacetime Vj [32-35]. In [32], he found all external electromagnetic
fields in which the Klein-Gordon-Fock equation admits the first-order symmetry operators
and completed the classification of admissible electromagnetic fields in which the Hamilton—
Jacobi and Klein—-Gordon-Fock equations admit algebras of motion integrals that are
isomorphic to the algebras of operators of the r-parametric groups of motions, G,, of
spacetime manifolds if » < 4 [33]. In the paper [34], the case when the groups G4 act on V3
was considered. The remaining case in the latter article, when the groups G4 act simply
transitively on the space Vj, was studied in the paper [35].

The Noether symmetry generator for the Klein-Gordon Lagrangian (4) is

d

d
o k
axl’ + q)(x ’l)b>

e

if there a gauge function f*(x¥, 1) exists and the Noether symmetry condition

X =&k, )

XUz + £(Dig") = D;f! (5)
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is satisfied, where
D; = —a + 478 + ¢; —a +
= oy lealp lplka‘/’k

is the total derivative operator and X!!l is the first prolongation of Noether symmetry
generator X, i.e,,

9
o

where Z; (x5, ¥, ) = D;® — zijigf . The corresponding Noether flow T' is defined by
the expression

XYW =X+ g; ok, , ) (6)

a
oY
which is called the conserved vector T = (T',...,T") ,wherei = 1,...,n, orif n = 1, then it
is called the conserved quantity. The Noether flow (7) satisfies the local conservation law

= gL+ (pe—@) 5+ f )

D,T' = 0. (8)

It is crucial to discover conservation laws when studying physical systems. For
studying differential equations, conservation laws are useful for integrability, linearization,
analyzing solutions, and understanding constants of motion. Noether’s theorem enables
the derivation of all local conservation laws for a (system of) differential equation(s) derived
from a Lagrangian. This method helps resolve the problem of calculating conservation
laws for given differential equation(s), as Noether’s theorem provides a formula utilizing
symmetries of the action to derive these local conservation laws. One can find a detailed
discussion about the physical significance of Noether symmetries in [36].

For the Klein—-Gordon Lagrangian (4), we obtain the first prolongation of the Noether
symmetry generator X as

Xz = /=g{ - @F, - F&'TY — Fi&' + % ™ + (T + 29 ) 8™ [ i
+8" (@ tp — Eymtit) | ©)

where £; is the Lie derivative operator along § = ko /axk. Putting (9) into (5) together with
D;¢l = {,‘fl- + g,il,bl/]i and D;f' = f! ’l + f! ill,tpl-, the Noether symmetry condition (5) gives rise to

Clp =0, /=88"®;~f}y =0, (10)
Legij = (2 +20,) g5, 1)
. /—g(ﬂ:F +FE, + <1>F,¢) +fi=o0. (12)

Thus, we find the geometrical form of Noether symmetry equation (5) in terms of Lie
derivatives of the metric tensor. ~Here, Equation (10) yields ¢' = ¢ (x¥) and
ft = v—38g" fq)ljdl[J + Al(xk), where A’(xk) is an integration function. If ¢’ is a CKV
with conformal factor o(x¥), then Equations (1) and (11) imply sz. =20 —2® . Finally,
the Noether symmetry condition (12) becomes

. Al
Fi& 4 2F (0 — D) + OF +/(Dq>)d¢+ 0. (13)
1 e V=8

For the Bianchi I spacetime (2), the Klein-Gordon Lagrangian (4) has the form

_ ABC , BC , AC , AB ,
[: = Tlpt + ﬂlpx + ﬁlpy + flpz ABC F(t, .X,y,Z, l/J) , (14)



Symmetry 2024, 16, 115

50f23

Gy =

AC

czgi

which is the the Lagrangian of the wave equation when F = 0. The Klein—-Gordon
Equation (3) is obtained through variation of this Lagrangian with respect to the scalar
field ¢, as the following:

1 1 ABCY
ﬁlpxx + ﬁlpyy + Elpzz - l/Jtt - (ABC) IlJt = G(t/ X, Y,z 1[’)/ (15)

where G(t,x,y,z,9) = a¢
Let us consider the Noether symmetry generator for the Klein-Gordon Lagrangian (14)
as follows:

E and the dot represents the derivative with respect to time ¢.

o2
oY
where the components of ¢ = (L:fo, &2, 53) and ® are dependent on ¢, x,y, z and . Now,
we seek the dependent variables &0, ¢!, &2, &3, ® that will be solved from the geometrical
Noether symmetry conditions (10)—(12), in order that the Lagrangian (14) would admit any

Noether symmetry. For the Bianchi I spacetime (2), the geometrical Noether symmetry
conditions (10)-(12) yield 19 PDEs:

X = §a+§1 +cz +§3%+ (16)

BC
A
.- fy =0, A%L-gh =0, BE-8 =0,

gy=0, &2,=0, & =0 ABCO,+f)=
AB
~fi=0 T

CD,X _f}lj = 0/

“als ya FRE =0, AL CE =0, B 4O =0,

A B C
—§S+§}x+§,2y+§?z+(A+ + = >§0+2¢¢ 0,

A
- v (-
Grek-gira

hrehiy e+

B
B¢
b C)é‘0+2<1>,¢ —o, 7)

+

+
o

+ C)§0+2¢,¢ =0,
C
C)§°+2<b,¢:o,

SN NS
Wl Wl T

A B
F,tC°+F,x§1+F,y<§2+F,z§3+d>F,¢+F{€3+CL+€§,+§§L+< + -+ )60}

A B

_|_7

ABC(fO+f1+f2+f3) =0

It is noted here that the set of all Noether symmetries with the gauge functions f* form
a finite dimensional Lie algebra.

3. Noether Symmetries and Conservation Laws

It is easily seen from Equation (1) that for arbitrary forms of metric functions A(t), B(t)
and C(t), the background spacetime of Bianchi I metric admit the three KVs, the generators
of translations in x, y and z directions which implies momentum conservation,

K =3, Ky=9, Ks3=2. (18)

It is obvious that these KVs are also Noether, and so Lie, symmetries of the Klein-Gordon
Equation (15) in the background of Bianchi I spacetime. Hence, applying the expression (7) of
conservation law, the resulting conserved flow vector components related to the Klein-Gordon
Equation (15) are as follows:
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ABC 1 1
T' = —ABCyypy, T* = (q;t + 21p§ - ﬁlpﬁ - alpﬁ +2Vi(ty,z, ¢)) ,
AC
= ?lpxl/)y, T? — Tlpyle/ (19)
for K; = dy,
BC
T' = —ABCyyypy, T" = = Wty
ABC 1 1 1
TV = (qjt — it gt - w20l x,Z,l[J)> , (20)
= Tt
for Ky = 9y,

BC AC
T' = —ABCry:, T = —=thutpe, TV = =ty

ABC
T = 23 (- e - g v 2. e

for K3 = 9,. Here, the conserved flow vector is T = (T, T*, TV, T?), and Vy(t,y,z, ),
Va(t,x,z,¢), and V3(t, x,y, ) are integration functions. We give a complete solution of
Noether symmetry conditions (17) for the Bianchi I spacetime in the following.

Case (i): First, let us consider the Klein—-Gordon equation that requires that F # 0. Taking
F=Uy+Wy+ %U%tpz for any metric coefficients of Bianchi I spacetime, where Uy, U
and U, are constants, the components of the Noether symmetry generator (16) are found
from Equations (17) as

60:0/ é{l:Cl/ 52:C2/ 53:C3/ (22)
D = (g™ +c507M%) (c6 ™Y + c7e7Y) (cg €™ + cg e 7)Y (1), (23)

along with the gauge vector components
fO = —ABC(cse™™ +cse %) (co e + c7e ") (cg €% + coe %)Y (t) + Fo(t, x,y,2),
fl
AC
2= ar g (cae™™ +c5e7M%) (co ™Y —cye™™Y) (cg ™% + coe™ B )PY (1) + Fa(t, x,y,2), (24)

f AB <{13(y:¢ L;1C> (C4 ealx + CS efulx) (C6 eazy + cy e*ﬂzy) (C8 ell3Z _ C9 e*ll3Z)Y(t)
3

alB:TC (cae™* —c5e7M%) (co ™Y + cye™™Y) (cg €™ + coe™ ) PY (t) + Fi (¢, x,,2),

- / (Fot + Fix + Fay)dz + F5(t, x,y),

where ¢y, ..., c9 and a1, ay, a3 are constant parameters, F, ..., F; are integration functions,
and Y (t) solves the following second-order ordinary differential equation:

. (A B C a2 a}  dj
Y+<A+B+C>Y <A2+B2+C2+u2 ()*0 (25)

Therefore, there are eleven Noether symmetries, such that
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X1 =Ky, Xo=K;, Xz=Kj, (26)
Xy = Y (69, Xg = e HRAEY (1, Xg = Y (1)3), @)
X7 = WX TRYTOEY (1D, Xg = oMW TIEY (1), Xg = e MFTRYTEY (1)), (28)
Xl() = EiulxiazerﬂﬂY(t)alp ’ Xll = eialxiazyia‘o’ZY(t)alp . (29)

with the corresponding non-zero gauge vectors:

Y a)Y a
f,= — +ayx+ayy+azz ABC Y :Eal 2 3
45 = ¥ A2’ B2’ c2 a3l/J
mY _a)Y az )

foy = eMIFRUEBZ ABCy( —Y, =, —,i —_— =
67 =¢ v ar ¥ (@ a3¢

f8,9 — e:k:a1X¢u2y*a3Z ABCl/J( Y i@ :F@ _(ai — U1)Y) ,

(30)

A2’ Bz’ C?2  azyp
— ,—a1x—axy+azz _Yy _@ _@ as ﬂ
fio11 =e ABCQD( Y, R i(cz a3lP)Y .

The conserved vector fields associated with X, ..., X1 given in (26)—(29) are obtained as

1
T, = —EABCWKl —PTo, Tr = —%ABCWKZ —lpyTo, T; = —%ABCWKg, — 1, Tp,

T4 — ea1x+a2y+u3z Y TO + f4 , T5 —_ efa1x+u2y+a3z YTO 4 f5 , T6 — ea1x7a2y+u3z Y TO 4 f6 ,
T7 — ealx+u2yfﬂ3z Y TO + f7 , Tg — MX—f2y—asz YTO + f8 , T9 — e*alirﬂzy*ﬂsZ YTO + f9 , (31)
Typ = e MY YTBEY T+ £y, Ty =e W2 TBEY T+ £y,

where the gauge vectors fs, . . ., f11 are the same as in (30), and W and T are defined by
1 1 1 1 1 1
= Y+ i ¥+ ¥z —2F, To=ABC <¢t, — ¥ —B2¢y,—czwz> : (32)

where F = Uy + Uy + %UzlpZ. The conserved vector components (7) for the integration
functions Fy, ..., F3 of the gauge functions which have the property of T' = f* are

T = (F(txy,z),F(txy,2),F(txyz),— [ (For+ Fx+Fydz+ F(tx,y)) . (33)

We note, here, that the above conserved quantities will appear in each of the possible cases.
Therefore, we will not mention these quantities again.

Through to the end of this section, following Ref. [21], we will take into account the
power-law form of metric functions, such that

Aty=t,  B)=t", Ct)=*H, (34)

where L, p, and q are constant parameters. For the latter forms of the metric functions, we
find that there exists an additional HKV, which is a scaling transformation or a dilation,

Ky = —t0¢ + (L —1)x9x + (p — 1)ydy + (9 — 1)z02, (35)

where ¢ = const. = 1, in addition to the KVs K, K; and K3 in (18). Furthermore, we
will consider some subcases in which we obtain the symmetry generators for the wave
(F = Up = const., where one can take F = 0 without loss of generality) and Klein—-Gordon
equations (F # const.) of Bianchi I spacetime.

Obviously, other choices for the metric functions will lead to a different solution for
the function of Y(t) from Equation (25). We give some examples of these choices: (i.1)
A(t) =sin(Lt), B(t) = cos(pt), C(t) = cos(qt); (.2) A(t) = sin(Lt), B(t) = sin(pt),
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sin<2t>gz< B7g(t)

C(t) = sin(qt); (i.3) A(t) = cos(Lt), B(t) = cos(pt), C(t) = cos(qt); and (i.4) A(t) = sech(Lt),
B(t) = sech(pt), C(t) = sech(qt). In subcase (i.1),if L = p = 1 and q = 0, then the line
element reduces to the conformally flat Bianchi I spacetime, and point symmetries and poten-
tials for the Klein-Gordon equation with F = V (¢, x,y,z)? /2 in this metric were studied by
Ref. [15]. The solution Y (t) of (25) for L = p and g = 0 is found as follows:

ptm

t) 2r
Y(t) = gS?I(l()Zpt) {blgl( )2 oFi(ny —dy,ny —dy;2d1;81(1))

d
+bzg1(t)72 2Fi(nqy +dp, ny + d2;2d2}g1(t))} , (36)

where p £ 0,dy = 1—ay/p, dp = 1+ay/p, my = (a1 +/p? —a3 —U2)/(2p), n

(a1 — \/p* — a5 — U3)/(2p), and the functions g1 (t), g2(t) are defined as

§1(t) = 3leos(2pt) +1],  ga(t) = 3lcos(2pt) 1], 37)

The solution (36) is a new one that was not mentioned in Ref. [15] and generalizes the
case 4.4 of this reference, where they were takenas L=p =1.ForL=p =1and g =3,
we have the following solution for Equation (25):

a
ﬁ (4a343+/25—4U2)

3
\/2 2 2[') 3 (Zt) 1 |:b1 (COS t)leG (4/ X1, ;Blr ’ylrdlr 1+ a1, 81 (t)>
COS COS

_ 3
+b2(COS t) g HG <4/ Xy, ﬁZ/ Y2, 52/ 1 + a1, 81 (t)>j| s (38)

where Hg is the Heun general function, the functions g1 (t), g2(t) are the same ones as in (37)
with p = 1, and we define that g3(t) = [cos(2t) —1/2]/2, p1 = 1+ (aq +d1)/2 + dy,
Bo=1+ (a1 —d\)/2+d», 6 =1+d1, 0, =1—dy, and

d 11 7 as(1+dy)
a = GG +7) +ai+ a3+ —ad +2m + U — 2+ 7 (9;,:1 (4a3 +34/25 — 4113),

dy 11 7 a3(1—di)
ocz:—§(3a1+7)+ﬂ%+a%+27ﬂ3+2‘11+u2 3"'97612(4“3"'3 25 —413),

in which d; and d, are defined as

1 1
d =2 9+4(9a5 +a3), dy= o 225 + 1643 — 36U3 + 24a34/25 — 4U3 .

One can find other solutions of (25) for different choices of the parameters L, p and 4.
Some solutions of the Equation (25) for the remaining subcases (i.2)—(i.4) are included in
Table 1.
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Table 1. Some solutions of the Equation (25) for the metric functions given in subcases (i.2), (i.3),

and (i.4). Here, it is defined that k = +a2 —|—a3, k= 4/1 +a2 +a3, ky = ( k2 +q )/(Zq),
ky = (\/k2+4)/4, ky = (,/a§+a§)/q, ks = (,/a1 q )/q, ke = (,/kz—ug)/q, U =
(,/9{12—411%)/(4[1), Uy = (,/4—11%)/2, uz = /25— 4U2? and uy = /26 — 4U2 + 2u3. We also

defined that ¢1(t) = cos(2qt) + 1, £»(t) = cos(2qt) — 1, and 3+ (t) = (cos 2t)*%<k1i1). The special
functions Hg = HeunG(—1,w,8,7v,5,7t(t)) and Hc = HeunC(a, B,7y, 6,1, T(t)) are the Heun general
function and the Heun confluent function, respectively. Furthermore, 5 F; (111, np; d; £(t)) represents
the hypergeometric function.

Y(¢)

ky+%
7([20;/2) 2 [bl 2F <n

2(f) 1 %gl(t)) +ba/l1(t) 2Fy (—

wheren:kz—i—%—l—ul

n,n; %; %El(t))]

sin(2t)(cos? 1) [bl (cost)™ 7 LB (m, ny;2d_; 30 (t))

CIOVETG)
+b, (COS t)%] 2F (1’[3, ng;2d4; %gl(t))}
where d+ = %(1iu71), nm=ks+d-—uy, np=ks+d_+up
ny=ks+dy+uy, ng=ky+dy—up

AT B
ﬁ (12 62(0)) 4 5y (1,21 + 2k 34 (1))

by [20(1)] 274 o Fy (113, m1 — 2k 300 (1) ) |

wheren1:k2+%fu1, n2:k2+%+u1, 713:7k2+%+1/l1,
ﬂ4:*k2+%*ul

=

1+IA3+M4

(COS t)a1 Zz(t) duy [bl 53— HG(*I, o, ‘31, Y1, (51, 1, — cos 21’)

+by U3+ Ho(—1, 22, B2, 72, 02,17, — cos 2t)]
Where/\li—lJr (ﬂlﬂ:kl) 51=1+k1, 52:1*](1, I’]=1+L11

= (1—&1(51)4‘ \2/1; kl(l—k1)+%(1+u3) + 1;;;3/
0¢2=§(1*61152)*\2/TE k(1 —kp) - 1<1+u3> + L,
u2 6
B1= A+ + %M, B2 = M-+ us, M = M+ 4 Hb Y2 =A-+

77 /4q2/ 4q2

2 2 2
cosh*(gt) [blHC< ,—1,2, £ M — sin? t)
K2 5¢2—2a3—2U2

2/ 7 4‘72/ 4‘7
2_12_7172
SR g2 t)]
1 2
b He (0 -3,-3,—% s, cosh (qt))

+b, sinh(qt)HC(O 1o K
+by cosh® (qt) He (0,3, 3, -5 qu%ﬁ[zug,coshz(qt))

Case (ii): If F = Uy + Ugyp + %U%lpz, it is found for the power-law form of Bianchi I
spacetime that twelve Noether symmetries appear:

X =Ky, X; = Ky, X3 = Ks, (39)
Xy =Ki+9dy, X5=Xy, Xg=Xs5, Xj=Xg, (40)
Xz = X7, Xs=Xs, Xjg=Xo, Xj; =Xy, Xjp=X1, (41)
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with the corresponding non-zero gauge vectors:
fl o = eTmxtaytazf <_Y, +art LY, apt Y, <a3t—2ﬁ — Ep) Y) ,
f] g = M TAYEE £ (—Y, at LY, Fat =Y, + (a3t2q - Ep) Y) , (42)
f9 1o = etmxFay=asz g (—Y, +ayt LY, Fa =Y, — <a3t2‘7 — $>Y> ,
f}MZ = M¥T “Zyi”ﬂf ( L —agt 2Ly, —apt 2Py, i(ag,t_zq - ujp)Y) ,
as

where fo = tLTPHIy and Xy, ..., Xq; are the same as in (27)—(29). Meanwhile, in this
subcase, the second-order ordinary differential Equation (25) for Y () becomes

. (Lt+p+q, (@& @3 4 _
oty t2L+t2P+t2q+u2 Y(t) = 0. 43)

The conserved flow vectors associated with the KVs Xi, X}, X} and non-Killing Noether
symmetries X}L, ey, Xb given in (40) and (41) are obtained as

1 1
T} = —§tL+p+q WKy — ¢, Ty, Tj= —itHHq WKz — ¢y To, (44)
1 _ _1 L+p+q _ 1 _ _1 L+p+q _
T3 = Zt WK3 -9, Ty, Tg= Zt WKy + (¢ —Qo)To, (45)
T% — pMXt+agy+azz YTy + f}; , T% e MX+aytazz y To + f6 , T7 eMX—ay+azz Y Ty + f7 , (46)
Tzlg — pMX+azy—a3z YTy + leg , Té = M¥ MY 2 Y T 4 f9 , "['10 — e~ aX+tay—asz YTy + flO , 47)
T%] _ 71113( ary+azz YTO 4 f]] , T%Z — ef(a1x+a2y+u3z) YTO + f%z , (4:8)

where W, Ty are given in Equation (32) by taking A = tt,B =tP,C = 1, Qy is defined as

Qo = —tr + (L — )xgpr + (p — Vyypy + (9 — 1)z¢pz, (49)

and the gauge vectors fé, s, f%z have the same forms as in (42). Furthermore, this subcase
yields a thirteenth Noether symmetry, in addition to the twelve obtained above, which is
X = ydx — xdy if L = p, and g is an arbitrary constant; X = zdy — xd; if L = g, and p is an
arbitrary constant, and finally X = zd, — yd; if p = g, and L is an arbitrary constant.

In this case, let us examine some solutions of Equation (43) for specific values of the
constant powers L, p, and q of the metric functions. If we assume L = 2, p = g = 0, the
solution of the Equation (43) is expressed in terms of double confluent Heun functions:

Y(t) = L [blHD +bHp dt] , (50)

Vi t H2,

where by, b, are constant parameters, and Hp = HeunD(zx B,7.,9, izﬂ) with a = 0,
B=-t—(2+a2+ad)—U3,v=2(a%—0a%—a5—U3),and 6 = } — (a? + a3 +a2) — U3.
For L = -3, p = g = 0, we have the solution

a t4

Tt

, (51)
B HE

i
Y(t) = t4e% blHB+b2HB/

where Hp is the Heun biconfluent function such that Hg = HeunB (DC, B, 7, 0,4/ %tz) with
x=26=0v=0andé = (a3 + U2). Further analysis of Equation (43) with

F
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respect to values of L, p, and g reveals non-trivial solutions in terms of some familiar special
functions. Table 2 contains some of these solutions corresponding to specific values for L, p,
and g.

Table 2. Some solutions of Equation (43) for specific values of L, p, and q. Here, it is defined

thate; = (/a3 + a3+ U3,e; = (/a5 + U3, 11 = \/1+4a? and 17 = /1 + 16a2. Furthermore, the

special functions Ky; = KummerM (;4, v,z) and Ky = Kummerll(;u, v, z) are the Kummer functions,
W = WhittakerM(p, v, z) and Wy = WhittakerW (p, v, z) are the Whittaker functions, respectively.

Case L,p,q Y(t)
1 L= %,p =q=0 Ve elt[blKM(ﬂ,l/ 2€1t) + baKy (v, 2€1t)]
3
wherey—2€ +4, v=3.
2 L= 71/’7 =g=0 2e~ ﬂ1f [blKM(}l,l/ ﬂltz) +b2Ku(]l,1/ aqt )]
whereyf1+4a, v=2.
3 L=1p=-1,4=0 thwamaﬁ)+b W, v,a2t%)]
€2 1
where p = — 72, v = g11.
4 L=1p=1,49=0 t*%[ble(y,vlezt)+b2WW(y,v,262t)]
a3 1
where yp = —52, v = z1.
aatt
5 L=1p=-14=-3 ﬂf%{hﬁHMmﬁ%& 542) 4 byt~ Hp(—a, B,y %#ﬂ
wherew = \/4+a2, B=0, v=— zui 6= \/L%
o o _ 3 (a3t4
6 L=3,p=2q9=-1 t Z[ble EEC HD(D‘ B, 7.9, ﬁzﬁlﬁj)
al4 )
+bye 22 ( «,B,7,96, 2:2+igi )j|
where « = 4,/a;a3, ﬁ—% ——f—l-llz\/»
P ““2+2u21/ 5—%——+ + UG5
— _ _ (a1t4 a
7 L=-lp=3q=1 Hove "o Hp(a, B,7,6, ot )

(ay#4—ay)

thye ™ Hp(—a, B,7,5, g;zggg)}
a:4\/a1a2, /3 —fa371+ll2,/

y=2U3,/%2, =% +ad+1+U3,/%.

Subcase (ii.1). If we take F = Uy + U; ¢ in the Klein—-Gordon Equation (15) for the power
law form of Bianchi I spacetime (34) with L # p # g, where Uy, U are constants, it is found
that there are fifteen Noether symmetries, as follows:

=K, X=K», X3=Kj, (52)
Xy5 = me MUY (19, X3, = me MY TVELTY (1), (53)
X3o = (€M* +me M%) e VEBIY (1)2y,  Xjpqq = (€MF + me M1¥)e  RYEBIY ()9, (54)
3V, 12 3VyH-L—p—q
Xio1s = Ka+ X5+ (¢— 2(1+Ljrp+q) B 2m(11+L+p—|-q)) 45
Xiy15 = Ka+ X2 + (1/’ - e )at/f / (56)
g ' 21+L+p+gq)

and the corresponding non-zero gauge vectors are
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5= m e~ X taytasz fo( L—ayt 2Ly, a2y, i(a 429 _ ljp)y) )
fgy = e MITa2yEMZ £ (—Y, —at 2y, —ayt Py, i<a3t_zq — &)Y) ,
f§9_(“”+4”€“”)wwi%?h<—-,aéi:£;ze:g)haﬂ@Yﬁi(%f2q—;h
f?o,n = (eM* +meMY) e YEDE £y (‘Y/ azéfﬁi_mm;af;;)y, —at~ Py, i(aatfzq -
ﬁzm—_é5+—1+i€?ﬁ+q[ﬂ+Lw+q+(l_lg;p_ﬁn}& (57)

3Uyt
2m(1+L+p+q)

1+L+p+gq

+

5 —
f14,15 - f6,7

+ thrpta <4uo +

P+ Ltpr+q

205,

3U242
20+L+p+9q)
3Ut?

4U, P R ——
0+2U+L+p+®

Zaz 7

where fo = t£TP+0p, m is a non-zero constant parameter, and Ky is the HKV given in (35).

Thus, one can write the conserved flow vectors for the Noether symmetries X3, ..., X35 as
Tis=mYe WHWEEET, L £ TP, =mYe MITRYERIT) 4+ £,
5 apx ajx\ ,ay+azz 5 5 Pt ajx\ , —ay+azz 5
Tgg =Y (" +me M%) e™=B Ty +£39, Tigpy = Y (" +me” M%) e ™05 Ty + £, 1,
[ Y e 3U, 2 3Uytt-L=ra
T3y s = |mY e Mx-oytass : : +9|T (58)

1

5 _ —a1x+ayy+aszz _
Ti15= |mYe Yy

20+ L+p+q) 2m(A+L+p+q)

—Et“f’*‘i WK, + f?ms

3U; 12

1L
+ 9| To— =t PTIW K +f5 ,
21+L+p+9q) 072 4T 415

where W = —y7 + t2Lg3 + 7207 + 72992 — 2(Up + Uny).

Subcase (ii.2). For F = 0, which requires Uy = U; = Up = 0, Equation (15) reduces to
the wave equation for Bianchi I spacetime. If we take L = p = g in (34), the Bianchi I
spacetime yields the flat FLRW spacetime. For the latter assumption of metric coefficients,
and assuming F = Uy, we find twenty six Noether symmetries, which are the KVs X1, X%, X},,

given in (39), and
X2 =K 9 X2=Ks, X2=K;, X(=K 59
4 4 + l/J l[J 7 5 5/ 6 6 7 7 7 ( )
Xg =Kg+2(9—1)xpdy, X§=K§i+2(q—Dyypdy, Xip=Kly+2(q—1)z¢pay, (60)

X3, = M sin(02)dy,

X3, = Me 02 sin(¢2)dy, (61)

X3, = M ¥ b2 sin(£2)dy, x14 = Me~ 0¥ +haY) gin(42)a,, (62)
X35 = M2 cos(£2)dy, 16 = Me "2 cos(02)dy, (63)
X3, = M et b2 cos(£2)dy, 18 = Me~0rx+h2y) o5 (42)ay, (64)
X N ebrx+bay sin((z)dy, = Ne hxthy sin(fz)dy, (65)
X%, = N el b2V sin(¢2)dy, x22 N e~ x+029) 5in(£2)d,, (66)
X33 = N 02 cos(£2)dy, = Ne 1%t cos(0z)dy, (67)
X35 = N e * =02 cos(£2)dy, X26 N e~ (3 +029) cos(£2) )y, (68)

in which the vector fields K5, K¢, K7, Ké, K% and K%O have the form



Symmetry 2024, 16, 115 13 of 23

K5 = ydx — x9y, K¢ = 20y — x9,, Ky = zd, — y9;, (69)
K} = 2(g = 1)x[~13; + (g = 1)(ydy +320:)] + [(9 - D2(x* —y? = 22) + 20179 [y, (70)
K} = 2(g — Dy[—13; + (g~ 1)(xx +20.)] + | (9= D~ +y2 = 22) + 20703, 71)
Ky = 2(9 = Vz[~10: + (9 - D(xdx +33)] + [(9 - 12 (=22 =2 +22) + 20703, (72)

and M = M(t) and N = N(t) are defined by

+1 (qi (1- 3q +1 (q+1 (- 3q
m(t) = L5 0+ ), N = L 0+ v o), 73)
where by, by and b3(# 0) are constant parameters, g #0,1,1/2,v1 = —(q+1)/(2(g — 1)),
vy =(q-3)/(2(q-1),¢ = /b7 +b3+b3, T = (bs/(q —1)t"%, {J,(7), J,(7)} and
{Yy,(7),Ys,(7)} are first and second kind Bessel functions, respectively. We note here
that the vector fields Kz, K¢, K7 in (69) are the KVs, and the other ones Ké, Ké, and K%O
in (70)—(72) are the SCKVs with the conformal factors o = 2(qg — 1)x,0 = 2(q4 — 1)y, and
0 = 2(q — 1)z, respectively. Furthermore, the gauge vectors for X2, ..., X}, are
= (-t 0x, f£5=(q— 1)13‘71/12 dy, fio= (-0,

f11 1 = eI gin(0z) (b3t (), M( +by, by, Lcot(lz) ))

314 = = et gin(¢z) <b3t 7 (T (:l:bl, —by, Lcot( ))

£ 16 = e cos((2) (bgt 1, (1), 1 M(ibl, by, ~Ltan((2))),

fi715 = 0¥ b2 cos((2) (b3t 7, (t), t1 M( +by, —by, —Ltan(lz) )) , (74)

920 = ¥ 0¥t sin (42) <b3 t 2 le , N( +by, by, €cot(€z)))

f%l,zz P eth1¥ b2 sin(1z) (b le , N( +b, —by, ECM(EZ)))

5300 =¥ e b2y cog(42) (b , N( +by, by, 4 tan(ﬁz)))

s 56 = 11702 cos((2) (b3 7Y, (1), 1 N( by, —by, —¢ tan(ez))) .

Then, in addition to the conserved flow vectors for X, X5, X3, and Xﬁ obtained in
(44) and (45), the conserved vector fields for the remaining Noether symmetries of this
subcase become

1 1
T2 = —§t3q WKs + (ygpx — x9py)To, Ti= —§t3”’ W K + (205 — x9p,) Tg,

1 1
T2 = —§t3q WKy + (z¢py — yp.)To, T3= —§t3‘7 WK+ [2(g — 1)xp — Q1] To + £3,

1
T = _Et&? WK§ + [2(q — 1)y — Qo] To + £5,

TS = _*tsq WK+ [2(9 — 1)z — Q3)] To + £y, (75)
T%l,lZ = Meﬂ””b?y sin(¢z) Ty + £3, 12, T13 = = M et gin(02) Ty + f13 14

Tis16 = M52 cos(0z) To + £5 16, Thy 15 = M =102 cos(0z) Ty + £3, 15

Tio00 = N e 2 sin(£2) To + £ig29, To1 .20 = N e Y sin((z) To + £, 5,

2 + 2 2 by 2
T304 = Ne b1 thay cos(0z) To + 3304, To506 = Ne h13=b2¥ cog(0z) To + £3526
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where W, T are the same as given in (32), in which F =0and A = B=C =1, and Q1, Q»

and Q3 are defined as the following:
Q1 =2(q
Q2
Q3

— Dx [t + (9 = Dy +29:)] + (-
2(q = Vy[—ty: + (9 -

1) (x4 292)] + [ (g = DX (=2 + 12—z
209 = Vz[—tpr + (= Dge +y9)] + (= D=2 =2 +22) + 2070 g,

12(x2 — y? - 22) + t2(1—q)} Px,

)+ tz(l_q)} Py

(76)
(77)

(78)

For some values of g in this subcase, one can obtain different Noether symmetry genera-
tors from those above. Now, we will give some examples of this situation, as seen below.
If L =p =g =1and F = 0, then there are again twenty six Noether symmetries, such

that the KVs K;, K5, K3, and

X =t +pdy, X2=Ks,

X3, =t~ 1h1 1)en* =02 sin(£2)dy,
X35 =t 1hy (t)eP* 02V cos(£2)dy,
X3, = t71hy (1) 02 cos(£2)dy,
X3y =t Lhy ()t 02 sin(02)0y,

where K3, K3 and K%, are given by

K3 =xtd; +1Intoy,

Xg = Ks,
X3:K§—x¢a¢, X3 =K5—yypdy, Xip=Kij—

X2 =Ky,
zPdy,

X3, =t 1hy (t)e 0 P2 sin(02)dy,
X3, =ty (e~ ¥+ 02Y) sin(42)9,,
X5g = t71hy (t)e rxtboy cos(lz)dy,
X3g = t71hy (£)e” ¥ H2) cos(£2)dy,
X3y = t Lhy(t)e trxtbay sin(fz)dy,
X3, = tthy(t)e™ ¥ Hb2) sin(£2)dy,
X34 =t hy(t)e~tr¥ b2y cos(lz)dy,
X356 = ttha(t)e™ ¥ H2) cos(£2)dy,

K =ytd;+1Intdy,

K2, =2zt +Inta.,

(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)
(88)

(89)

which are SCKVs with the conformal factors o = x for K%, o =y for K2, and o = z for K%O.

Here, the functions & (t) and hy(t) are of the forms hy(t) =tV 155 and hy(t) =t~V 1-b;,
The corresponding gauge vector fields of the above Noether symmetries are

f3_

t
fg = _Elpzax/
£31 12 = 1 (£)e 1" sin(0z)p( (1 -
f%5,16 = hl(t)eihl’“'hzy cos(lz)y( (1 —
f?7,18 = hl(t)eihl"*bzy cos(z)y( (1—
f?9,20 = hy(t)et ¥+ sin(z)y ( (1 —
f%l,zz = hz(t)eib1x_b2y sin(4z)y( (1 —
f§3124 = hz(t)eib1x+b2y cos(lz)p( (1

(1-

TN TN N N TN N N

f%5,26 - hz(t)eiblx_hzy COS(EZ)I/J

t
- Eleay . fo=

t
lpzaz 7

1-— bz)t j:bl,bz,Kcot(Ez)> ,

09

1-12 )t +by, —bz,ﬁcot(ﬁz))

1—b5)t,£by, by, — étan((z)) ,

]]

1—-b5)t, £y, — —étan(fz)) ,

1-03)t, ibl,bz,ﬁcot(€2)> ,

1—b3

13

)t +by, —by, écot(&z)) ,

@‘
[EShS)

1-— )t +bq, by, Etan(@z)) ,

1—b2

7

5)t, £b1, —b ,—Etan(ﬁz)) .

(90)
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Using the conservation law relation (7), the conserved flow vectors for X3,..., X§6 become
3_ Ly, 3_ 13
Ty = SEW+ (tp +¢)To,  Ts=—58 WKs+ (xpy —yp)To,
1 1
TS = —§t3 WKes + (x¢p, — ) To, T = —§f3WK7 + (vyz — z¢y) To,
1
Tg = —§t3 WKZ — (x(tgr + ¢) +Intpy)To + £3,
1
T3 = f§t3WK5— (y(tpr + ) +Int ) To + £, (1)
1
TlO = _§t3 WKy — (z(tgr + ) +lnt¢z)T0 + flO/

) i (£)e "0 sin(£2)To + £3 14
)eﬂ’lx“’zy cos(lz)Ty + f15 167 T17 18 =1 1h1(t)eib1x*b2y cos(lz)Ty + f%7,18
£)eh1 ¥+ sin (02)Tg + f19 207 T21 oy =ty (£)eF01 302 sin(£2) Ty + f%l,zz
t)eiblx+b2y COS(EZ)TO + f23 247 T25 26 — =1t 1h2<t)€ile7h2y COS(EZ)TO + fg5,26
where Tg and W are the same as given in (32) by taking A = B=C =tand F = 0.
When L = p =g =1/2and F = 0, we obtain thirty one Noether symmetries, which is

the maximum number of symmetries, and these include six KVs K1, K3, K3, K5, K¢, K7 and
the following:

Xi=x2, x4:x2, X3 =X3, xlo_x%o, (92)
X =Ky — 2\[81,,, Xt = Kip — r[5)4,, Xi; = Kiz — %a"” (93)
X4, = Ky — 2\[81,,, X5 = Ky — [31‘ P24y 42y, (94)
6 = h3(t)e"1* 2 sin(Bz)dy, 7 = h3(t)e blx”’” sin(Bz)dy, (95)
8 = h3(t)e" 02V sin(Bz)dy, 9 = ha(t)e (01¥Fb2) sin(Bz)ay, (96)
= hy(t)e"1* T2 cos(Bz)dy, 1 = h3(t)e ¥ T2 cos(Bz)dy, 97)

2 = hy(t)elr¥ by cos(Bz)dy, 3 = hy(t)e~ (br¥+bay) cos(Bz)dy, (98)
= hy(t)e"1* T2V sin(Bz)dy, 5 = hy(t)e ¥ T2V sin(Bz)dy, (99)

6 = hy(t)eP* 02V sin(Bz)dy, 7 = hy(t)e01¥Fb2) sin(Bz)ay, (100)
= hy(t)e"1* T2 cos(Bz)dy, 9 = hy(t)e 1" 2 cos(Bz)dy, (101)

X3y = hy(t)ehr* b2y cos(Bz)dy, X3, = hy(t)e” (brx+bay) cos(Bz)dy, (102)

where =

thermore, K11, K12, K13, K14, and Kj5 are defined as follows:

\/ b2 + b3 — b2, h3(t) = sinh(2b3v/t)/V/t, and hy(t) = cosh(2b5V/t)/+/t. Fur-

Ky = \/iat/ K = \/E(xat + ZBX) , Ki3 = \/E(]/at + Zay) , Kig = ﬁ(zat + Zaz) ’ (103)
1
K5 = \[tli(t‘*— 1(X2+y2+22))at+xax +yay+zaz:| ’ (104)

which are CKVs of Bianchi I spacetime and the conformal factors are ¢ = 1/(2+/t) for Ky,
o = x/(2V1) for Kyp, o = y/(2V/t) for Ki3, 0 = z/(2v/t) for Kyg, and o = [3t + (x* + y* +
z%)/4]/+/t for Ky5. Here, the gauge vector fields for the Noether symmetries obtained in
(92)—(102) are
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fs = \[‘l’zaxr f§ = \/lpzayr f10 = \/247232/ f = *%4’2@’
fl, = —g 2(x0p +20y), fl3 = —Syp(ydr +29y), fi= —ng(zat +20.),
£l = —;¢2<[3t —(P+ 1P +z }Bt—i—xa +yay+zaz>,
f%6,17 = \ﬁhg( te £b1+b2y gipy (Bz)y — b3\t coth 2b3\/) ibl,bz,ﬁcot(ﬁz))
18 19 = VEhs(£)eFh b2 sin(Bz)y %—b3 t coth(2b3V/t), £b1, —ba, B cot(Bz ))
f3001 = Vihs(t)e 0402 cos(Bz) i = — b3Vt coth(2b3V/t), by, by, — ,Btan(ﬁz)) (105)

£5,05 = VEhy(t)e =2y sin(Bz)

f%6,27 = Vthy(t)e"1 ™Y sin(Bz)y

—_ NM—\ N\»—\ M\»—\ I\J\H

?)
(2
(
(
£33 = Vihs()e 17" cos(Bz) lP(
<
(
(

— b3/t coth(2b3/t), +by, —bo —ﬁtan(ﬁz)),
— b3/t coth(2b3V/t), £by, by, /scot(/sz)>

— b3/t coth(2b3V/t), £by, —by, Bcot(Bz ))

f3g00 = VEha(t)e 01402y o5 (Bz) 5 b3/t coth(2b3V/t), +by, by, — ﬁtan(ﬁz))

2

f%om = Vthy(t)ethr b2y cos(Bz)yp (1 — b3Vt coth(2b3V/t), +by, —by

—B tan(,Bz)) .

Then, the corresponding conserved flow vectors for the Noether symmetries given in

(92)~(102) yield
Ts = T3 withg=1/2,
T, = T3, with g =1/2,

1
Th = — 52 WKy, - VE(x( Yot o
1
Th = 52 WK - VE(y( ¢t+
1
g lap
Th = —5#/2 WKy \/E(z ¢t+2t

1
Tis = _Ets/z WKis5 — \[f[Q

1
TH = _§t3/2 WKy —

+ ZIPZ)TO + f14 7

(3t+

Ts = T3 withg=1/2,

Vi(pe+ L) To+ oy,

+2¢X)To+f12,

+ Zl,by) TO + f13 ’

(106)

2tytz )) }T0+f‘115,

Tis17 = hal(t ethxtboy 51n(ﬁz)T0 +fl617, Tig1o = ha(t)e F013=ba¥ sin (Bz) Ty + fis.10

)

) (B2)To + 3001, Taops = hs (£)e=17 729 cos(Bz) Ty + £33
)e=013 Y sin(Bz) Ty + f%4,25 s Tag07 = ha(t)e*01 702 sin(Bz) Ty + £36.27
) (

Thg.09 = ha(t)e™1¥ 02 cos(Bz)To + fig9, Thoz1 = ha(t)e1¥ 702 cos(Bz) To + £50 5

where Ty and W are given in (32) through F =0,A =B =C = t1/2, and Q4 is defined by

Q4=

1. o, o
+ (X" +y° +2°) | + 2y + Yy + 21

7 (107)
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Subcase (ii.3). If A(t) = B(t) = C(t) = t1 through F = (b + ¢)* (see Ref. [11] for selection
of this function to study the Noether symmetries in the flat FLRW spacetime), where b and
c are constants, then we find that there are tenn Noether symmetries:

X$=K;, XX=K,, X§=Ks, XZ=K4+%(bl/J+C)a¢, (108)
X¢=K;5, X¢=Kq, X5=Ky, (109)
X§ = K§ + %(q —1)(bp+c)xdy, with f§= %(q —1)Hy(by +¢)dx, (110)
2 1
X§ = KJ + 5@y +c)ydy,  with £ = 5@ = DHp(by +c)ay, (111)
2 1
X§, = Ko+ e )(bp+c)zdy, with £, = E(q —1)Hy(by + )9, (112)

where Ké, Ké, and K%O are the same as given in (70), (71), and (72), respectively. Then, the
conserved vectors of X§, ..., X8, are

1
Tg= MWK+ (y+5-Q)To, Ti=T, T=T;, T=T,

1 2
TS = _§t3q WK} + {(q— 1)x(byp +c) — Q1:|TO +15,

b
1 2
TS = —Et?’q WK} + {b(q—l)y(bw—i—c) —Qz] To +£5, (113)

TS, = —%ﬁwf WKi, + [i(q —1)z(bp+c) — Q3} To + £5),
where W = —¢7 +t721(y7 + 9y +¢2) = 2(bp +0)*, Q = —tpr + (7 — 1) (xtpx + yipy + 2¢2),
Qi’s (i =1,2,3) are the same as in (76)—(78), and q # 0,1,1/2. For certain values of g, one
can obtain either ten or fifteen Noether symmetry generators. Now, we will provide some
examples illustrating this situation below.

(ii.3.1): For g = 1, there are again ten Noether symmetries, such that X] = Kj, X] = K,,

Xg = K3 and
xZ:—tat+%(blp+c)a¢, X, =Ks, X;=Kq¢, Xo=Ky, (114)
X; = K3 — %(bl[) +c)dy with ff= —Ziblp(blp +¢) Oy, (115)
X7 = K2 — %(bl[)—l-c) 9y with f]= —z—tbl/)(bl/J—FC) 3y, (116)
X7, = K3, — %(bl[) +c)dy with f])= —ﬁlp(blﬁ +c)o,, (117)

where K%, Kg, K%O are the same vector fields defined in (89). The conserved flow vectors for
the above Noether symmetries are

TZ=T2, T/=T3, T2=T3, T7:—%t3WK§—[x(tlpt—l—%(bl[]—l—c))—l—lntlpx}To—i-fg,

1 1

T)= P WKj - [yt + = (b +0)) +Inty|To+ £, (118)
1 1

Tio = —5 WK — [zt + 7 (by + ) +Inty: | To + £,

where T3, T3, TS are of the same form as obtained in (91), and W = —¢? + ¢ 2(y2 + 1/15 +

y2) — (by + )"
(ii.3.2): For g = 1/2, we find that the number of Noether symmetries is fifteen, which are
the KVs K1, K5, K3, K5, Kg, K7 and
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X8 =Ky+ - (an +0)dyp, X8= (b¢ +¢)dy, (119)
X8 = Kl — f(bzp +0)dy, X8 =Kl — %(btp +0)dy, (120)
X} =K1 — (bzlpb—f[) X8, = Kpp — = (§Z}C)B¢ , Xy =Ky — a;f; °) Ay, (121)
X8, = Ky — Waw, X8 = Ki5 — b\/ [3t+ ! (2% + 1/ +z2)] (b +c)oy, (122)

where Ky, ..., Ki5 are of the form given in Equations (103) and (104). Then, one can obtain
the corresponding non-zero gauge vectors, such that
£ —2%{ pby+20)ay, 5= —2%{ p(by+2¢)d,, fly = —g p(by +2¢)0:,
B = gy by +2000,, B =~ by +20) (9 +295),
fy = _$¢(b¢+zc)(:‘/at +29y), fi,= %lﬁ(bw +2¢)(20 +292), (123)
fl5 = —;—bzp(blp—i—Zc) [(—3t+ %L(x2 +y +z2)> + x0x + Yoy +zaz] :
The conserved vectors for the Noether symmetries obtained in (119)—(122) yield
TS = —%t3/2WK4 n (¢+ ¢ Q)To, TS = —%t3/2w1<§ - (Q1 4+ (btp—i—c))To w3
T = 2 WK— (Qot Loy t+0)) Ty + £,
TS, = —%t3/2WK (Q3 +2 (bl/J—i-c))To + 13,
T} = —%fB/z WK — ﬂ(ll’t + Zﬂ)To +1ip, (124)
T8 = 2P WK~ VE[r (9 gy (b9 +0)) +29] To+ £,
TS, = f%t3/2WK13 ~Vily (¢t+ ar (byp+c)) +24, | To+ £,
T}, = _%tB/ZWKM - \/[ (lPt + 553 th by +c) ) +21Pz]T0+f§4/
TS, = —%t3/2w1<15 - \f[Q4+ 5 (3t+ TRl +22)) (b +¢) | To + £s,

where Qp, Q1, Q2, Q3, and Q4 are given in Equations (49), (76), (77), (78), and (107), respectively.

4. The Field Equations

In this section, we briefly examine the gravitational field equations of the Bianchi I
spacetime when influenced by an imperfect fluid source. The general expression for the
energy-momentum tensor of an imperfect fluid is given by

= (o + P)ujuj + Pgij + (Px — P)xixj + (Py — P)yiy; + (P — P)zjz;,  (125)

where p is the energy density; and Py, Py, and P; are the anisotropic pressures in the
x,y, and z directions, respectively. P represents the isotropic pressure and is defined as
P = (Py+ P, + P;)/3. The energy density p is measured using a comoving observer
with the timelike unit four-velocity u', satisfying the normalization condition u ‘ul = -1
Additionally, x',y',z' are spacelike vectors with orthonormality conditions: x'x; = 1,
vy =1,7'z; =1, Xy, =0,x'z, =0, yzl =0, x'ui =0, y'u; = 0 and z'u; = 0. When
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Py = P, = P, = P, the energy-momentum tensor Tj; for the imperfect fluid, as given
in (125), reduces to that of a perfect fluid. The pressure is treated as a vectorial quantity,
consistent with the nature of anisotropic fluids. The equation of state (EoS) parameter for
the imperfect fluid in the Bianchi I spacetime may be determined separately along each
spatial axis, denoted as w; = P;/p, where P; = { Py, Py, P,}. The average EoS parameter for
the imperfect fluid in the Bianchi I spacetime is defined as w = P/p = (wy + wy + w)/3.
A well-known example of dark energy occurs within the range w < —%, indicating an
accelerating phase for the universe. This form of dark energy is termed quintessence when
—% > w > —1, and labeled a phantom fluid if w < —1.

In the geometry described by the Bianchi I metric given in (2), the timelike four-velocity
in comoving coordinates is u’ = 56. From the properties of the spacelike vectors, it follows
that ' = A7161,y' = B~16}, and z' = C~16%. Subsequently, the Einstein field equations
Gjj = 87T;j in natural units (G = 1 and ¢ = 1) can be expressed as follows:

-+ —-=+ 5= =8mp, (126)

AB .AC . .BC
% §+§§=—&wm (127)
§+g+§g _snp,, (129)

where G;; = R;;j — %Rgi]- is the Einstein tensor, R;; is the Ricci tensor, and R is the Ricci
scalar, which has the form

ottt =+ o (130)

R_2ABCAB AC | BC
—\a C " AB " AC " BC

A curvature scalar characterizes the spacetime curvature. One of the important
curvature scalars is the Kretschmann scalar, defined by K = Ri]-klRijkl , which is a quadratic
scalar invariant of the Riemann tensor R;j. It is crucial for measuring curvature in a
vacuum. This curvature scalar also characterizes the spacetime curvature of a realistic
rotating black hole, allowing us to mathematically perceive the black hole. Additionally,
we consider an important curvature scalar, the so-called Gauss-Bonnet (GB) invariant G,
defined as G = R? — 4Rl-jRi7 + R,«jklRijkl. Apart from emerging in the context of defining
quantum fields in curved spacetimes, the GB invariant G can encapsulate all the curvature
information stemming from the Riemann tensor in dynamical equations. For the Bianchi I
spacetime, both the K and G take the following forms

_ [A2 B* (C* (AB)? (AC)? (BC)?
k=4 [AZ tet et e ace T (BoE) (131)
g:s(A+B+C>. (132)

In the previous section, we investigated the power law form of metric functions, such
as A(t) = tb, B(t) = t7, and C(t) = t1 in specific cases. With this form of the Bianchi I
metric, analysis of the field Equations (126) to (128) reveals the expressions for the physical
variables p, Py, P, and P; to be

_ (Lp+Lq+pq) _ (PHpgt+a—p- q)
N T Sei2 (133)
(L2 +Lg+q¢*—L— q) (L2+Lp+p*>—L—p)

. (134

Py =— P, =—

87t 12 87T 12
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As a result, the directional EoS parameters wy, wy, and w; along the x, y, and z axes,
respectively, are determined as follows:

pra—p’—pe—q* . _ Ltg-I>-Lq—q’

L+p—L2—Lp—p?
Lp+Lg+pg 7 ™Y — Lp+Lg+pq (135)

Wx = Lp+Litpq

, Wz =
Subsequently, the average EoS parameter w is expressed as

2(L+p+q)(1-L-p—9q)
:1 —
w=1+3 Lp+Lg+pq

(136)

where Lp + Lg + pgq # 0. Finally, the Ricci, Kretschmann, and the GB scalars for the power
law form of metric coefficients are obtained as follows:

8Lpq(L+p+q-3
R= (L4 p++Lp+lg+pg—L-p—q), G= pa 1 ), (137)
8
K= 4[L4+p +q* - (L3+p3+q3)+L2p2+L2q2+p2q2+L2+p2+q2}. (138)

If Lp+ Lg + pq = 0, both p and g should be zero, and there is no need for vanishing of
the power L. This means that the energy density p is zero, while the anisotropic pressures
in x,y and z directions are Py = 0, P, = L(1 — L)/(87t?) and P, = P,, respectively. In
theoretical physics and cosmology, scenarios where the energy density vanishes (or is
extremely low) while the pressure is different from zero are less common. However, there
are still certain contexts where this can occur, often involving exotic fields or conditions.
In certain models of the early universe, there is a concept known as the false vacuum. The
vacuum state of a field can be thought of as the state of lowest energy. In a false vacuum,
the energy density is very close to zero, but the field is in a metastable state rather than the
true vacuum state.

When considering a perfect fluid source (Py = P, = P; = P), Equations (133) to (134)
imply the following constraint relations:

L(L-1)-p(p—1)+q(L—p)=0, L(L-1)—q(@g—1)+p(L—q)=0. (139)

For cases where L = p = g, as seen in cases (ii.2) and (ii.3), these constraint equations
are precisely satisfied. Consequently, the physical quantities p and P take the forms

_ 3¢ _ q(2—3q)
P=ge D= gz (140)

yielding the EoS parameter w = (2 — 3q)/(3gq) where g # 0. So, dark energy occurs
when g > 1, which mentions that a well-known example of dark energy (w = —1), the
cosmological constant, is not possible for the power law Bianchi I spacetime with a perfect
fluid. In addition, we have dust fluid if 4 = 1/3, and a stiff fluid if ¢ = 1/2. Additionally,
the curvature scalars R, K and G for cases (ii.1) and (ii.3) are given by

B 20952 _ 34—
R:w, Kzlzq(th42q+1)’ QZW' (141)

Moreover, when L = p = q = 2/3, the spacetime corresponds to the Einstein—de Sitter
model, a solution of field Equations (126) to (128) with P = 0 and p = 1/ (67 t?),i.e., w = 0
(representing a dust fluid).

Kasner spacetimes, non-trivial Bianchi I solutions satisfying Einstein’s vacuum equa-
tions (R;; = 0, or p = 0 and P = 0), are characterized using the Kasner metric. In this
metric, the three constant parameters L, p, and g are termed the Kasner components. These
components adhere to the following relations:

L+p+g=1, L>+p*4+4°=1, (142)
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resulting in Lp 4+ Lq 4+ pg = 0. Kasner spacetimes exhibit spatial anisotropy, potentially
expanding along one direction while contracting along another. In the Kasner scenario, the
three parameters cannot all be equal. Thus, at least one of L, p, g must satisfy 0 < L, p,q < 1.
If any of the parameters L, p, or 4 equals one, the other two must be zero, resulting in a
flat Kasner spacetime. Conversely, if L, p, g # 1 are all not equal to one, indicating all are
non-zero, the Kasner spacetime is non-flat [17].

5. Discussions and Concluding Remarks

Though the standard procedure for determining Lie and Noether symmetry generators
can be cumbersome, it is feasible to consider reduction or obtaining conservation laws
through Noether’s theorem. This paper delved into the geometric nature of the Klein—
Gordon/wave equation within the framework of the Lagrangian for the Bianchi I spacetime.
We demonstrated that computing Noether symmetries of the first-order Lagrangian (14)
for the Klein-Gordon Equation (15) is simplified to solving a set of differential conditions
outlined by (17). For the Bianchi I spacetime, employing this method to find Noether
symmetries yields solutions encompassing scenarios where F(t, x,v,z,1) = Uy (let us say,
Uy = 0 for convenience), reducing Equation (15) to the wave equation. Conversely, when
F(t,x,y,z,1) # const., Equation (15) represents the Klein-Gordon equation. Exploring
various functional forms of metric coefficients, we derived exact solutions of the Noether
symmetry Equations (17) for the Bianchi I spacetime.

In case (i), for F = Uy + U9 + U242, we obtained the Noether symmetry gener-
ators and gauge vector components for arbitrary metric coefficients. Additionally, we
constructed conserved vector fields corresponding to these Noether symmetries. Selected
solutions of Equation (25) are presented in Table 1 for specific trigonometric or hyperbolic
metric functions other than power-law forms, involving the unknown function Y (¢) in the
components of Noether symmetry generators.

In case (ii), utilizing power-law forms of metric coefficients, we derived Noether
symmetries in terms of constant powers L, p, and 4. In Table 2, a set of nontrivial solutions
of Equation (43), which solve Y (¢) akin to Equation (25), is provided for a specific class of
Bianchi I metrics. In subcases of (ii), particularly (ii.1), (ii.2), and (ii.3), we discovered special
values of powers L, p, and g, resulting in various dimensions of Noether symmetry groups.
Additionally, Einstein field equations incorporating an imperfect fluid were derived for
arbitrary metric functions within the context of Bianchi I spacetime and particularly studied
for the power-law form of that geometry.

Let us briefly discuss a comparison and contrast between this study and some related
references. In [15], the study focused on the Lie symmetries applied to the Klein—-Gordon
and wave equations within Bianchi I spacetime in terms of the potential function V(x).
They considered the function F as F = V(x') $?/2, which gives G(x,¢) = —V(x) ¢,
specifically for the Klein-Gordon equation. In this context, the investigation in [14] re-
vealed that for F = V(x') % /2, the Noether symmetry component of the scalar field ¢ is
® = 20 ¢ + b(x¥), with b(x¥) being a solution of (3). Then, it follows from the Noether
symmetry condition (13) that the equation Afl. = 0 and the relationship

Ve +20V-200=0, (143)

were established, incorporating the potential function V(x') and the conformal factor o(x').
In contrast, our study directly delved into the Noether symmetry Equations (17) employing
an arbitrary function F(x/, 1), bypassing the need to solve condition (143) to find potentials
V(x') concerning point symmetries generated by the spacetime symmetries of Bianchi I
metric (2). We obtained solutions for these equations, including components of Noether
symmetry generators, employing specific solvable forms of the function F within Bianchi
I spacetime. Consequently, we not only acquired conserved Noether currents but also
derived non-trivial gauge vectors for each Noether symmetry. Moreover, in the paper [30],
the author presented solutions for the classification problem concerning the Klein-Gordon
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equation with a non-constant potential function V(x') within the framework of Bianchi I,
Bianchi III, and Bianchi V spacetimes. This investigation showcased that the Klein-Gordon
equation admits non-trivial Lie symmetries derived from conformal algebra. However, the
metric tensor provided for Bianchi I spacetime in that reference, given as

2
gij = diag [—C2(£), e ¢'C2(1), e < 1C2(1), CX(1) |,

is less general compared to the one employed in our study, described by (2). This study
investigated the Klein—-Gordon equation for Bianchi I spacetime, employing the Noether
symmetry approach as a means to derive conservation laws. The novelty of this research
lies in utilizing the Noether symmetry method to discern the symmetries inherent in the
Lagrangian, thereby establishing the associated conservation laws for the Klein-Gordon
equation of Bianchi I spacetime.

It is widely recognized that Lie point symmetries serve as a tool for reducing the
Klein-Gordon/wave equation, thereby identifying corresponding invariant solutions. The
reduction based on the Lie invariants of the symmetry vector leads to a solution of the
Klein—-Gordon/wave equation, coupled with a constraint equation related to an arbitrary
integration function within the solution. In the paper [22], invariant solutions of the wave
equation on Bianchi I spacetime using the Lie symmetry method were investigated. In
our study, we used the power-law form of metric coefficients outlined in this reference.
However, we extended the investigation by exploring both the Noether symmetries of
the wave and Klein—-Gordon equations, obtaining conserved quantities for each Noether
symmetry. Considering that every Noether symmetry should be a Lie symmetry, we aimed
to utilize Noether symmetries for reducing both the wave equation and Klein-Gordon
equation. Meanwhile, the common Lie symmetry vector for Bianchi I spacetime is oy [15],
which is not a Noether symmetry vector. Based on this observation, we inferred that the
scalar field 1p, representing the solution of the Klein-Gordon equation, should be equal to
the component @ of the Noether symmetry generator X; that is, ¢y = ®. Further exploration
of this relationship will be the focus of another paper.

Funding: This research received no external funding.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The author would like to thank unknown referees for their valuable comments
and suggestions.

Conflicts of Interest: The author declares no conflicts of interest.

References

1. Katzin, G.H,; Levine, J.; Davis, W.R. Curvature Collineations: A Fundamental Symmetry Property of the Space-Times of General
Relativity Defined by the Vanishing Lie Derivative of the Riemann Curvature Tensor. . Math. Phys. 1969, 10, 617.

2. Stephani, H. Differential Equations: Their Solution Using Symmetries; Cambridge University Press: Cambridge, UK, 1989.

3. Ibragimov, N.H. CRC Handbook of Lie Group Analysis of Differential Equations: Symmetries, Exact Solutions and Conservation Laws;
CRC Press: Boca Raton, FL,, USA, 1994.

4. Capozziello, S.; Lambiase, G. Selection rules in minisuperspace quantum cosmology. Gen. Relativ. Gravit. 2000, 32, 673.

5. Camci, U.; Kucukakca, Y. Noether symmetries of Bianchi I, Bianchi III, and Kantowski-Sachs spacetimes in scalar-coupled gravity
theories. Phys. Rev. D 2007, 76, 084023. [CrossRef]

6. Kucukakea, Y.; Camci, U.; Semiz, I. LRS Bianchi type I universes exhibiting Noether symmetry in the scalar-tensor Brans-Dicke
theory. Gen. Relativ. Gravit. 2012, 44, 1893.

7.  Feroze, T., Mahomed, EM.; Qadir, A. The connection between isometries and symmetries of geodesic equations of underlying
spaces. Nonlinear Dyn. 2006, 45, 65. [CrossRef]

8.  Tsamparlis, T.; Paliathanasis, A. Lie and Noether symmetries of geodesic equations and collineations. Gen. Relativ. Gravit. 2010,
42,2957. [CrossRef]

9.  Tsamparlis, T.; Paliathanasis, A. The geometric nature of Lie and Noether symmetries. Gen. Relativ. Gravit. 2011, 43, 1861.

10. Kucukakea, K.; Camci, U. Noether gauge symmetry for f(R) gravity in Palatini formalism. Astrophys. Space Sci. 2012, 338, 211.

[CrossRef]


http://doi.org/10.1103/PhysRevD.76.084023
http://dx.doi.org/10.1007/s11071-006-0729-y
http://dx.doi.org/10.1007/s10714-010-1054-9
http://dx.doi.org/10.1007/s10509-011-0921-5

Symmetry 2024, 16, 115 23 of 23

11.

12.
13.

14.

15.

16.
17.

18.

19.

20.

21.
22.

23.

24.
25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

Camci, U.; Jamal, S.; Kara, A.H. Invariances and Conservation Laws Based on Some FRW Universes. Int. ]. Theor. Phys. 2014,
53, 1483. [CrossRef]

Camci, U.; Yildirim, A. Lie and Noether symmetries in some classes of pp-wave spacetimes. Phys. Scr. 2014, 89, 084003.

Camci, U,; Yildirim, A. Noether gauge symmetry classes for pp-wave spacetimes. Int. J. Geom. Meth. Mod. Phys. 2015, 12, 1550120.
[CrossRef]

Paliathanasis, A.; Tsamparlis, M. The geometric orijin of Lie point symmetries of the Schrodinger and the Klein-Gordon equations.
Int. ]. Geom. Methods Mod. Phys. 2014, 11, 1450037. [CrossRef]

Paliathanasis, A.; Tsamparlis, M.; Mustafa, M.T. Symmetry analysis of the Klein-Gordon equation in Bianchi I spacetimes. Int. ].
Geom. Meth. Mod. Phys. 2015, 12, 1550033.

Ellis, G.ER.; Maartens, R.; MacCallum, M.A.H. Relativistic Cosmology; Cambridge University Press: Cambridge, UK, 2012.
Stephani, H.; Kramer, D.; MacCallum, M.A.H.; Hoenselaers, C.; Herlt, E. Exact Solutions of Einstein Field Equations; Cambridge
University Press: Cambridge, UK, 2003.

Sharif, S.; Jhangeer, A. Conserved quantities for (1+ 2)-dimensional non-linear wave equation on curved surfaces. Commun.
Nonlinear Sci. Numer. Simulat. 2013, 18, 1684. [CrossRef]

Jhangeer, A.; Sharif, S. Conserved quantities and group classification of wave equation on hyperbolic space. Commun. Nonlinear
Sci. Numer. Simulat. 2013, 18, 236.

Jamal, S.; Shabbir, G. Noether symmetries of vacuum classes of pp-waves and the wave equation. Int. . Geom. Meth. Mod. Phys.
2016, 13, 1650109. [CrossRef]

Jamal, S.; Kara, A.H.; Narain, R. Wave Equations in Bianchi Space-Times. J. App. Math. 2012, 2012, 765361.

Abdulwahhab, M.A_; Jhangeer, A. Symmetries and generalized higher order conserved vectors of the wave equation on Bianchi I
spacetime. Int. |. Geom. Meth. Mod. Phys. 2017, 14, 1750028. [CrossRef]

Abdulwahhab, M.A. Conservation laws and invariant solutions of the wave equation on Bianchi I space-time: A comprehensive
analysis. Optik 2021, 3231, 166364. [CrossRef]

Olver, PJ. Applications of Lie Groups to Differential Equations, 2nd ed.; Springer: New York, NY, USA, 1993.

Anco, S.C.; Bluman, G.W. Direct construction method for conservation laws of partial differential equations. Part I. Examples of
conservation law classifications. Eur. |. Appl. Math. 2002, 13, 545.

Jamal, S.; Kara, A.H.; Bokhari, A.H. Symmetries, conservation laws, reduction, and exact solutions for the Klein-Gordon equation
in de Sitter spacetimes. Can. |. Phys. 2012, 90, 667.

Paliathanasis, A.; Tsamparlis, M.; Mustafa, M.T. Classification of the Lie and Noether point symmetries for the Wave and the
Klein-Gordon equations in pp-wave spacetimes. Commun. Nonlinear Sci. Numer. Simul. 2018, 55, 68. [CrossRef]

Jamal, S.; Kara, A.H.; Bokhari, A.H. Symmetries, conservation laws and reduction of wave and Gordon-type equations on
Riemannian manifolds. In Proceedings of the International Conference on Applied Mathematics and Engineering (WASET’11),
Paris, France, 14-16 November 2011; World Academy of Science Engineering and Technology: Puket, Thailand, 2011.

Jamal, S.; Kara, A.H.; Bokhari, A.H.; Zaman, F.D. The symmetries and conservation laws of some Gordon-type equations in Milne
spacetime. Paramana J. Phys. 2013, 80, 739. [CrossRef]

Paliathanasis, A. Classification of the Lie and Noether Symmetries for the Klein-Gordon Equation in Anisotropic Cosmology.
Symmetry 2023, 15, 306. [CrossRef]

Bozhkov, Y.; Freire, I.L. Special conformal groups of a Riemannian manifolds and Lie point symmetries of the nonlinear Poisson
equation. J.Differ. Equ. 2010, 249, 872. [CrossRef]

Obukhov, V.V. Algebra of Symmetry Operators for Klein-Gordon-Fock Equation. Symmetry 2021, 13, 727. [CrossRef]

Obukhov, V.V. Algebra of the Symmetry Operators of the Klein-Gordon-Fock Equation for the Case When Groups of Motions G3
Act Transitively on Null Subsurfaces of Spacetime. Symmetry 2022, 14, 346. [CrossRef]

Obukhov, V.V. Algebras of integrals of motion for the Hamilton-Jacobi and Klein-Gordon-Fock equations in spacetime with
four-parameter groups of motions in the presence of an external electromagnetic field. J. Math. Phys. 2022, 63, 023505.
Obukhov, V.V. Hamilton-Jacobi and Klein-Gordon-Fock equations for a charged test particle in space-time with simply transitive
four-parameter groups of motions. J. Math. Phys. 2023, 64, 093507. [CrossRef]

Qadir, A.; Camci, U. Physical Significance of Noether Symmetries. Symmetry 2022, 14, 476. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s10773-013-1948-x
http://dx.doi.org/10.1142/S0219887815501200
http://dx.doi.org/10.1142/S0219887814500376
http://dx.doi.org/10.1016/j.cnsns.2012.12.004
http://dx.doi.org/10.1142/S0219887816501097
http://dx.doi.org/10.1142/S0219887817500281
http://dx.doi.org/10.1016/j.ijleo.2021.166364
http://dx.doi.org/10.1016/j.cnsns.2017.06.001
http://dx.doi.org/10.1007/s12043-013-0518-3
http://dx.doi.org/10.3390/sym15020306
http://dx.doi.org/10.1016/j.jde.2010.04.011
http://dx.doi.org/10.3390/sym13040727
http://dx.doi.org/10.3390/sym14020346
http://dx.doi.org/10.1063/5.0158054
http://dx.doi.org/10.3390/sym14030476

	Introduction
	Klein–Gordon Lagrangian and Noether Symmetry Equations
	Noether Symmetries and Conservation Laws
	The Field Equations
	Discussions and Concluding Remarks
	References

