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Abstract: New three-phase composite structures reinforced synergistically by nano-fillers and macro-
scopic fibers have great application potential. This paper presents a general framework for material
properties calculation and the free vibration analysis of three-phase composite shell structures. Based
on this methodological system, the free vibration characteristics of three types of nano-enhanced
functionally graded three-phase composite cylindrical shells are investigated. First, the equivalent
mechanical properties of these three three-phase composites were evaluated using the Halpin–Tsai
and Mori–Tanaka models. The governing equations for the cylindrical shells were derived based
on the first-order shear deformation theory (FSDT) and Hamilton’s principle. The equations were
discretized using Galerkin’s method and solved to obtain the natural frequencies and mode shapes.
The finite element simulation results and existing literature verified the accuracy and reliability of
the method in this paper. The synergistic effects of nano-reinforced fillers and macroscopic fibers on
the free vibrations of these structures were also analyzed. Among them, the natural frequency of the
three-phase composite cylindrical shells was the highest when graphene platelets (GPLs) were used
as the nano-reinforced fillers, which was 150.32% higher than that of fiber-reinforced epoxy composite
cylindrical shells. These studies provide theoretical guidance for the design and manufacture of such
symmetric or antisymmetric structures in the future.

Keywords: three-phase composites; material characteristics; free vibrations; cylindrical shell

1. Introduction

Composite materials have been called the shape of aerospace’s future. With the
increasing application of composite materials in the aerospace industry, certain limitations
have been exposed [1], the most troublesome of which is their inability to withstand
damage from lightning strikes [2]. The new three-phase composite materials reinforced
synergistically by nano-fillers and carbon fibers offer substantial benefits in dealing with
this conundrum [3,4]. In recent years, there has been a growing surge in research focusing
on the vibration characteristics of three-phase composite structures [5]. However, most
existing studies are fragmented, and there is an urgent need to develop a systematic and
general framework for the material properties calculation and vibration analysis of new
three-phase composite structures. A general framework could facilitate more effective
and coordinated efforts in this research field for the vibrations of three-phase composite
structures. In this paper, we take the new functionally graded (FG) three-phase composite
cylindrical shell as an example and attempt to solve some fundamental problems, including
the calculation of equivalent material parameters for three-phase composite materials,
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the establishment of a free vibration analysis model for three-phase composite structures,
and the solution of natural frequencies and mode shapes.

As we all know, the composite structure has excellent mechanical properties, and
it is widely used in aerospace, automotive, and defense fields [6]. The continuous fiber-
reinforced composite structure is one of the most common components in engineering.
To meet the material performance requirements of some special types of equipment and
reduce the problem of stress concentration in composite laminated materials, the concept
of FG composite materials has been proposed [7]. In recent years, researchers have in-
corporated nano-reinforced fillers into the matrix according to a certain FG distribution
to constitute FG nano-reinforced composite materials. Nano-reinforced fillers, such as
carbon nanotubes (CNTs), graphene platelets (GPLs), and their derivatives, with excellent
mechanical properties, are ideal reinforcements for the preparation of high-performance
FG nano-reinforced composite materials. However, the production of CNTs and GPLs is
difficult and expensive. There is a need to find some relatively affordable and easy-to-
manufacture graphene derivatives as an alternative. Graphene oxide platelets (GOPLs), the
derivative of graphene, are relatively easier and cheaper to manufacture as they are the base
materials for synthesizing graphene. Recently, related research on composite structures has
been a hot spot for structure vibration [8]. For the vibrations of the FG composite panel
and shell structures reinforced by CNTs or GPLs, there are several valuable studies [9], but
research on the vibrations of GOPL-reinforced composite structures is very limited.

Recently, the concept of three-phase composite materials has been proposed to further
improve the mechanical properties of two-phase composite materials. Firstly, the nano-
reinforced fillers are mixed with the matrix to form a hybrid matrix (HM), then the macro-
level fiber reinforcement is used to strengthen the HM to form a three-phase composite
material [10]. Compared to traditional two-phase composites, three-phase composite
materials have superior mechanical properties and richer comprehensive performance.
It is of great significance to reduce the weight of composite structures and improve the
vibration characteristics of these structures.

Several researchers have published some reports on the mechanical properties of three-
phase composite materials, but there are fewer reports on the vibrations of three-phase
composite structures, which are mainly focused on three-phase composite structures with
CNTs as the nano-reinforced fillers [11]. Ebrahimi et al. [12,13] calculated the effective
material properties of three-phase composite material, including the polymer, carbon
fibers, and CNTs, using the Halpin–Tsai model and analyzed the vibration characteristics
of these plates. Rezaiee-Pajand et al. Yousefi et al. [14] investigated the free vibrations
of a three-phase composite-truncated conical shell, in which the three-phase composite
material consisted of a polymer, CNTs, and carbon fibers, and the effective elastic properties
were calculated based on the Mori–Tanaka–Eshelby method and the Han homogenization
method. Sobhani et al. [15] calculated the equivalent mechanical properties of three-
phase composites composed of a carbon fiber/graphene/polymer matrix using the Halpin–
Tsai method and Mori–Tanaka scheme. Maleki et al. [16] investigated the free vibration
characteristics of three-phase composite conical shells. Nopour et al. [17] investigated the
vibration characteristics of three-phase composite thin-walled shell structures. By contrast,
the vibration characteristics of the three-phase composite structures associated with GPLs
or GOPLs receive much less attention, even though the cost of mass production of graphene
and its derivatives is much lower than that of CNTs [18–20]. At present, the comparison
study between the free vibration characteristics of the FG three-phase composite cylindrical
shell with CNTs, GOPLs, and GPLs has not yet been reported. Therefore, there is an urgent
need to develop a systematic and general framework for the material properties calculation
and vibration analysis of new three-phase composite structures.

In this paper, we propose a general framework to solve vibration fundamental prob-
lems for the material properties calculation and vibration analysis of three-phase composite
structures, as shown in Figure 1. We take new FG three-phase composite cylindrical shells
as an example to analyze their vibration characteristics. First, the material properties of
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three-phase composites are calculated using the Halpin–Tsai and Mori–Tanaka models
and the mixing rule. Then, the governing equations of the structures are given based
on the FSDT and the Hamilton principle. The Galerkin method is used to discretize the
governing equations, and the natural frequencies and mode shapes are obtained by solving
the characteristic equations. The accuracy and reliability of the computational method are
verified by comparing the results with the existing literature and finite elements. Finally, the
effects of different parameters on the natural frequency of three-phase composite structures
are investigated.
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Figure 1. A schematic diagram of the computational procedure for material properties and free
vibrations of the three-phase composite structure is given.

2. Determination of Material Properties

In this paper, epoxy resin is used as the polymer matrix with single-walled carbon
nanotubes (SWCNTs), graphene oxide platelets (GOPLs), and graphene platelets (GPLs)
as the three kinds of nano-reinforced fillers, and carbon fibers were selected for the macro
and reinforcement. The material property parameters of these materials are detailed
in Tables 1–3. It should be mentioned that all material characteristics are taken from the
literature. In this paper, a general framework for determining the equivalent material
properties of three-phase composites is given, as shown in Figure 1. The equivalent
material properties of the nanofiller-reinforced epoxy matrix were first determined using
the Halpin–Tsai method. Then, carbon fiber-reinforced HM forms a three-phase composite,
and the Mori–Tanaka model is used to determine the equivalent material properties of
the three-phase composite. Finally, the mixing law was used to determine the equivalent
density and the equivalent Poisson’s ratio.

Table 1. The material properties of epoxy polymer, SWCNT [21,22], GPL [15], and GOPL [23,24]
are given.

Material Ee(GPa) νe ρe(kg/m3)

8551-7 epoxy polymer (matrix) 4.08 0.38 1272

Single-walled carbon nanotube
(SWCNT) 640 0.33 1350

Graphene platelets (GPL) 1010 0.186 1062.5

Graphene oxide platelet (GOPL) 444.8 0.165 1090
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Table 2. The geometrical properties of SWCNT [21,22], GPL [15], and GOPL [23,24] are given.

Material dSWCNT(µm) LSWCNT(µm) tSWCNT(µm)

Single-walled carbon nanotube
(SWCNT) 1.40 25.00 0.34

Material LGPL(µm) WGPL(µm) hGPL(µm)

Graphene platelets (GPLs) 2.5 1.5 1.5

Material dGOPL(nm) tGOPL(nm)

Graphene oxide platelet (GOPL) 500 0.95

Table 3. The material properties of IM-7 carbon fiber [15,25] are given.

Material E1
f (Gpa) E2

f (Gpa) ν12
f ν13

f G12
f (Gpa) G23

f (Gpa) ρf(kg/m3)

Carbon fiber 276.0 19.0 0.2 0.2 27.0 7.0 1780.0

2.1. Material Properties of Hybrid Matrix

In this paper, the different nano-reinforced fillers are distributed in the epoxy resin
matrix in FG forms, which constitute three kinds of different HMs. We considered five
kinds of FG forms, including FG-U, FG-V, FG-A, FG-X, and FG-O. The distributions of
nano-reinforced fillers in the direction of the shell thickness under the form of different FG
forms are shown in Figure 2, where the darker color indicates higher contents.
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The equations for calculating the volume fraction of nano-reinforced fillers in each
layer under different FG forms [15] are shown as follows:

FG − U : VN(Z) = V0
N , FG − V : VN(Z) = V0

N

(
1 + 2Z

h

)
,

FG − A : VN(Z) = V0
N

(
1 − 2Z

h

)
, FG − X :VN(Z) = V0

N

(
4 |Z|

h

)
,

FG − O : VGPL(Z) = 2V0
GPL

(
1 − 2|Z|

h

)
.

(1)

In Equation (1), VN(Z) denotes the volume fraction of each layer of nano-reinforced
fillers along the thickness direction. h and Z denote the total thickness and the coordinate
values in the thickness direction, respectively. V0

N denotes the volume fraction of total
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nano-reinforced fillers to the total epoxy resin, which is related to the mass fraction and
density of the nano-reinforced fillers as well as the density of the substrate, as shown in the
following equation:

V0
N =

W0
N

W0
N + ρN

(
1 − W0

N
)
/ρe

. (2)

In Equation (2), ρe denotes the density of the epoxy matrix. W0
N and ρN denote the

mass fraction and density of the nano-reinforced filler, respectively.
The formulas for calculating the equivalent material properties of SWCNTs or

GPL-reinforced epoxy resin composites can be found in references [15,21], which are not
introduced in detail due to space limitations. This paper only lists the calculation pro-
cess for the equivalent material properties of the HM composed of the GOPL-reinforced
epoxy resin. The specific parameters are listed in Tables 1 and 2 [21–24]. Halpin–Tsai
micromechanics is a semi-empirical method that enables the properties of composites to be
expressed in terms of the material properties of the matrix and reinforcing phases, as well as
their occupancy and geometry [23]. The equivalent elastic modulus of the HM is calculated
using the Halpin–Tsai micromechanics rule [24,26], as shown in the following equation:

EHM = 0.49 × 1 + ξ1η1VN(Z)
1 − η1VN(Z)

× Ee + 0.51 × 1 + ξ2η2VN(Z)
1 − η2VN(Z)

× Ee. (3)

where Young’s modulus of the HM is denoted as EHM, and Young’s modulus of the
epoxy resin is denoted as Ee. The parameters η1, η2, ξ1 and ξ2 can be expressed by the
following equations:

η1 =
(EGOPL/Ee)− 1
(EGOPL/Ee) + ξ1

, η2 =
(EGOPL/Ee)− 1
(EGOPL/Ee) + ξ2

, ξ1 = ξ2 =
2dGOPL
tGOPL

. (4)

In the above equations, the elastic modulus of GOPL is denoted as EGOPL, and the
geometry of GOPL is denoted by dGOPL and tGOPL. Poisson’s ratio and the density of the
HM consisting of each layer of the GOPL-reinforced epoxy can be calculated from the
mixing rule as follows:

νHM(Z) = νGOPLVN(Z) + νeVe(Z), ρHM(Z) = ρGOPLVN(Z) + ρeVe(Z). (5)

where νGOPL and ρGOPL denote Poisson’s ratio and density, respectively.
Then, we obtained the variation in elastic modulus along the thickness direction of

the HM composed of SWCNTs, GOPLs, and GPL-reinforced epoxy resins under these
five kinds of FG forms, respectively, as shown in Figure 3. We found that the trend of the
elastic modulus of the HM along the thickness direction was consistent with three kinds
of nano-reinforced fillers. Taking the HM composed of the GPL-reinforced epoxy resin as
an example, Young’s modulus does not change with the change in the thickness direction
coordinate in the FG-U form because the GPLs are uniformly distributed in the epoxy resin
matrix. Young’s modulus under the FG-V form increases significantly with the thickness
direction coordinate because the mass fraction of GPLs under the FG-V form increases
closer to the top layer of the shell, which leads to a gradual increase in the stiffness from
the bottom to the top layer of the HM. The FG-A form is the opposite of the FG-V form.
Young’s modulus under the FG-X form increases and then decreases with the coordinates
in the thickness direction. The reason for this is that the mass fraction of GPLs under the
FG-X form is largest at the top and bottom layers of the shell and smallest at the mid-plane
layer of the shell. This leads to a decrease and then an increase in the stiffness value when
gonig from the bottom layer to the mid-plane layer and then to the top layer. The FG-O
form as opposed to the FG-X form. However, Young’s modulus of the HM reinforced by
GPLs is the largest at various FG forms, Young’s modulus of the HM reinforced by GOPLs
is second, and Young’s modulus of the HM reinforced by SWCNTs is the smallest.



Symmetry 2024, 16, 20 6 of 23

Symmetry 2023, 15, x FOR PEER REVIEW 6 of 25 
 

 

reinforced fillers. Taking the HM composed of the GPL-reinforced epoxy resin as an ex-
ample, Young’s modulus does not change with the change in the thickness direction co-
ordinate in the FG-U form because the GPLs are uniformly distributed in the epoxy resin 
matrix. Young’s modulus under the FG-V form increases significantly with the thickness 
direction coordinate because the mass fraction of GPLs under the FG-V form increases 
closer to the top layer of the shell, which leads to a gradual increase in the stiffness from 
the bottom to the top layer of the HM. The FG-A form is the opposite of the FG-V form. 
Young’s modulus under the FG-X form increases and then decreases with the coordinates 
in the thickness direction. The reason for this is that the mass fraction of GPLs under the 
FG-X form is largest at the top and bottom layers of the shell and smallest at the mid-plane 
layer of the shell. This leads to a decrease and then an increase in the stiffness value when 
gonig from the bottom layer to the mid-plane layer and then to the top layer. The FG-O 
form as opposed to the FG-X form. However, Young’s modulus of the HM reinforced by 
GPLs is the largest at various FG forms, Young’s modulus of the HM reinforced by GOPLs 
is second, and Young’s modulus of the HM reinforced by SWCNTs is the smallest. 

 
Figure 3. The changes in the equivalent elastic modulus of the hybrid matrix along the thickness
direction corresponding to different distribution forms are given. (a) Epoxy–SWCNTs’ functional
gradient composites. (b) Epoxy–GOPLs’ functional gradient composites. (c) Epoxy–GPLs’ functional
gradient composites.

2.2. Material Properties of Three-Phase Composites

In the previous subsection, the equivalent material properties of the three kinds
of HM in each layer were calculated, respectively. The addition of macroscopic carbon
fiber reinforcement into the HM can constitute a three-phase composite material, and the
equivalent material properties of this three-phase composite material are calculated in
this subsection according to the Mori–Tanaka method, where the Mori–Tanaka method is
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expressed using the average behavior of the matrix and fiber materials. The longitudinal
modulus and transverse modulus of elasticity of the carbon fiber are defined as E1

f and

E2
f , the in-plane shear modulus and external shear modulus are denoted as G12

f and G13
f ,

Poisson’s ratio is denoted as ν12
f , and density is denoted as ρ f , respectively. The carbon fiber

reinforcement is considered to be transversely isotropic with the properties of ν12
f = ν13

f and

E2
f = E3

f . The material property parameters of carbon fiber are detailed in Table 3 [15,26].
The Mori–Tanaka method proposes a scheme based on an elastic homogenization method
using the average behavior of the matrix and fiber materials [15]. The specific equations for
calculating the equivalent material properties of three-phase composite materials composed
of the carbon fibers and the hybrid matrix from the Mori–Tanaka method [15,27] are
as follows:

E1
e f f = Vf E1

f +
(

1 − Vf

)
EHM + 2Vf

(
1 − Vf

)
Z1

(
ν12

f − νHM

)2
, (6)

E2
e f f =

E1
e f f /

(
1 − (νHM)2

)
1

1−(νHM)2 + 2Vf
E1

e f f
Z2

(
1 + ν23

f −
E2

f
EHM

(1 + νHM)

)
+ Vf Z1

E1
f

EHM

(
1+νHM

EHM
− 2

E1
f
+

1−ν23
f

E2
f

) , (7)

ν12
e f f = νHM + 2Vf

Z1

EHM

(
ν12

f − νHM

) (
1 − (νHM)2

)
, (8)

G12
e f f = G13

e f f =
EHM

2
(
1 − Vf

)
(1 + νHM)

1 + Vf − 4Vf

[
1 + Vf + 2

(
1 − Vf

) G12
f

EHM
(1 + νHM)

]−1
, (9)

G23
e f f =

EHM

2(1 + νHM) + Vf

 1−Vf

8−8(νHM)2 +
1

EHM
G23

f
−2(1+νHM)

−1 . (10)

In Equations (6)–(10), E1
e f f , E2

e f f , ν12
e f f , G12

e f f and G23
e f f denote the longitudinal equivalent

modulus of elasticity, the transverse equivalent modulus of elasticity, longitudinal Poisson’s
ratio, in-plane equivalent shear modulus, and out-of-plane equivalent shear modulus,
respectively. Vf denotes the volume fraction of the carbon fibers. The expressions for Z1
and Z2 are shown as follows:

Z1 =

−2
(

1 − Vf

)(
ν f

12
)2

E1
f

+
(

1 − Vf

)1 − ν f
23

E2
f

+
(1 + νHM)

(
1 + Vf (1 − 2νHM)

)
EHM


−1

, (11)

Z2 = E2
f

(
3 + Vf − 4νHM

)
(1 + νHM) +

(
1 − ν f

)
EHM

(
1 + ν23

f

)
. (12)

The equivalent density (ρe f f ) of three-phase composite materials composed of the
carbon fibers and hybrid matrix can be calculated according to the mixing rule using the
following equation:

ρe f f = ρ f Vf + ρHMVHM. (13)

Three-phase composite materials have more excellent material properties compared
with traditional two-phase symmetric/antisymmetric laminated composite materials or
FG composite materials. Figure 4 shows the equivalent material properties of four different
composite materials with different volume fractions of carbon fiber. These four compos-
ite materials include carbon fiber-reinforced epoxy resin composite laminated material
and three kinds of three-phase composite materials with SWCNTs, GOPLs, and GPLs as
nano-reinforced fillers, respectively. Three-phase composite materials have a mass fraction
of nano-reinforced fillers of 1%; the FG-U distribution in the epoxy resin matrix forms the
HM, the antisymmetric layup angle of the carbon fibers is [0

◦
4/90

◦
4/0

◦
4/90

◦
4], and the volume

fraction is 0.10. Overall, the equivalent material properties of these four kinds of composite
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materials are significantly increased with the increase in the volume fraction of the carbon
fibers. Carbon fiber-reinforced epoxy-laminated composite materials have the smallest
equivalent Young’s modulus and equivalent shear modulus, followed by the three-phase
composite materials with SWCNTs as nano-reinforced fillers, while the three-phase com-
posite materials with GPLs as nano-reinforced fillers have the largest equivalent Young’s
modulus and equivalent shear modulus.
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3. Governing Equations and Solution Procedure

The three-phase composite materials are made by adding nano-reinforced fillers
to the traditional two-phase symmetric/antisymmetric-laminated composite materials.
Compared with the traditional two-phase composite materials, the three-phase composite
materials have higher stiffness and better comprehensive mechanical properties, which can
be used to reduce the weight of the cylindrical shell structures as well as to improve their
vibration characteristics. The model of three-phase composite cylindrical shells reinforced
synergistically by nano-reinforced fillers and carbon fibers is shown in Figure 2. The
column coordinate system is established in the mid-plane of the cylindrical shell, where
x, θ and z denote the axial direction, circumferential direction, and radial direction of the
cylindrical shell, respectively. u, v, and w denote the displacement of any point on the
cylindrical shell in the axial, circumferential, and radial directions. The axial length, radius,
and thickness of the cylindrical shell are denoted by L, R and h, respectively. If there is



Symmetry 2024, 16, 20 9 of 23

no further specification, the geometrical parameters of the cylindrical shell are taken as
L = 2.00 m, R = 1.00 m and h = 0.05 m.

Based on the first-order shear theory and Hamilton principle, The derivation of the
governing equations for cylindrical shells refers to the classical literature [18,28].

The first-order shear deformation theory is shown as follows:

u(x, θ, z, t) = u0(x, θ, t) + zφx(x, θ, t), (14)

ν(x, θ, z, t) = ν0(x, θ, t) + zφθ(x, θ, t), (15)

w(x, θ, z, t) = w0(x, θ, t). (16)

In Equations (14)–(16), u0, v0, and w0 denote the displacements. Furthermore, φx
denotes the mid-surface transverse rotation around the θ axis. φθ denotes the normal
rotation of the mid-surface around the x axis. The Von Karman strain–displacement
relationship is shown as follows:

εxx
εθθ
γxθ
γxz
γθz

 =


ε0

xx
ε0
θθ

γ0
xθ

γ0
xz

γ0
θz

+ z


ε1

xx
ε1
θθ

γ1
xθ

γ1
xz

γ1
θz

, (17)

where 
ε0

xx
ε0
θθ

γ0
xθ

γ0
xz

γ0
θz

 =



∂u0
∂x

∂ν0
R∂θ + w0

R
∂u0
R∂θ + ∂ν0

∂x
φx +

∂w0
∂x

φθ + ∂w0
R∂θ − ν0

R


,


ε1

xx
ε1
θθ

γ1
xθ

γ1
xz

γ1
θz

 =



∂φx
∂x

∂φθ

R∂θ
∂φx
R∂θ + ∂φθ

∂x
0
0


. (18)

In Equations (17) and (18), εxx and εθθ are the principal strains and γxθ, γxz and γxθ
are the tangential strains. The relationship of strains and stresses is expressed as follows:


σxx
σθθ
τxθ
τxz
τθz



k

=


Q11 Q12
Q12 Q22

Q66
Q44

Q55


k

εxx
εθθ
γxθ
γxz
γθz

, (19)

In Equation (19), the number of located layers is denoted by k. The layup angle of the
carbon fibers in each layer in the FG three-phase composite cylindrical shell is denoted
by θ. And Qij(i, j = 1, 2, 3, 4, 5, 6) denotes the conversion stiffness coefficient as follows:

Q11 = Q11 cos4 θ + 2(Q12 + 2Q66) sin2 θ cos2 θ + Q22 sin4 θ, (20)

Q12 = (Q11 + Q22 − 4Q66) sin2 θ cos2 θ + Q12

(
sin4 θ + cos4 θ

)
, (21)

Q22 = Q11 sin4 θ + 2(Q12 + 2Q66) sin2 θ cos2 θ + Q22 cos4 θ, (22)

Q16 = (Q11 − Q12 − 2Q66) sin θ cos3 θ + (Q12 − Q22 + 2Q66) cos θ sin3 θ, (23)

Q26 = (Q11 − Q12 − 2Q66) cos θ sin3 θ + (Q12 − Q22 + 2Q66) sin θ cos3 θ, (24)

Q66 = (Q11 + Q22 − 2Q12 − 2Q66) sin2 θ cos2 θ + Q66

(
sin4 θ + cos4 θ

)
, (25)

Q44 = Q55 sin2 θ + Q44 cos2 θ, (26)

Q55 = Q44 sin2 θ + Q55 cos2 θ. (27)
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where

Q11 =
E1

e f f

1 − ν12
e f f ν21

e f f
, Q12 =

ν12
e f f E2

e f f

1 − ν12
e f f ν21

e f f
, Q22 =

E2
e f f

1 − ν12
e f f ν21

e f f
, (28)

Q44 = G23
e f f , Q55 = G13

e f f , Q66 = G12
e f f . (29)

The equations for the membrane stress and membrane moment are shown as follows:
Nxx
Nθθ

Nxθ

 =


A11 A12 A16
A12 A22 A26
A16 A26 A66




ε0
xx

ε0
θθ

γ0
xθ

+


B11 B12 B16
B12 B22 B26
B16 B26 B66




ε1
xx

ε1
θθ

γ1
xθ

, (30)


Mxx
Mθθ

Mxθ

 =


B11 B12 B16
B12 B22 B26
B16 B26 B66




ε0
xx

ε0
θθ

γ0
xθ

+


D11 D12 D16
D12 D22 D26
D16 D26 D66




ε1
xx

ε1
θθ

γ1
xθ

, (31)

{
Qθ

Qx

}
= K

{
A44 A45
A45 A55

}{
γ0
θz

γ0
xθ

}
. (32)

In the above equations, the shear correction factor K = 5
6 . Aij, Bij, Dij and Ii(i = 0, 1, 2)

denotes the extensional stiffness, extensional-bending stiffness, bending stiffness, and mass
moment of inertia, respectively, as shown in the following equations:

(
Aij, Bij, Dij

)
=

∫ h
2

− h
2

Qij

(
1, z, z2

)
dz =

N

∑
k=1

∫ zk+1

zk

Qij
k
(

1, z, z2
)

dz, (33)

Ii =
∫ h

2

− h
2

ziρe f f dz(I = 0, 1, 2). (34)

In Equations (33) and (34), h denotes the total thickness of the shell, N denotes the

total number of layers in the shell, [Qij]
(k) denotes the stiffness term of the k layer, and z

denotes the coordinate value along the thickness direction.
The extended Hamilton principle can be expressed as follows:∫ t1

t2

(δT − δU + δW)dt = 0, (35)

In Equation (35), δU, δT and δW denote the virtual strain energy, the virtual kinetic
energy, and the virtual potential energy performed by the external force of the system,
respectively. In this paper, no external force is involved in the study of the free vibration
characteristics of the cylindrical shell, so δW is 0. The specific expressions for δU, δT and
δW are shown as follows:

δT =
∫

V
ρ
( .
uδ

.
u +

.
νδ

.
ν +

.
wδ

.
w
)
dV, (36)

δU =
∫

V
(σxxδεxx + σθθδεθθ + σxθδεxθ + σxzδεxz + σθzδεθz)dV, (37)

δW = 0. (38)

Substituting Equations (36)–(38) into Equation (35) yields the governing equations of
the cylindrical shell as follows:

δu0 : Nxx,x +
Nxθ,θ

R
= I0

..
u0 + I1

..
φx, (39)

δν0 : Nxθ,x +
Nθθ,θ

R
+

Qθ

R
= I0

..
ν0 + I1

..
φθ, (40)
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δw0 : −Nθθ

R
+ Qx,x +

Qθ,θ

R
= I0

..
w0, (41)

δϕx : Mxx,x +
Mxθ,θ

R
− Qx = I1

..
u0 + I2

..
φx, (42)

δϕθ : Mxθ,x +
Mθθ,θ

R
− Qθ = I1

..
ν0 + I2

..
φθ. (43)

Then, we introduce the derivation of the solving procedure for solving the free vibra-
tions of the FG three-phase composite cylindrical shell. Membrane stresses and bending
moments at the boundary of the cylindrical shell are denoted by N and Q, respectively.
Nxx and Nxθ denote the membrane stresses along the x-axis and the membrane stresses
along the θ-axis, respectively. Qx denotes the membrane stresses along the z-axis. Mxx
and Mxθ denote the bending moments for the torsion around the θ-axis and the bending
moments for the torsion around the x-axis, respectively. The constraint equations for the
FG three-phase composite cylindrical shell with free boundary conditions at both ends are
shown as follows:

At x = 0:
Nxx = Nxθ = Qx = 0, Mxx = Mxθ = 0 , (44)

At x = L:
Nxx = Nxθ = Qx = 0, Mxx = Mxθ = 0 . (45)

The assumption of the displacement function of the FG three-phase composite cylin-
drical shell is made using the modified Fourier cosine series method [29]. This method
takes the form of a superposition of the Fourier cosine series, and the complementary
functions are shown as follows:

u(x, θ, t) = U(x, θ)eiwt =

[
M

∑
m=0

N

∑
n=0

Umn cos λmx cos(nθ) +
2

∑
l=1

N

∑
n=0

a1nζl(x) cos(nθ)

]
eiwt, (46)

ν(x, θ, t) = V(x, θ)eiwt =

[
M

∑
m=0

N

∑
n=0

Vmn cos λmx sin(nθ) +
2

∑
l=1

N

∑
n=0

b1nζl(x) sin(nθ)

]
eiwt, (47)

w(x, θ, t) = W(x, θ)eiwt =

[
M

∑
m=0

N

∑
n=0

Wmn cos λmx cos(nθ) +
2

∑
l=1

N

∑
n=0

c1nζl(x) cos(nθ)

]
eiwt, (48)

φx(x, θ, t) = ψx(x, θ)eiwt =

[
M

∑
m=0

N

∑
n=0

ψxmn cos λmx cos(nθ) +
2

∑
l=1

N

∑
n=0

d1nζl(x) cos(nθ)

]
eiwt, (49)

φθ(x, θ, t) = ψθ(x, θ)eiwt =

[
M

∑
m=0

N

∑
n=0

ψθmn cos λmx sin(nθ) +
2

∑
l=1

N

∑
n=0

e1nζl(x) sin(nθ)

]
eiwt. (50)

In Equations (46)–(50), M and N denote the number of truncation terms, both of which
are non-negative integers. λm = mπ/L, where m denotes the number of axial waves,
n denotes the number of circumferential waves, and w denotes the circular frequency
of the FG three-phase composite cylindrical shell. Umn, Vmn, Wmn, ψxmn and ψθmn are
generalized coordinates and also Fourier expansion coefficients. aln, bln, cln, dln, and eln are
the coefficients of the corresponding augmentation functions, which can determine the type
of boundary conditions. It must be ensured that the above coefficients can be derived. The
complementary function is denoted by ζl(x)(l = 1, 2), and the complementary function is
to eliminate the discontinuities of the displacement function and its derivatives, as well
as to enhance the convergence of the expansion series. Based on the first-order shear
deformation theory, the displacement function needs to be at least twice differentiable and
continuous, so the augmentation function should be assumed as a third-degree polynomial.
In this paper, the selected additive function is shown as follows:

ζ1(x) = x
( x

L
− 1

)2
, ζ2(x) =

x2

L

( x
L
− 1

)
. (51)
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The boundary condition equations represent the relationship between the two-dimensional
generalized coordinates Umn, Vmn, Wmn, ψxmn, ψθmn and the complementary function coeffi-
cients aln, bln, cln, dln, eln(l = 1, 2). Since the number of complementary function coefficients
is the same as that of the boundary equation, complementary function coefficients can be
expressed in two-dimensional generalized coordinates, which can be written in the form of
the following matrix:

Y = PX, (52)

Here, P is the coefficient matrix,

Y =
{

a0 , . . . , an , b0 , . . . , bn , c0 , . . . , cn , d0 , . . . , dn , e0 , . . . , en
}T , (53)

X =
{

uT , vT , wT , φx
T , φθ

T}T , (54)

The control equations of motion are obtained by substituting Equations (46)–(50)
and (51) into Equations (39)–(43). There are a total number of Fourier cosine coefficients,
and the control equations are truncated using the Galerkin method. The truncated algebraic
equations are expressed in the matrix form as follows:

SX + QY + FX + GY = 0. (55)

where S, Q, F, and G are coefficient matrices. Substituting Equation (52) into Equation (55)
yields the following:

(M + K)X = 0, (56)

where
M = S + PQ , K = F + PG. (57)

Equation (56) is the standard characteristic equation, and the relevant numerical
solutions for the natural frequencies and mode shapes of the FG three-phase composite
cylindrical shell can be obtained by solving the eigenvalues and eigenvectors of this
characteristic equation.

4. Method Verification

This section focuses on verifying the convergence and accuracy of the computational
method in this paper. We investigate the law of the natural frequencies as the cylindrical
shell converges gradually with the increase in the truncation number M and N, and we
also verify the convergence of the natural frequency of FG composite cylindrical shells with
the increase in the total number of layers. Then, the accuracy of the calculation method for
the vibrations of the cylindrical shell is verified by comparing the results of this paper with
the finite elements and the reference [30]. Moreover, the comparisons of the free vibrations
of FG three-phase composite cylindrical shells with the finite element results are conducted,
which further verifies the reliability of the computational method for calculating the free
vibrations of FG three-phase composite cylindrical shells.

Firstly, the law of gradual convergence of the natural frequencies of the cylindrical
shell with the increase in the truncation number is investigated. The geometrical parameters
of the cylindrical shell are L = 0.502 m, R = 0.0635 m, and h = 0.00163 m. The material
property parameters are ρ = 7800 kg/m3, µ = 0.28 and E = 2.1E + 11N. We considered
the free boundary conditions at both ends. The comparison of the calculated results of
the natural frequencies of the cylindrical shell with the finite element results for different
truncation numbers (M, N) is shown in Table 4. We found that the natural frequencies of
the cylindrical shell appeared to increase and gradually converge with the gradual increase
in the number of cutoffs. When the truncation number was taken as M = 14 and N = 14,
the difference between the natural frequencies of the cylindrical shell calculated by this
method and the finite element calculation result was not more than 3.02%. It verified that
the calculation method in this paper has good convergence and good accuracy with the
increase in truncation number.
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Table 4. The comparison and errors of the calculated results of the natural frequencies of the
cylindrical shell with the finite element results for different truncation numbers given. (L = 0.502 m;
R = 0.0635 m; h = 0.00163 m; ρ0 = 7800 kg/m3; ν = 0.28; E = 2.1E + 11 N/m2).

n
Present

Abaqus Error
M = 6 N = 6 M = 8 N = 8 M = 10 N = 10 M = 12 N = 12 M = 14 N = 14

1 241.69 257.63 264.51 268.28 268.40 269.71 0.49%

2 267.45 267.85 268.11 268.37 270.90 277.03 2.21%

3 732.87 746.17 752.73 756.70 757.68 765.24 0.99%

4 735.20 749.97 754.79 756.97 760.75 774.68 1.80%

5 805.23 846.54 879.88 900.95 913.82 942.32 3.02%

6 959.65 984.99 1000.04 1008.62 1013.57 1020.10 0.64%

Secondly, the relationship between the rate of change in the natural frequencies and
the number of layers of the FG cylindrical shell structure is investigated. The geometrical
parameters of the FG cylindrical shell used for this study were L = 2.00 m, R = 1.00 m,
and h = 0.05 m. The free boundary conditions at both ends were considered. Epoxy resin
was selected as the matrix, GPLs were the nano-reinforced fillers, and the mass fraction of
GPLs was 1.00%. The GPLs were distributed in the epoxy resin collectively in the FG-X
form. The natural frequencies of the FG cylindrical shell were calculated when the total
number of layers was 8, 10, 12, 14, 16, and 18, respectively. The rates of change in natural
frequencies versus the number of layers were obtained after data processing, as shown in
Figure 5. We found that the rates of change in natural frequencies of FG GPL-reinforced
composite cylindrical shells decreased significantly with the increase in the total number
of layers. When the total number of layers was 16, the variations in the first six orders of
natural frequencies were all below 0.41%. Therefore, we considered the total number of
layers as 16 to meet the realistic substitution of continuous FG composite materials and for
the natural frequencies to converge. In the following studies in this paper, the total number
of layers of FG composite cylindrical shells is taken as 16 unless otherwise stated.

Symmetry 2023, 15, x FOR PEER REVIEW 15 of 25 
 

 

 
Figure 5. The rates of change for natural frequencies of functionally graded three-phase composite 
cylindrical shells with the number of layers are shown. 

The accuracy of the calculation method of this paper is verified by comparing the 
results of this method with finite elements and the reference [30]. In Table 5, the natural 
frequencies and mode shapes of the cylindrical shells calculated in this paper are in good 
agreement with the finite element results and the results of the existing reference. The 
differences between the results of the cylindrical shell natural frequency calculations in 
this paper and those in the existing literature are not more than 0.35%. It is verified that 
the calculation method of this paper has good accuracy. 

Table 5. Comparison of theoretical results on the natural frequencies and mode shapes of cylindrical 
shells under the free boundary conditions at both ends with finite element results and an existing 
reference is shown. (L = 0.502 m; R = 0.0635 m; h = 0.00163 m; ρ0 = 7800 kg/m3; ν = 0.28; E = 2.1E + 11 
N/m2). 

C-C 
Mode No. 

(m = 1, n = 1) (m = 1, n = 2) (m = 1, n = 3) (m = 2, n = 1) 
(m = 2, n = 

2) 
(m = 2, n = 

3) 

Present 

      

Figure 5. The rates of change for natural frequencies of functionally graded three-phase composite
cylindrical shells with the number of layers are shown.



Symmetry 2024, 16, 20 14 of 23

The accuracy of the calculation method of this paper is verified by comparing the
results of this method with finite elements and the reference [30]. In Table 5, the natural
frequencies and mode shapes of the cylindrical shells calculated in this paper are in good
agreement with the finite element results and the results of the existing reference. The
differences between the results of the cylindrical shell natural frequency calculations in this
paper and those in the existing literature are not more than 0.35%. It is verified that the
calculation method of this paper has good accuracy.

Table 5. Comparison of theoretical results on the natural frequencies and mode shapes of cylin-
drical shells under the free boundary conditions at both ends with finite element results and an
existing reference is shown. (L = 0.502 m; R = 0.0635 m; h = 0.00163 m; ρ0 = 7800 kg/m3; ν = 0.28;
E = 2.1E + 11 N/m2).

C-C
Mode No.

(m = 1, n = 1) (m = 1, n = 2) (m = 1, n = 3) (m = 2, n = 1) (m = 2, n = 2) (m = 2, n = 3)

Present
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Moreover, the natural frequencies and mode shapes of the FG three-phase composite
cylindrical shells with SWCNTs as nano-reinforced fillers were investigated under the free
boundary conditions at both ends and the calculation results were compared with the
finite element results. The total mass fraction of SWCNTs was 1.00%, and the SWCNTs
were distributed in the epoxy matrix to form the HM with the FG-X form. Carbon fibers
were distributed in the antisymmetric form of [0

◦
4/90

◦
4/0

◦
4/90

◦
4] layup angles in the HM,

and the volume fraction of carbon fibers was 0.1. The geometrical parameters of the FG
three-phase composite cylindrical shell were L = 2.00 m, R = 1.00 m, h = 0.05 m. The
comparison of the calculation results of the natural frequencies and mode shapes of the FG
three-phase composite cylindrical shell with the finite element (Abaqus) results is shown in
Table 6. The first six orders of natural frequencies and mode shapes of the FG three-phase
composite cylindrical shells are in good agreement with the finite element results. The
differences between the calculation results and the finite element results for the natural
frequencies of the cylindrical shell are not more than 1.10%, except for the second order
of frequency. In particular, for the first-order natural frequency, the difference was 0.00%
when two decimals were retained. Here, m denotes the number of axial half-waves, and
n denotes the number of circumferential waves of the vibration modes of the cylindrical
shell. Based on the calculation method in this paper, the mode shapes corresponding to the
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first six orders of natural frequencies are the first-order (m = 1, n = 2), second-order (m = 2,
n = 2), third-order (m = 1, n = 3), fourth-order (m = 2, n = 3), fifth-order (m = 1, n = 4), and
sixth-order (m = 2, n = 4). The first six orders of natural frequencies and mode shapes
of the FG three-phase composite cylindrical shells are in good agreement with the finite
element results.

Table 6. Comparison of theoretical results on the natural frequencies and mode shapes of the
functionally graded three-phase cylindrical shells with SWCNTs as nano-reinforced fillers under the
free boundary conditions with finite element results is shown. (L = 2 m; R = 1 m; h = 0.05 m; FG-X;
WSWCNT = 1%; Vcf = 0.1).
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5. Vibration Characteristics Analysis

In this section, we study the synergistic effects of macroscopic fiber reinforcements and
nano-reinforcements on the natural frequencies of FG three-phase composite cylindrical
shells. We chose three different nano-reinforced fillers, namely SWCNTs, GOPLs, and
GPLs, and the carbon fiber was selected as the macroscopic-level fiber reinforcement.
When studying the influential factor of nano-reinforcements, the effects of the type of
nano-reinforced fillers, the content of nano-reinforced fillers, and the different FG forms
on the natural frequencies of the FG three-phase composite cylindrical shells are mainly
investigated. If the carbon fiber-related parameters are taken as variables, the effects of
the content of carbon fibers and the layup angle on the natural frequencies of the FG
three-phase composite cylindrical shells are studied. Without any special explanation, we
considered the free boundary conditions at both ends, and the geometrical parameters were
taken as L = 2.00 m, R = 1.00 m, and h = 0.05 m. The material property parameters of the
epoxy resin matrix, nano-reinforced fillers, and carbon fiber are detailed in Tables 1–3.

5.1. Effects of Nano-Reinforced Fillers

Firstly, we studied the effects of different kinds of nano-reinforced fillers on the natural
frequencies of the FG three-phase composite cylindrical shells. The nano-reinforced fillers
are uniformly distributed in the epoxy resin reinforced by carbon fibers. In the subsequent
calculations, the mass fraction of the nano-reinforced fillers was taken as 1.00%, if not
otherwise specified. The antisymmetric layup angle of carbon fiber was [0

◦
4/90

◦
4/0

◦
4/90

◦
4],

and the content (Vcf) was 0.10. Four kinds of composite materials were selected as the
independent variables, three kinds of which were the FG three-phase composite materials
with SWCNTs, GOPLs, and GPLs as the nano-reinforced fillers, respectively, and one of
which was the carbon fibers reinforced two-phase composite laminated material. The
natural frequencies of cylindrical shells corresponding to these four kinds of composite
materials are calculated. The results are shown in Figure 6.
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Figure 6. The natural frequencies of functionally graded three-phase composite cylindrical shells
corresponding to different kinds of nano-reinforced fillers.

In Figure 6, it can be seen that carbon fibers reinforced with two-phase composite-
laminated cylindrical shells had the smallest natural frequencies in the first six orders of
vibrations, of which the first three orders are 21.70 Hz, 24.19 Hz, and 60.94 Hz, respectively.
For the FG three-phase composite cylindrical shells, we found that the first six orders
of natural frequencies of the cylindrical shells with GPLs as nano-reinforced fillers were
relatively high, whereas the first three orders of natural frequencies were 29.43 Hz, 37.01 Hz,
and 82.90 Hz, respectively; on the contrary, the first six orders of natural frequencies of the
cylindrical shells with GOPLs as nano-reinforced fillers took second place, where the first
three orders of natural frequencies were 23.46 Hz, 27.36 Hz, and 65.36 Hz, respectively. The
first three orders of natural frequencies of the FG three-phase composite cylindrical shells
with GPLs as nano-reinforcements were 35.62%, 53.00%, and 36.04% higher than those of
carbon fiber-reinforced epoxy composite cylindrical shells, respectively. The reason for this
phenomenon may be that the overall stiffness of the material increases, and the natural
frequency of the cylindrical shell increases after the addition of nano-reinforced fillers to
the carbon fiber-reinforced two-phase composite material.

Secondly, the effects of the content of nano-reinforced fillers on the natural frequencies
of the FG three-phase composite cylindrical shells were investigated considering three kinds
of nano-reinforced fillers, namely, SWCNTs, GOPLs, and GPLs, respectively. The nano-
reinforced fillers were uniformly distributed into the epoxy resin reinforced by the carbon
fibers. The mass fraction of nano-reinforced fillers took the range of 0.00–5.00%. The mass
fraction of nano-reinforced fillers was used as the independent variable, and the natural
frequencies of FG three-phase composite cylindrical shells were calculated corresponding
to three kinds of nano-reinforced fillers, respectively. The relationship curves between
the content of nano-reinforced fillers and the natural frequencies of the FG three-phase
composite cylindrical shells with different nano-reinforced fillers are plotted in Figure 7.
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Figure 7a represents the curves of first-order natural frequencies versus the mass
fraction of nano-reinforced fillers. The first-order natural frequencies of the FG three-
phase composite cylindrical shells all increased significantly with the increase in the mass
fraction of nano-reinforced fillers. Among them, the first-order natural frequency of FG
three-phase composite cylindrical shells was relatively high when GPLs were used as the
nano-reinforced fillers; GOPLs followed this, and minimum corresponded to SWCNTs.
When the mass fraction of GPLs increased from 0.00% to 5.00%, the natural frequency of the
FG three-phase composite cylindrical shell increased from 21.70 Hz to 45.43 Hz, an increase
of 109.35%. When SWCNTs’ mass fraction was increased from 0.00% to 5.00%, the natural
frequency of the FG three-phase composite cylindrical shell increased from 21.70 Hz to
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28.96 Hz, with an increase of 33.46%. It was found that, for the FG three-phase composite
cylindrical shells, the first-order natural frequency at only 1.00% of GPLs was already
higher than the natural frequency at 5.00% of SWCNTs. The first-order natural frequency
of the FG three-phase composite cylindrical shell was 56.87% higher at 5.00% of GPLs than
at 5.00% of SWCNTs. It can be seen that GPLs, as the nano-reinforced fillers, enhanced the
composite materials much better than SWCNTs. In Figure 7b–f, we found that the rest of the
five orders of natural frequencies followed a similar pattern. Overall, the first six orders of
natural frequencies of the FG three-phase composite cylindrical shell increased significantly
with the increase om the mass fraction of the nano-reinforced fillers, and each order natural
frequency was relatively high when GPLs were used as the nano-reinforced fillers.

Finally, we also studied the influences of the FG forms of nano-reinforced fillers on
the natural frequencies of the FG three-phase composite cylindrical shells. The volume
fraction of carbon fibers was 0.10, and the antisymmetric layup angle was [0

◦
4/90

◦
4/0

◦
4/90

◦
4].

The mass fraction of nano-reinforced fillers was 1.00%. The FG form of nano-reinforced
fillers was selected as the independent variable. We calculated the first six orders of natural
frequencies of the FG three-phase composite cylindrical shells under the distribution
of three kinds of nano-reinforced fillers in the form of FG-O, FG-V, FG-A, and FG-X,
respectively. The column figures of the first six orders of natural frequencies of FG three-
phase composite cylindrical shells with different FG forms under different nano-reinforced
fillers are shown in Figure 8.
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Figure 8a represents the first six orders of natural frequencies for the FG three three-
phase composite cylindrical shells under the FG-X form. The first six orders of natural
frequencies of the three-phase composite cylindrical shells with GPLs as the nano-reinforced
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fillers were higher, of which the first three orders of natural frequencies are 54.32 Hz,
77.45 Hz, and 153.06 Hz, respectively, and the first six orders of natural frequencies of
FG three-phase composite cylindrical shells with GOPLs as the nano-reinforced fillers
followed. When SWCNTs were used as the nano-reinforced fillers, the first six orders of
natural frequencies of the FG three-phase composite cylindrical shells were low, while
the first three orders of the natural frequencies were 32.20 Hz, 42.28 Hz, and 90.66 Hz,
respectively. The first three orders of natural frequencies of the FG three-phase composite
cylindrical shells with GPLs as the nano-reinforced fillers were higher than that of the
FG three-phase composite cylindrical shells with SWCNTs of 68.70%, 83.18%, and 68.83%,
respectively. A similar pattern was observed for the first six orders of natural frequencies
of the FG three-phase composite cylindrical shells in the forms of FG-A, FG-V, and FG-O
in Figure 8b–d. It was found that the natural frequencies of the FG three-phase composite
cylindrical shells were highest when GPLs were used as nano-reinforced fillers for different
FG forms.

5.2. Effects of Macroscopic Fiber Reinforcements

We studied the effect of the content of carbon fibers on the natural frequencies of FG
three-phase composite cylindrical shells when SWCNTs, GOPLs, and GPLs were used
as nano-reinforced fillers, respectively. The mass fraction of the nano-reinforced fillers
was 1.00%, which was distributed in the form of FG-X in the epoxy resin matrix to form
a hybrid matrix. The antisymmetric layup angle of carbon fibers was [0

◦
4/90

◦
4/0

◦
4/90

◦
4],

and the volume fraction of carbon fiber (Vcf) took the value range of 0.10–0.60 and was
used as the independent variable. The natural frequencies of the FG three-phase composite
cylindrical shells with different carbon fiber volume fractions were calculated for the three
nano-reinforced fillers, SWCNTs, GOPLs, and GPLs, respectively. The curves of the carbon
fiber volume fraction versus natural frequencies of the FG three-phase composite cylindrical
shells with different nano-reinforced fillers are shown in Figure 9.

Figure 9a represents the relationship curves between the carbon fiber volume fraction
(Vcf) and the first-order of natural frequencies. The first-order natural frequencies of the
FG three-phase composite cylindrical shells all increased significantly with the increase
in the carbon fiber volume fraction. The first-order natural frequencies of the FG three-
phase composite cylindrical shells were relatively high when GPLs were used as the
nano-reinforced fillers; the first order natural frequency of the FG three-phase composite
cylindrical shell increased from 32.00 Hz to 45.23 Hz with an increase of 41.34%. If SWCNTs
are selected as nano-reinforced fillers, the natural frequency of the FG three-phase composite
cylindrical shell increases from 24.39 Hz to 43.04 Hz, which is an increase of 76.47%. It
is interesting to note that the percentage increase in the first-order natural frequency of
FG three-phase composite cylindrical shells with SWCNTs as nano-reinforced fillers is the
largest, followed by GOPLs and GPLs are the smallest. In Figure 9b–f, we found that the
remaining five orders of natural frequencies followed a similar pattern. Overall, the first six
orders of the natural frequencies of the FG three three-phase composite cylindrical shells
increased significantly with the increase in the volume fraction of carbon fiber. The natural
frequencies of the FG three-phase composite cylindrical shells were relatively high when
GPLs were used as nano-reinforced fillers.

Then, we also studied the effects of the carbon fiber symmetric/antisymmetric layup
angle on the natural frequencies of the FG three-phase composite cylindrical shells. The
natural frequencies of the FG three-phase composite cylindrical shells with different carbon
fiber layup angles were calculated. In Figure 10, the histogram of each order of natural fre-
quency of FG three-phase composite cylindrical shells with three different nano-reinforced
fillers in the special carbon fiber layup angle is presented. We found that there were
similar patterns, where FG three-phase composite cylindrical shells with GPLs as the nano-
reinforced fillers had the highest first six orders of natural frequencies, followed by GOPLs.
When SWCNTs were used as nano-reinforced fillers, the first six orders of the cylindrical
shells had the smallest natural frequencies.
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6. Conclusions

This paper presents a general framework for the material properties calculation and
free vibration analysis of new three-phase composite structures. Taking the FG three-phase
composite cylindrical shell as an example, the corresponding research and conclusions
demonstrate the feasibility of this general framework. In our research, the effects of different
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types and contents of nano-reinforced fillers and the content of macroscopic fibers on the
natural frequencies of the FG three-phase composite cylindrical shell are analyzed.

(1) The synergistic enhancement effects of nano-reinforced fillers and macroscopic fibers
were found, and the results of this paper show that the addition of nano-reinforced
fillers is significant in improving the vibration characteristics of traditional two-phase
composite structures.

(2) It was found that the effects of the type, content, and FG form of nano-reinforced
fillers on the free vibrations of the FG three-phase composite cylindrical shells are
significant. A small number of nano-reinforced fillers in the carbon fiber-reinforced
composite shell can significantly enhance its natural frequencies. Among them, a
small amount (only 1%) of GPL acts as the nano-reinforced filler and, when added to
the carbon fiber-reinforced composites in the form of FG-X, can increase the natural
frequency of the composite cylindrical shell by 150.32%.

(3) We also found that the content and layup angle of carbon fiber also had important in-
fluences on the natural frequencies of the FG three-phase composite cylindrical shells.
With the increase in the carbon fiber volume fraction, the first six orders of natural
frequencies of the FG three-phase composite cylindrical shells significantly increased.

The general framework proposed in this paper helps promote the solution of funda-
mental problems, including the calculation of equivalent material parameters and the free
vibration analysis for the new three-phase composite structure, stimulating more effective
research on its other vibration characteristics. This study also provides theoretical guidance
for the design and manufacture of FG three-phase composite structures in aerospace, civil
engineering, and rail transportation. The current methods used to find the vibration char-
acteristics of three-phase composite shell structures show limitations under more complex
loads or in complex environments such as those that are mild and wet. And we have not
tried more numerical analysis methods. In the future, we aim to carry out research on the
vibration characteristics of three-phase composite shell structures under more complex
loads, mild humidity, and other complex environments, including natural vibration charac-
teristics and nonlinear vibration characteristics. In addition, we will try more numerical
methods, such as the differential quadrature method and the wavelet method.
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