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Abstract

:

The Fokas method exhibits remarkable versatility in solving boundary value problems associated with both linear and nonlinear partial differential equations, particularly when conventional approaches encounter challenges in handling intricate boundary conditions. The existing literature often lacks the incorporation of unconventional boundary conditions, and this study addresses this issue by extending the application of the Fokas method to the higher-order Gerdjikov-Ivanov equation on the half line   ( − ∞ , 0 ]  . We have demonstrated the exclusive representation of the potential function   u ( z , t )   in the higher-order Gerdjikov–Ivanov equation through the solution of a Riemann–Hilbert problem. The characteristic function is partitioned on the complex plane, and we obtain the jump matrix between each partition based on the positive and negative values of the partition as well as the spectral matrix determined by the initial data and boundary value data. The findings suggest that the spectral functions are not mutually independent; instead, they conform to a global relationship. The novel aspect of this study is the application of the Fokas method to a previously unexplored case, contributing to the theoretical and practical understanding of complex partial differential equations and filling a gap in the treatment of boundary conditions.
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1. Introduction


It is well known that the initial value problems of many classical integrable systems can be solved by the inverse scattering method [1]. However, the inverse scattering method is not suitable for every nonlinear Equation [2,3]. The determination of the solution to the nonlinear equation is influenced by both the initial boundary value and is not solely reliant on the initial value. This indicates that the inverse scattering method cannot be applied in this scenario, necessitating the exploration of alternative approaches for analyzing the initial boundary value problem. In 1997, Fokas [4,5,6] introduced the Fokas method, a special inverse scattering method that effectively solves the initial boundary value problem of integrable equations by utilizing the concept of the inverse scattering method on a line. The Fokas method also expresses the solution of the initial boundary value problem as the corresponding solution of the Riemann–Hilbert problem. However, when analyzing the initial boundary value problem in the complex plane, we encounter the challenge of interdependent boundary values, where any change in a single value affects the entire solution. Consequently, constructing a relevant Riemann–Hilbert problem necessitates considering multiple scenarios of initial boundary values and selecting the appropriate one. Lenells [7,8,9,10,11] extended this method for the first time and studied the initial boundary value problem of the Degasperis-Procesi equation on the half line [12]. After this, Its [13,14], Monvel [15,16,17], Lenells [7,8,9,10,11,12], Fan and Xu [18,19,20,21,22], and Zhang and Hu [23,24,25,26,27,28,29,30,31] et al. began to pay attention to the initial boundary value problem of integrable systems and extended the Fokas method.



Equation (1), commonly known as the GI equation, was initially identified by Gerdjikov and Ivanov in their work [32]. The inverse scattering method can be used to solve the GI equation. The significance of this equation lies in its integrability, which makes it valuable for both mathematical analysis and physical applications. The propagation of light pulses in optical fibers is effectively described by the GI equation [33,34,35,36], which plays a crucial role. Nonlinear effects occurring in optical fibers can result in self-phase modulation and group-velocity dispersion of optical pulses. Consequently, the GI equation aids in designing and optimizing communication systems that utilize optical fiber technology. Additionally, the GI equation finds applications in studying how shallow water waves propagate and interact. By solving this equation, one can analyze the behavior of nonlinear water waves regarding stability and rupture, thereby making significant contributions to fields such as ocean engineering and environmental science.


  i  u t  +  u  z z   − i  u 2   u z *  +   1 2     | u |  4  u = 0 .  



(1)







When considering certain nonlinear effects of a higher order, Equation (1) can be seen as an extension of NLS, also known as DNLS III. Equation (2), referred to as the DNLS I equation, is known as the Kaup–Newell Equation [37]. It is a dispersion equation commonly used in magnetohydrodynamics studies.


  i  u t  +  u  z z   + i   (  u 2   u *  )  z  = 0 .  



(2)




Equation (3), referred to as the C-L-L Equation [38], is known as the Chen–Lee–Liu (C-L-L) equation in optical models for ultra-short pulses.


  i  u t  +  u  z z   + i u  u *   u z  = 0 .  



(3)




The main emphasis of our paper is directed towards the higher-order Gerdjikov–Ivanov Equation [39,40].


   u t  +   1 2    u  z z z   −   3 2   i u  u z   u z *  +   3 4     | u |  4   u z  = 0 .  



(4)







In recent years, extensive studies have been conducted regarding the GI equation, such as its Darboux transformation and hamilton structure, algebraic geometry solution, transdynamic wave solution, and the determination of the asymptotic behavior for the solution to the GI equation. For the higher order Gerdjikov–Ivanov equation, Guo [41] has successfully constructed rogue wave solutions using determinants, while Liu [42] has investigated non-local higher order Gerdjikov–Ivanov equation and discovered that the solutions of these equations depend not only on temporal and spatial variables but also on non-local variables. However, the Fokas method has not been utilized to investigate the higher order Gerdjikov–Ivanov equation. The aim of this study is to examine the initial boundary value problem associated with the Gerdjikov–Ivanov equation of higher order on the half line. Figure 1 shows the area we want to analyze.



Sides   { − ∞ < z ≤ 0 , t = L }  ,   { z = 0 , 0 ≤ t ≤ T }   and   { − ∞ < z ≤ 0 , t = 0 }   are called sides   ( 1 ) , ( 2 ) , ( 3 )  , respectively, as shown in Figure 1.



Assuming that solution   u ( z , t )   to higher-order Gerdjikov–Ivanov equation exists, we define the initial value


   u 0   ( z )  = u  ( z , 0 )  , − ∞ < z < 0 ,  



(5)




the boundary value


   f 0   ( t )  = u  ( 0 , t )  ,    f 1   ( t )  =  u z   ( 0 , t )  ,    f 2   ( t )  =  u  z z    ( 0 , t )  ,   0 < t < T .  



(6)




The solution of the equation can be represented using the resolution of the matrix Riemann–Hilbert problem.



The higher-order Gerdjikov–Ivanov equation finds extensive applications in the domains of plasma physics and nonlinear optics. In plasma physics [43,44,45,46], the equation can indicate the direction and angle of propagation for both small-amplitude nonlinear Alfvén waves and large-amplitude nonlinear Alfvén waves. The higher-order Gerdjikov–Ivanov equation has the potential to characterize a weak bound state of solitons, and could be relevant in investigating the propagation behavior of solitons that have similar velocities and amplitudes. In nonlinear optics [33,34,35,36], the utilization of femtosecond optical pulses has attracted considerable attention due to its extensive implementation in communication and routing systems for flow control. To accurately model this phenomenon, the higher-order Gerdjikov–Ivanov equation is necessary. Specifically, in the context of optical fibers, the higher-order Gerdjikov–Ivanov equation serves as a suitable model for long-distance high-bit-rate transmission systems involving the propagation of optical solitons in single-mode fibers.



In this study, we employ the Fokas method to analyze the initial boundary value of the finite interval   ( − ∞ , 0 ]  . The arrangement of this article is outlined below. In Section 2, we give the conclusions related to the higher-order Gerdjikov–Ivanov equation, and partition the characteristic function to discuss the relationship between each partition. In Section 3, jump matrix has an explicit dependence, and the spectral functions   { χ ( β ) , k ( β ) }   and   { X ( β ) , K ( β ) }   are decided by the initial condition    u 0   ( z )  = u  ( z , 0 )    and boundary values condition    f 0   ( t )  = u  ( 0 , t )   ,    f 1   ( t )  =  u z   ( 0 , t )    and    f 2   ( t )  =  u  z z    ( 0 , t )   , respectively. Spectral functions demonstrate interdependence; they have a global relationship and can be connected by a consistent condition. In Section 4, this paper is summarized and the future work is planned.




2. Basic Riemann–Hilbert Problem


2.1. Formulas and Symbols


	
   θ 3  =     1   0     0    − 1        denotes the Pauli’s matrix [47];



	
Two   2 × 2   matrices,   X , K  , have the matrix commutator   [ X , K ] = X K − K X  ;



	
The matrix commutator with   θ 3  ,     θ ^  3  X =  [  θ 3  , X ]    is shown by    θ ^  3  . After that,   e   θ ^  3    is simple to calculate:    e   θ ^  3   X =  e  θ 3   X  e  −  θ 3     ;



	
The complex conjugate of   h ( • )   is denoted by    h ( • )  ¯   if   h ( • )   is a function.







2.2. Lax Pair


Recursive operators, GI hierarchies, and Lax pairs for higher-order GI equations can be obtained in Zhu [40]. In Fan’s paper [48], it is proven that the equation is Liouville-integrable and has multiple Hamiltonian structures. The Lax pair is satisfied by the higher-order Gerdjikov–Ivanov equation for any   β ∈ C  :


   ∂ z  Ψ  ( z , t ; β )  = M  ( z , t ; β )  Ψ  ( z , t ; β )  ,        ∂ t  Ψ  ( z , t ; β )  = N  ( z , t ; β )  Ψ  ( z , t ; β )  ,  



(7)




where


     M  ( z , t ; β )  = − i  β 2   θ 3  + β R −   i 2    R 2   θ 3  ,       N  ( z , t ; β )  = − 2 i  β 6   θ 3  + 2  β 5  R − i  β 4   R 2   θ 3  + i  β 3   θ 3   R z  +  T 2   β 2  +  T 1  β +  T 0  ,        T 0  =   i 4    ( R  R  z z   +  R  z z   R )   θ 3  −   i 4    R z 2   θ 3  +   i 8    R 6   θ 3  ,        T 1  = −   1 2    R  z z   +   i 2   R  R z  R  θ 3  −   1 4    R 5  ,        T 2  = −   1 2    ( R  R z  −  R z  R )  +   i 4    R 4   θ 3  .     



(8)




The equation’s initial condition is given by    u 0   ( z )  = u  ( z , 0 )   , while its boundary conditions are represented as    f 0   ( t )  = u  ( 0 , t )   ,    f 1   ( t )  =  u z   ( 0 , t )   , and    f 2   ( t )  =  u  z z    ( 0 , t )   . Assuming


  ψ = Ψ  e  − i  (  β 2  z + 2  β 6  t )   θ 3    ,     − ∞ < z ≤ 0 ,       0 ≤ t ≤ T ,  



(9)




we acquire the Lax pair that has equal value


      Ψ z  + i  β 2   [  θ 3  , Ψ ]  =  ( β R −   i 2    R 2   θ 3  )  Ψ ,        Ψ t  + 2 i  β 6   [  θ 3  , Ψ ]  =  ( 2  β 5  R − i  β 4   R 2   θ 3  + i  β 3   θ 3   R x  +  T 2   β 2  +  T 1  β +  T 0  )  Ψ ,     



(10)




where


  R = u  θ +  + v  θ −  ,  θ +  =     0   1     0   0     ,  θ −  =     0   0     1   0     .  



(11)




The Lax pair can be formulated as total differentials


  d  (  e  i  (  β 2  z + 2  β 6  t )    θ ^  3    ψ  ( z , t ; β )  )  =  e  i  (  β 2  z + 2  β 6  t )    θ ^  3    U  ( z , t ; β )  ψ ,     − ∞ < z ≤ 0 ,       0 ≤ t ≤ T ,  



(12)




where


     U  ( z , t ; β )  =  U 1   ( z , t ; β )  d z +  U 2   ( z , t ; β )  d t ,        U 1   ( z , t ; β )  = β R −   i 2    R 2   θ 3  ,      U 2   ( z , t ; β )  = 2  β 5  R − i  β 4   R 2   θ 3  + i  β 3   θ 3   R z  +  β 2   T 2  + β  T 1  +  T 0  .     











To address the inverse spectral problem through the Riemann–Hilbert approach, our objective is to find a solution to the spectral problem that converges towards an identity matrix as   β → ∞  . We will use the Lenells method [7,8,9,10,11,12] to transform (12) into the expected asymptotic behavior since the result does not meet this property.



Suppose that a solution to (12) has the following form:


  ψ  ( z , t ; β )  =  G 0  +    G 1  β   +    G 2   β 2    +    G 3   β 3    +    G 4   β 4    +    G 5   β 5    + O  (   1  β 6    )  ,      β → ∞ ,  








where    G 0  ,  G 1  ,  G 2  ,  G 3  ,  G 4  ,  G 5    are independent of  β . After matching the identical order of  β  and replacing the aforementioned expansion applied to the first equation of (10), we obtain


     O  (  β 2  )  : i  [  θ 3  ,  G 0  ]  = 0 ,       O  ( β )  : i  [  θ 3  ,  G 1  ]  = R  G 0  ,       O  ( 1 )  :  G  0 x   + i  [  θ 3  ,  G 2  ]  = R  G 1  −   i 2    R 2   θ 3   G 0  .     








  G 0   is represented by a matrix with diagonal elements, and let    G 0  =      G 0 11    0     0    G 0 22       . Based on   O ( β )  , we have


   G 1  ( o )   =     0    −   i 2   u  G 0 22          i 2   v  G 0 11     0     ,  








where the off-diagonal part of   G 1   is denoted as   G 1  ( o )   . From   O ( 1 )  , we have


   G  0 z   = − i u v  θ 3   G 0  .  



(13)







Bringing the asymptotic expansion into (10), we obtain


     O  (  β 6  )  : 2 i  [  θ 3  ,  G 0  ]  = 0 ,       O  (  β 5  )  : 2 i  [  θ 3  ,  G 1  ]  = 2 R  G 0  ,       O  (  β 4  )  : 2 i  [  θ 3  ,  G 2  ]  = 2 R  G 1  − i  R 2   θ 3   G 0  ,       O  (  β 3  )  : 2 i  [  θ 3  ,  G 3  ]  = 2 R  G 2  − i  R 2   G 1   θ 3  + i  θ 3   R x   G 0  ,       O  (  β 2  )  : 2 i  [  θ 3  ,  G 4  ]  = 2 R  G 3  − i  R 2   G 2   θ 3  + i  θ 3   R x   G 1  +  T 2   G 0  ,       O  ( β )  : 2 i  [  θ 3  ,  G 5  ]  = 2 R  G 4  − i  R 2   G 3   θ 3  + i  θ 3   R x   G 2  +  T 2   G 1  +  T 1   G 0  ,       O  ( 1 )  :  G  0 t   = 2 R  G 5  − i  R 2   G 4   θ 3  + i  θ 3   R x   G 3  +  T 2   G 2  +  T 1   G 1  +  T 0   G 0  .     











After calculation, it is deduced by the form   O ( 1 )  


   G  0 t   =  (   i 2    u  z z   v +   i 2   u  v  z z   −   i 2    u z   v z  +   i 4    u 3   v 3  )   θ 3   G 0  .  



(14)




Equation (4) has the conservation law


    ( u v )  t  =   ( −   1 2    u  z z   v −   1 2   u  v  z z   +   1 2    u z   v z  −   1 4    u 3   v 3  )  z  .  



(15)




Equations (13) and (14) for   G 0   are consistent; we are able to define it as follows:


   G 0   ( z , t )  = e x p  ( i  ∫  (  z 0  ,  t 0  )   ( z , t )   Δ  θ 3  )  ,  



(16)




where   Δ  ( z , t )  =  Δ 1   ( z , t )  d z +  Δ 2   ( z , t )  d t  ,    Δ 1   ( z , t )  = − u v  ,    Δ 2   ( z , t )  =   1 2    u  z z   v +   1 2   u  v  z z   −   1 2    u z   v z  −   1 4    u 3   v 3   ,   (  z 0  ,  t 0  ) ∈ G  , simultaneity, we indicate    (  z 0  ,  t 0  )  =  ( 0 , 0 )    to make computations easier.



Since the integral in (16) is path-independent, the following new function   E ( z , t ; β )   is introduced


  ψ  ( z , t ; β )  =  e  i  ∫  ( 0 , 0 )   ( z , t )   Δ   θ ^  3    E  ( z , t ; β )   D 0   ( x , t )  ,     − ∞ < z ≤ 0 ,       0 ≤ t ≤ T .  



(17)




The Lax pair of (12) is identical by simple computation


  d (  e  i  (  β 2  z + 2  β 6  t )    θ ^  3    E  ( z , t ; β )  ) = A  ( z , t ; β )  ,     β ∈ C ,  



(18)




where


     A  ( z , t ; β )  =  e  i  (  β 2  z + 2  β 6  t )    θ ^  3    B  ( z , t ; β )  E  ( z , t ; β )  ,       B  ( z , t ; β )  =  B 1   ( z , t ; β )  d x +  B 2   ( z , t ; β )  d t =  e  − i  ∫  ( 0 , 0 )   ( z , t )   Δ   θ ^  3     ( U  ( z , t ; β )  − i Δ  θ 3  )  .     











The formulas above can be modified by substituting the definitions of   U ( z , t ; β )   and  Δ  to obtain   B 1   and    B 2  .  


      B 1   ( z , t ; β )  =        i 2   u v     β u  e  − 2 i  ∫  ( 0 , 0 )   ( z , t )   Δ         β v s .  e  2 i  ∫  ( 0 , 0 )   ( z , t )   Δ       −   i 2   u v      ,        B 2   ( z , t ; β )  =      B 2 11     B 2 12       B 2 21     B 2 22      .        B 2 11  = − i  β 4  u v −   1 2    β 2   ( u  v z  −  u z  v )  +   i 4    β 2   u 2   v 2  −   i 4    u  z z   v −   i 4   u  v  z z   +   i 4    u z   v z  +   3 8   i  u 3   v 3  ,        B 2 12  =  ( 2  β 5  u + i  β 3   u z  −   1 2   β  u  z z   −   i 2   β  u 2   v z  −   1 4   β  u 3   v 2  )   e  − 2 i  ∫  ( 0 , 0 )   ( z , t )   Δ   ,        B 2 21  =  ( 2  β 5  v − i  β 3   v z  −   1 2   β  v  z z   +   i 2   β  u z   v 2  −   1 4   β  u 2   v 3  )   e  2 i  ∫  ( 0 , 0 )   ( z , t )   Δ   ,        B 2 22  = i  β 4  u v −   1 2    β 2   (  u z  v − u  v z  )  −   i 4    β 2   u 2   v 2  +   i 4    u  z z   v +   i 4   u  v  z z   −   i 4    u z   v z  −   3 8   i  u 3   v 3  .     








Then, the expression for   E ( z , t ; β )   in Equation (18) can be derived


      E x  + i  β 2   [  θ 3  , E ]  =  B 1  E ,        E y  + 2 i  β 6   [  θ 3  , E ]  =  B 2  E ,     



(19)




where   − ∞ < z ≤ 0 ,       0 ≤ t ≤ T ,     β ∈ C .  




2.3. Three Eigenfunctions


We hypothesize the existence of   u ( z , t )   and a sufficient smoothness of   G = { − ∞ < z ≤ 0 , 0 ≤ t ≤ T }  . From Equation (18), three eigenfunctions    E k   ( z , t , β )   ( k = 1 , 2 , 3 . )    are provided as


   E k   ( z , t ; β )  = I +  ∫  (  z k  ,  t k  )   ( z , t )    e  − i  (  β 2  z + 2  β 6  t )    θ ^  3    A  ( ξ , τ , β )  ,     − ∞ < z < 0 ,     0 < t < T .  



(20)




The integral represents a continuous curve from   (  z k  ,  t k  )   to   ( z , t )  , where    (  z 1  ,  t 1  )  =  ( − ∞ , t )  ,     (  z 2  ,  t 2  )  =  ( 0 , 0 )  ,  (  z 3  ,  t 3  )  =  ( 0 , T )   . Please refer to Figure 2.



Some domain in the complex  β -plane defines the functions   E 1  ,   E 2  , and   E 3  . We choose a unique integral path that is parallel to the coordinate axis, as indicated in Figure 3, since the calculation of Equation (16) is not influenced by the specific path chosen.



These paths imply the inequality that follows


      (  z 1  ,  t 1  )  →  ( z , t )  : − ∞ < ξ < z ,        (  z 2  ,  t 2  )  →  ( z , t )  : z < ξ < 0 ,    0 < τ < t ,        (  z 3  ,  t 3  )  →  ( z , t )  : z < ξ < 0 ,    t < τ < T .     








Based on the above analysis, we have obtained


         E 1   ( z , t ; β )  = I +  ∫  − ∞  z   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   μ 1  )   ( ξ , t , β )  d ξ ,        E 2   ( z , t ; β )  = I −  ∫  z  0   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   μ 2  )   ( ξ , t , β )  d ξ       +  e  − i  β 2  z   θ ^  3     ∫  0  t   e  2 i  β 4   ( τ − t )    θ ^  3     (  B 2   μ 2  )   ( 0 , τ , β )  d τ ,        E 3   ( z , t ; β )  = I −  ∫  z  0   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   μ 3  )   ( ξ , t , β )  d ξ       −  e  − i  β 2  z   θ ^  3     ∫  t  T   e  2 i  β 4   ( τ − t )    θ ^  3     (  B 2   μ 3  )   ( 0 , τ , β )  d τ .        



(21)




Let us assume that    E k   ( z , t ; β )  = I + O  (   1 β   )    (for   k = 1 , 2 , 3  ) as   β → ∞  , given the dependence of    B 1   ( z , t ; β )    and    B 2   ( z , t ; β )    on  β . Using the inequality above, we determine that they are bounded, allowing us to divide the complex  β -plane into the following 12 regions


      E 1  ( 1 )    ( z , t ; β )  :  (  z 1  ,  t 1  )  →  ( z , t )  :  { Im  β 2  ≥ 0 }  ,        E 2  ( 1 )    ( z , t ; β )  :  (  z 2  ,  t 2  )  →  ( z , t )  :  { Im  β 2  ≤ 0 }  ⋂  { Im  β 6  ≥ 0 }  ,        E 3  ( 1 )    ( z , t ; β )  :  (  z 3  ,  t 3  )  →  ( z , t )  :  { Im  β 2  ≤ 0 }  ⋂  { Im  β 6  ≤ 0 }  .     








The second column is the inverse of the first column in Equation (20), so the result of the second column is opposite to that of the first column, which is bounded in


      E 1  ( 2 )    ( z , t ; β )  :  (  z 1  ,  t 1  )  →  ( z , t )  :  { Im  β 2  ≤ 0 }  ,        E 2  ( 2 )    ( z , t ; β )  :  (  z 2  ,  t 2  )  →  ( z , t )  :  { Im  β 2  ≥ 0 }  ⋂  { Im  β 6  ≤ 0 }  ,        E 3  ( 2 )    ( z , t ; β )  :  (  z 3  ,  t 3  )  →  ( z , t )  :  { Im  β 2  ≥ 0 }  ⋂  { Im  β 6  ≥ 0 }  .     








Then, we obtain


      E 1   ( z , t ; β )  =  (  E  1    G 1  ∪  G 2  ∪  G 3     ( z , t ; β )  ,  E  1    G 4  ∪  G 5  ∪  G 6     ( z , t ; β )  )  ,        E 2   ( z , t ; β )  =  (  E  2   G 5    ( z , t ; β )  ,  E  2   G 2    ( z , t ; β )  )  ,        E 3   ( z , t ; β )  =  (  E  3    G 4  ∪  G 6     ( z , t ; β )  ,  E  3    G 1  ∪  G 3     ( z , t ; β )  )  .     



(22)




The   E k   functions are the fundamental eigenfunctions required to formulate a Riemann–Hilbert problem in the complex  β -plane. We define the    G i   ( i = 1 , 2 , 3 , 4 , 5 , 6 )    in the complex  β -plane by    G i  =  ϖ i  ∪  ( −  ϖ i  )  ,  ϖ i  =  { β ∈ C | k π +    i − 1  6   π < Arg L < k π +   i 6   π }  , −  ϖ i  =  { − β ∈ C | β ∈  ϵ i  }   , i = 1, 2, 3, 4, 5, 6,   k = 0 , ± 1 , ± 2 , ⋯  , (see Figure 4).



   E 2   ( z , 0 ; β )   ,    E 2   ( 0 , T ; β )   ,    E 2   ( 0 , t ; β )   ,    E 3   ( 0 , 0 ; β )   ,    E 3   ( z , T ; β )   ,    E 3   ( 0 , t ; β )    can be further extended, as follows:


      E 2   ( z , 0 ; β )  =  (  E  2    G 4  ∪  G 5  ∪  G 6     ( z , 0 ; β )  ,  E  2    G 1  ∪  G 2  ∪  G 3     ( z , 0 ; β )  )  ,        E 2   ( 0 , T ; β )  =  (  E  2    G 1  ∪  G 3  ∪  G 5     ( 0 , T ; β )  ,  E  2    G 2  ∪  G 4  ∪  G 6     ( 0 , T ; β )  )  ,        E 2   ( 0 , t ; β )  =  (  E  2    G 1  ∪  G 3  ∪  G 5     ( 0 , t ; β )  ,  E  2    G 2  ∪  G 4  ∪  G 6     ( 0 , t ; β )  )  ,        E 3   ( 0 , 0 ; β )  =  (  E  3    G 2  ∪  G 4  ∪  G 6     ( 0 , 0 ; β )  ,  E  3    G 1  ∪  G 3  ∪  G 5     ( 0 , 0 ; β )  )  ,        E 3   ( z , T ; β )  =  (  E  3    G 4  ∪  G 5  ∪  G 6     ( z , T ; β )  ,  E  3    G 1  ∪  G 2  ∪  G 3     ( z , T ; β )  )  ,        E 3   ( 0 , t ; β )  =  (  E  3    G 2  ∪  G 4  ∪  G 6     ( 0 , t ; β )  ,  E  3    G 1  ∪  G 3  ∪  G 5     ( 0 , t ; β )  )  .     



(23)




The   E k   holds that    E k   ( z , t ; β )  = I + O  (   1 β   )    as   β → ∞  ,   k = 1 , 2 , 3  .



To obtain a Riemann–Hilbert problem, it is necessary to calculate the discontinuities at the interfaces of the regions   G i    ( i = 1 , 2 , 3 , 4 , 5 , 6 )  . Two special functions,    s 1   ( β )    and    s 2   ( β )   , must be defined according to the subsequent relations in order to construct the Riemann–Hilbert problem for the higher-order Gerdjikov–Ivanov equation:


      E 1   ( z , t ; β )  =  E 2   ( z , t ; β )   e  − i  (  β 2  z + 2  β 6  t )    θ ^  3     s 1   ( β )  ,     



(24)






   E 3   ( z , t ; β )  =  E 2   ( z , t ; β )   e  − i  (  β 2  z + 2  β 6  t )    θ ^  3     s 2   ( β )  .  



(25)




By calculating Equation (24) at   ( z , t ) = ( 0 , 0 )  , one can obtain


   E 1   ( 0 , 0 ; β )  =  s 1   ( β )  .  



(26)




Meanwhile, calculate the Formula (25) at   ( z , t ) = ( 0 , 0 )  ,


   E 3   ( 0 , 0 ; β )  =  s 2   ( β )  .  



(27)




Evaluating Equation (25) at   ( z , t ) = ( 0 , T ) ,  


   s 2   ( β )  =   (  e  2 i  β 6  T   θ ^  3     E 2   ( 0 , T ; β )  )   − 1   ,  s 2    ( β )   − 1   =  (  e  2 i  β 6  T   θ ^  3     E 2   ( 0 , T ; β )  )  .  



(28)




The relation between   E 2   and   E 3   can be found by (24) and (25)


   E 3   ( z , t ; β )  =  E 1   ( z , t ; β )   e  − i  (  β 2  z + 2  β 6  t )    θ ^  3      (  s 1   ( β )  )   − 1    s 2   ( β )  .  



(29)




Due to the fact that    E 3   ( 0 , t , β )  = I  , we are able to establish the so-called global relationship


    (  s 2   ( β )  )   − 1    s 1   ( β )  =  e  2 i  β 6  T   θ ^  3     E 1   ( 0 , t ; β )  .  



(30)







These functions    E k   ( z , t ; β )    (where   k = 1 , 2 , 3  ) fulfill the following relation


      E 1   ( z , 0 ; β )  = I +  ∫  − ∞  z   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   E 1  )   ( ξ , 0 , β )  d ξ ,        E 2   ( z , 0 ; β )  = I −  ∫  z  0   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   E 2  )   ( ξ , 0 , β )  d ξ ,        E 2   ( 0 , t ; β )  = I +  ∫  0  t   e  2 i  β 6   ( τ − t )    θ ^  3     (  B 2   E 2  )   ( 0 , τ , β )  d τ ,        E 3   ( 0 , t ; β )  = I −  ∫  t  T   e  2 i  β 6   ( τ − t )    θ ^  3     (  B 2   E 3  )   ( 0 , τ , β )  d τ .     



(31)




By assessing the equations   B 1   at   t = 0   and   B 2   at   z = 0  , and defining    u 0   ( z )  = u  ( z , 0 )   ,     u ¯  0   ( z )  = v  ( z , 0 )       f 0   ( t )  = u  ( 0 , t )   ,     f ¯  0   ( t )  = v  ( 0 , t )   ,    f 1   ( t )  =  u z   ( 0 , t )   ,     f ¯  1   ( t )  =  v z   ( 0 , t )   ,    f 2   ( t )  =  u  z z    ( 0 , t )   , and     f ¯  2   ( t )  =  v  z z    ( 0 , t )    represent the initial and boundary data for the function   u ( z , t )  , we can obtain


      B 1   ( z , 0 ; β )  =        i 2     |  u 0  |  2      β  u 0   e   ∫  0  z  2 i   |  u 0  |  2  d ξ         β   u ¯  0   e  −  ∫  0  z  2 i   |  u 0  |  2  d ξ       −   i 2     |  u 0  |  2       ,        B 2   ( 0 , t ; β )  =      B 2 11     B 2 12       B 2 21     B 2 22      .     










      B 2 11  = − i  β 4   |   f 0    |  2  −   1 2    β 2   (  f 0    f ¯  1  −  f 1    f ¯  0  )  +   i 4    β 2   |   f 0    |  4  −   i 4    f 2    f ¯  0  −   i 4    f 0    f ¯  2  +   i 4    |   f 1    |  2  +   3 8   i   |  f 0  |  6  ,        B 2 12  =  ( 2  β 5   f 0  + i  β 3   f 1  −   1 2   β  f 2  −   i 2   β  f 0 2    f ¯  1  −   1 4   β  f 0 3    f ¯  0 2  )   e  − 2 i  ∫  0  t   Δ 2   ( 0 , τ )  d τ   ,        B 2 21  =  ( 2  β 5    f ¯  0  − i  β 3    f ¯  1  −   1 2   β   f ¯  2  +   i 2   β  f 1    f ¯  0 2  −   1 4   β  f 0 2    f ¯  0 3  )   e  2 i  ∫  0  t   Δ 2   ( 0 , τ )  d τ   ,        B 2 22  = i  β 4   |   f 0    |  2  −   1 2    β 2   (  f 1    f ¯  0  −  f 0    f ¯  1  )  −   i 4    β 2   |   f 0    |  4  +   i 4    f 2    f ¯  0  +   i 4    f 0    f ¯  2  −   i 4    |   f 1    |  2  −   3 8   i   |  f 0  |  6  ,     








and    Δ 2   ( 0 , τ )  = −   1 2    f 2    f ¯  0  +   1 2    f 0    f ¯  2  −   1 2    |   f 1    |  2  −   1 4     |  f 0  |  6  .  



The calculations of    B 1   ( z , 0 ; β )    and    B 2   ( 0 , t ; β )    depend solely on the functions    u 0   ( z )   ,    f 0   ( t )   ,    f 1   ( t )   , and    f 2   ( t )   . As a result, the initial data define the integral (24) that determines    s 1   ( β )   . The initial data    h 0   ( t )   ,    h 1   ( t )   , and    h 2   ( t )    are utilized to define    u 0   ( z )    through the integral (25), which determines    s 2   ( β )   . The subsequent statement outlines the analytical characteristics of matrices    E k   ( z , t ; β )    (where   j = 1 , 2 , 3  ), obtained from Equation (20).



Proposition 1. 

(Symmetries) For   k = 1 , 2 , 3 ,   the function   E  ( z , t , β )  =  E k   ( z , t , β )    satisfies the symmetry relations


    E 11   ( z , t ; β )  =    E 22   ( z , t ;  β ¯  )   ¯  ,  E 12   ( z , t ; β )  =    E 21   ( z , t ;  β ¯  )   ¯  ;   








as well as


       E 11   ( z , t ; − β )  =  E 11   ( z , t ; β )  ,  E 12   ( z , t ; − β )  = −  E 12   ( z , t ; β )  ,        E 21   ( z , t ; − β )  = −  E 21   ( z , t ; β )  ,  E 22   ( z , t ; − β )  =  E 22   ( z , t ; β )  .      













Proof. 

There is a proof of symmetry in [7]. □





Proposition 2. 

The matrix functions


    E k   ( z , t ; β )  =  (  E k  ( 1 )    ( z , t ; β )  ,  E k  ( 2 )    ( z , t ; β )  )  =      E k 11     E k 12       E k 21     E k 22      , k = 1 , 2 , 3 .   








possess the following pleasant analytical properties.




	(1) 

	
  d e t  E k   ( z , t ; β )  = 1 , k = 1 , 2 , 3  ;




	(2) 

	
The function    E 1  ( 1 )    ( z , t ; β )    exhibits analytic properties, and    lim  β → ∞    E 1  ( 1 )    ( z , t ; β )  =   ( 1 , 0 )  T  ,    β ∈  { I m  β 2  ≥ 0 }   ;




	(3) 

	
The function    E 1  ( 2 )    ( z , t ; β )    exhibits analytic properties, and    lim  β → ∞    E 1  ( 2 )    ( z , t ; β )  =   ( 0 , 1 )  T  ,    β ∈  { I m  β 2  ≤ 0 }   ;




	(4) 

	
The function    E 2  ( 1 )    ( z , t ; β )    exhibits analytic properties, and    lim  β → ∞    E 2  ( 1 )    ( z , t ; β )  =   ( 1 , 0 )  T  ,    β ∈  { I m  β 2  ≤ 0 }  ⋂  { I m  β 6  ≥ 0 }   ;




	(5) 

	
The function    E 2  ( 2 )    ( z , t ; β )    exhibits analytic properties, and    lim  β → ∞    E 2  ( 2 )    ( z , t ; β )  =   ( 0 , 1 )  T  ,    β ∈  { I m  β 2  ≥ 0 }  ⋂  { I m  β 6  ≤ 0 }   ;




	(6) 

	
The function    E 3  ( 1 )    ( z , t ; β )    exhibits analytic properties, and    lim  β → ∞    E 3  ( 1 )    ( z , t ; β )  =   ( 1 , 0 )  T  ,    β ∈  { I m  β 2  ≤ 0 }  ⋂  { I m  β 6  ≤ 0 }   ;




	(7) 

	
The function    E 3  ( 2 )    ( z , t ; β )    exhibits analytic properties, and    lim  β → ∞    E 3  ( 2 )    ( z , t ; β )  =   ( 0 , 1 )  T  ,    β ∈  { I m  β 2  ≥ 0 }  ⋂  { I m  β 6  ≥ 0 }   .











Proof. 

From   E  ( z , t ; β )  = 1 + O  (   1 β   )  , β → ∞  , we know that as   β → ∞  ,   E ( z , t ; β )   tends towards the identity matrix. Therefore, the first row of the matrix tends towards   ( 1 , 0 )  , and the second row tends towards   ( 0 , 1 )  . □





Proposition 3. 

Establish that the matrices    s 1   ( β )    and    s 2   ( β )    demonstrate a structured   2 × 2   matrix configuration


    s 1   ( β )  =       χ (  β ¯  )  ¯     k ( β )        k (  β ¯  )  ¯     χ ( β )      ,      s 2   ( β )  =       X (  β ¯  )  ¯     K ( β )        K (  β ¯  )  ¯     X ( β )      .   



(32)




The definitions of   E 1   and   E 3   have implications that encompass both    s 1   ( β )    and    s 2   ( β )   ,


       s 1   ( β )  = I +  ∫  − ∞  0   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   E 1  )   ( ξ , 0 ; β )  d ξ ,        s 2  − 1    ( β )  = I +  ∫  0  T   e  2 i  β 6  τ   θ ^  3     (  B 2   E 2  )   ( 0 , τ ; β )  d τ .      



(33)




The following properties can be obtained according to the determinant conditions




	(1) 

	


            χ (  β ¯  )  ¯        k (  β ¯  )  ¯      =  E 1  ( 1 )    ( 0 , 0 ; β )  =       E 1 11   ( 0 , 0 ; β )         E 1 21   ( 0 , 0 ; β )       ,            k ( β )       χ ( β )      =  E 1  ( 2 )    ( 0 , 0 ; β )  =       E 1 12   ( 0 , 0 ; β )         E 1 22   ( 0 , 0 ; β )       ,            X ( β )       −   K (  β ¯  )  ¯   e  4 i  β 6  T        =  E 2  ( 1 )    ( 0 , T ; β )  =       E 2 11   ( 0 , T ; β )         E 2 21   ( 0 , T ; β )       ,            −  e  − 4 i  β 6  T   K  ( β )         X (  β ¯  )  ¯      =  E 2  ( 2 )    ( 0 , T ; β )  =       E 2 12   ( 0 , T ; β )         E 2 22   ( 0 , T ; β )       .      












	(2) 

	


          ∂ z   E 1  ( 2 )    ( z , 0 ; β )  + 2 i  β 2  σ  E 1  ( 2 )    ( z , 0 ; β )  =  B 1   ( z , 0 ; β )   E 1  ( 2 )    ( z , 0 ; β )  ,          β ∈  G 4  ⋃  G 5  ⋃  G 6  , − ∞ < z < 0 .        ∂ t   E 2  ( 2 )    ( 0 , t ; β )  + 4 i  β 6  σ  E 2  ( 2 )    ( 0 , t ; β )  =  B 2   ( 0 , t ; β )   E 2  ( 2 )    ( z , 0 ; β )  ,          β ∈  G 2  ⋃  G 4  ⋃  G 6  , 0 < t < T .         








where   σ =     1   0     0   0      .




	(3) 

	


   det  s 1   ( β )  = det  s 2   ( β )  = 1 .   










      χ ( − β ) = χ ( β ) ,    k ( − β ) = − k ( β ) ,       X ( − β ) = X ( β ) ,    K ( − β ) = − K ( β ) ,       χ  ( β )    χ (  β ¯  )  ¯  − k  ( β )    k (  β ¯  )  ¯  = 1 ,       X  ( β )    X (  β ¯  )  ¯  − K  ( β )    K (  β ¯  )  ¯  = 1 ,       χ  ( β )  = 1 + O  (   1 β   )  ,    k  ( β )  = O  (   1 β   )  ,    β → ∞ , I m  β 2  ≥ 0 ,       X  ( β )  = 1 + O  (   1 β   )  ,    K  ( β )  = O  (   1 β   )  ,    β → ∞ , I m  β 6  ≥ 0 .      



















Proof. 

All these properties can be derived from the analytic and bounded nature of    E 1   ( z , 0 , β )    and    E 3   ( 0 , t , β )   , as well as the requirement for a unit determinant and the asymptotic behavior of these eigenfunctions at  β . □






2.4. Jump Matrix


The spectral functions are shown to have a global relationship rather than being mutually independent. By utilizing [40], one can obtain the Riemann–Hilbert problem of the higher-order Gerdjikov–Ivanov equation.



To enable the subsequent computations, we introduce the following symbolic presumptions


     φ  ( β )  =  β 2  z + 2  β 6  t ,       γ  ( β )  =   χ (  β ¯  )  ¯   X ( β )  −   k (  β ¯  )  ¯   K ( β )  ,       ω ( β ) = χ ( β ) K ( β ) − X ( β ) k ( β ) ,       ϱ  ( β )  =   χ (  β ¯  )  ¯  ω  ( β )  + k  ( β )  γ  ( β )  .     








The function   V ( z , t ; β )   is defined as follows


      V +   ( z , t , β )  =  (     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯    ,  E 3   G 1  ∪  G 3     ( z , t , β )  )  , β ∈  G 1  ∪  G 3  ;        V −   ( z , t , β )  =  (     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )    ,  E 2  G 2    ( z , t , β )  )  , β ∈  G 2  ;        V +   ( z , t , β )  =  (  E 2  G 5    ( z , t , β )  ,     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯    )  , β ∈  G 5  ;        V −   ( z , t , β )  =  (  E 3   G 4  ∪  G 6     ( z , t , β )  ,     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )    γ ( β )    )  , β ∈  G 4  ∪  G 6  .     



(34)




These definitions mean that


     d e t V ( z , t ; β ) = 1 ,       V  ( z , t ; β )  = I + O  (   1 β   )  ,   β → ∞ .     











Theorem 1. 

Consider that   u ( z , t ; β )   is a smooth function,   V ( z , t ; β )   is given by Equation (34), and   V ( z , t ; β )   fulfills the jump relation


    V +   ( z , t , β )  =  V −   ( z , t , β )  L  ( z , t , β )  ,      β 6  ∈ R .   



(35)




where


   L  ( z , t , β )  =       L 1   ( z , t , β )  ,      A r g β = k π   o r   k π +   π 2    ;        L 2   ( z , t , β )  ,      A r g β = k π +   π 6     o r   k π +   π 3    ;        L 3   ( z , t , β )  ,      A r g β = k π +    2 π  3     o r   k π +    5 π  6    .        



(36)




and


       L 1   ( z , t , β )  =       1    γ (  β ¯  )  ¯  2        ω ( β )    γ (  β ¯  )  ¯    e  − 2 i φ ( β )         −   γ  ( β )    ω (  β ¯  )  ¯      γ (  β ¯  )  ¯  2    e  2 i φ ( β )        γ ( β )    γ (  β ¯  )  ¯        ,        L 2   ( z , t , β )  =        χ ( β )    γ (  β ¯  )  ¯        χ ( β ) ϱ ( β )    χ (  β ¯  )  ¯    e  − 2 i φ ( β )        0     γ ( β )    χ (  β ¯  )  ¯        ,        L 3   ( z , t , β )  =  L 2   L 1  − 1    L 4  ,        L 4   ( z , t , β )  =        χ ( β )    χ (  β ¯  )  ¯        χ ( β ) k ( β )     χ (  β ¯  )  ¯  2    e  − 2 i φ ( β )         −    k (  β ¯  )  ¯    χ (  β ¯  )  ¯    e  2 i φ ( β )       1    χ (  β ¯  )  ¯  2        .      








The Riemann–Hilbert problem on the complex plane is depicted in Figure 5, with positive and negative values for each partition indicated.





Proof. 

We can express Equations (24), (25) and (29) in the form of a jump matrix, deriving the jump environment by expressing their relationship as follows:


        χ (  β ¯  )  ¯   E 2  G 5   +   k (  β ¯  )  ¯   e  2 i φ ( β )    E 2  G 2   =  E 1   G 1  ∪  G 2  ∪  G 3    ,       k  ( β )   e  − 2 i φ ( β )    E 2  G 5   + χ  ( β )   E 2  G 2   =  E 1   G 4  ∪  G 5  ∪  G 6    ,      



(37)






        X (  β ¯  )  ¯   E 2  G 3   +   K (  β ¯  )  ¯   e  2 i φ ( β )    E 2  G 2   =  E 3   G 4  ∪  G 6    ,       K  ( β )   e  − 2 i φ ( β )    E 2  G 5   + X  ( β )   E 2  G 2   =  E 3   G 1  ∪  G 3    ,      



(38)






          ( χ  ( β )    X (  β ¯  )  ¯  − k  ( β )    K (  β ¯  )  ¯  )   E 1   G 1  ∪  G 2  ∪  G 3    +  e  2 i φ ( β )    (   χ (  β ¯  )  ¯    K (  β ¯  )  ¯  −   k (  β ¯  )  ¯    X (  β ¯  )  ¯  )   E 1   G 4  ∪  G 5  ∪  G 6          =  E 3   G 4  ∪  G 6    ,        e  − 2 i φ ( β )    ( χ  ( β )  K  ( β )  − X  ( β )  k  ( β )  )   E 1   G 1  ∪  G 2  ∪  G 3    +  (   χ (  β ¯  )  ¯   X ( β )  −   k (  β ¯  )  ¯   K ( β )  )   E 1   G 4  ∪  G 5  ∪  G 6          =  E 3   G 1  ∪  G 3    .         



(39)




Equations (37)–(39) can be used to deduce that the jump matrices    L i   ( z , t ; β )   ( i = 1 , 2 , 3 , 4 . )    fulfill


          E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯   ,  E 3   G 1  ∪  G 3     ( z , t , β )    =    E 3   G 4  ∪  G 6     ( z , t , β )  ,    E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )    γ ( β )      L 1   ( z , t ; β )  ;            E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯   ,  E 3   G 1  ∪  G 3     ( z , t , β )    =      E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )   ,  E 2  G 2    ( z , t , β )     L 2   ( z , t ; β )  ;          E 2  G 5    ( z , t , β )  ,    E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯     =    E 3   G 4  ∪  G 6     ( z , t , β )  ,    E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )    γ ( β )      L 3   ( z , t ; β )  ;          E 2  G 5    ( z , t , β )  ,    E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯     =      E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )   ,  E 2  G 2    ( z , t , β )     L 4   ( z , t ; β )  .     



(40)




This completes the proof. □






2.5. Residue Conditions


Hypothesis 1. 

Regarding functions   γ ( β )   and   χ ( β )  , we assume the following hypothesis:




	(1) 

	
  γ ( β )   contains   2 ν   simple zeros    {  ζ j  }   j = 1   2 ν   (  2 ν = 2  ν 1  + 2  ν 2   ). We assume that   ζ j  (  j = 1 , 2 , ⋯ , 2  ν 1   ) pertains to    G 4  ⋃  G 6   , and    ζ ¯  j  (  j = 2  ν 1  + 1 , 2  ν 1  + 2 , ⋯ , 2 ν  ) pertains to    G 1  ⋃  G 3   .




	(2) 

	
  χ ( β )   contains   2 μ   simple zeros    {  ε j  }   j = 1   2 μ    (  2 μ = 2  μ 1  + 2  μ 2   ). We assume that   ε j  (   j = 1 , 2 , ⋯ , 2  μ 1   ) pertains to   G 2  , and    ε ¯  j  (  j = 2  μ 1  + 1 , 2  μ 1  + 2 , ⋯ , 2 μ  ) pertains to   G 5  .




	(3) 

	
There are distinctions between the simple zeros of   γ ( β )   and   χ ( β )  .











The Riemann–Hilbert problem is addressed by the solution denoted as    [ V  ( z , t ; β )  ]  1   for the first column and    [ V  ( z , t ; β )  ]  2   for the second column, which form the basis for subsequent propositions. Additionally, we write    χ ˙   ( β )  =    d χ   d β      and    γ ˙   ( β )  =    d γ   d β     .



Proposition 4. 






	(1) 

	
Res   {   [ V  ( z , t ; β )  ]  1  ,   ζ ¯  j  }  =     e  2 i φ (   ζ ¯  j  )       γ ˙   (   ζ j  ¯  )   ¯  ω  (   ζ ¯  j  )       [ V  ( z , t ;   ζ ¯  j  )  ]  2   ,   j = 2  ν 1  + 1 , 2  ν 1  + 2 , ⋯ , 2 ν  .




	(2) 

	
Res   {   [ V  ( z , t ; β )  ]  2  ,  ζ j  }  =     e  − 2 i φ (  ζ j  )      γ ˙   (  ζ j  )     ω (   ζ j  ¯  )  ¯       [ V  ( z , t ;  ζ j  )  ]  1   ,   j = 1 , 2 , ⋯ , 2  ν 1   .




	(3) 

	
Res   {   [ V  ( z , t ; β )  ]  1  ,  ε j  }  =      e  2 i φ (  ε j  )     k (   ε ¯  j  )  ¯     χ ˙   (  ε j  )       [ V  ( z , t ;  ε j  )  ]  2   ,   j = 1 , 2 , ⋯ , 2  μ 1   .




	(4) 

	
Res   {   [ V  ( z , t ; β )  ]  2  ,   ε ¯  j  }  =      e  − 2 i φ (   ε j  ¯  )   k  (   ε ¯  j  )      χ ˙   (   ε ¯  j  )   ¯      [ V  ( z , t ;   ε ¯  j  )  ]  1   ,   j = 2  μ 1  + 1 , 2  μ 1  + 2 , ⋯ , 2 μ  .











Proof. 

Let   V  ( z , t ; β )  = (     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯    ,  E 3   G 1  ∪  G 3     ( z , t , β )  )   be defined. The zeros    ζ j  ¯   (  j = 2  ν 1  + 1 , 2  ν 1  + 2 , ⋯ , 2 ν  ) of    γ (  β ¯  )  ¯   are the poles of      E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯    . Next, we have


  R e s  {     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯    ,   ζ j  ¯  }  =  lim  β →   ζ j  ¯     ( β −   ζ j  ¯  )      E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )     γ (  β ¯  )  ¯    =     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t ;   ζ j  ¯  )      γ ˙   (   ζ j  ¯  )   ¯    .  








Substituting   β =   ζ j  ¯    into the second equation of Equation (39) results in


   E 1   G 1  ∪  G 2  ∪  G 3     ( z , t ;   ζ j  ¯  )  =   1  ω (   ζ ¯  j  )      E 3   G 1  ∪  G 3     ( z , t ; β )    e  2 i φ (   ζ ¯  j  )   .  








Furthermore,


  R e s  {     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t ; β )     γ (  β ¯  )  ¯    ,   ζ ¯  j  }  =    e  2 i φ (   ζ ¯  j  )       γ ˙   (   ζ j  ¯  )   ¯  ω  (   ζ ¯  j  )       E 3   G 1  ∪  G 3     ( z , t ; β )   ,  








which can be calculated as (1).



Let   (     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )    γ ( β )    ,  E 3   G 4  ∪  G 6     ( z , t , β )  )   be defined. The zeros   ζ j   (  j = 1 , 2 , ⋯ , 2  ν 1   ) of   γ ( β )   are the poles of      E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )    γ ( β )    . Next, we have


  R e s  {     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )    γ ( β )    ,  ζ j  }  =  lim  β →  ζ j     ( β −  ζ j  )      E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ; β )    γ ( β )    =     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ;  ζ j  )     γ ˙   (  ζ j  )     .  








Substituting   β =  ζ j    into the first equation of Equation (39) results in


   E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ;  ζ j  )  =     E 3   G 4  ∪  G 6     ( z , t ;  ζ j  )     ω (   ζ ¯  j  )  ¯     e  − 2 i φ (  ζ j  )   .  








Furthermore,


  R e s  {     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ; β )    γ ( β )    ,  ζ j  }  =     e  − 2 i φ (  ζ j  )    E 3   G 4  ∪  G 6     ( z , t ;  ζ j  )     γ ˙   (  ζ j  )    ω (   ζ ¯  j  )  ¯     ,  








which can be calculated as (2).



Let   (     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )    ,  E 2  G 2    ( z , t , β )  )   be defined. The zeros   ε j   (  j = 1 , 2 , ⋯ , 2  μ 1   ) of   χ ( β )   are the poles of      E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )    . Next, we have


  R e s  {     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )    ,  ε j  }  =  lim  β →  ε j     ( β −  ε j  )      E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )    =     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t ,  ε j  )     χ ˙   (  ε j  )     .  








Substituting   β =  ε j    into the second equation of Equation (37) results in


   E 1   G 1  ∪  G 2  ∪  G 3     ( z , t ,  ε j  )  =   k (   ε ¯  j  )  ¯   e  2 i φ (  ε j  )     E 2  G 2    ( z , t ,  ε j  )   .  








Furthermore,


  R e s  {     E 1   G 1  ∪  G 2  ∪  G 3     ( z , t , β )    χ ( β )    ,  ε j  }  =     e  2 i φ (  ε j  )     k (   ε ¯  j  )  ¯     χ ˙   (  ε j  )       E 2  G 2    ( z , t ,  ε j  )   ,  








which can be calculated as (3).



Let   (  E 2  G 5    ( z , t , β )  ,     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯    )   be defined. The zeros    ε ¯  j   (  j = 2  μ 1  + 1 , 2  μ 1  + 2 , ⋯ , 2 μ  ) of    χ (  β ¯  )  ¯   are the poles of      E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯    . Next, we have


  R e s  {     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯    ,   ε ¯  j  }  =  lim  β →   ε ¯  j     ( β −   ε ¯  j  )      E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ; β )     χ (  β ¯  )  ¯    =     E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ;   ε ¯  j  )      χ ˙   (  ε j  )   ¯    .  








Substituting   β =   ε ¯  j    into the first equation of Equation (37) results in


   E 1   G 4  ∪  G 5  ∪  G 6     ( z , t ;   ε ¯  j  )  =   E 2  G 5    ( z , t ;   ε j  ¯  )    k (   ε j  ¯  )   e  − 2 i φ (   ε ¯  j  )   .  








Furthermore,


  R e s  {     μ 1   G 4  ∪  G 5  ∪  G 6     ( z , t , β )     χ (  β ¯  )  ¯    ,   ε ¯  j  }  =     μ 2  G 5    ( z , t ;   ε j  ¯  )   k (   ε j  ¯  )   e  − 2 i φ (   ε ¯  j  )       χ ˙   (  ε j  )   ¯    ,  








which can be calculated as (4). □






2.6. The Inverse Problem


Equation (34) representing the jump relation is equivalent to


   V +   ( z , t ; β )  −  V −   ( z , t ; β )  =  V −   ( z , t ; β )  L  ( z , t ; β )  −  V −   ( z , t ; β )  ,  








then


   V +   ( z , t ; β )  −  V −   ( z , t ; β )  =  V −   L ˜   ( z , t ; β )  ,  



(41)




where    L ˜   ( z , t ; β )  = L  ( z , t ; β )  − I  . The function   V ( z , t ; β )   is represented by its asymptotic expansion, as demonstrated below


  V  ( z , t ; β )  = I +     V ¯   ( z , t ; β )   β   + O  (   1 β   )  ,     β → ∞ ,    β ∈ C ∖ Γ ,  



(42)




where   Γ = {  β 6  = R }  . The application of Equations (41) and (42) produces the following results


  V  ( z , t ; β )  = I +   1  2 π i     ∫ Γ      V +   ( z , t ;  β ′  )   L ˜   ( z , t ;  β ′  )    β −  β ′     d  β ′  ,    β ∈ C ∖ Γ ,  



(43)




and


   V ¯   ( z , t ; β )  = −   1  2 π i     ∫ Γ   V +   ( z , t ;  β ′  )   L ˜   ( z , t ;  β ′  )  d  β ′  .  



(44)







The reconstruction of the potential   u ( z , t )   from the spectral functions   E k  , where   k = 1 , 2 , 3  , is referred to as the inverse problem. Our objective is to reconstruct the potential   u ( z , t )  . We need to think about   G 1  ( o )   . As we demonstrate in Section 2.2 that


   G 1  ( o )   =     0    −   i 2   u  G 0 22          i 2   v  G 0 11     0     ,  








when   ψ  ( z , t ; β )  =  G 0  +    G 1  β   +    G 2   β 2    +    G 3   β 3    +    G 4   β 4    +    G 5   β 5    + O  (   1  β 6    )   ,   ( β → ∞ )   is a result derived from Equation (18). From the formula above, we can derive


  u  ( z , t )  = 2 i g  ( z , t )   e  2 i  ∫  ( 0 , 0 )   z , t   Δ   ,  



(45)




where


  E  ( z , t ; β )  = I +     g  12   ( 1 )    ( z , t ; β )   β   +     g  12   ( 2 )    ( z , t ; β )    β 2     










  +     g  12   ( 3 )    ( z , t ; β )    β 3    +     g  12   ( 4 )    ( z , t ; β )    β 4    +     g  12   ( 5 )    ( z , t ; β )    β 5    + O  (   1  β 6    )  ,    ( β → ∞ )   








is the matching answer to Equation (18), which is linked to   ψ ( z , t ; β )   through Equation (17). Through Equation (45) and its complex conjugate   v ( z , t )  , we have


     u v =   4 | g |  2  ,        u z  = 2 i  g z   e  2 i  ∫  ( 0 , 0 )   z , t   Δ   + 4 g u v  e  2 i  ∫  ( 0 , 0 )   z , t   Δ   ,        v z  = − 2 i   g ¯  z   e  − 2 i  ∫  ( 0 , 0 )   z , t   Δ   + 4  g ¯  u v  e  − 2 i  ∫  ( 0 , 0 )   z , t   Δ   ,       u  v z  −  u z  v = 4  (   g ¯  z  g −  g z   g ¯  )  + 64 i   | g |  4  .     








The inverse problem can be analyzed by following a three-step approach:




	(1)

	
In the first step, we utilize   ψ  ( z , t ; β )  =  G 0  +    G 1  β   +    G 2   β 2    +    G 3   β 3    +    G 4   β 4    +    G 5   β 5    + O  (   1  β 6    )   ,   ( β → ∞ )   to compute   g ( z , t )   as


  g  ( z , t )  =  lim  β → ∞     ( β  E k   ( z , t ; β )  )  12  .  












	(2)

	
In the second step, calculate   Δ ( z , t )   by Equation (16).




	(3)

	
In the third step, the expression for   u ( z , t )   is provided by Equation (45).











3. Definition and Properties of Spectral Functions and Riemann–Hilbert Problem


3.1. The Definition of Spectral Functions


Definition 1. 

(Regarding   χ ( β )   and   k ( β )  ), we suppose that    u 0   ( z )  = u  ( z , 0 )   , and define the map


   S :  {  u 0   ( z )  }  →  { χ  ( β )  , k  ( β )  }  ,   








where   χ ( β )   and   k ( β )   are spectral functions.


        k ( β )       χ ( β )      =  E 1  ( 2 )    ( z , 0 ; β )  =       E 1 12   ( z , 0 ; β )         E 1 22   ( z , 0 ; β )       ,    Im  β 2  ≤ 0 ,   








where


    E 1   ( z , 0 ; β )  = I +  ∫  − ∞  z   e  i  β 2   ( ξ − z )    θ ^  3     (  B 1   E 1  )   ( ξ , 0 ; β )  d ξ ,   








and    B 1   ( z , 0 ; β )    is represented as follows


    B 1   ( z , 0 ; β )  =        i 2     |  u 0  |  2      β  u 0   e   ∫  0  z  2 i   |  u 0  |  2  d ξ         β   u ¯  0   e  −  ∫  0  z  2 i   |  u 0  |  2  d ξ       −   i 2     |  u 0  |  2       .   













Proposition 5. 

The following are the significant properties of   χ ( β )   and   k ( β )  




	(1) 

	
For   Im  β 2  ≤ 0  ,   χ ( β )   and   k ( β )   are all analytical;




	(2) 

	
  χ  ( β )  = 1 + O  (   1 β   )  , k  ( β )  = O  (   1 β   )    as   β → ∞  ,   Im  β 2  ≤ 0  ;




	(3) 

	
  χ  ( β )    χ (  β ¯  )  ¯  − k  ( β )    k (  β ¯  )  ¯  = 1  ,    β 2  ∈ R  ;




	(4) 

	
  χ ( − β ) = χ ( β ) , k ( − β ) = − k ( β )  ,   Im  β 2  ≤ 0  ;




	(5) 

	
   S  − 1   = Q  , and the map   Q :  { χ  ( β )  , k  ( β )  }  →  {  u 0   ( z )  }   , the maps  S  and  Q  are presented below


    u 0   ( z )  = 2 i g  ( z )   e  2 i  ∫  0  z   Δ 1   ( ξ )  d ξ   ,   










   g  ( z )  =  lim  β → ∞     ( β  V  ( z )    ( z , β )  )  12  ,   








where    V  ( z )    ( z , β )    acknowledges the given Riemann–Hilbert problem (see Theorem 1).











Proof. 

Numbers (1)–(5) follow from the discussion in Proposition 3. □





Theorem 2. 

Let


       V  −   ( z )    ( z , β )  =  (  E 2   G 4  ∪  G 5  ∪  G 6     ( z , β )  ,     E 1   G 4  ∪  G 5  ∪  G 6     ( z , β )     χ (  β ¯  )  ¯    )  ,     Im  β 2  ≤ 0 , β ∈   G 4  ∪  G 5  ∪  G 6   ,        V  +   ( z )    ( z , β )  =  (     E 1   G 1  ∪  G 2  ∪  G 3     ( z , β )    χ ( β )    ,  E 2   G 1  ∪  G 2  ∪  G 3     ( z , β )  )  ,     Im  β 2  ≥ 0 , β ∈   G 1  ∪  G 2  ∪  G 3   .      



(46)




   V  ( z )    ( z , β )    meets the Riemann–Hilbert problem as follows:




	
   V  ( z )    ( z , β )  =       V  −   ( z )    ( z , β )  ,     Im  β 2  ≤ 0        V  +   ( z )    ( z , β )  ,     Im  β 2  ≥ 0        is a piecewise analytic function.



	
   V  ( z )    ( z , β )    fulfills asymptotic properties    V  ( z )    ( z , β )  = I + O  (   1 β   )  ,     β → ∞ .  



	
   V  ( z )    ( z , β )    meets the jump condition    V  +   ( z )    ( z , β )  =  V  −   ( z )    ( z , β )   L  ( z )    ( z , β )   ,    β 2  ∈ R  



where


    L  ( z )    ( z , β )  =       1   χ 2   ( β )        −    k ( β )   χ ( β )     e  − 2 i  β 2  z             χ  (  β ¯  )  k  (  β ¯  )   ¯    χ 2   ( β )      e  2 i  β 2  z          χ (  β ¯  )  ¯   χ ( β )        ,     β 2  ∈ R .   



(47)







	
  χ ( β )   contains   2  μ ˜    simple zeros    {  ε j  }   j = 1   2  μ ˜     (  2  μ ˜  = 2   μ ˜  1  + 2   μ ˜  2   ). We assume that   ε j  (   j = 1 , 2 , ⋯ , 2   μ ˜  1   ) belongs to    G 1  ∪  G 2  ∪  G 3   , and    ε ¯  j  (  j = 2   μ ˜  1  + 1 , 2   μ ˜  1  + 2 , ⋯ , 2  μ ˜   ) belongs to    G 4  ∪  G 5  ∪  G 6   .



	
The simple poles can be found at   β =   ε ¯  j    (  j = 2   μ ˜  1  + 1 , 2   μ ˜  1  + 2 , ⋯ , 2  μ ˜   ) in the second column of    V  −   ( z )    ( z , β )   . The first column of    V  +   ( z )    ( z , β )    displays simple poles positioned at   β =  ε j    (  j = 1 , 2 , ⋯ , 2   μ ˜  1   ).



Then, the residue condition is


   R e s  {   [ V  ( z , t ; β )  ]  1  ,  ε j  }  =     e  2 i    ε j   2  z     k (   ε ¯  j  )  ¯     χ ˙   (  ε j  )       [ V  ( z , t ;  ε j  )  ]  2  , j = 1 , 2 , ⋯ , 2   μ ˜  1  ,   



(48)






   R e s  {   [ V  ( z , t ; β )  ]  2  ,   ε ¯  j  }  =     e  − 2 i   ε ¯  j 2  z   k  (   ε ¯  j  )      χ ˙   (   ε ¯  j  )   ¯      [ V  ( z , t ;   ε ¯  j  )  ]  1  , j = 2   μ ˜  1  + 1 , 2   μ ˜  1  + 2 , ⋯ , 2  μ ˜  .   



(49)














Proof. 

According to Equation (38), we set   t = 0  


        χ (  β ¯  )  ¯   E 2   G 4  ∪  G 5  ∪  G 6    +   k (  β ¯  )  ¯   e  2 i  β 2  z    E 2   G 1  ∪  G 2  ∪  G 3    =  E 1   G 1  ∪  G 2  ∪  G 3    ,       k  ( β )   e  − 2 i  β 2  z    E 2   G 4  ∪  G 5  ∪  G 6    + χ  ( β )   E 2   G 1  ∪  G 2  ∪  G 3    =  E 1   G 4  ∪  G 5  ∪  G 6    .      



(50)




The jump matrix    L  ( z )    ( z , β )    satisfies the jump environment through calculation.



Take into account the first column of    V  +   ( z )    ( z , β )   


  R e s  {     E 1   G 1  ∪  G 2  ∪  G 3     ( z , β )    χ ( β )    ,  ε j  }  =  lim  β →  ε j     ( β −  ε j  )      E 1   G 1  ∪  G 2  ∪  G 3     ( z , β )    χ ( β )    =     E 1   G 1  ∪  G 2  ∪  G 3     ( z ,  ε j  )     χ ˙   (  ε j  )     .  








By substituting   β =  ε j    into the second equation of Equation (50), we derive


   E 1   G 1  ∪  G 2  ∪  G 3     ( z ,  ε j  )  =   k (   ε ¯  j  )  ¯   e  2 i    ε j   2  z     E 2   G 1  ∪  G 2  ∪  G 3     ( z ,  ε j  )   .  








Furthermore,


  R e s  {     E 1   G 1  ∪  G 2  ∪  G 3     ( z , β )    χ ( β )    ,  ε j  }  =     e  2 i    ε j   2  z     k (   ε ¯  j  )  ¯     χ ˙   (  ε j  )       [ M  ( z , t ;  ε j  )  ]  2  , j = 1 , 2 , · · · , 2   μ ˜  1  .  








It can be considered the same as Equation (48). We can demonstrate that Equation (49) holds by applying the same method. □





Definition 2. 

(Regarding   X ( β )   and   K ( β )  ), we suppose that    f 0   ( t )   ,    f 1   ( t )   , and define the map


    S ˜  :  {  f 0   ( t )  ,  f 1   ( t )  }  →  { X  ( β )  , K  ( β )  }    








where   X ( β )   and   K ( β )   are spectral functions.


        K ( β )       X ( β )      =  E 3  ( 2 )    ( 0 , β )  =       E 3 12   ( 0 , β )         E 3 22   ( 0 , β )       ,    I m  β 6  ≥ 0 ,   








where


    E 3   ( 0 , β )  = I −  ∫  t  T   e  2 i  β 6   ( τ − T )    θ ^  3     (  B 2   E 3  )   ( 0 , τ , β )  d τ ,   








and    B 2   ( 0 , t ; β )    is represented as follows


       B 2   ( 0 , t ; β )  =       B 2 11   ( 0 , t ; β )       B 2 12   ( 0 , t ; β )         B 2 21   ( 0 , t ; β )       B 2 22   ( 0 , t ; β )       .        B 2 11  = − i  β 4   |   f 0    |  2  −   1 2    β 2   (  f 0    f ¯  1  −  f 1    f ¯  0  )  +   i 4    β 2   |   f 0    |  4  −   i 4    f 2    f ¯  0  −   i 4    f 0    f ¯  2  +   i 4    |   f 1    |  2  +   3 8   i   |  f 0  |  6  ,        B 2 12  =  ( 2  β 5   f 0  + i  β 3   f 1  −   1 2   β  f 2  −   i 2   β  f 0 2    f ¯  1  −   1 4   β  f 0 3    f ¯  0 2  )   e  − 2 i  ∫  0  t   Δ 2   ( 0 , τ )  d τ   ,        B 2 21  =  ( 2  β 5    f ¯  0  − i  β 3    f ¯  1  −   1 2   β   f ¯  2  +   i 2   β  f 1    f ¯  0 2  −   1 4   β  f 0 2    f ¯  0 3  )   e  2 i  ∫  0  t   Δ 2   ( 0 , τ )  d τ   ,        B 2 22  = i  β 4   |   f 0    |  2  −   1 2    β 2   (  f 1    f ¯  0  −  f 0    f ¯  1  )  −   i 4    β 2   |   f 0    |  4  +   i 4    f 2    f ¯  0  +   i 4    f 0    f ¯  2  −   i 4    |   f 1    |  2  −   3 8   i   |  f 0  |  6  ,      








where    Δ 2   ( 0 , τ )  = −   1 2    f 2    f ¯  0  +   1 2    f 0    f ¯  2  −   1 2    |   f 1    |  2  −   1 4     |  f 0  |  6   .





Proposition 6. 

The following are the significant properties of the   X ( β )   and   K ( β )  .




	(1) 

	
For   Im  β 6  > 0  ,   X ( β )   and   K ( β )   are analytical;




	(2) 

	
  X  ( β )  = 1 + O  (   1 β   )  , K  ( β )  = O  (   1 β   )    as   β → ∞  ,   Im  β 6  ≥ 0  ;




	(3) 

	
  X  ( β )    X (  β ¯  )  ¯  − K  ( β )    K (  β ¯  )  ¯  = 1  ,    β 6  ∈ R  ;




	(4) 

	
  X ( − β ) = X ( β ) , K ( − β ) = − K ( β )  ,   Im  β 6  ≥ 0  ;




	(5) 

	
    S ˜   − 1   =  Q ˜   , and the map    Q ˜  :  { X  ( β )  , K  ( β )  }  →  {  f 0   ( t )  ,  f 1   ( t )  ,  f 2   ( t )  }   , the maps  S  of  Q  are presented below:


    f 0   ( t )  = 2 i  g  ( 1 )    ( t )   e  2 i  ∫  0  t   Δ 2   ( τ )  d τ   ,   



(51)




where the function    g  ( 1 )    ( t )    fullfills the given relationship    V  ( t )    ( t , β )  = I +     g  ( 1 )    ( t , β )   β   + O  (   1 β   )  ,    ( β → ∞ )   and    V  ( t )    ( t , β )    meets the following Riemann–Hilbert problem (see Theorem 2).











Proof. 

Numbers (1)–(5) follow from the discussion in Proposition 3. □





Theorem 3. 

Let


       V  −   ( t )    ( t , β )  =  (  E  3    G 2  ∪  G 4  ∪  G 6     ( t , β )  ,     E  2    G 2  ∪  G 4  ∪  G 6     ( t , β )     X (  β ¯  )  ¯    )  ,     Im  β 6  ≤ 0 , β ∈   G 2  ∪  G 4  ∪  G 6   ,           V  +   ( t )    ( t , β )  =  (     E  2    G 1  ∪  G 3  ∪  G 5     ( t , β )    X ( β )    ,  E  3    G 1  ∪  G 3  ∪  G 5     ( t , β )  )  ,     Im  β 6  ≥ 0 , β ∈   G 1  ∪  G 3  ∪  G 5   .      



(52)




   V  ( t )    ( t , β )    meets the Riemann–Hilbert problem as follows:




	
   V  ( t )    ( t , β )  =       V  −   ( t )    ( t , β )  ,     Im  β 6  ≤ 0        V  +   ( t )    ( t , β )  ,     Im  β 6  ≥ 0        is a piecewise analytic function.



	
   V  ( t )    ( t , β )    fulfills asymptotic properties    V  ( t )    ( t , β )  = I + O  (   1 β   )  ,     β → ∞ .  



	
   V  ( t )    ( t , β )    meets the jump condition    V  +   ( t )    ( t , β )  =  V  −   ( t )    ( t , β )   L  ( t )    ( t , β )   ,    β 6  ∈ R  



where


    L  ( t )    ( t , β )  =       1  X  ( β )    X (  β ¯  )  ¯           K ( β )    X (  β ¯  )  ¯     e  − 4 i  β 6  t         −     K (  β ¯  )  ¯   X ( β )     e  4 i  β 6  t      1     ,     β 6  ∈ R .   



(53)







	
  X ( β )   contains   2 k   simple zeros    {  κ j  }   1   2 n    (  2 n = 2  n 1  + 2  n 2   ). We assume that   κ j  (  j = 1 , 2 , ⋯ , 2  n 1   ) belongs to    G 1  ⋃  G 3  ⋃  G 5   , and    κ ¯  j  (  j = 2  n 1  + 1 , 2  n 1  + 2 , ⋯ , 2 n  ) belongs to    G 2  ⋃  G 4  ⋃  G 6   .



	
The simple poles can be found at   β =  κ j    (  j = 1 , 2 , ⋯ , 2  n 1   ) in the first column of    V  +   ( t )    ( t , β )   . The second column of    V  −   ( t )    ( t , β )    displays simple poles positioned at   β =   κ ¯  j   (  j = 2  n 1  + 1 , 2  n 1  + 2 , ⋯ , 2 n  ).



Then, the residue condition is


   R e s  {   [  V  ( t )    ( t , β )  ]  1  ,  κ j  }  =    e  4 i  κ j 6  t     X ˙   (  κ j  )  K  (  κ j  )       [  V  ( t )    ( t ,  κ j  )  ]  2  , j = 1 , 2 , ⋯ , 2  n 1  ,   



(54)






   R e s  {   [  V  ( t )    ( t , β )  ]  2  ,   κ ¯  j  }  =    e  − 4 i  κ j 6  t       X ˙   (   κ ¯  j  )   ¯    K (   κ ¯  j  )  ¯       [  V  ( t )    ( t ,   κ ¯  j  )  ]  1  , j = 2  n 1  + 1 , 2  n 1  + 2 , ⋯ , 2 n .   



(55)














Proof. 

According to Equation (39), we set   z = 0  


        X (  β ¯  )  ¯   E 2   G 1  ∪  G 3  ∪  G 5    +   K (  β ¯  )  ¯   e  4 i  β 6  t    E 2   G 2  ∪  G 4  ∪  G 6    =  E 3   G 2  ∪  G 4  ∪  G 6    ,       K  ( β )   e  − 4 i  β 6  t    E 2   G 1  ∪  G 3  ∪  G 5    + X  ( β )   E 2   G 2  ∪  G 4  ∪  G 6    =  E 3   G 1  ∪  G 3  ∪  G 5    .      



(56)




The jump matrix    L  ( t )    ( t , β )    satisifies the jump environment through calculation.



Take into account the first column of    V  +   ( t )    ( t , β )   


  R e s  {     E 2   G 1  ∪  G 3  ∪  G 5     ( t , β )    X ( β )    ,  κ j  }  =  lim  β →  κ j     ( β −  κ j  )      E 2   G 1  ∪  G 3  ∪  G 5     ( t , β )    X ( β )    =     E 2   G 1  ∪  G 3  ∪  G 5     ( t ,  κ j  )     X ˙   (  κ j  )     .  








By substituting   β =  κ j    into the second equation of Equation (55), we derive


   E 2   G 1  ∪  G 3  ∪  G 5     ( t ,  κ j  )  =   1  K (  κ j  )     e  4 i    κ j   6  t     E 3   G 1  ∪  G 3  ∪  G 5     ( t ,  κ j  )   .  








Furthermore,


  R e s  {     E 2   G 1  ∪  G 3  ∪  G 5     ( t , β )    X ( β )    ,  κ j  }  =    e  4 i  κ j 6  t     X ˙   (  κ j  )  K  (  κ j  )       [  M  ( t )    ( t ,  κ j  )  ]  2  , j = 1 , 2 , ⋯ , 2  n 1  .  








It can be considered the same as Equation (54). We can demonstrate that Equation (55) holds by applying the same method. □





Definition 3. 

(Regarding   γ ( β )   and   ω ( β )  ), we suppose that


   γ  ( β )  =   s (  β ¯  )  ¯  S  ( β )  −   k (  β ¯  )  ¯  K  ( β )  ,    ω  ( β )  = s  ( β )  K  ( β )  − k  ( β )  S  ( β )  ,   








and the smooth functions    u T   ( z )  = u  ( z , T )   . We define the map


     S ˜  ˜  :  {  u T   ( z )  }  →  { γ  ( β )  , ω  ( β )  }    








by


        ω ( β )       γ ( β )      =  E 3  ( 2 )    ( 0 , β )  =       E 3 12   ( 0 , β )         E 3 22   ( 0 , β )       ,    I m  β 2  ≥ 0 ,   








where


    E 3   ( z , T ; β )  = I −  ∫  z  0   e  i  β 2   ( ξ − x )    σ ^  3     (  B 1   E 3  )   ( ξ , T ; β )  d ξ ,   










    E 1   ( z , T ; β )  = I +  ∫  − ∞  z   e  i  β 2   ( ξ − x )    σ ^  3     (  B 1   E 1  )   ( ξ , T ; β )  d ξ ,   








and    B 1   ( z , T ; β )    is represented as follows


    B 1   ( z , T ; β )  =        i 2     |  f T  |  2      β  f T   e   ∫  0  z  2 i   |  f T  |  2  d ξ         β   f ¯  T   e  −  ∫  0  z  2 i   |  f T  |  2  d ξ       −   i 2     |  f T  |  2       .   













Proposition 7. 

The following are the significant properties of the   γ ( β )   and   ω ( β )  .




	(1) 

	
For   Im  β 2  ≥ 0  ,   γ ( β )   and   ω ( β )   are analytical;




	(2) 

	
  γ  ( β )  = 1 + O  (   1 β   )  , ω  ( β )  = O  (   1 β   )    as   β → ∞  ,   Im  β 2  ≥ 0  ;




	(3) 

	
  γ  ( β )    γ (  β ¯  )  ¯  − ω  ( β )    ω (  β ¯  )  ¯  = 1  ,    β 2  ∈ R  ;




	(4) 

	
  γ ( − β ) = γ ( β ) , ω ( − β ) = − ω ( β )  ,   Im  β 2  ≥ 0  ;




	(5) 

	
     S ˜  ˜   − 1   =   Q ˜  ˜   , and the map     Q ˜  ˜  :  { γ  ( β )  , ω  ( β )  }  →  {  f T   ( z )  }   , the maps    S ˜  ˜   and    Q ˜  ˜   are presented below


    f T   ( z )  = 2 i  g T   ( z )   e  2 i  ∫  z  0   Δ 1   ( ξ , T )  d ξ   ,   



(57)






    g T   ( z )  =  lim  β → ∞     ( β  V  ( T )    ( z , β )  )  12  ,   



(58)




where    V  ( T )    ( z , β )    satisfies the given Riemann–Hilbert problem (see Theorem 3).











Proof. 

Numbers (1)–(5) follow from the discussion in Proposition 3. □





Theorem 4. 

Let


       V  −   ( T )    ( z , T , β )  =  (  E 3   G 4  ∪  G 5  ∪  G 6     ( z , T , β )  ,     E 1   G 4  ∪  G 5  ∪  G 6     ( z , T , β )    γ ( β )    )  ,     Im  β 2  ≤ 0 , β ∈   G 4  ∪  G 5  ∪  G 6   ,        V  +   ( T )    ( z , T , β )  =  (     E  1    G 1  ∪  G 2  ∪  G 3     ( z , T , β )     γ (  β ¯  )  ¯    ,  E  3    G 1  ∪  G 2  ∪  G 3     ( z , T , β )  )  ,     Im  β 2  ≥ 0 , β ∈   G 1  ∪  G 2  ∪  G 3   .      



(59)




   V  ( T )    ( z , β )    meets the Riemann–Hilbert problem as follows:




	
   V  ( T )    ( z , β )  =       V  −   ( T )    ( z , β )  ,     Im  β 2  ≤ 0        V  +   ( T )    ( z , β )  ,     Im  β 2  ≥ 0        is a piecewise analytic function.



	
   V  ( T )    ( z , β )    fulfills asymptotic properties    V  ( T )    ( z , β )  = I + O  (   1 β   )  ,     β → ∞ .  



	
   V  ( z )    ( z , β )    meets the jump condition    V  +   ( T )    ( z , β )  =  V  −   ( T )    ( z , β )   L  ( T )    ( z , β )   ,    β 2  ∈ R  ,



where


    L  ( T )    ( z , β )  =       1    γ (  β ¯  )  ¯  2          ω ( β )    γ (  β ¯  )  ¯     e  − 2 i (  β 2  z + 2  β 6  T )         −    γ  ( β )    ω (  β ¯  )  ¯      γ (  β ¯  )  ¯  2     e  2 i (  β 2  z + 2  β 6  T )         γ ( β )    γ (  β ¯  )  ¯        ,     β 2  ∈ R .   



(60)







	
  γ ( β )   contains   2  μ ˜    simple zeros    {  ν j  }   j = 1   2  μ ˜    (  2  μ ˜  = 2   μ ˜  1  + 2   μ ˜  2   ). We assume that   ν j  (  j = 1 , 2 , ⋯ , 2   μ ˜  1   ) belongs to    G 1  ⋃  G 2  ⋃  G 3   , and    ν ¯  j  (  j = 2   μ ˜  1  + 1 , 2   μ ˜  1  + 2 , ⋯ , 2  μ ˜   ) belongs to    G 4  ⋃  G 5  ⋃  G 6   .



	
The simple poles can be found at   β =  ν j    (  j = 1 , 2 , ⋯ , 2   μ ˜  1   ) in the first column of    V  +   ( T )    ( z , β )   . The second column of    V  −   ( T )    ( z , β )    displays simple pole positions at   β =   ν ¯  j   (   j = 2   μ ˜  1  + 1 , 2   μ ˜  1  + 2 , ⋯ , 2  μ ˜   ).



Then, the residue condition is


   R e s  {   [  V  ( T )    ( z , β )  ]  1  ,  ν j  }  =    e  2 i (  ν j 2  z + 2  ν j 6  T )       γ ˙   (   ν ¯  j  )   ¯  ω  (  ν j  )       [  V  ( T )    ( z ,  ν j  )  ]  2  , j = 1 , 2 , ⋯ , 2   μ ˜  1  ,   



(61)






   R e s  {   [  V  ( T )    ( z , β )  ]  2  ,    ν ¯  j  }  =    e  − 2 i (  ν j 2  z + 2  ν j 6  T )      γ ˙   (   ν ¯  j  )     ω (   ν j  ¯  )  ¯       [  V  ( T )    ( z ,   γ ¯  j  )  ]  1  , j = 2   μ ˜  1  + 1 , 2   μ ˜  1  + 2 , ⋯ , 2  μ ˜  .   



(62)














Proof. 

According to Equation (39), we set   t = L  


        γ (  β ¯  )  ¯   E 1   G 1  ∪  G 2  ∪  G 3    +  e  2 i θ ( β )     ω (  β ¯  )  ¯   E 1   G 4  ∪  G 5  ∪  G 6    =  E 3   G 4  ∪  G 5  ∪  G 6    ,        e  − 2 i θ ( β )   ω  ( β )   E 1   G 1  ∪  G 2  ∪  G 3    + γ  ( β )   E 1   G 4  ∪  G 5  ∪  G 6    =  E 3   G 1  ∪  G 2  ∪  G 3    .      



(63)




The jump matrix    L  ( z )    ( z , β )    satisfies the jump environment through calculation.



Take into account the first column of    V  +   ( z )    ( z , β )   


  R e s  {     E  1    G 1  ∪  G 2  ∪  G 3     ( z , β )     γ (  β ¯  )  ¯    ,  ν j  }  =  lim  β →  ν j     ( β −  ν j  )      E 1   G 1  ∪  G 2  ∪  G 3     ( z , β )     γ (  β ¯  )  ¯    =     E 1   G 1  ∪  G 2  ∪  G 3     ( z ,  ν j  )      γ ˙   (   ν j  ¯  )   ¯    .  








By substituting   β =  ν j    into the second equation of Equation (59), we derive


   E 1   G 1  ∪  G 2  ∪  G 3     ( z ,  ν j  )  =   1  ω (  ν j  )     e  2 i (  ν  j  2  z +  ν  j  6  L )     E 3   G 1  ∪  G 2  ∪  G 3     ( z ,  ν j  )   .  








Furthermore,


  R e s  {     E  1    G 1  ∪  G 2  ∪  G 3     ( z , β )     γ (  β ¯  )  ¯    ,  ν j  }  =    e  2 i (  ν  j  2  z +  ν  j  6  L )       γ ˙   (   ν j  ¯  )   ¯  ω  (  ν j  )       [  M  ( t )    ( t ,  κ j  )  ]  2  , j = 1 , 2 , ⋯ , 2   μ ˜  1  .  








It can be considered the same as Equation (61). We can demonstrate that Equation (62) holds by applying the same method. □






3.2. Riemann–Hilbert Problem


Theorem 5. 

The matrix functions    s 1   ( β )    and    s 2   ( β )    are defined by   χ ( β )  ,   k ( β )  ,   X ( β )  , and   K ( β )  , respectively. The spectral functions    u 0   ( z )   ,    f 0   ( t )   , and    f 1   ( t )    of Definitions 1 and 2 indicate   χ ( β )  ,   k ( β )  ,   X ( β ) ,   and   K ( β )  . Suppose that   χ ( β )  ,   k ( β )  ,   X ( β )  , and   K ( β )   satisfy the global relation.


   χ  ( β )  K  ( β )  − k  ( β )  X  ( β )  =  e  4 i  β 6  T    b +   ( β )  ,    I m  β 6  ≥ 0 ,   








where    b +   ( β )    is an entire function.    s 1   ( β )  =  E 1   ( 0 , 0 ; β )   ,    s 2   ( β )  =  s 2   ( T , β )  =   (  e  2 i  β 6  T    E 2   ( 0 , T ; β )  )   − 1    . The global relation is transformed into   χ ( β ) K ( β ) − k ( β ) X ( β ) = 0   if   β → ∞  . Define the   V ( z , t , β )   as the answer to the subsequent   2 × 2   Riemann–Hilbert problem.




	
The function   V ( z , t ; β )   is an analytical function that acts upon sections and has a unit determinant.



	
  V ( z , t ; β )   meets the jump condition


    V +   ( z , t ; β )  =  V −   ( z , t ; β )  L  ( z , t ; β )  ,     β 6  ∈ R .   



(64)







	
The simple poles can be found at   β =  ζ j    (  j = 1 , 2 , ⋯ , 2  ν 1   ) and   β =   ε ¯  j    (  j = 2  μ 1  + 1 , 2  μ 1  + 2 , ⋯ , 2 μ  ) in the second column of   V ( z , t ; β )  . Simple poles can also be found at   β =   ζ ¯  j    (  j = 2  ν 1  + 1 , 2  ν 1  + 2 , ⋯ , 2 ν  ) and   β =  ε j   (   j = 1 , 2 , ⋯ , 2  μ 1   ) in the first column of   V ( z , t ; β )  .



	
  V  ( z , t ; β )  = I + O  (   1 β   )  ,    β → ∞  .



	
Hypothesis 1 illustrates the residual relationship that   V ( z , t ; β )   possesses.








Then, the function   V ( z , t ; β )   both exists and is unique.



Given   V ( z , t ; β )  , define   u ( z , t )   as


      u  ( z , t )  = 2 i g  ( z , t )   e  2 i  ∫  ( 0 , 0 )   ( z , t )   Δ   ,       g  ( z , t )  =  lim  β → ∞     ( β V  ( z , t ; β )  )  12  .      



(65)




Then, we can obtain   u ( z , t )  , which represents the solution to the higher-order Gerdjikov–Ivanov equation Equation (4), with initial boundary conditions   u  ( z , 0 )  =  u 0   ( z )   ,   u  ( 0 , t )  =  f 0   ( t )   ,    u z   ( 0 , t )  =  f 1   ( t )   , and    u  z z    ( 0 , t )  =  f 2   ( t )   .





Proof. 

If    s 1   ( β )    and    s 2   ( β )    do not have any zeros, it can be assumed that the   ( 2 × 2 )   function   V ( z , t ; β )   adheres to a non-singular Riemann–Hilbert problem. By utilizing the correspondence between the jump matrix   L ( z , t , β )   and symmetry conditions, it is possible to demonstrate that this problem has a global solution. The scenario where    s 1   ( β )    and    s 2   ( β )    have a limited number of zeros can be transformed into an equivalent situation with no zeros by introducing an algebraic system of equations that always has a solvable outcome. □





Theorem 6. 

Given the vanishing boundary condition   V ( z , t ; β ) → 0   (  β → ∞ )  , Theorem 5 states that there is only zero solution to the Riemann–Hilbert problem.





Proof. 

Assuming that    V ±   ( z , t ; β )  → ∞   (  β → ∞ )   represents a proposed resolution to the Riemann–Hilbert problem as stated in Theorem 6, suppose that  𝘍  denotes a   2 × 2   matrix. The symbol used to represent the complex conjugate transpose of  𝘍  is   𝘍 †  .



Provide a definition


      ϰ +   ( β )  =  V +   ( β )   V  −  †   ( −  β ¯  )  ,    Im  β 6  ≥ 0 ,        ϰ −   ( β )  =  V −   ( β )   V  +  †   ( −  β ¯  )  ,    Im  β 6  ≤ 0 ,     



(66)




where the z and t are dependence.    ϰ +   ( β )    is analyzed in   { β ∈ C ∖ Im  β 6  > 0 }   and    ϰ −   ( β )    is analyzed in   { β ∈ C ∖ Im  β 6  < 0 }  . Using symmetry, we can draw the following conclusions


   L  1  †   ( −  β ¯  )  =  L 1   ( β )  ,      L  2  †   ( −  β ¯  )  =  L 2   ( β )  ,      L  3  †   ( −  β ¯  )  =  L 3   ( β )  .      



(67)




Then


      ϰ +   ( β )  =  V −   ( β )  L  ( β )   V  −  †   ( −  β ¯  )  ,    Im  β 6  ∈ R ,        ϰ −   ( β )  =  V −   ( β )   L †   ( −  β ¯  )   V  −  †   ( −  β ¯  )  ,    Im  β 6  ∈ R .     



(68)




   ϰ +   ( β )  =  ϰ −   ( β )    for   Im  β 6  ∈ R  , in accordance with Equations (67) and (68). As a result,    ϰ +   ( β )    and    ϰ −   ( β )    form a complete function that is identically zero at infinity. It turns out that the matrix    L 1   ( i ι )   ( ι ∈ R )    is a positive definite matrix. Thinking that    ϰ −   ( ι )    disappears for   ι ∈ i R   in the same way, i.e.,


   V +   ( i ι )   L 1   ( i ι )   V  +  †   ( i ι )  = 0 ,    ι ∈ R .  



(69)




Given that   ι ∈ R  , it can be deduced that    V +   ( i ι )  = 0  . Therefore, both    V +   ( β )    and    V −   ( β )    disappear in an identical manner. □





Theorem 7. 

There is evidence that   u ( z , t )   complies with the higher-order Gerdjikov–Ivanov equation.





Proof. 

The dressing method can be employed to demonstrate that if we represent the solution to the higher-order Gerdjikov–Ivanov equation as   V ( z , t ; β )  , then it is possible to express   u ( z , t )   in terms of   V ( z , t ; β )   by utilizing Equation (65). Additionally, it is worth mentioning that   u ( z , t )   satisfies the Lax pair for this equation. Consequently,   u ( z , t )   is solvable on the higher-order Gerdjikov–Ivanov equation. □







4. Conclusions and Remarks


In this study, we comprehensively investigate the higher-order Gerdjikov–Ivanov equation on the half line using the Fokas method. The Fokas method, which is more comprehensive than the inverse scattering method, provides a valuable approach for analyzing initial boundary value problems of linear and nonlinear PDEs. Unlike the inverse scattering method, this technique has a significant advantage in examining the long-term asymptotic behavior of solutions. Therefore, utilizing this advantage enables us to utilize Deift–Zhou’s nonlinear rapid decay method to investigate the long time asymptotic behavior of solutions. Consequently, our future research plan builds upon these findings by focusing on studying initial boundary value problems on intervals for integrable evolution equations and exploring the long time asymptotic behavior of discrete integrable evolution equations using the nonlinear steepest-descent method.
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Figure 1. The   ( z , t )  -domain. 
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Figure 2. The three points in the   ( z , t )  -domain. 
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Figure 3.    l 1  ,  l 2  ,  l 3    in the   ( z , t )  -domain. 






Figure 3.    l 1  ,  l 2  ,  l 3    in the   ( z , t )  -domain.
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Figure 4. The complex   β  ∔plane is divided into regions    G j  , j = 1 , 2 , 3 , 4 , 5 , 6  . 






Figure 4. The complex   β  ∔plane is divided into regio