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1. Introduction

By convention, let N and QQ be the set of all positive integers and the set of all rational
numbers, respectively. Assume that VV and W are real vector spaces, and Y is a real normed
space. A mapping A : V — W is said to be additive if it satisfies A(x +y) = A(x) + A(y)
forall x,y € V. If A is an additive mapping, we can easily show that A(rx) = rA(x) for all
x € Vandallr € Q.

A mapping A, : V" — W is called n-additive if it is additive in each of its variables. A
mapping A, : V" — W is said to be symmetric if A, (x1,x2,...,%:) = Au(Y1,Y2,-- -, Yn),
whenever (y1,12,...,Yx) is a permutation of (x1, x, ..., x,). For every n-additive symmet-
ric mapping A, : V" — W, we set A"(x) = Au(x,x,...,x) forall x € V. Then, we obtain
A'(rx) = r"A"(x) whenever x € V and r € Q. Such a mapping A" (x) where A" # 0 is
called a monomial mapping of degree n, or an n-monomial mapping. Any mapping p : V — W
is said to be a generalized polynomial mapping of degree n, provided that there are a constant
mapping A%(x) = A® € W and i-monomial mappings A’ : Vi — W,i € {1,2,...,n}, such

that p(x) = i Al(x) for all x € V, where A" # 0. For details on the terminologies and
i=0

definitions used above, one may refer to [1].

The purpose of this paper is to prove a theorem that solves the uniqueness problem
that arises when studying the (generalized) stability of some functional equations, whose
solutions are monomial mappings or generalized polynomial mappings of degree n.

The concept of stability of a functional equation occurs when we replace a functional
equation with an inequality that acts as a perturbation of the equation. In 1940 (refer to [2]),
the stability problem of the functional equation was raised by Ulam. This problem has
attracted the attention of many researchers. In 1941 (refer to [3]), the affirmative answer to
this question was given by Hyers. In 1950 (refer to [4]), Aoki generalized Hyers’ theorem
for additive mappings. Also, in [5], Hyers’ result was generalized by Th. M. Rassias
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for linear mappings by an unbounded Cauchy difference. Moreover, in 1994, a further
generalization of Th. M. Rassias’ theorem was obtained by Gavruta (see [6]). After then,
the stability problem of various functional equations has been extensively investigated by
many mathematicians. For works of the stability problem of a functional equation whose
solution is a monomial mapping, one can refer to [7-12]. For recent works of the stability
problem of functional equations whose solutions are generalized polynomial mappings of
degree 4 or 5 or 6 or 7 or 8 or 9 or 10, one can refer to [13-23].

Our results in this paper can be applicable to generalized stability problems of func-
tional equations whose solutions are monomial or generalized polynomial mappings of
degree n. Our main theorem (Theorem 5 in Section 3) states the following:

For any fixed n € N, let a, aq,ay,...,a, be nonzero real constants such that a > 1
and wy < ay < -+ < &y. Fora given mapping f : V. — Y, if there exist mappings
F,B,...,FE, : V — Yanda function ¢ : V' \ {0} — [0, 00) that satisfy

f(x) - i F(x)| <) %gb(aiX) < o or
k=1 i=0

flx) — i F(x)| < i a} ¢ (a'x) + ia”‘/i(])<ix) < o0 or
k=1 i—0 ati+1 =0 a

for some integer 1 < ¢ < n, where every Fy has the property
Fi(ax) = a*F(x) (forallx € V),

then the mappings F1, F, . .., F, are uniquely determined.

The above main theorem of this paper is considered to be a further extension and
generalization of existing uniqueness theorems. For previous uniqueness theorems related
to the stability of functional equations, one can refer to [24,25].

2. Preliminaries

Throughout the paper, unless otherwise stated, we assume that V is a real vector space,
Y is a real Banach space, and f : V — Y is a given arbitrary mapping.

In the following theorem, let ® be a function that satisfies similar conditions with Gavruta
condition (refer to [6]). Then, we prove that, for any given mapping f, if there is a mapping F
(close to f) with some additional properties, then the mapping F is uniquely determined.

Theorem 1. For any fixed integer n > 0, let a, a1, ay, . .., &y, be nonzero real constants, such that
a>landog <ap <--- < ay, andlet ®:V\ {0} — [0,00) be a function satisfying one of the
following conditions:

1

lim —®(a'x) =0 (forall x € V'\ {0}),
i—oc0 g*1?

lim a"‘l"d)(l,x> = lim i@(aix) =0 (forall x € V'\ {0}),
i—00 at i—o0 %2

lim a“’11i¢<1ix> = lim L D(a'x) =0 (forallx € V\ {0}),

i—00 a i—o0 g%¥n

. via (1
lim a* l(ID(al.x> =0 (forall x € V\ {0}).

1—00
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For a given mapping f : V. — Y, if there exist mappings F, F, ..., F, : V. — Y such that

Hf(x) - )Y R <o) 2
k=1
forall x € V \ {0}, where every Fy satisfies
F(ax) = a*F(x) (forallx € V), (3)

then the mappings F1, F, ..., F, are uniquely determined.

Proof. We will prove this theorem by applying mathematical induction. First, we will
prove our claim for n = 1. In this case, only the first and last conditions of (1) are valid. Let
®: V\ {0} — [0,00) be a function that satisfies one of the following conditions:

11iq)<aix) =0 (forallx € V\{0}),

o @
lim a“11d><al.x> =0 (forallx € V\{0}),

and let f : V — Y be an arbitrarily given mapping. Assume that F;, F| are mappings such
that || f(x) - R(x)]| < ®(x), |f(x) - F(x)| < ®(x), F(ax) = a"Fy(x), and F(ax) =
a*1F{(x) forallx € V.

If ® satisfies the first condition in (4), then we have

. 1
|G~ F)]| = tim |- F (@ )_WF{(alx)’
= ilgilo a"‘llFl (ai ) N Mif(aix)
. 1
+ lim | f(a'x) — 5 Fy (') ’

forall x € V'\ {0}.
We now assume that @ satisfies the second condition in (4). Then, we obtain

(1 (1
o) -3
a a

IRi(x) - ()] = lim

: 1 : 1
< lim ||a"'F (x) — a““f(.x> H
i—00 at at
, 1 (1
+11Lr£10 a”‘”f(uix) —a"'F (aix> ‘

: 1
< 2 lim a"'® (ﬂz.x>

i—00

=0

forall x € V' \ {0}. Since F;(0) = F{(0) = 0, it holds that F;(x) = F{(x) for all x € V (for
both cases).

Assume that our assertion holds for n = m — 1, where m > 1 is some integer. Let
®: V\ {0} — [0,c0) be a function satisfying one of conditions in (1) for n = m, and let
f : V= Y be an arbitrary mapping. Assume that f,F;, F,..., F, : V — Y are mappings
satisfying (2) and (3) for n = m.
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Let g,G1,Gy, ..., Gy : V — Y be the mappings defined by g(x) := a® f(x) — f(ax),
Gi(x) = (a"m —a")F(x), ..., Gp_1(x) := (a"m —a"m-1)F,_1(x),and let ¥ : V \ {0} —
[0, c0) be the function defined by ¥ (x) := a*"®(x) + ®(ax). Then, ¥ satisfies one of the
conditions in (1) for n = m. It is easy to show that G, Gy, . .., G,,_1 satisfy

Gi(ax) = a"*Gy(x)
forallx € Vand k € {1,2,...,m — 1}, and

-1

3

m—1 m—1
||8(x) - Y Gi(x) Fe(x)— ) Fk(“)) H
k=1 k=1

awﬂ@—ﬂm%—GW

k=1

at (f(x) - i Fk(x)> - (f(M) - f: Fk(M)> H
k=1 k=1

S alxm +

F()— Y Flx)
k=1

< a*m®(x) + D(ax)
=Y¥(x)

flax) — Y Felax)
k=1

forall x € V' \ {0}.

Since ¥ satisfies one of conditions in (1) forn = mand g, Gy, ..., G;,—1, ¥ satisfy (2)
and (3) for n = m — 1; by the induction assumption, Gj, ..., G;;_1 are uniquely determined.
This implies that if ® satisfies one of conditions in (1) forn = m and f, and F;, F,, ..., Fy,
® satisfy (2) and (3) for n = m, then F, F,, ..., F;,_1 are uniquely determined, because
F(x) = WGk(x) for each k € {1,2,...,m — 1}. In other words, if ® satisfies one
of conditions in (1) for n = m and f, Fi, B, ..., Fy, P satisfies (2) and (3) for n = m and
simultaneously, if f, F{,Fj, ..., F/, ® satisfy (2) and (3) for n = m, then F, = F/ for every
ke {1,2,...,m—1}. Moreover, we have

< 20(x) )

[[En(x) = By (x)]| = Hf(x) ka:lPk(x) - (f(X) Ijilei(X))

forall x € V' \ {0}.
Now, we use (3) and (5) to prove that F,, = F),. If ® : V'\ {0} — [0, o0) satisfies one of
the conditions other than the last one in (1) for n = m, namely the jth condition, then

| En(x) — Fj(x)]| = lim

1—00

ﬁ ( w(a'x) — F), (aix)) H

<2lim ! D (a'x)

i—oo glm!

<2 lim i_.cp(afx)

i—oo g%t

=0

1 1

atmi — i

forall x € V'\ {0} and for some j € {1,2,...,m}, since

j
We now assume that @ satisfies the last condition in (1) %or n = m. It then follows
from (5) that
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(| Eni(x) — Ejy(x)]| = lim a®
i—o00

1 1
ACHEACS H

< 2lim a“mlCI)( L x)
at

i—o0

=0

forall x € V'\ {0}.
Finally, since Fy,(0) = F,,(0) = 0, it holds that F,,(x) = F,,(x) for all x € V. With the
inductive conclusion, we complete the proof of our assertion. [

In the following two corollaries, we assume that V is a real vector space and Y is a real
normed space.

Corollary 1. Let a, a1, ap,...,a, be nonzero real constants, such that a > 1 and aq < ap <
- < oy, and let @ : V\ {0} — [0,00) be a function that satisfies one of the conditions in (1).
For a given mapping f : V. — Y, if there are mappings F, F1, F,, ..., F, : V. — Y such that

1f(x) = F(x)[| < @(x) (forallx € V\{0}), (6)

where F(x) = Z Fi(x) and F(ax) = a“kF(x) for all x € V, then the mappings F, F1, F, ..., F,

are uniquely determzned

Corollary 2. Let a, p, a1, 2, ...,0,, and p be nonzero real constants, such that a > 1, p ¢
{ag,a0,...,0n} and aq < ay < --- < ay. For a given mapping f : V — Y, if there are mappings
F,F,F,...,E, : V — Y and a constant K > 0 such that

1£(x) = E(o) [l < K|x[|" (forall x € V\ {0}), )

where F(x) = Z Fy(x) and F(ax) = a*Fy(x) for all x € V, then the mappings F, F1, F,, ..., F,

are uniquely determlned

Proof. If we put ®(x) := K||x||? for all x € V' \ {0}, then P satisfies one of the conditions
of (1) and f, Fi, F,, ..., F, satisfy conditions (2) and (3), given in Theorem 1. Therefore,
Fi,F, ..., F, are the unique mappings that satisfy conditions (3) and (7). O

3. Main Theorem

In this section, we assume that V is a real vector space and Y is a real normed space.
In the following three lemmas, we will introduce special conditions that satisfy the
conditions of (1).

Lemma 1. Let a and « be nonzero real constants with a > 1. If a function ¢ : V' \ {0} — [0, c0)
satisfies the condition
1
D(x) := a—qb(a 'x) < o0

Sl

forall x € V \ {0}, then the function ® : V \ {0} — [0, 00) satisfies

1
lim TqD(ﬂ x) 0

m—oo

forallx € V\ {0}.
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Proof. If ¢ satisfies ®(x) = OZo: $¢(aix) < oo forall x € V'\ {0}, then we have
=0

lim ! d(a"x) =

m—oo g

m, 2
forallx € V\ {0}. O

In the following lemma, we introduce some special conditions that satisfy one of the
second to nth conditions of (1).

Lemma 2. For any fixed integer n > 0, let £ be an integer with 1 < £ < n. Assume that a, ay, and
g1 are nonzero real constants, such that a > 1and ay < ap 1. Ifa function g : V\ {0} — [0, o0)
satisfies the following conditions

[ee}

Dy(x) ::iz P(a'x) < oo and D)(x Za“” ( > <

A1t
—04

forall x € V'\ {0}, then the functions @, @), : V \ {0} — [0, ) have the following properties:

im 1 D, (a™ aym 1 .
Jm e @ (ax) = lim a®" O —Sx ) =0
and

1 1
lim —— @) (a"x) = Jim a"‘fmq)’f(amx) =0

m—oo g¥e+1Mm

forallx € V\ {0}.

Proof. If ¢ satisfies ®/(x) = ¥ 1 5¢(a'x) < oo and ®)(x) = 2 a"‘ﬂ¢( x) < oo for all
i=0

. ate+1?
x € V'\ {0}, then we have
lim #Cbz (a®™x)

m—roo g2&p1M

i 1 S i (1
m ——————— E a —X
m—yoo g20p41m—20m ¢ al

i=—2m

1 o 1 ® (1

_ - dg —
mlg}o a2 —ag)m 21 a“ﬂ‘P(ﬂ x) + hféo a2(ap 1 —ag)m i;()a (P(ai x>

ot 22"”<>+1 B —r
= mso a2(ep—ag)m ~ W(P X T %% a2l —agym L X
— 1 . i
o ﬂlzlglo u(“(+l g ) ; ateit (@i — M)m(P(u x)

2m 1 .
. I i
* r&l—rgo i:zm 20 m—og(2m—i) 4)(11 x)

m—1 .
lim ! ‘ , ! 5 ¢(a'x)

m—voo glappr—a)m = gupeqi+(ap —ag)(m—i

I
—_

2m 1
o, L R T 5 ¢l

aix)

m 2m
lim (@' x lim - (a'x
 m—oo g(”(ul ag)m ; ”‘l+11 + m—co Zm ate+1t (P( )

0

A
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and

1 d ; 1
/ _ 1 +
Ain_ " (am X) = Jim, ) o "”fP(aHm X)

0(51 —
= Jim, 1 evio( ) <o

Moreover, we also obtain

[e0]

. 1 Mo s 1 i
A, g Pea") = Jim, Y G e (4 )

- R
= Jim ) —e(a'x)
1=m
=0
and
20cpm 1
lim a“*"®, — X
m—o0
. 1 = ;
- ,,111};0 a2eam—"20,m izgm avc”ligb(a x)
1 =1

i
+ r&l—rgo a2 m—20pm ZZ(:) al"Hli(P(u x)

2m ) 1 1
= lim ———— a1t =x )+ lim ———P/(x
m—voo g2le41m—20¢m z; ¢ at m—>oo 201 m=20gm E( )

i 1 mol gla—ai o
= lim a™t —X
m—yoo gle+1m—agm = a@e1—ag)m ¢ al

2m papq—ag)i
+ lim ) l“)a”‘“(p<all.x)

m—00 ! gz("‘Hl*“z m
i=m

< 1 1 00 a[l 1 i 2m nsi 1
—&%W;ﬂ ;x +m1£rc}oi;ﬂa ¢ Ex
-0

forallx € V'\ {0}

Since lig1 @ (a*"x) = 0 and hm az"‘émql'g( —=x) =0forallx € V\ {0}, we
m

2a€+]m
have
lim ———— @) (a*"1x) = 1 i L @) (a*"ax) =0
m—oo gitpy1(2m+1) A%l m—oo g2041m
and

1 11
lim a"‘f(zm“)@g(aZme) = g% lim a®*"P, (x) =0

m—o0 m—oo a’m g

for all x € V'\ {0}. From the above two equalities, we conclude that

. , 1
——®)(a"x) =0 and r%l_r)r;oa”‘fmég (amx) =0

m
m—oo gle+1Mm

forallx € V\ {0}. O



Symmetry 2024, 16, 1298

8 of 15

In the following lemma, we will introduce a special condition that satisfies the last
condition of (1).

Lemma 3. Let a and « be nonzero real constants with a > 1. If a function ¢ : V \ {0} — [0, 00)
satisfies the following condition

D(x) := X(:)a"‘iglJ(;x) <
=
forall x € V\ {0}, then the function ® : V \ {0} — [0, 00) satisfies
) 1
lim a”‘md)(x> =0
m—oo am

forall x € V\ {0}.

Proof. If ¢ satisfies ®(x) = ) a”‘igl)(%x) < oo forall x € V'\ {0}, then we have
i=0
lim 0@~ x) = Tim ia”‘m+ai¢ LI
m—00 am m—oo =4 gm+i

: ol
H?Eloi;m” 4’(%)
:O
forallx € V\ {0}. O

In the following theorem, we present practical ways to use Theorem 1 together with
the three lemmas mentioned above. First, we combine Theorem 1 and Lemma 1 to prove
the following theorem.

Theorem 2. Assume that V is a real vector space and Y is a real normed space. For every fixed
neN,leta, unq,a,...,0, be nonzero real constants, such that a > 1and a7 < ap < -+ < ay.
Assume that a function ¢ : V' \ {0} — [0, 00) satisfies the following condition

D(x):= ) ﬁcp(alx) < 0
i=0

forall x € V\ {0}. For any given mapping f : V. — Y, if there exist mappings Fy, F, ...,
F, : V — Y satisfying the inequality

Hf(x) Y RW| <o ®)
k=1

forall x € V \ {0}, where each F; satisfies (3) for all x € V, then the mappings Fy, F,, ..., F, are
uniquely determined.

Proof. Since ¢ satisfies ®(x) = Y ao}li(p(aix) < oo for all x € V \ {0}, it follows from
i=0
Lemma 1 that
. 1 m
lim —— ®(a"x) =0
m—soo g¥1m

forall x € V \ {0}. In view of Theorem 1 with the first condition of (1), we conclude that
F, F,, ..., F, are the unique mappings satisfying (3) and (8). O
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Corollary 3. Let V, Y, n,a,a1,a,...,ay, f, ¢, and O be given under the same conditions as in
Theorem 2. Assume that a mapping F : V — Y satisfies the following inequality

1£(x) = F(x)[| < @(x) ©)

forall x € V\{0}. If F: V — Y can be expressed as F(x) = i Fy(x) and every Fy has the
k=1
property (3), then F is the unique mapping that satisfies (9).

Assume that V is a real vector space and Y is a real normed space. Now, we combine
Theorem 1 and Lemma 2 to prove the following theorem.

Theorem 3. For every fixed integer n > 0, let £ be an integer with 1 < £ < n. Assume that
a, &1,&,...,0, are nonzero real constants such that a > 1 and a1 < ay < --- < wy, and also
suppose f : V. — Y is an arbitrary mapping. Assume moreover that a function ¢ : V \ {0} —
[0, c0) satisfies the conditions

Dy(x) ::Z ! .gb(ax) < oo and P)(x Za"‘” ( ><oo

Koyl
—o 4t

forall x € V\ {0}. If mappings Fy, Fy, ..., F, : V. — Y satisfy the inequality

< @y(x) + Py(x) (10)

s L

forall x € V \ {0}, where each Fy satisfies (3) for all x € V, then the mappings Fy, F, ..., F, are
uniquely determined.

Proof. If ¢ satisfies the conditions

@[(X)IZ ! .(p(ax) < oo and P)(x Za"‘“ ( )<oo

Xet1t
i=0 4

for all x € V'\ {0}, it then follows from Lemma 2 that

m—oo gle+1Mm m—oo

lim ;Cbg(amx) lim a“[mcbg(alx) =0,

m—oo g¥e+1Mm m—oo

lim chf(a x) = lim a*"®) (;x> =0

for all x € V'\ {0}. Now, we apply Theorem 1 with ®,(x) 4+ ®}(x) in place of ®(x) to
conclude that Fy, F,, . .., F, are the unique mappings which satisfy both (3) and (10). O

Corollary 4. Let V, Y, n,a, a1,az,...,&n, f, §, D, and @' be given under the same conditions as
in Theorem 3. If there is a mapping F : V — Y that satisfies the following inequality

I (x) = F(x)[| < @y (x) + @4 (x) (forall x € V\{0}), (11)

n
where F(x) = Y Fi(x) and every Fy has the property (3), then the mappings F,Fy, F,, ..., F, are
k=1

uniquely determined.

As we often did before, we set V to be a real vector space and Y to be a real normed
space. Finally, we combine Theorem 1 and Lemma 3 to prove the following theorem.
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Theorem 4. For any fixed n € N, let a, a1, a,...,a, be nonzero real constants such that
a>1land ay < ay < -+ < ay. Assume that a function ¢ : V \ {0} — [0,00) satisfies the
following condition

P(x) := ia"‘"%p(iix) < o0
i=0

forall x € V \ {0}. For a given mapping f : V. — Y, if mappings F1, F,, ..., F, : V. — Y satisfy
the inequality

Hf(x) — i Fe(x)|| < ®(x) (forallx € V\{0}), (12)
k=1

where every Fy, satisfies (3) for all x € V, then the mappings Fy, F,, .. ., F, are uniquely determined.

et .

Proof. If ¢ satisfies the condition, ®(x) = ) a“”’q&(%x) < 00, then we may use Lemma 3
i=0

to show that

lim a”‘"mcl><1x> =0

m—00 am

forall x € V'\ {0}. Finally, we use Theorem 1 with the last condition of (1) to conclude that
F,F, ..., F, are the unique mappings satisfying (3) and (12). O

Corollary 5. Let V, Y, n,a,a1,a,...,ay, f, ¢, and O be given under the same conditions as in
Theorem 4. If there exists a mapping F : V — Y that satisfies the inequality

1f(x) = F(x)[| < @(x) (forall x € V\{0}), (13)

where F(x) = i Fy(x) and every Fy has property (3), then the mapping F is uniquely determined.
k=1

The following main theorem results from Theorems 2—4.

Theorem 5 (Main Theorem). Assume that V is a real vector space and Y is a real normed space.
Forany fixedn € N, let a, a1, ay, . .., &, be nonzero real constants, such that a > 1and oy < ap <
-+« < ay. For a given mapping f : V. — Y, if there exist mappings Fy, F, ..., F,: V = Yanda
function ¢ : V' \ {0} — [0, 00) that satisfy

fx) =Y F(x)| <) %cp(aix) < oo or (14)
k=1 i=0

f(x) — i E(x)|| < i al Zx/)(aix) + ia“iifp(lix) < o or (15)
k=1 i=o @ i=0 a

f) = YR | < Do) <o 16
k=1 i=0

forall x € V \ {0} and for some ¢ € {1,2,...,n — 1}, where every Fy has property (3), then the
mappings Fi, B, .. ., F, are uniquely determined.

Now, we introduce a corollary that further improves the applicability of the above
main theorem.
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Corollary 6. Assume that V is a real vector space and Y is a real normed space. For any fixedn € N,
leta, a1,07,. .., 0, be nonzero real constants, such thata > land a; < ap < --- < ay. For a given
mapping f : V — Y, if there exist a mapping F : V. — Y and a function ¢ : V '\ {0} — [0, o0)
that satisfy

I£(x) = F)l < féaimafx) <o or 17
1) = F1 < 5 (o) + 3 et () <o or 18)
1)~ FC)l < L™ ( )<oo (19)

forall x € V\ {0} and for some ¢ € {1,2,...,n— 1}, where F(x) = i Fy(x) and every Fy has
k=1
the property (3), then the mapping F is uniquely determined.

4. Examples

Assume that V is a real vector space and Y is a real normed space.

Example 1. Let f : V — Y be an arbitrary mapping and F : V — Y an additive-quadratic-cubic-
quartic (AQCQ') mapping. If there exists a function ¢ : V \ {0} — [0, c0) that satisfies

1) ~FQI < 1= 3p(2'%) < o or 0)
v L i lx o or

I£() ~ Pl Si:ZO27<P )+ L2 5) < 1)
x) — F(x 3 i 2 l o or

10~ Fll < 1 9(2) + 2% ) < 22)

1) = @)1 < 1 302 +Z§ 2ip(x) <o o 23)

SR < Y 2hg( L s 24

1) ~Fl < 32 5x) < 24)

forall x € V\ {0}, then the mapping F is uniquely determined.

Proof. If weseta = 2,41 =1, ap = 2, a3 = 3, oy = 4, F; an additive mapping, F, a
quadratic mapping, F3 a cubic mapping, and F4 a quartic mapping, then F = F; + F, + F3 +
Fy with Fi(2x) = 2F;(x), F,(2x) = 22F(x), F3(2x) = 23F3(x), and Fy(2x) = 2*F;(x). Tt
then follows from Corollary 6 that F is the only additive-quadratic-cubic-quartic mapping
that satisfies either (20), (21), (22), (23), or (24). O

For a given mapping f : V — Y, we use the abbreviations D1 f, Dyf, D3f : V> — Y
defined by

Dif(x,y) = f(x +2y) + f(x = 2y) —4(f(x +y) + f(x —y))
— f(4y) +4f(3y) — 6f(2y) +4f(y) +6f(x),
Dyf(x,y) := f(x+2y) —4f(x +y) + 6f(x) —4f(x —y)
+ f(x=2y) — f(2y) — f(=2y) +4f(y) +4f(-y),
Dsf(x,y) := f(x+ay) + f(x —ay) —a*f(x +y) —a*f(x —y)

a

4 _ 2
+2(a = Df(x) = T [f(2y) + f(=2y) —4f (v) = 4f (=),
Dyf(x,y) := f(x+5y) —5f(x +4y) — 10f (x + 3y) + 10f (x + 2y)
+5f(x+y) = f(x)



Symmetry 2024, 16, 1298

12 of 15

forall x,y € V, wherea ¢ {—1,0,1} is a fixed integer. In [26], M. E. Gordji et al. showed
that if f satisfies the functional equation D1 f = 0, then f is an AQCQ’ mapping. And
in [27], ]. R. Lee et al. showed that if f satisfies the functional equation D, f = 0, then f is
an AQCQ’ mapping, while in [28], K. Ravi et al. showed that if f satisfies D3f = 0, then f
is an AQCQ’ mapping. Also, in [29], D. Z. Djokovi¢ et al. showed that if f satisfies Dyf = 0,
then f is a generalized polynomial mapping of degree 4 (Theorem 3 in [29]). Moreover,
in [20], Y. H. Lee et al. obtained stability results of Dy f = 0.

Using Example 1, we can improve the stability results obtained separately by Gordji
etal., Lee etal., Ravi, and Y. H. Lee et al. all at once, as shown in the following example.

Example 2. For each ¢ € {0,1,2,3,4} and any given function ¢ : V> — [0,00), we define the
conditions ¢y by

Y 5 9(2x,2ly) < o0 (for £ = 0),

i=0

5 L o(2ix, 2iy) + 2 Lx, L (=1

.Z(:)E(P( x,2'y) +2'¢ 5% X | <o (for t =1),

1=

il (2x,2'y) + 4! 1 le) <o (for £ = 2) (90)
1=

ii (2'x,2'y) + 8 lx lx < o0 (for £ = 3)

Lqe T O it g o

{agki
—_
Q

Il
S

'q0<21ix,211.x) < 00 (for £ = 4)

for all x,y € V. Fora fixed ¢ € {0,1,2,3,4} and m € {1,2,3,4}, if a function ¢ : V> —
[0, c0) satisfies the conditions of (¢;) and a mapping f : V. — Y satisfies f(0) = 0 and the
following inequality

D f(x,y)|l < ¢(x,y)

forall x,y € V, then there exists a unique mapping F : V. — Y such that D,,F(x,y) = 0 for all
x,y € Vand

1& 1 - 12 1 .
||f(x) _F(X)H < gi;ozi+1p(21x) + E§)4i+1¢(21x) (forf = 0)/
Ifx) — Fa)ll < 2y 2ip( L x
f =6 &P\
iy e+ iy Lyen  (re=1)
6 & git1f\ =t 12i:04i+1¢ x or £ =1),

1 1 1 & 1
176 = Fl < § 32 () + g3 Lo ()
1 1

1y iy Ly i _
+6§)81+1p(2x)+12;)161.“1,0(230 (for ¢ =2),
1& . 1 1 & . 1
170~ FEll < & 28 () + g5 49 ()
1= 1=
+ iy e (for £ = 3)
2 = 16i+1 ’

1
1& 1
1)~ F)ll < 2 ) gr)  (ere=4)
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forall x € V, where
p(x) = 5¢e(0, x) + 4ge(x, x),
¥(x) = 5¢¢(0,x) +4@e(x, x) + 46¢.(0,0) (for m = 1),
p(x) = @e(2x,x) + 4@ (x, x),
5
P(x) = @e(2%, %) +49e(x, %) + 59¢(0,0) (form = 2),
1
p(x) = —=—5 (20e((1 — @)%, x) + 29.((1 + ), %)
+ @e((14+2a)x,x) + ¢ ((1 — 2a)x, x)
+ @e(x,3x) + 2a% @ (2%, x)
+ (4% = 3) @o (¥, x) + a® . (2x, 2x)
+ 2029, (x,2x)),
6
P(x) = P (2¢e(ax, x) + 202, (x, x)

+2(a* = 1)@e(0,x) + ¢¢(0,2x) + 12¢,(0,0)) (for m = 3),
p(x) = @e(—x,x) + 5¢c(—2x, x),
P(x) = @e(—2x,x) +5¢.(—2x, x) (for m = 4)

forallx e V.

Using Example 2, we have Hyers—Ulam-Rassias stability of the functional equations
Dy f =0.

Example 3. Let 6 > 0 and let p be a positive real number with p ¢ {1,2,3,4}. Let f : X — Y be
a mapping satisfying f(0) = 0 and

IDmf Gey) Il < O(lxN1P + llyl7)

for all x,y. Then, there exists a unique mapping F : X — Y such that D, F(x,y) = 0 for all
x,y and

6(20¢_m2p) + 12(4'[3T 2p)>9|x||p (for0 < p<1),
6(22%— 2) + 12(4ﬁf 27) + 6(80‘—711217))9”9(”;7 (for1<p<2),
6(2’?”1— 2" 12(£’m— g 6(80(—7}1217) + 12(1?1_ 2p)>9||x||" (for2 < p<3),
12(£’m— 4) T3 2P4(02(7;_ 8) + 12(1[6%1”— 2p))9”x”p (for3 <p<4),
3~2P4(02(Z18) + 3.2??5!77” 16)>9Hx|]7” (for p > 4)



Symmetry 2024, 16, 1298 14 of 15

forall x € X, where

ay =13, B1 =13,
ap =9+427, B2 =9+27,
a3 = m(2|a—1|p+2\a+1|p+ 20 — 117 + |22 + 1|V + 37 + 6227 + 12a* + 1),
Bs = 6 (2aP + 6a* +27),
A2
ag=7+5-2°, By=7+52".

Example 4. Let f : V — Y be an arbitrary mapping, r a fixed positive rational number with r # 1,
and F : V — Y a generalized polynomial mapping of degree n with f(0) = F(0). If there exists a
function ¢ : V' \ {0} — [0, c0) that satisfies

I£(x) ~ F) I < 1 9 (r'x) < oo or (25)
i=0
© 1 e 1

1)~ FEll € i) + L9 () < oo or 26

1) = F)l < Ervig ) < oo @)
i=0

forall x € V\ {0} and for some ¢ € {1,2,...,n — 1}, then F is a uniquely determined generalized
polynomial mapping of degree n.

Proof. Let f,F' : V — Y be the mappings defined by f(x) = f(x) — f(0) and F/(x) =
F(x) — F(0). Then, f(x) — F(x) = f(x) — F/(x) and we can apply Corollary 6 to f and F'.
So, we can obtain unique F’ that satisfies either (17), (18), or (19). It means that we can have
unique F that satisfies either (25), (26), or (27). O

5. Conclusions

Considering Hyers—Ulam stability of functional equations, it is generally difficult to
prove the uniqueness of the stability function with conditions similar to Gavruta condition.
The uniqueness theorems of this paper obtained through direct calculation can be applied
to various functional equations. As an application of Theorem 5 and Corollary 6, we
considered Examples 2 and 3 to obtain generalized stability of the functional equation
Dy, f = 0, and here, we have the uniqueness of the stability mapping F.

For future research, we can apply Theorem 5 and Corollary 6 to the functional equa-
tions in [13-17,19-23] obtained Hyers-Ulam-Rassias stability and we can obtain the unique-
ness of the stability mapping F with conditions similar to Gavruta condition.
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