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1. Introduction

The first and most widely used fixed point theorems, expressed in terms of measures of
noncompactness, are the theorems of Darbo [1] and Sadovskii [2]. Recently, these theorems
have lived to see generalizations formulated in terms of iterated or convex-power mappings.
The value of these generalizations for studying the solvability of various types of equations
is that there exist equations that generate operators that do not satisfy the assumptions
of Darbo’s or Sadowskii’s theorems but do satisfy the assumptions of these generalized
theorems. One of the main assumptions of these generalizations is the condition that for a

check for continuous operator T : () — (), there exist a number k € [0,1) and a number n € N such
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Definition 1. A mapping y : Mg — Ry := [0, 00) is said to be a measure of noncompactness on
a Banach space E if it satisfies the following properties:

(i)  Regularity: the family ker(p) := {X € Mg : u(X) = 0} is nonempty and ker(u) C NE.
(ii) Monotonicity: if X CY, then u(X) < u(Y).

(iii) The weak maximum property: for every x € E and X € Mg, (X U {x}) = u(X).

(iv) Invariant under the closed convex hull: p(co(X)) = u(X).

Remark 1. It can be shown that conditions (i) — (iii) imply (v).

(v) Generalized Cantor’s intersection theorem: if { X, } nen is a sequence of closed sets from Mg
such that X, 11 C Xy, foralln € N and li_r>n w(Xy) =0, then Xoo := (| Xy, is nonempty
n—oo

n=1
and compact.

The two simplest fixed point theorems, expressed in terms of measures of noncom-
pactess, are Darbo’s and Sadovskii’s theorems.

Theorem 1 (Darbo [1]). Let u be a measures of noncompactness in a real Banach space E. Assume
that () is a nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is continuous,
and there is a constant k € [0, 1) such that for any nonempty subset X C Q)

w(T(X)) < ku(X). ®)
Then T has at least one fixed point in Q).

Theorem 2 (Sadovskii [2]). Let u be a measures of noncompactness in a real Banach space E.
Assume that Q) is a nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is
continuous, and for any nonempty subset X C Q such that u(X) >0

u(T(X)) < u(X). 4)

Then T has at least one fixed point in ().

Sadovskii’s theorem is marginally broader then Darbo’s. These theorems have been
generalized and expressed using different versions of the power operators. Let us start by
establishing the appropriate symbols. Firstly, we assume that T : () — (), where () C E.
For X C O}, we put

THX) :=T(X), T"X):=T(@(T" (X)), n=23.... (5)
We can now quote one of the most important generalizations of Darbo’s theorem.

Theorem 3 ([5]). Let p be a measure of noncompactness in a real Banach space E. Assume that ()
is a nonempty, closed, bounded and convex subset of E, a mapping T : Q) — () is continuous, and
there exist a constant k € [0,1) and a number n € N such that for any nonempty subset X C Q)

u(T"(X)) < ku(X). ©6)
Then T has at least one fixed point in Q).

Remark 2. This theorem is, of course, a generalization of Darbo’s theorem 1, and its advantage
is that there are operators that do not satisfy the condition (3) but satisfy the condition (6) for a
suitably large n, and then, when examining the solvability of various equations, weaker assumptions
guaranteeing solvability are possible.
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Generalizations in a slightly different direction are also possible. For T : () — ), () C
E,xg € O, X C Q) let us denote the so-called convex-power operator.

T (X) 1= T(X),  TOM)(X) = T((T"0) (X) U {x0})), 7)
forn=2,3,...

Theorem 4 ([6]). Let p be a measure of noncompactness in a real Banach space E. Assume that ()
is a nonempty, closed, bounded and convex subset of E, a mapping T : Q) — () is continuous and
there exist xo € Q), a constant k € [0,1) and a number n € N such that for any nonempty subset
XcQ

(T (X)) < kp(X). ®)
Then T has at least one fixed point in Q).

Obviously, Theorem 3 is slightly more general than Theorem 4. There is also a general-
ization of Sadovskii’s theorem in these terms.

Theorem 5 ([6]). Let p be a measure of noncompactness in a real Banach space E. Assume that ()
is a nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is continuous and
there exist xg € Q) and a number n € N such that for any nonempty subset X C Q with u(X) > 0

(T (X)) < p(X). ©)
Then T has at least one fixed point in Q).

3. Main Results

In Theorem 3, it is possible to weaken the assumptions by assuming that the value n is
not necessarily the same for all nonempty subsets of X C () but may be different for them.
The first result of this paper presents this fact in more detail.

Theorem 6. Let yu be a measure of noncompactness in a real Banach space E. Assume that () is
a nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is continuous, and
there exists a constant k € [0,1) such that for any nonempty subset X C Q) there is a number
n = nx € Nsuch that

(T (X)) < kp(X). (10)
Then T has at least one fixed point in Q).

Proof. In the beginning, let us observe that
T (X) = TH(eo(T' (X)) (11)

fork,] € Nand X C Q). Moreover, for k < I,
T'(Q) c THQ). (12)

This is because T'(Q)) C ; hence, @ (T (Q)) C @(Q) C Q, and therefore, T(co(T*(Q))) C
T(0), which means that T2(Q)) ¢ T*(Q). Reasoning similarly, we get (12) by induction.

We put Yy := Q. Let n; € N be such that u(T"(Yy)) < ku(Yp). We denote
Y; := @(T™"(Yp)). Next, let n; € N be such that u(T"2(Y;)) < ku(Y;). Let us denote
Y, := @(T™(Y;)). Continuing this procedure, we obtain a sequence {n;i}2; C Nand a
second sequence {Y;}?, such that

p(Th (Y1) < kp(Yia), i=1,2,... (13)
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and N
Y; :=7¢co(T"(Y; 1)), i=1,2,.... (14)
2,..

Letusputs;:=ny+...+n;, i=1, .. In view of (11), we get
Y; = (T%(Yp)). (15)
Condition (12) implies that {Y;} is the descending sequence of closed sets. Let us put

Y :=N,Y;

Linking (13) and (14), we yield

n(Y;) = u(T"(Yi1)) < ku(Yiog) = ku(T"1(Yi-,))
<Ku(Yisp) < ... <ku(Yy) —0.

Keeping in mind (v) from Remark 1, we get that Y is nonempty and compact. Finally, we
need to prove that T(Y) C Y. First, we show the inclusion T(Y;) C Y;. From (12), we get
T%i(Yp) C T%1(Y), and this together with (15) gives

T(Y;) = T(e(T*(Yp))) € T(eo(T " (Yo))) = T(¥o) C o(T*(Yo)) = Y.
Furthermore, we have
T(Y)=T(NZyY;) C NZT(Y;) C N2y =Y.
In order to obtain the conclusion, Schauder’s theorem must be appliedto T : Y — Y. O

Remark 3. By reasoning similarly to as above, one can also show that Theorem 6 will also be true
when T"(X) is defined as follows:

TH(X) :=(T(X)), T"(X):=co(T(T""1(X))), n=23....

A natural question arises to which the answer is unknown: whether Theorem 6 above
will be true under the weakened assumption that for every nonempty X C (), there are
both k = kx € [0,1) and n = nx € N such that (10) holds. It is not difficult to show that the
question in this form is equivalent to the problem below.

Question 1. Let u be a measure of noncompactness in a real Banach space E. Assume that Q) is a
nonempty, closed, bounded and convex subset of E, and T : () — () is a continuous mapping such
that for any nonempty subset X C Q with u(X) > 0 there is a number n € N such that

u(T"(X)) < u(X). (16)
Then T has at least one fixed point in Q).
The authors also do not known if the following is true.
Question 2. Let y be a measure of noncompactness in a real Banach space E. Assume that Q) is a

nonempty, closed, bounded and convex subset of E, T : QO — Q) is a continuous mapping, and there
exist a constant k € [0,1) and a number n € N such that for any nonempty subset X C Q,

u(TH(X)) < kp(X). (17)

Then T has at least one fixed point in Q).
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Darbo’s theorem has also been generalized in another form in which condition (3) has
been replaced with the inequality

w(T(X)) < g(u(X))u(X) (18)

or others, in a similar form, where g is a function satisfying appropriate conditions.
In these terms, one can also formulate generalizations of Darbo’s theorem in a power
mapping version.

We denote by G the set of all functions ¢ : R4 — [0,1) such that if {t, } is a monotone
decreasing sequence in (0, 0) and g(t,) — 1, then t, — 0. Note that this class of functions
was introduced by Geraghty [7] in order to get an extension of Banach contraction principle.
Obviously, the function g(f) := k, k € [0,1) belongs to G. Using these concepts, we can
formulate an “intermediate” theorem between Theorem 6 and the theorem from Question 1.
Its generality in relation to known and similar statements of this type lies in the fact that the
value of n = nx may depend on the nonempty subset X C (), while in previously known
theorems, it had to be a constant and invariant value for all nonempty subsets X C () (see,

e.g., [8]).

Theorem 7. Let y be a measure of noncompactness in a real Banach space E. Assume that () is a
nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is continuous, and there
exists a function § € G such that for any nonempty subset X C Q) there is a number n = nx € N
such that

(T (X)) < g(u(X)u(X), (19)
then T has at least one fixed point in C.

Proof. Due to the fact that the proof is similar to the proof of Theorem 6, we will give it in
an abbreviated form.

First, we put Yy := Q. Let n; € N be such that u(T"(Yy)) < g(u(Yo))u(Yo). We put
Y; := @ (T™ (Yp)). Let np € N satisfy the condition u(T™2(Y1)) < g(u(Y1))p(Y1). Let us
set Y, := co(T™(Y;)). Continuing this procedure, we get a sequence {n;}?>, C Nand a
second sequence {Y;}?, such that

Y;:=co(T"(Y;_1)), i=1,2,... (20)

and
w(T"(Yio1)) < g(u(Yica))u(Yicn), i=1,2,...
that is equivalently
p(Yi) <g(p(Yima))p(Yica), i=1,2,... (21)

Condition (21) and the properties of the function g imply that the sequence {u(Y;)} is
decreasing, so it has a limit / > 0. We will show that [ = 0. If | > 0, then from (21), we
would have the estimation

u(Yi)
1+—
i—veo f(Yi1)

<g(u(Yis1)) <1,

and this together with the properties of ¢ would imply the equality I = 0, so that
lim p(Y;) = 0. Let us put
1—00

Y = ﬂ;’iOYl.
From the equality lim y(Y;) = 0 and (v) from Remark 1, we obtain that Y is nonempty and
1—00

compact. The rest of the proof runs in the same way as the proof of Theorem 6. [

Remark 4. A question arises whether the generalized version of Theorem 7 is true, in which we
assume that for the subset X C Q both n = nx and the function ¢ = gx € G that satisfy
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the condition (19) depend on the subset X. It turns out that this hypothesis is also equivalent to
Question 1.

We will now generalize Theorem 4 using the concept of convex-power operator T("*0).
Contrary to Theorems 6 and 7, it turns out that in this case, the assumptions can be
weakened even more because it is enough to demand that both values k = kx € [0,1) and
n = nx € N may depend on the set X C ().

Theorem 8. Let y be a measure of noncompactness in a Banach space E. Assume that () is a
nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is continuous, and there
is xo € Q) such that for any nonempty subset X C Q) there exist a natural number n = nx € N
and a number k = kx € [0, 1) such that

u(TU)(X)) < ku(X). (22)

Then T has at least one fixed point in Q).

Proof. Let A denote the set of all closed, convex subsets X of () for which xy € X and
T(X) € X. Let us denote Xo := Nxea X and put Y := ¢0(T(Xw) U {x0}). Obviously,
Xoo € A. Since xy € Xeo and T(Xeo) € Xoo, then Y C Xo. On the other hand, T(Y) C
T(Xe) C Y. Since xg € Y, it follows that Y € A. Therefore, Xoo C Y, which implies

Xeo = (T (Xeo) U {x0}). (23)

Applying the assumptions of the theorem to a set X, we yield that there are n € N and
k € [0,1) such that

(T (Xeo)) < kp(Xoo). (24)
Next, in view of (23), we obtain
T%) (X)) = T(@0(T(Xeo) U {x0})) = T(Xeo) = T (Xoo)

and hence,
TG0 (Xe) = T(e0(T**) (Xeo) U {x0}))

= T(E(T1) (Xe0) U {x0})) = T (Xoo),
and in a similar way, we obtain inductively
Tn%) (X)) = T (X)), n=1,2,... .
Applying the above, (23), and properties of the measure y, we get
BT (X)) = (T (X)) = (X))

= #(@0(T(Xeo) U{x0})) = p(Xeo).

Linking this with (24), we obtain }(Xw) < kp(Xe), and therefore, j(Xe) = 0. Thus, a
set Xoo, due to its closure, is compact. Hence, we get the conclusion from the Schauder
theorem for T : Xeo — Xoo. [

We can also generalize Theorem 5.

Theorem 9. Let y be a measure of noncompactness in a real Banach space E. Assume that () is a
nonempty, closed, bounded and convex subset of E, a mapping T : Q) — Q) is continuous, and there
exists xo € Q) such that for any nonempty subset X C Q with u(X) > 0, there is n € N satisfying

(T (X)) < p(X). (25)
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Then T has at least one fixed point in Q).

Proof. Reasoning similarly to the previous proof, we get the existence of a set X such that
Xeo = @0(T(Xoo) U {x0}) and p(T"*0) (Xeo)) = p(Xeo), 1 =1,2,... If t(Xeo) > 0, then for
some n € N

H(Xeo) = (T (Xeo)) < p(Xoo),

and this implies y(Xo) = 0. The rest of the proof runs exactly as in the previous one. [

Remark 5. By reasoning similarly to as above, it can also be shown that Theorems 8 and 9 will
also be true when T(%0) (X) is defined as follows:

T (X) 1= G(T(X)), T (X) i= e(T(T ) (X) U {x0)))
form=2,3,....

4. An Application

We present a simple example of an application of the fixed point theorem from the
previous chapter. We place our considerations in Banach space C(], E) with the supremum
norm ||x||e := sup{||x(t)| : t € J}, ] := [0, a]. In the space C(], E), we use a measure of
noncompactness y given by the formula

where
wo(X) = li_r}r&sup{”x(tl) — X(fz)” x € X, h,th € [O,Q], |f1 — tzl < 8} :

B(X) :=sup{B(X(t)) : t € J} (26)

for nonempty bounded X C C(J, E), where X(t) := {x(t) : x € X}, and B is the Hausdorff
measure of noncompactness in the space E.
At the beginning of this section, we start by recalling some necessary facts.

Lemma 1 ([9]). If {x,}_; C LY([0, T], E) is uniformly integrable (i.e., thereis h € L1([0, T], R.)

such that ||x,(t)|| < h(t) for a.e. t € [0, T| and for all n € N), then the function [0,T] > t —
B({xn(t)}5> 1) € Ry is measurable, and

B {/txn(s)d /t ({xn(s)}oq)ds, t€[0,T],
0 0

where B is the Hausdorff measure of noncompactness.

Lemma 2 ([10]). Let E be a real Banach space. If X C E is a nonempty and bounded set, then there
exists a sequence {x,}°° | C X such that B(X) < 2B({xn}5 ).

Lemma 3. Ifg € L!([0, T],R), m € N, then

o | [a(s)ds)"
/q(s)/q(sl).._ / q(sm—1)dsm—1...dsids = (’7)
0 0

0

, telo,T].

Proof. We omit the simple inductive proof that uses basic properties of absolutely continu-
ous functions. [
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Now we show the applicability of the fixed point theorems. We study the following
Volterra-type integral equation:

t
x(t) = /v(t,s,x(s))ds, te]. (27)
0

We impose the following conditions on the functions appearing in this equation.
(Hy) The mapping v : {(t,s,x) : 0 <s <t <a, x € E} — E is uniformly continuous.
(Hp) There exist nondecreasing functions p1, p2 : ] — Ry such that

lo(t, s, x)|| < p1(t)pa(s)|lx]] for0<s<t<a, x€E.

(H3) For any nonempty and bounded Y C E, there exists a function ¢ = qy € L'(J,R,)
such that

Blu(t,s,Y)) < q(s)B(Y)

for almost every 0 <s <t <a.

Remark 6. Note that the condition (Hz) is weaker than its substitutes known from other applica-
tions because the function q is not the same for all subsets Y, but it may depend on the subset Y.

Now we formulate our existence theorem as:
Theorem 10. Under assumptions (Hy)—(Hs), Equation (27) has at least one solution in C(],E).

Proof. First of all, we define operator V such that for any x € C(J, E),

t

(V@U):i/v@&xwﬂd&

0

The assumptions (H;) guarantee that Vx € C(J, E). Next, we define a function

t
J p1(s)p2(s)ds
r(t) == pl(if)eofp1 - , te].

It is easy to check that the above-defined r is nondecreasing and satisfies the following
inequality:
t

pi(t) [ pas)r(s)ds < r). (28)
0
- , _ , [ pr(@)pa()de
Indeed, applying basic properties of absolutely continuous functions, for ¢(s) := e? ,
[ Pi(D)pa(e)dT
s € [0,t], we get ¢'(s) = p1(s)pa(s)ed fora.e. s € [0,t], and therefore,
t t [ pi(@)pa(ede b
pi) [ p2)r(e)ds = pi(t) [ pals)pr(s)ed ds = pu(t) [ ¢'(s)ds
0 0 0

= p1()(p(t) = 1) < pr(t)g(t) = r(t).

Next, let us consider the set

Q:={xeC(LE): [x(t)| <r(t),t €]}
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The set Q) is bounded, convex and closed. In virtue of (H;) and (28), we obtain

Ivx)©1 < [ mOpa()r(s)ds = pr(e) [ pa(s)r(s)ds < r(t)
0 0

for x € Q). This shows that V : (3 — (). We omit the standard proof that the operator V is
continuous and is satisfied following equality wo(VX) = 0 for any X C (), and therefore,

wo(V"(X)) = 0. (29)

Let us fix a nonempty set X C Q). In view of Lemma 2, there exists the sequence {x,} C X
t t

such thatﬁ(f v(t,s,X(s))ds) < Zﬁ(f v(t,s, {xn(s) ;’f:l)ds).
0 0

This fact, assumptions (H3), and Lemma 1 yield that for a fixed t € ], we have

t
B(VIX(t)) = o(t,s, X(s
“#lJ

t t
< 2p( [ o(t,s, {xa(s)}i0)ds) <4 [ Blo(t,s, {xa(s)}i0))ds
0 0

t
<4 [ g@B({xa(s) Y0 )ds
0

<4 [ gls)ds-B(X). (30)
0

In view of Lemma 2, there exists the sequence {y,} C co(V'X) such that

t

/vtsco (V1X)(s))ds ) < 2p( /vts{yn( JI)ds ).
0

0
Hence,
B(V2X(t)) = B(V(co(V? /v (t,5,c0(V1X)(s ))ds)
0
<2B( [ ot,s, {yn()Yia)ds) <4 [ Bots, {yn(s) i) s
0 0
t
<4 [ q(s)B({yn(s) ). Q)
0
Applying (30), we get

B{yn(s)}im1) < B(E@(V1X(5))) = /q(51 )ds - B(X
0
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Linking this with (31), we obtain
t s t s
BI72X(1) <4 [ q()4 [ a(so)dsy - B(X)ds = 4 [ q(s) [ gls1)dsuds - B(X).
0 0 0 0
Continuing this reasoning, we obtain
t s Sn—2
BT (X)) <4"[4(s) [a(s1) - fa(su1)dsu-1 .. dssds - B(X).
0 0 0
Then, in virtue of (26), we have
a s Sn—2
B () < 4" [q(s) [a(s1) - [ alsu-r)dson...dsids - B(X)
0 0 0
and applying Lemma 3, we get
pV"(X)) < Wﬁm (32)
Since nlgrgo (4‘%7717(:)%)" = 0, then there exists n € N such that
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4 [ q(t)dt)"
n!
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