
Citation: Sabir, P.O.; Lupas A.A.;

Khalil, S.S.; Mohammed, P.O.;

Abdelwahed, M. Some Classes of
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Abstract: In the present paper, we are merging two interesting and well-known classes, namely those
of Bazilevič and close-to-convex functions associated with a new derivative operator. We derive
coefficient estimates for this broad category of analytic, univalent and bi-univalent functions and draw
attention to the Fekete–Szegö inequalities relevant to functions defined within the open unit disk.
Additionally, we identify several specific special cases of our results by specializing the parameters.
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1. Introduction

The exploration of univalent functions traces its origins to the initial decades of the
twentieth century and stands as a prominent focal point within the realm of complex
analysis, commanding considerable interest among researchers. The collection of starlike
and convex functions within univalent functions, considered as the most intuitive, has seen
numerous fundamental properties established over the past century, yielding a collection
of elegant theorems, yet also revealing a substantial number of remaining unresolved
problems. Let A represent the collection of functions expressed in the following form:

h(z) = z +
∞

∑
k=2

ckzk, (1)

where these functions are analytic within the open unit disk U := {z ∈ C : |z| < 1}.

Additionally, define Qγ (0 ≤ γ < 1) as the collection of functions

q(z) = 1 +
∞

∑
k=1

ℓkzk, (2)

which are also analytic within U and satisfy Re(q(z)) > γ.

For any function h ∈ A given by (1), we define the derivative operator Dr,s : A → A
as follows:

Dδ
r,sh(z) = z +

∞

∑
k=2

(
r + k
r + 1

sk−1
)δ

ckzk, (3)
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where s > 0, r ∈ N := {1, 2, 3, · · · }, δ ∈ N∪ {0} := N0 and z ∈ U .

Note that D0
r,sh(z) = h(z) and

D1
r,sh(z) = z +

∞

∑
k=2

(
r + k
r + 1

)
sk−1ckzk

=
z1−r

(r + 1)s

[
(r + 1)szr +

∞

∑
k=2

(r + k)skckzk+r−1

]

=
z1−r

(r + 1)s

[
szr+1 +

∞

∑
k=2

skckzk+r

]′

=
z1−r

(r + 1)s

[
zr

(
sz +

∞

∑
k=2

ckskzk

)]′

=
z1−r

(r + 1)s
[zrh(sz)]′.

A function h ∈ A is called starlike in U if the image of U under h forms a set that
exhibits starlikeness with respect to the origin.

This set of functions is denoted as M∗, and we commence by offering the widely ac-
knowledged analytic characterization of starlike functions concerning functions possessing
positive real parts, as given by Duren [1] (also referenced in Thomas et al. [2]). Let h ∈ A.
Then, h ∈ M∗ if, and only if

Re
(

zh′(z)
h(z)

)
> 0, z ∈ U .

This class has been expanded by defining a subclass M∗(γ) of starlike functions of
order γ (0 ≤ γ < 1) if

Re
(

zh′(z)
h(z)

)
> γ, z ∈ U ,

and has been shown that the coefficient bounds for functions belonging to M∗(γ) are as
follows (see [2] (Section 5.3), [3]):

|ck| ≤

k
∏

n=2
(n − 2γ)

(k − 1)!
, k = 2, 3, 4, · · · .

Also, for g(z) starlike in U , a function h ∈ A is considered close-to-convex if

Re
(

zh′(z)
g(z)

)
> 0, z ∈ U .

This class of functions has been generalized to include close-to-convex of order γ
(0 ≤ γ < 1), denoted by L∗(γ), if

Re
(

zh′(z)
g(z)

)
> γ, z ∈ U .

Both classes of functions, L∗(γ) and M∗(γ), consist only of univalent functions in U .
A function h of a complex variable is considered univalent in U if it never assumes the

same value twice. When h is univalent, we indicate a sub-collection of A by S . The study
of univalent functions is a longstanding and continuously evolving area of research, with
roots reaching back more than a century. A significant portion of its historical development
is intricately linked to the renowned Bieberbach conjecture [4], which postulates that for
coefficients ck, their absolute values are bounded by k for k ≥ 2. De Branges’ [5] resolution
of the Bieberbach conjecture involved the application of sophisticated techniques from
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various branches of analysis, likely posing a significant open problem for researchers
to comprehend.

Bazilevič [6] introduced the class B(λ, ν, g) of functions, which is defined by the
following integral:

h(z) =
{

λ

1 + ν2

∫ z

0
(q(γ)− iν)γ−

(
1+ iλν

1+ν2

)
γ

λ
1+ν2 [g(γ)]

λ
1+ν2 dγ

} 1+iν
λ

,

where q ∈ Q(≡ Q0) and g ∈ M∗. The numbers λ and ν are real, where λ ≥ 0, and all
powers are to be interpreted as principal values. Aside from the known property of being
univalent, our understanding of the class of functions B(λ, ν, g) is limited. However, in
certain special cases, such as when ν = 0 and g(z) = z, we arrive at the well-established
class B(λ), which fulfills the following condition:

Re
(

h(z)λ−1h′(z)
zλ−1

)
> 0, z ∈ U .

Singh [7] investigated a class of univalent functions characterized by functions that
adhere to the geometric criterion below:

Re
(

zh′(z)h(z)λ−1

g(z)λ

)
> 0, z ∈ U ,

where λ ≥ 0. This particular class, denoted by T (λ), stands as a special case within the
broadly recognized class of generally univalent Bazilevič functions. For 0 ≤ γ < 1, Babalola
and Saka-Balogun [8] recently extended T (λ) to include a broader class of functions that
satisfy the following condition:

Re
(

zh′(z)h(z)λ−1

g(z)λ

)
> γ, z ∈ U .

Various subclasses of the well-known class of A and Bazilevič functions B(λ) have
been studied in the past and more recently (see, for example, [1,9–15]).

It is noteworthy that the Koebe 1/4-theorem [1] ensures that any function h belonging
to the class of univalent functions has an inverse H := h−1 such that

H(h(z)) = z, z ∈ D,

and

h(H(w)) = w, (|w| < r0( f ); r0( f ) ≥ 1/4).

Moreover, H(w) has the Taylor–Maclaurin series of the form

H(w) = w +
∞

∑
k=2

Akwk,

and for initial values of k, we have

A2 = −c2, A3 = 2c2
2 − c3 and A4 = 5c3

2 − 5c2c3 + c4. (4)

The function h ∈ A given by (1) is bi-univalent, denoted by σ, if both h and H are
univalent in U . The earliest reference of bi-univalent functions seems to have originated
in Lewin’s verbal exchange (refer to [16]), where he posed the fundamental inquiry about
the sharp upper bounds for |ck| in the Taylor series expansion of h. This inquiry has since
proved to be notably challenging, with relatively scant progress made even after half
a century.
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Lewin demonstrated that |c2| is less than 1.51..., while Brannan and Clunie conjectured
in [17] that |c2| ≤

√
2. However, Netanyahu proved in [18] that the best upper bound for

|c2| is 4/3, for the subclass of σ consisting of all functions that are bi-univalent where their
ranges contain the unit disk U . Little significant progress appears to have been made on
these early results. The recent groundbreaking work by Srivastava et al. [19], which has
been extensively cited, promoted the analysis of bi-univalent functions to a specialized
level and led to further studies about the class (see, for example, [20–30]).

Brannan and Taha [31] introduced two interesting subclasses of the function class σ, in
analogy to the subclass of starlike functions of order γ of the class S . The function h(z),
defined by (1), is said to be in the class M∗

σ(γ), the class of bi-starlike functions of order γ
(0 ≤ γ < 1) if each of the following conditions are satisfied:

h ∈ σ and Re
(

zh′(z)
h(z)

)
> γ, z ∈ U ,

and

Re
(

wH′(w)

H(w)

)
> γ, w ∈ U .

Furthermore, it has been proven that for h(z) ∈ M∗
σ(γ) defined by (1), the following

bounds hold:

|c2| ≤
√

2(1 − γ)

and

|c3| ≤ 2(1 − γ).

Motivated by the aforementioned works and the significance of starlikeness and con-
vexity in geometric function theory within a complex analysis, we unify the Bazilevič and
close-to-convex functions. We highlight non-sharp bounds and Fekete–Szegö inequalities
for analytic functions within the defined classes. The merging of mathematical classes and
the derivation operator are common practices in complex analysis and geometric function
theory, as well as in the study of special functions like Bessel functions and hypergeometric
functions. These techniques are used to analyze the properties of functions under various
transformations and operations, providing insights into their behavior and convergence
properties. Additionally, Fekete–Szegö inequalities find widespread application in areas
such as potential theory, approximation theory, and numerical analysis, offering valuable
information about the distribution of zeros or critical points of analytic functions.

Now, employing the derivative operator provided in (3), we introduce the following
classes of Bazilevič close-to-convex functions and bi-Bazilevič close-to-convex functions.

Definition 1. For h ∈ A defined as in (1) and g ∈ M∗(≡ M∗(0)), we consider h to be a member
of the class

MT λ(r, s, δ; γ) (s > 0, r ∈ N, δ ∈ N0, λ ≥ 1, 0 ≤ γ < 1)

if it satisfies the following condition:

Re

 z
(

Dδ
r,sh(z)

)′
Dδ

r,sh(z)

(
z
(

Dδ
r,sh(z)

)′
Dδ

r,sg(z)

)λ−1
 > γ, z ∈ U . (5)

Remark 1. Throughout this work, all powers are defined as principal values.

Remark 2. It is noteworthy that the class MT λ(r, s, δ; γ) represents an extension of various
previously investigated classes. Here are some examples:
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1. If δ = 0 and g(z) = z, then the class MT λ(r, s, δ; γ) reduces to the class L(λ, γ) of
λ-pseudo-starlike functions of order γ [32].

2. If δ = 0 and γ = 0, then the class MT λ(r, s, δ; γ) reduces to the class MT λ of λ-pseudo-
close-to-convex functions [8].

3. If δ = 0 and λ = 1, then the class MT λ(r, s, δ; γ) reduces to the well-known class M∗(γ)
of starlike functions of order γ (cf. [1–3,33]).

4. If δ = 0, λ = 1 and γ = 0, then the class MT λ(r, s, δ; γ) reduces to the well-known class
M∗ of starlike functions (cf. [1,2,34]).

Definition 2. A function h(z) given by (1) is said to be in the class

MT σ
λ(r, s, δ; γ) (s > 0, r ∈ N, δ ∈ N0, λ ≥ 1, 0 ≤ γ < 1),

if it satisfies the following conditions:

h ∈ MT λ(r, s, δ; γ) and H ∈ MT λ(r, s, δ; γ), (6)

where H is the inverse function of h.

Remark 3. The class MT σ
λ(r, s, δ; γ) extends the scope of various previously studied classes. Let

us present some examples [31]:

1. If δ = 0 and λ = 1, then the class reduces to the class of bi-starlike functions of order γ.
2. If δ = 0 = γ and λ = 1, then the class MT σ

λ(r, s, δ; γ) reduces to the class of bi-starlike
functions.

2. Auxiliary Lemmas

The establishment of our main findings will be enriched by the inclusion of the
following lemmas.

Lemma 1 ([1]). Let p(z) = 1 + ∑∞
k=1 dkzk ∈ Q. Then

|dk| ≤ 2 for all k ∈ N.

Equality is attained by the Möbius function L0(z) = (1 + z)/(1 − z).

Lemma 2 ([8]). Let p(z) = 1 + ∑∞
k=1 dkzk ∈ Q. Then, we have the sharp inequality∣∣∣∣∣d2 − ε

d2
1

2

∣∣∣∣∣ ≤ 2 max{1, |ε − 1|}.

Note that, if q(z) = 1 + ℓ1z + ℓ2z2 + · · · ∈ Qγ, then

q(z) = γ + (1 − γ)p(z) = 1 + (1 − γ)d1z + (1 − γ)d2z2 + · · · . (7)

Thus, Lemmas 1 and 2 have been rewritten by Babalola and Saka-Balogun [8], as
showcased below:

Lemma 3. Let q(z) = 1 + ∑∞
k=1 ℓkzk ∈ Qγ. Then

|ℓk| ≤ 2(1 − γ) for all k ∈ N.

Equality is attained by L0,λ(z) = [1 + (1 − 2λ)z]/(1 − z).

Lemma 4. Let q(z) = 1 + ∑∞
k=1 ℓkzk ∈ Qγ. Then, we have the sharp inequality
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∣∣∣∣∣ℓ2 − ε
ℓ2

1
2

∣∣∣∣∣ ≤ 2(1 − γ)max{1, |(1 − γ)ε − 1|}.

Lemma 5 ([35]). Let g(z) = z + ∑∞
k=2 bkzk ∈ M∗. Then

|bk| ≤ k

and ∣∣∣b3 − µb2
2

∣∣∣ ≤ 2 max{1, |4µ − 3|}.

3. Coefficient Properties of Functions in MT λ(r, s, δ; γ)

Theorem 1. Let the function h(z) be analytic in U and defined by (1). If h(z) ∈ MT λ(r, s, δ; γ),
then

|c2| ≤
2
[
(1 − γ)(1 + r)δ + (λ − 1)(2 + r)δsδ

]
(2λ − 1)(2 + r)δsδ

and

|c3| ≤


2
[
(1−γ)

[
4
(

γ+2( 2+r
1+r )

δ
sδ
)

λ2+2
(

2−4γ−5( 2+r
1+r )

δ
sδ
)

λ+2γ+2( 2+r
1+r )

δ
sδ−1

]
+E
]

F , λ ∈
[
1, 1 + 1/

√
2
]

2
[
(1−γ)

[
4
(

1+2( 2+r
1+r )

δ
sδ
)

λ2−2
(

2+5( 2+r
1+r )

δ
sδ
)

λ+2( 2+r
1+r )

δ
sδ+1

]
+E
]

F , λ ∈ [1 + 1/
√

2, ∞)

where

E := (λ − 1)

[
12λ2 −

(
12 + 2

(
2 + r
1 + r

)2δ

s2δ

)
λ + 3

]
, (8)

F := (3λ − 1)(2λ − 1)2
(

3 + r
1 + r

)δ

s2δ. (9)

Proof. For h(z) ∈ MTλ(r, s, δ; γ), there exists q(z) = 1 + ∑∞
k=1 ℓkzk ∈ Qγ such that

z
(

Dδ
r,sh(z)

)′
Dδ

r,sh(z)

 z
(

Dδ
r,Sh(z)

)′
Dδ

r,sg(z)


λ−1

= q(z). (10)

By careful computation, the left side of (10) expands as follows:

z
(

Dδ
r,sh(z)

)′
Dδ

r,sh(z)

(
z
(

Dδ
r,sh(z)

)′
Dδ

r,sg(z)

)λ−1

= 1 +

[
(2λ − 1)

(
2 + r
1 + r

)δ

sδc2 − (λ − 1)
(

2 + r
1 + r

)δ

sδb2

]
z

+

[
(3λ − 1)

(
3 + r
1 + r

)δ

s2δc3 + [2λ(λ − 1)− (2λ − 1)]
(

2 + r
1 + r

)2δ

s2δc2
2 − (λ − 1)

(
3 + r
1 + r

)δ

s2δb3

+
λ2 − λ

2

(
2 + r
1 + r

)2δ

s2δb2
2 −

(
2λ2 − 3λ + 1

)(2 + r
1 + r

)2δ

s2δc2b2

]
z2 + · · · .

Upon comparing the coefficients of both sides of (10), we find
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2λ(2 + r)δsδc2 = ℓ1(1 + r)δ + (2 + r)δsδc2 + (λ − 1)(2 + r)δsδb2,

and thus, we obtain

c2 =
ℓ1(1 + r)δ + (λ − 1)(2 + r)δsδb2

(2λ − 1)(2 + r)δsδ
. (11)

Therefore, by employing Lemmas 3 and 5, we achieve the desired bound on |c2|.
Additionally, upon further comparison of coefficients, we have

3λ(3 + r)δs2δc3 + 2λ(λ − 1)
(2 + r)2δ

(1 + r)δ
s2δc2

2 = (3 + r)δs2δc3 + ℓ2(1 + r)δ + (2 + r)δsδℓ1c2

+(λ− 1)

(
(3 + r)δs2δb3 +

(2 + r)2δ

(1 + r)δ
s2δc2b2 + (2 + r)δsδℓ1b2 +

(λ − 2)(2 + r)2δ

2(1 + r)δ
s2δb2

2

)
,

and this leads to

(3λ − 1)(3 + r)δs2δc3 = ℓ2(1 + r)δ + (2 + r)δsδℓ1c2 + (λ − 1)
(
(3 + r)δs2δb3

+
(2 + r)2δ

(1 + r)δ
s2δc2b2 + (2 + r)δsδℓ1b2 +

(λ − 2)(2 + r)2δ

2(1 + r)δ
s2δb2

2

)
− 2λ(λ − 1)

(2 + r)2δ

(1 + r)δ
s2δc2

2. (12)

Substituting the value of c2 from (11) in (12) and arranging the equation, we have

(3λ − 1)(3 + r)δs2δc3 = (1 + r)δ

(
ℓ2 −

2λ2 − 4λ + 1
(2λ − 1)2 ℓ2

1

)
+ (λ − 1)

(
(3 + r)δs2δb3 −

λ(2 + r)2δ

2(2λ − 1)2(1 + r)δ
s2δb2

2

)

+
4λ2 − 5λ + 1
(2λ − 1)2 (2 + r)δsδℓ1b2. (13)

Noting that 4λ2 − 5λ + 1 ≧ 0, hence, for λ ≥ 1, we obtain

(3λ − 1)(3 + r)δs2δ|c3| ≤ (1 + r)δ

∣∣∣∣ℓ2 −
2λ2 − 4λ + 1
(2λ − 1)2 ℓ2

1

∣∣∣∣+ (λ − 1)

∣∣∣∣∣(3 + r)δs2δb3 −
λ(2 + r)2δ

2(2λ − 1)2(1 + r)δ
s2δb2

2

∣∣∣∣∣
+

4λ2 − 5λ + 1
(2λ − 1)2 (2 + r)δsδ|ℓ1||b2|. (14)

Now, applying Lemmas 3, 4, and 5 on (14), we obtain

(3λ − 1)(3 + r)δs2δ|c3| ≤ 4(1 − γ)(2 + r)δsδ 4λ2 − 5λ + 1
(2λ − 1)2 + 2(1 + r)δ(1 − γ)max

{
1,
∣∣∣∣4γλ2 + (4 − 8γ)λ + 2γ − 1

(2λ − 1)2

∣∣∣∣}

+ 2(1 + r)δ(λ − 1)max

1,

∣∣∣∣∣∣∣∣
12λ2 −

(
12 + 2

(
2+r
1+r

)2δ
s2δ

)
λ + 3

(2λ − 1)2

∣∣∣∣∣∣∣∣
. (15)

Furthermore, it is easy to see that
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max

1,

∣∣∣∣∣∣
12λ2 −

(
12 + 2

( 2+r
1+r
)2δs2δ

)
λ + 3

(2λ − 1)2

∣∣∣∣∣∣
 =

12λ2 −
(

12 + 2
( 2+r

1+r
)2δs2δ

)
λ + 3

(2λ − 1)2 ≥ 1, λ ≥ 1,

and

max
{

1,
∣∣∣∣4γλ2 + (4 − 8γ)λ + 2γ − 1

(2λ − 1)2

∣∣∣∣} =

{
4γλ2+(4−8γ)λ+2γ−1

(2λ−1)2 , λ ∈
[
1, 1 + 1/

√
2
]

1, λ ∈ [1 + 1/
√

2, ∞)
.

Thus, when λ ∈
[
1, 1 + 1/

√
2
]
, Equation (15) reduces to

(3λ − 1)(3 + r)δs2δ|c3| ≤ 4(1 − γ)(2 + r)δsδ 4λ2 − 5λ + 1
(2λ − 1)2 + 2(1 + r)δ(1 − γ)

4γλ2 + (4 − 8γ)λ + 2γ − 1
(2λ − 1)2

+ 2(1 + r)δ(λ − 1)
12λ2 −

(
12 + 2

( 2+r
1+r
)2δs2δ

)
λ + 3

(2λ − 1)2 .

Upon simplification, this results in the first part of the bound on |c3|. In addition, if
λ ∈ [1 + 1/

√
2, ∞), then

(3λ − 1)(3 + r)δs2δ|c3| ≤ 2(1 + r)δ(1 − γ) + 4(1 − γ)(2 + r)δsδ 4λ2 − 5λ + 1
(2λ − 1)2

+ 2(1 + r)δ(λ − 1)
12λ2 −

(
12 + 2

( 2+r
1+r
)2δs2δ

)
λ + 3

(2λ − 1)2 .

This leads to the intended second part of the bound on |c3|.

By letting g(z) = z and δ = 0 in Theorem 1, we conclude the following consequence.

Corollary 1. Let h(z) ∈ L(λ, γ). Then

|c2| ≤
2(1 − γ)

2λ − 1

and

|c3| ≤


2(4λ−1)(1−γ)

(3λ−1)(2λ−1)2 , λ ∈
[
1, 1 + 1/

√
2
]

2(1−γ)
3λ−1 , λ ∈ [1 + 1/

√
2, ∞)

.

By setting δ = 0 and γ = 0 in Theorem 1, we conclude the following result.

Corollary 2. Let h(z) ∈ MTλ. Then

|c2| ≤
2λ

2λ − 1

and
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|c3| ≤


2(12λ3−18λ2+11λ−2)

(2λ−1)2(3λ−1)
, λ ∈

[
1, 1 + 1/

√
2
]

2λ(12λ2−14λ+3)
(2λ−1)2(3λ−1)

, λ ∈ [1 + 1/
√

2, ∞)

.

By setting δ = 1, r = 1, and γ = 0 in Theorem 1, we conclude the following result.

Corollary 3. Let h(z) ∈ MT λ(s, 1, 1; 0). Then

|c2| ≤
4(1 + s(λ − 1))

3s(2λ − 1)

and

|c3| ≤


24λ3−3(3s2−8s+16)λ2+(9s2−30s+38)λ+6s−8

2s2(12λ3−16λ2+7λ−1) , λ ∈
[
1, 1 + 1/

√
2
]

24λ3−(9s2−24s+40)λ2+(9s2−30s+22)λ+6s−4
2s2(12λ3−16λ2+7λ−2) , λ ∈ [1 + 1/

√
2, ∞)

.

Theorem 2. Let the function h(z) be analytic in U and defined by (1). If h(z) ∈ MTλ(r, s, δ; γ)
and

ϑ ≤
(
4λ2 − 5λ + 1

)
(1 + r)δ

6(3 + r)δs2δλ2 − 8(3 + r)δs2δλ + 2(3 + r)δs2δ
,

then

∣∣∣c3 − ϑc2
2

∣∣∣ ≤ (1 + r)δ

(3λ − 1)(3 + r)δs2δ

(
2(1 − γ)I + (λ − 1)J +

4(1 − γ)(2 + r)δsδ

(2λ − 1)2(1 + r)2δ
×[(

4(1 + r)δ − 6ϑ(3 + r)δs2δ
)

λ2 −
(

5(1 + r)δ − 8ϑ(3 + r)δs2δ
)

λ − 2ϑ(3 + r)δs2δ + (1 + r)δ
])

,

where

I = max

{
1,

2
(
2λ2 − 4λ + 1

)
(2 + r)δ(1 − γ)sδ − 2ϑ(1 − γ)(3λ − 1)(3 + r)δs2δ − (2λ − 1)2(2 + r)δsδ

(2λ − 1)2(2 + r)δsδ

}
,

and

J = max

1,
4
( 2+r

1+r
)2δs2δλ − 8ϑ(λ − 1)(3λ − 1)

( 3+r
1+r
)δs2δ − 3(2λ − 1)2

(2λ − 1)2

.

Proof. Using Equations (11) and (13), and arranging, we find
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c3 − ϑc2
2 =

(λ − 1)
(3λ − 1)

b3 +

6ϑλ2 −
(

8ϑ + (2+r)2δ

(1+r)δ(3+r)δ

)
λ + 2ϑ

2(2λ − 1)2 b2
2


+

(2 + r)δsδ

(3λ − 1)(2λ − 1)2(3 + r)2δ

[(
4λ2 − 5λ + 1

)
(1 + r)δ − ϑ

(
6λ2 − 8λ + 2

)
(3 + r)δ

]
ℓ1b2

+
(1 + r)δ

(3λ − 1)(3 + r)δs2δ

[
ℓ2 −

2(2 + r)δsδλ2 −
(

4(2 + r)δsδ − 3ϑ(3 + r)δs2δ
)

λ + ϑ(3 + r)δs2δ + (2 + r)δsδ

(2λ − 1)2(2 + r)δsδ
ℓ2

1

]
.

Therefore, the inequality follows by applying Lemmas 3, 4, and 5, along with the
condition on ϑ.

Remark 4. For λ = 1 and δ = 0, the Fekete–Szegö inequalities for the special cases MTλ(r, s, δ; γ)
≡ M∗(γ) are well known.

4. Coefficient Properties of Functions in MT σ
λ(r, s, δ; γ)

Theorem 3. If h ∈ σ of the form (1) is in the class MT σ
λ(r, s, δ; γ), then

|c2| ≤

√
2
(
(1 − γ)(2λ − 1)(1 + r)2δ + 2(1 − γ)(2λ2 − 3λ + 1)(1 + r)δ(2 + r)δsδ + (2λ3 − 7λ2 + 7λ − 2)(2 + r)2δs2δ

)(
(2λ3 − 7λ2 + 5λ − 1)(2 + r)2δ + (6λ2 − 5λ + 1)(1 + r)δ(3 + r)δ

)
s2δ

,

and

|c3| ≤
1

(3λ − 1)(2λ − 1)3(2 + r)2δ(3 + r)δs2δ
×
[

2(1 − γ)(2λ − 1)3(1 + r)δ(2 + r)2δ + 3(λ − 1)(2λ − 1)3(2 + r)2δ(3 + r)δs2δ

+ 4(1 − γ)2(1 + r)δ
∣∣∣(6λ2 − 5λ + 1

)
(1 + r)δ(3 + r)δ − λ

(
2λ2 − 3λ + 1

)
(2 + r)2δ

∣∣∣
+ 8(1 − γ)(2 + r)δsδ

∣∣∣(6λ3 − 11λ2 + 6λ − 1
)
(1 + r)δ(3 + r)δ − λ

(
2λ3 − 5λ2 + 4λ − 1

)
(2 + r)2δ

∣∣∣
+ 4(2 + r)2δs2δ

∣∣∣∣∣(6λ4 − 25λ3 − 5λ2 − 13λ + 2
)
(3 + r)δ − λ

(
2λ4 − 7λ3 + 9λ2 − 5λ + 1

) (2 + r)2δ

(1 + r)δ

∣∣∣∣∣
]

.

Proof. It follows from (6) that there exists

q1(z) = 1 + ℓ1z + ℓ2z2 + · · · ∈ Qγ

and

q2(w) = 1 + ȷ1w + ȷ2w2 + · · · ∈ Qγ

such that

q1(z) = 1 +
[
(2λ − 1)

(
2 + r
1 + r

)δ

sδc2 − (λ − 1)
(

2 + r
1 + r

)δ

sδb2

]
z

+

[
(3λ − 1)

(
3 + r
1 + r

)δ

s2δc3 + [2λ(λ − 1)− (2λ − 1)]
(

2 + r
1 + r

)2δ

s2δc2
2 − (λ − 1)

(
3 + r
1 + r

)δ

s2δb3

+
λ2 − λ

2

(
2 + r
1 + r

)2δ

s2δb2
2 −

(
2λ2 − 3λ + 1

)(2 + r
1 + r

)2δ

s2δc2b2

]
z2 + · · · , (16)

and
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q2(w) = 1 +
[
(λ − 1)

(
2 + r
1 + r

)δ

sδb2 − (2λ − 1)
(

2 + r
1 + r

)δ

sδc2

]
w

+

[
(3λ − 1)

(
2c2

2 − c3

)(3 + r
1 + r

)δ

s2δ − (λ − 1)
(

2b2
2 − b3

)(3 + r
1 + r

)δ

s2δ +
λ2 − λ

2

(
2 + r
1 + r

)2δ

s2δb2
2

−
(

2λ2 − 3λ + 1
)(2 + r

1 + r

)2δ

s2δc2b2 − (2λ − 1)
(

2 + r
1 + r

)2δ

s2δc2
2

]
w2 + · · · . (17)

Comparing coefficients in (16) and (17) yields

[(2λ − 1)c2 − (λ − 1)b2](2 + r)δsδ = (1 + r)δℓ1, (18)

(3λ − 1)(1 + r)δ(3 + r)δs2δc3 +
(

2λ2 − 4λ + 1
)
(2 + r)2δs2δc2

2 − (λ − 1)(1 + r)δ(3 + r)δs2δb3 +
λ2 − λ

2
(2 + r)2δs2δb2

2

− (2λ2 − 3λ + 1)(2 + r)2δs2δc2b2 = (1 + r)2δℓ2, (19)

[(λ − 1)b2 − (2λ − 1)c2](2 + r)δsδ = (1 + r)δ ȷ1, (20)

and

[
(3λ − 1)

(
2c2

2 − c3

)
(3 + r)δ − (λ − 1)

(
2b2

2 − b3

)
(3 + r)δ

]
(1 + r)δs2δ

+

[
λ2 − λ

2
b2

2 −
(

2λ2 − 3λ + 1
)

c2b2 − (2λ − 1)c2
2

]
(2 + r)2δs2δ = (1 + r)2δ ȷ2. (21)

From (18) and (20), we obtain

ℓ1 = −ȷ1, (22)

and

2(2λ − 1)2(2 + r)2δs2δc2
2 = (1 + r)2δ

(
ℓ2

1 + ȷ21

)
+
[
4
(

2λ2 − 3λ + 1
)

b2 − 2(λ − 1)2b2
2

]
(2 + r)2δs2δ. (23)

Adding (19) to (21) and substituting the value of ℓ2
1 + ȷ21 from (23), we obtain

(1 + r)2δ(ℓ2 + ȷ2) +
(2 + r)δsδ

2λ − 1

[
2
(

2λ2 − 3λ + 1
)
(1 + r)δℓ1b2 +

(
2λ3 − 7λ2 + 7λ − 2

)
(2 + r)δsδb2

2

]
=
[
2
(

λ2 − 3λ + 1
)
(2 + r)2δ + 2(3λ − 1)(1 + r)δ(3 + r)δ

]
s2δc2

2. (24)

Further computations using (24) yield

c2
2 =

(ℓ2 + ȷ2)(2λ − 1)(1 + r)2δ + 2
(
2λ2 − 3λ + 1

)
(1 + r)δ(2 + r)δsδℓ1b2 +

(
2λ3 − 7λ2 + 7λ − 2

)
(2 + r)2δs2δb2

2
2
[
(2λ3 − 7λ2 + 5λ − 1)(2 + r)2δ + (6λ2 − 5λ + 1)(1 + r)δ(3 + r)δ

]
s2δ

. (25)

Taking the absolute value of (25) and applying Lemmas 3 and 4 for the unknown
coefficients, we deduce the desired bound on |c2|.
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Next, in order to determine the bound on |c3|, we subtract (21) from (19) and
utilize (22), deducing

2(3λ − 1)(3 + r)δs2δc3 +

[
2λ(λ − 1)

(2 + r)2δ

(1 + r)δ
− 2(3λ − 1)(3 + r)δ

]
s2δc2

2

= (1 + r)δ(ℓ2 − ȷ2) + 2(λ − 1)(3 + r)δs2δb3 − 2(λ − 1)(3 + r)δs2δb2
2. (26)

Now, substituting the value of c2
2 from (23), we obtain

2(3λ − 1)(3 + r)δs2δc3 = (1 + r)δ(ℓ2 − ȷ2) + 2(λ − 1)(3 + r)δs2δb3

+
1

(2λ − 1)3(2 + r)2δ

[(
ℓ2

1 + ȷ21

)
(1 + r)δ

((
6λ2 − 5λ + 1

)
(1 + r)δ(3 + r)δ

− λ
(

2λ2 − 3λ + 1
)
(2 + r)2δ

)
+ 4ℓ1b2(2 + r)δsδ

((
6λ3 − 11λ2 + 6λ − 1

)
(1 + r)δ(3 + r)δ

− λ
(

2λ3 − 5λ2 + 4λ − 1
)
(2 + r)2δ

)
+ 2b2

2(2 + r)2δs2δ
((

6λ4 − 25λ3 − 5λ2 − 13λ + 2
)
(3 + r)δ

− λ
(

2λ4 − 7λ3 + 9λ2 − 5λ + 1
) (2 + r)2δ

(1 + r)δ

)]
. (27)

With further computation of (27), we deduce that

c3 =
1

2(3λ − 1)(2λ − 1)3(2 + r)2δ(3 + r)δs2δ

×
[
(1 + r)δ(2λ − 1)3(2 + r)2δ(ℓ2 − ȷ2) + 2(λ − 1)(2λ − 1)3(2 + r)2δ(3 + r)δs2δb3

+
(
ℓ2

1 + ȷ21

)
(1 + r)δ

((
6λ2 − 5λ + 1

)
(1 + r)δ(3 + r)δ − λ

(
2λ2 − 3λ + 1

)
(2 + r)2δ

)
+ 4ℓ1b2(2 + r)δsδ

((
6λ3 − 11λ2 + 6λ − 1

)
(1 + r)δ(3 + r)δ − λ

(
2λ3 − 5λ2 + 4λ − 1

)
(2 + r)2δ

)
+ 2b2

2(2 + r)2δs2δ

((
6λ4 − 25λ3 − 5λ2 − 13λ + 2

)
(3 + r)δ

− λ
(

2λ4 − 7λ3 + 9λ2 − 5λ + 1
) (2 + r)2δ

(1 + r)δ

)]
. (28)

Taking the absolute value of (28) and applying Lemmas 3 and 5, we obtain the desired
estimate on |c3|.

By setting δ = 0 in Theorem 3, we conclude the following result.

Corollary 4. Let h(z) ∈ MT σ
λ(γ)(≡ MT σ

λ(r, s, 0; γ)). Then,

|c2| ≤

√
2(2λ − 1)(γ − λ − 2γλ + λ2 + 1)

λ2(2λ − 1)

and

|c3| ≤
1

(3λ − 1)(2λ − 1)3

[
4
(

2λ5 − 13λ4 + 34λ3 + 14λ − 2
)
+ (2λ − 1)3(3λ − 2γ − 1)

+4(1 − γ)2
∣∣∣2λ3 − 9λ2 + 6λ − 1

∣∣∣+ 8(1 − γ)
(

2λ4 − 11λ3 + 15λ2 − 7λ + 1
)]

.
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Next, we determine the bounds for the first two terms of the function H(w). Given
that A2 = −c2 (by Equation (4)), any upper bound obtained for |c2| also applies to
|A2|. Additionally, to derive the upper bound for |A3| =

∣∣2c2
2 − c3

∣∣, we need to per-
form calculations based on the equation provided in (4), which we elaborate on in the
subsequent theorem.

Theorem 4. If h ∈ σ of the form (1) is in the class MT σ
λ(r, s, δ; γ), then

∣∣∣2c2
2 − c3

∣∣∣ ≤ 4(1 − γ)(2λ − 1)(1 + r)2δ

N0s2δ
+

2
(3λ − 1)(2λ − 1)3(3 + r)δ

[
2(1 − γ)(N3 + |N4 − N5|) + N6 + N7 + N8

N2

+
2(1 − γ)(2λ − 1)3(1 + r)δ + 3(λ − 1)(2λ − 1)3(3 + r)δs2δ + 4(1 − γ)2|N1|

s2δ

]
,

where

N0 :=
(

2λ3 − 7λ2 + 5λ − 1
)
(2 + r)2δ +

(
6λ2 − 5λ + 1

)
(1 + r)δ(3 + r)δ;

N1 := λ
(

2λ2 − 3λ + 1
)
(1 + r)δ −

(
6λ2 − 5λ + 1

)(1 + r
2 + r

)2δ

(3 + r)δ;

N2 :=
(

2λ3 − 7λ2 + 5λ − 1
)
(2 + r)2δ +

(
6λ2 − 5λ + 1

)
(1 + r)δ(3 + r)δ;

N3 := 2λ
(

24λ5 − 69λ4 + 74λ3 − 39λ2 + 58λ − 1
)
(3 + r)δ(2 + r)2δ;

N4 := λ
(

2λ3 − 7λ2 + 5λ − 1
)(

2λ3 − 5λ2 + 4λ − 1
) (2 + r)4δ

(1 + r)δ
;

N5 :=
(

6λ2 − 5λ + 1
)(

6λ3 − 11λ2 + 6λ − 1
)
(1 + r)δ(3 + r)2δ;

N6 :=
(

48λ7 − 216λ6 + 432λ5 − 474λ4 + 490λ3 − 66λ2 + 3λ − 2
)
(3 + r)δ(2 + r)2δ;

N7 := λ
(

2λ3 − 7λ2 + 5λ − 1
)(

2λ4 − 7λ3 + 9λ2 − 5λ + 1
) (2 + r)4δ

(1 + r)δ
;

N8 :=
(

6λ2 − 5λ + 1
)(

6λ4 − 25λ3 − 5λ2 − 13λ + 2
)
(1 + r)δ(3 + r)2δ.

Proof. By using Equations (25) and (28) , we can find

2c2
2 − c3 =

(ℓ2 + ȷ2)(2λ − 1)(1 + r)2δ

(2λ3 − 7λ2 + 5λ − 1)(2 + r)2δδ2δ + (6λ2 − 5λ + 1)(1 + r)δ(3 + r)δs2δ

− 1
2(3λ − 1)(2λ − 1)3(3 + r)δs2δ

[
(ℓ2 − ȷ2)(2λ − 1)3(1 + r)δ + 2(λ − 1)(2λ − 1)3(3 + r)δs2δb3

+
(
ℓ2

1 + ȷ21

)((
6λ2 − 5λ + 1

)(1 + r
2 + r

)2δ

(3 + r)δ − λ
(

2λ2 − 3λ + 1
)
(1 + r)δ

)]

+
1(

(2λ3 − 7λ2 + 5λ − 1)(2 + r)2δ + (6λ2 − 5λ + 1)(1 + r)δ(3 + r)δ
)
(3λ − 1)(2λ − 1)3(3 + r)δ
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×
[

2ℓ1b2

(
2λ
(

24λ5 − 69λ4 + 74λ3 − 39λ2 + 58λ − 1
)
(3 + r)δ(2 + r)2δ

+ λ
(

2λ3 − 7λ2 + 5λ − 1
)(

2λ3 − 5λ2 + 4λ − 1
) (2 + r)4δ

(1 + r)δ

− (6λ2 − 5λ + 1)
(

6λ3 − 11λ2 + 6λ − 1
)
(1 + r)δ(3 + r)2δ

)

+ b2
2

((
48λ7 − 216λ6 + 432λ5 − 474λ4 + 490λ3 − 66λ2 + 3λ − 2

)
(3 + r)δ(2 + r)2δ

+ λ
(

2λ3 − 7λ2 + 5λ − 1
)(

2λ4 − 7λ3 + 9λ2 − 5λ + 1
) (2 + r)4δ

(1 + r)δ

+ (6λ2 − 5λ + 1)
(

6λ4 − 25λ3 − 5λ2 − 13λ + 2
)
(1 + r)δ(3 + r)2δ

)]
.

Finally, by applying Lemmas 3 and 5, we achieve the desired estimate for
∣∣2c2

2 − c3
∣∣.

By setting δ = 0 in Theorem 4, we conclude the following result.

Corollary 5. Let h(z) ∈ MT σ
λ(γ). Then,

∣∣∣2c2
2 − c3

∣∣∣ ≤ (2λ − 1)33(λ−)− 2(1 − γ)(2λ − 1)3 + 4|N1|(γ − 1)2

(2λ − 1)3(3λ − 1)
+

2(N4 + 2(1 − γ)(N2 + |N3|))
λ2(2λ − 1)4(3λ − 1)

+
4(1 − γ)

λ2

where

N1 := 2λ3 − 9λ2 + 6λ − 1;

N2 := 2λ(24λ5 − 69λ4 + 74λ3 − 39λ2 + 58λ − 1);

N3 := (2λ − 1)2(λ5 − 5λ4 − λ3 + 10λ2 − 6λ + 1);

N4 := λ
(

4λ7 + 20λ6 − 103λ5 + 142λ4 − 284λ3 + 371λ2 + 16λ − 21
)

.

Finally, we provide nontrivial examples of Definitions 1 and 2 for δ = 0, λ = 2, and
γ = 0.

Example 1. If we take

h(z) = z − 2
3

z3/2 +
1
9

z2 +
2
5

z5/2 − 2
15

z3 − 2
21

z7/2 + · · · ,

and

g(z) = z − z2 + z3 − z4 + · · · ,

then, by a simple computation, the left side of (5) is as follows:

1 − z + z2 − z3 + · · · ∈ Q,

which has a positive real part. So, h ∈ MT λ(r, s, δ; γ).

Example 2. If we consider

h(z) = z − 1
2

z2 +
1
3

z3 − 1
4

z4 + · · · ,
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and

g(z) = z + z2 + z3 + z4 + · · · ,

it becomes easy to see that h ∈ MT σ
λ(r, s, δ; γ), as defined in Definition 2.

5. Conclusions

In this paper, we have integrated two significant and established classes, namely
those introduced by Bazilevič and close-to-convex functions, under a novel derivative
operator. Our analysis has yielded coefficient estimates for these extensive subclasses of
analytic, univalent, and bi-univalent functions, shedding light on the pertinent Fekete–
Szegö inequalities within the open unit disk. Furthermore, by parameter specialization, we
have identified several noteworthy special cases within our findings.

As an open problem, we aim for this study to inspire researchers to explore additional
coefficient inequalities using various polynomials and the subordination method within
these specified subclasses. Also, we recommend researchers to define and study strongly
bi-Bazilevič close-to-convex functions and to find coefficient estimates, Fekete–Szegö in-
equalities, and the distortion and growth theorems of this effective class. Furthermore, we
encourage researchers to find the second and third Hankel and Teoplitz determinants of
logarithmic coefficients for functions in the Bazilevič close-to-convex class defined in the
Introductory section.

Author Contributions: Conceptualization, P.O.S. and S.S.K.; Formal analysis, P.O.S.; Funding acqui-
sition, A.A.L. and M.A.; Methodology, P.O.S. and A.A.L.; Project administration, S.S.K.; Software,
P.O.M.; Validation, M.A.; Writing—review and editing, P.O.M. All authors have read and agreed to
the published version of the manuscript.

Funding: The publication of this research was supported by the University of Oradea, Romania.

Data Availability Statement: Data are contained within the article.

Acknowledgments: Researchers supporting project number (RSP2024R136), King Saud University,
Riyadh, Saudi Arabia.

Conflicts of Interest: The authors declares no conflicts of interest.

References
1. Duren, P.L. Univalent Functions. Grundlehren der Mathematischen Wissenschaften, Band 259; Springer: New York, NY, USA;

Berlin/Heidelberg, Germany; Tokyo, Japan, 1983.
2. Thomas, D.K.; Tuneski, N.; Vasudevarao, A. Univalent Functions: A Primer; Walter de Gruyter GmbH & Co KG: Berlin, Germany,

1918; Volume 69.
3. Schild, A. On starlike functions of order α. Am. J. Math. 1965, 87, 65–70. [CrossRef]
4. Bieberbach, L. Über die Koeffizienten derjenigen Potenzreihen, welche eine schlichte Abbildung des Einheitskreises vermitteln.

Sitzungsber. Preuss. Akad. Wiss. Phys. Math. 1916, 138, 940–955.
5. de Branges, L. A proof of the Bieberbach conjecture. Acta Math. 1985, 154, 137–152. [CrossRef]
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11. Karthikeyan, K.R.; Murugusundaramoorthy, G.; Bulboacă, T. Properties of λ-pseudo-starlike functions of complex order defined

by subordination. Axioms 2021, 10, 86. [CrossRef]
12. Cho, N.E.; Murugusundaramoorthy, G.; Karthikeyan, K.R.; Sivasubramanian, S. Properties of λ-pseudo-starlike functions with

respect to a boundary point. AIMS Math. 2022, 7, 8701–8714. [CrossRef]
13. Sokół, J.; Murugusundaramoorthy, G.; Vijaya, K. On λ-pseudo starlike functions associated with vertical strip domain. Asian-Eur.

J. Math. 2023, 16, 2350135. [CrossRef]
14. Alhily, S.S.; Lupas, A.A. Certain Class of Close-to-Convex Univalent Functions. Symmetry 2023, 15, 1789. [CrossRef]

http://doi.org/10.2307/2373224
http://dx.doi.org/10.1007/BF02392821
http://dx.doi.org/10.12732/ijam.v35i4.3
http://dx.doi.org/10.11650/twjm/1500405555
http://dx.doi.org/10.31801/cfsuasmas.434997
http://dx.doi.org/10.3390/axioms10020086
http://dx.doi.org/10.3934/math.2022486
http://dx.doi.org/10.1142/S1793557123501358
http://dx.doi.org/10.3390/sym15091789


Symmetry 2024, 16, 836 16 of 16
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27. Kazımoğlu, S.; Deniz, E.; Cotîrlă, L.-I. Certain subclasses of analytic and bi-univalent functions governed by the Gegenbauer

polynomials linked with q-derivative. Symmetry 2023, 15, 1192. [CrossRef]
28. Srivastava, H.M.; Khan, S.; Malik, S.N.; Tchier, F.; Saliu, A.; Xin, Q. Faber polynomial coefficient inequalities for bi-Bazilevič
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