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Abstract: This paper explores the concept of multiset dimensions (Mdim) of compressed zero-
divisor graphs (CZDGs) associated with rings. The authors investigate the interplay between the
ring-theoretic properties of a ring R and the associated compressed zero-divisor graph. An undi-
rected graph consisting of a vertex set Z(RE)\{[0]} = RE\{[0], [1]}, where RE = {[x] : x ∈ R} and
[x] = {y ∈ R : ann(x) = ann(y)} is called a compressed zero-divisor graph, denoted by ΓE(R). An
edge is formed between two vertices [x] and [y] of Z(RE) if and only if [x][y] = [xy] = [0], that is,
iff xy = 0. For a ring R, graph G is said to be realizable as ΓE(R) if G is isomorphic to ΓE(R). We
classify the rings based on Mdim of their associated CZDGs and obtain the bounds for the Mdim of
the compressed zero-divisor graphs. We also study the Mdim of realizable graphs of rings. Moreover,
some examples are provided to support our results. Notably, we discuss the interconnection between
Mdim, girth, and diameter of CZDGs, elucidating their symmetrical significance.

Keywords: algebraic structures; zero-divisor graphs; multiset dimensions; equivalence classes;
metric-dimension; compressed zero-divisor graph

1. Introduction

Graph theory finds diverse applications across various fields, including modeling
social network interactions, and optimizing transportation routes. It aids in ensuring
data flow and connectivity in computer networks and enhances the understanding and
design of electrical circuits [1–6]. In biology, graphs depict protein interactions and genetic
patterns, while epidemiology employs them to track disease spread [7–9]. Additionally,
recommendation systems use graphs to suggest products online, and game theory benefits
from graph analysis in strategic scenarios [10–12]. Algebraic graph theory explores relation-
ships between graphs and algebraic structures, addressing problems like maximal cliques
and minimal spanning trees [13–17]. Coding theory combines algebraic codes and graphs
to rectify data transmission errors, while representation theory and homological algebra
investigate connections between algebraic structures and graphs [18–20]. This interplay
between graph theory and algebra is crucial in various theoretical and practical contexts.

Beck [7] proposed the connection between graph theory and algebra by introducing a
zero-divisor graph (ZD-graph) of a commutative ring R. The author’s [7] primary focus
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was on the coloring of nodes in a graph, specifically on the ring elements that corresponded
to these nodes. Note that a zero vertex is linked to all other vertices in this case. Let the set
of zero divisors (ZDs) be denoted by Z(R) for a commutative ring, and the set of non-zero
ZDs of a commutative ring with 1 ̸= 0 is denoted by Z∗(R) = Z(R)\{0}. In [3], Anderson
and Livingston conducted a study on a ZD-graph in which each node represents a nonzero
ZD. Let x, y ∈ Z∗(R), then an undirected graph obtained by considering x and y as vertices
forming an edge iff xy = 0 is called a ZD-graph of R, denoted Γ(R). The study of Anderson
and Livingston emphasizes the case of finite rings, as finite graphs can be obtained when
R is finite. Their task was to determine whether a graph is complete for a given ring or
a star for a given ring. This ZD-graph definition differs slightly from Beck’s ZD-graph
definition for R. Remember, zero is not considered as a vertex of the ZD-graph in this case.
The study of the ZD-graph has been extinct in recent years, and the idea has been explored,
which leads us to the new form of ZD-graphs that includes ideal-based ZD-graphs and
module-based ZD-graphs [15,20,21]. Redmond [22] expanded the ZD-graph idea from
unital commutative rings to noncommutative rings. Different methods were presented by
him to characterize the ZD-graph related to a noncommutative ring, encompassing both
undirected and directed graphs [23]. Redmond extended this work using a ZD-graph for
a commutative ring and transformed it into an ideal-based ZD-graph. The aim was to
generalize the method by substituting elements with zero products with elements whose
product belongs to a particular ideal I of ring R.

Mulay’s [16] work inspired us to study the ZD-graph obtained by considering
equivalence classes of ZDs of a ring R. This type of ZD-graph is called a CZDG,
denoted by ΓE(R) [4]. A CZDG is an undirected graph obtained by considering
Z(RE)\{[0]} = RE\{[0], [1]} as vertex set, and can be constructed by taking the equiva-
lence classes [x] = {y ∈ R : ann(x) = ann(y)}, for every x ∈ R\([0]⋃[1]) as vertices and
an edge is formed between two distinct classes [x] and [y] iff [x][y] = 0, i.e., iff xy = 0. It
is important to note that if two vertices say x and y, are adjacent in Γ(R), then in CZDGs,
[x] and [y] are adjacent iff [x] ̸= [y]. Clearly, [1] = R\Z(R) and [0] = {0}, and also for each
x ∈ R \ ([0] ∪ [1]), [x] ⊆ Z(R)\{0}. Readers may study [5] for some interesting results
on CZDGs.

We consider an example to understand the concept of ZD-graphs and CZDGs.
Let R = Z16, then the vertex set of Γ(R) = {2, 4, 6, 8, 10, 12, 14}; Figure 1i shows
its ZD-graph. Now, we see ann(2) = {8}, ann(4) = {4, 8, 12}, ann(6) = {8},
ann(8) = {2, 4, 6, 8, 10, 12, 14}, ann(10) = {8}, ann(12) = {4, 8, 12} and ann(14) = {8}.
Hence, the vertex set for ΓE(R) = {[2], [4], [8], [14]}. See Figure 1ii for its CZDG.
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Figure 1. Zero divisor and Compressed Zero divisor graphs. (i) Zero divisor graph of ring Z16,
(ii) Compressed zero divisor graph of Z16.

The annihilator ideals in the ring correspond to the vertices of the ΓE(R). Also, remember
that diam(ΓE(R)) ≤ 2, and a CZDG is always connected. Also, diam(ΓE(R)) ≤ diam(Γ(R)).
For the CZDG, gr(ΓE(R)) ≤ 3 whenever the CZDG of R contains a cycle [5]. It can be seen
in [4] that ΓE(R) = ΓE(S) if S is a Noetherian or S is a finite commutative ring.

Readers may see [1–3] to read many advantages of studying CZDGs over the earlier
studied ZD-graph. For example, in any ring R having at least two vertices, there exists no
finite regular CZDG [24–26]. Further, Spiroff et al. [27] showed that the CZDG of local ring
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R is isomorphic to a star graph with a minimum of four vertices. (If a ring R has a unique
maximal ideal, then it is called a local ring [28]).

Another commutative ringucial aspect to consider is the connection between studying
equivalence class graphs. The associated primes of R usually considered distinct vertices
in CZDGs. In this paper, all graphs are simple graphs; a commutative ring with unity
is denoted by R, and the units set is considered as U(R) [29]. Zn denotes the ring of
integers modulo n and Fq denotes finite field on q elements. Readers are encouraged to
study [11,17,30–33] for basic definitions of graph theory and [6,13] to study basic definitions
of ring theory.

Formally, the graph is an ordered pair G = (V, E); here, V and E denote vertices
and edges set, respectively. A graph’s order and size are defined as the cardinality of
nodes and edges set, respectively. The open neighborhood of a node v is written as N(v),
and defined as {v ∈ V(G) : vu ∈ E(G)}, while the closed neighborhood of a node u is
written as N[u], and defined as {u} ∪ N(u). The distance between two nodes u′ and v′ is
denoted by d(u′, v′) and defined as the length of the shortest path between them, while
d(w, e′) = min{d(w, u′), d(w, v′)} defines the distance between a node w and the edge
e′ = u′v′.

A graph G is a regular graph if for every r ∈ V, deg(r) = c for a fixed c ∈ Z+. A
complete graph is a graph in which there is a connection between every pair of vertices,
and we denote it by Km, where m stands for the number of vertices. A graph is classified
as a complete bipartite graph if we can divide its vertices into two distinct sets, X and Y,
where every node in X is connected to every node in Y, and it is usually denoted by Km,n,
where |X|= m and |Y|= n. In a connected graph G, when the removal of a vertex results
in the formation of two or more components, then it is called a cut vertex.

In [30], the authors have studied the edge metric dimension (EMD) of various graphs.
Moreover, the relationship between the metric dimension (MD) and EMD allows for the
identification of graphs where these two dimensions are equal, as well as for some other
graphs G for which dim(G) < dimE(G) or dimE(G) < dim(G). Basically, Kelenc et al. [30]
explored the comparison of values dim(G) and dimE(G). Recently, a study on metric
parameters for ZD-graphs has been done. In 2003, Redmond [23] studied the ideal-based
ZD-graph of commutative rings.

Simanjuntak et al. [28] introduced a new variant of metric dimension known as
multiset dimension (Mdim), where distances between v and all vertices in a resolving set
(RS) W were calculated, including their multiplicities. The Mdim is defined as the minimum
cardinality of the RS. Assume v is a node of G and B ⊆ V(G), then representation for a
multiset of v with respect to B is defined as the distance between v and nodes in B. This
representation is denoted by rm(B). For all pairs of distinct nodes u and v, B is called an
m-resolving set of G, if rm(B) ̸= rm(B). The cardinality of an m-resolving set is called
the multiset basis of the graph G, and the minimum cardinality of the multiset basis is
called the multiset dimension of G; we denote it by Mdim(G), and if G does not contain an
m-resolving set, we write Mdim(G) = ∞. The key point of this article is that the apparent
expansions are an oversimplification of the task of identifying graph vertices using the
multiset representation.

Some of the contributions of this article include generalizing the Mdim of CZDGs that
accommodates different characterizations of the rings based on vertices in CZDGs. Authors
have also proved that rings can be characterized based on their multiset dimensions.
Moreover, authors have characterized several rings based on their CZDGs for which
multiset dimensions can be bounded by diameter.

The novelty of finding the multiset dimensions of graphs lies in the fact that it is a
relatively new concept and has not been extensively studied. It provides a more complete
understanding of the graph’s structure and algebraic properties, which can be useful in
many applications such as network design, social networking, and communication systems.

Simanjuntak et al. [28] found some sharp bounds for the Mdim of arbitrary graphs
in terms of their MD, order, or diameter. For a graph to have finite Mdim, Siamanjuntak
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provided some necessary conditions, with an example of an infinite family of graphs where
those necessary conditions are also sufficient. It was also shown that the Mdim of any graph
other than a path is at least three, and two families of graphs having the Mdim three were
proved. Here, we consider some results from [28] as follows:

Theorem 1 ([28]). For any integer m ≥ 3, n ≥ 6, Mdim(Pm) = 1, Mdim(km) = ∞ and Mdim
(Cn) = 3. Moreover, Mdim(Pm) = 1 iff G ∼= Pm.

Moreover, for a complete bipartite graph Km,n, we get different Mdim for different
choices of values of m and n.

Theorem 2 ([28]). For any complete bipartite graph Km,n, the Mdim(Km,n) is given below.

Mdim(Km,n) = 1
f or m = 1 and n = 1, 2
f or m = 2 and n = 1

Mdim(Km,n) = ∞
f or m = 1 and n ≥ 3
f or m = 2 and n ≥ 2

Moreover, Mdim for a single vertex graph G is supposed to be zero and undefined for
an empty graph.

2. Multiset Dimension of Some ΓE(R)

Proposition 1. Let R be a finite commutative ring. Then, Mdim(ΓE(R)) = 0 iff Γ(R) ∼= Kn.

Proof. Let Γ(R) ∼= Kn, then one of the two cases holds; either R is isomorphic to Z2 ×Z2
or for all x, y ∈ Z∗(R), the product of x and y is zero, i.e., xy = 0. Let v1, v2, . . . vn be the ZD
of the ring R that corresponds to the vertices of the ZD-graph, then [v1] = [v2], · · · = [vn]
suggests that all vertices of the ZD-graph would collapse to a graph with a single vertex in
the CZDG, and as we know, Mdim is 0 for a single vertex graph.

For the converse part, assume that Γ(R) ≇ Kn. This suggests the presence of at
least one vertex in Γ(R) that is not connected to every other vertex. Consequently, the
size of the edge set CZDG is at least 2, i.e., |ΓE(R)| ≥ 2 , leading to a multiset dimension
Mdim (ΓE(R)) ≥ 1.

The converse can also be shown by assuming that Mdim (ΓE(R)) = 0. This implies
that ΓE(R) = {[a]} for some non-zero element say, a ∈ Z∗(R), indicating that ΓE(R) is a
graph with a single vertex. This implies that Γ(R) is either isomorphic to Kn, ∀, n ≥ 1, or
a graph with a single vertex. □

Proposition 2. Let R be a finite commutative ring. Then, Mdim(ΓE(R)) = 1, iff Γ(R) ∼=
Km,n, where m or n ≥ 2.

Proof. Suppose that the ZD-graph Γ(R) is isomorphic to Km,n having two distance similar
classes V1 and V2. Specifically, assume that V1 = {u1, u2, · · · , um} and V2 = {v1, v2, · · · , vn}
such that uivj = 0, ∀ i ̸= j. Cleary, an independent set is formed by each of V1 and V2.
Furthermore, observing that [u1] = [u2] = · · · = [um] and also, [v1] = [v2] = · · · = [vn], we
deduce that both V1 and V2 each represents a single vertex CZDG. Given the connected
nature of the graph, we can conclude that ΓE(R) ∼= K1,1, which can be visualized as a path
consisting of two vertices. Therefore, by Theorem 2, it follows that the multiset dimension
of the CZDG is 1, that is, Mdim (ΓE(R)) = 1. □

Remark 1. It’s important to note that the converse of Proposition 2 may not hold; however, in cases
where R ∼= Z2 ×Z2, we find that ΓE(R) ∼= K1,1, with Mdim(ΓE(R)) = 1 such that Γ(R) ∼= ΓE(R).
As demonstrated in ([27], Proposition 1.5), a significant difference between the ZD-graph
and CZDG is that the latter cannot be isomorphic to a graph having a minimum of 3 nodes
and is also complete. However, see ([27], Proposition 1.7), if ΓE(R) is isomorphic to a complete
r-partite graph, then r must equal 2, resulting in ΓE(R) ∼= Kn,1, for some n ≥ 1. A ring R is
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classified as a Boolean ring if a2 = a holds for every element a ∈ R. Importantly, a Boolean
ring R is both commutative and has a characteristic of 2 (char(R) = 2). More comprehensively,
a commutative ring qualifies as a von Neumann regular ring. When, for any element a ∈ R,
there exists an element b within R such that a = a2b. This condition is equivalent to R being
a zero-dimensional reduced ring, as elucidated in ([13], Theorem 3. Clearly, a Boolean ring can
be classified as a von Neumann regular ring, but the converse may not always be true. For
instance, consider a family {Fi}i∈I of fields, where the product ∏

i∈I
Fi is von Neumann regular

ring. Nevertheless, it is Boolean if and only if Fi
∼= Z2 holds for all i ∈ I. If R is a reduced ring,

then for r, s ∈ Γ(R), the conditions N(r) = N(s) and [r] = [s] are equivalent ([13], Lemma
3.1). Furthermore, if R is a von Neumann regular ring, then these conditions are equivalent
to rR = sR. Moreover, if R is a von Neumann regular ring and B(R) signifies the set of idempotent
elements within R, the mapping defined by e 7→ [e] forms an isomorphism from the subgraph
of Γ(R) induced by B(R)\{0, 1} onto ΓE(R) ([13], Proposition 4.5). Particularly, if R is a
Boolean ring (i.e., R = B(R)), then ΓE(R) is isomorphic to Γ(R). This discourse leads us to the
subsequent characterization.

Corollary 1. Consider R and S bring a reduced commutative ring. If Γ(R) is isomorphic
to Γ(S) then Mdim(Γ E(R))= Mdim(Γ E(S)).

3. Analyzing Bounds for the Multiset Dimension of ΓE(R)

Here, we explore the importance of calculating Mdim in studying CZDGs. Additionally,
we determine the Mdim of certain specialized ring types that correspond to ΓE(R). Notably,
a recent contribution by Pirzada et al. [18] presented a work on the characterization of Γ(R)
in cases where the md is finite and cases where it remains undefined ([18], Theorem 3.1).

Theorem 3. Let R be a finite commutative ring with unity. Then, Mdim(Γ E(R)) is undefined
iff R is an integral domain.

Proof. As we know that ΓE(R) is not defined if R is an integral domain, it follows that
Mdim(Γ E(R)) is undefined and vice versa.

Let us consider the following lemma:

Lemma 1. Consider a ring R, which is a finite local ring, |R|= pn, with n being a positive integer
and some prime p.

The preceding result will be applied to determine the Mdim of rings R, which are finite
local rings. □

Proposition 3. Let
∣∣R∣∣= p2 for a local ring R and p being 2, 3 or 5, then Mdim(Γ E(R)) can be

either undefined or 0.

Proof. Let us assume all local rings have an order. p2, where p is a prime. The following

rings Fp2 , Zp2 and Fp [x]
(x2)

are local rings of order p2 ([10], p. 687).

Case I. If R ∼= Fp2 , i.e., R is a field having an order p2. In such cases, the graph ΓE(R)
becomes an empty graph, resulting in an undefined Mdim(ΓE(R)).
Case II. If R ∼= Zp2 , or R ∼= Fp[x]

(x2)
, i.e.,

∣∣R∣∣= p2 and R is not a field. For p = 2, 3, or 5,
the graph ΓE(R) consists of a single vertex, leading to Mdim(ΓE(R)) = 0. This concludes
our result. □

Example 1. Consider the ring R ∼= Z8, then it is easy to see that Γ(R) ∼= P3 and ΓE(R) ∼= P2.
Hence by Theorem 1, Mdim(Γ(R))= 1 = Mdim(Γ E(R)).
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Proposition 4. Let R be a local ring having order (i.e., R is not a field)

1. p = 8 or 27, then Mdim(Γ E(R)) = 0, and Mdim(Γ E(R)) = 1 only if R ∼= Z8, Z27,
Z2[x]/

(
x3), Z3[x]/

(
x3), Z4[x]/

(
2x, x2 − 2

)
, Z9[x]/

(
3x, x2 − 3

)
,Z9[x]/

(
3x, x2 − 6

)
.

2. p = 4, then Mdim(Γ E(R)) is equal to 0, 1, or ∞.

Proof. (a) The following rings, Fp3 , Fp [x]
(x3)

, Fp [x,y]
(x,y)2 ,

Zp2 [x]

(px,x 2)
,

Zp2 [x]

(px,x 2−p)
, are all local rings having

an order p3.

Case (i). When p = 2, the local rings Z2[x, y]
(x,y)2 and Z4[x]

(2x, x 2)
have the same equivalence

classes of zero divisors. Let us assume that [m] = {x, y, x + y} is equivalence class for
any ZD m of ring Z2[x, y]

(x,y)2 and [n] = {2, x, x + 2} is equivalence class for any ZD m ring
Z4[x]

(2x, x 2)
, i.e., ΓE(R) is a single vertex graph. Hence, Mdim(Γ E(R)) = 0. But ΓE(R) ∼= P2 for

Z8, Z2[x]/
(

x3), Z4[x]/
(
2x, x2 − 2

)
. Hence by Theorem 1 Mdim(Γ E(R)) = 1.

Case (ii). If p = 3 for the above-given rings, we find that the CZDG structures of the rings
Z27, Z3[x]/

(
x3), Z9[x]/

(
3x, x2 − 3

)
, Z9[x]/

(
3x, x2 − 6

)
are the same and isomorphic to

P2. Then, by Theorem 1 Mdim(Γ E(R)) = 1.

Also, the rings
Z32 [x]

(3x,x2)
and Z3[x,y]

(x,y)2 have the same equivalence classes of ZDs given by

[m] = {3, 6, x, 2x, x + 3, x + 6, 2x + 3, 2x + 6} for any ZD m of ring
Z32 [x]

(3x,x2)

and [n] = {x, 2x, y, 2y, x + y, 2x + y, x + 2y, 2x + 2y} for any ZD n of ring Z3[x,y]
(x,y)2 , i.e., ΓE(R)

is a graph with a single vertex. Hence, Mdim(Γ E(R)) = 0.
(b) Now we focus our attention to local rings having order p4 by taking p = 2. It is

found in [10] that there are 21 non-isomorphic commutative local rings with an identity of or-
der 16. The following rings with Mdim(Γ E(R)) = 0 are F4[x]/

(
x2), Z2[x, y, z]/(x, y, z)2,

and Z4[x]/
(

x2 + x + 1
)
. The following are the rings having Mdim(Γ E(R)) = 1, Z2[x]/

(
x4),

Z2[x, y]/
(

x3, xy, x2), Z4[x]/
(
2x, x3 − 2

)
, Z4[x]/

(
x2 − 2

)
, Z8[x]/

(
2x, x2), Z16, Z4[x]/(

x2 − 2x − 2
)
, Z8[x]/

(
2x, x2 − 2

)
, and Z4[x]/

(
x2 − 2x

)
.

Furthermore, the following rings Z4[x]/
(
x2), Z2[x, y]/

(
x2, y2) and Z2[x, y]/

(
x2−y2, xy

)
have Mdim(Γ E(R)) = ∞. □

Now, we will find Mdim(Γ E(Zn)).

Proposition 5. Consider a prime number p.

(a) When n = 2p and p > 2, then Mdim(Γ E(Zn)) = 1.
(b) When n = p2, then Mdim(Γ E(Zn)) = 0.

Proof. (a) When p = 2, the CZDG of Z4 is a single vertex graph, hence Mdim(Γ E(Z4)) = 0.
Consider p > 2, then {2, 2.2, 2.3, . . . , 2.(p − 1), p} is a ZD set of Zn. Given that the

Char (Zn) = 2p, we can deduce that p is adjacent to every other vertex. Consequently, the
equivalence classes of these ZDs are as follows:

[2] = [2.2] = . . . = [2.(p − 1)] = {p}, [p] = {2, 2.2, 2.3, . . . , 2.(P − 1)}.

Thus, {[p], [2x]} is a vertex set of ΓE(Zn), for some positive integer x = 1, 2, 3, . . . , p− 1.
So ΓE(Z n)

∼= P2, then by Theorem 1 Mdim(Γ E(R)) = 1.
(b) A ZD set of Zn is {p, p.2, p.3, . . . , p.(p − 1)}, when n = p2 and p > 2. Since

Char (Zn) = p2, so equivalence classes of all are the same, i.e., {p, p.2, p.3, . . . , p.(p − 1)}.
Hence the CZDG of Zn is a single vertex graph, so Mdim(Γ E(R)) = 0.

Consider a ring R, a graph G is said to be realizable as ΓE(R) if G ∼= ΓE(R). How-
ever, numerous results suggest that the majority of graphs cannot be realized as ΓE(R),
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For instance, ΓE(R) cannot represent a complete graph with three or more vertices or a
cycle graph. □

Proposition 6. Consider a realizable graph ΓE(R) containing three vertices, then Mdim(Γ E(R)) = 1.

Proof. In a study by Spiroff et al. [27], it was established that one realizable graph de-
noted by ΓE(R) encompassing precisely three vertices as a graph representing equivalence
classes of zero-divisors for a given ring R is isomorphic to the path graph P3, see Figure 2.
Understandably, its Mdim is 1. □
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Proposition 7. Consider a realizable graph ΓE(R) containing four vertices, then Mdim(Γ E(R)) is
either ∞ or 1.

Proof. The possible realizable graph ΓE(R) with four vertices are illustrated in Figure 3. It
is readily apparent that their Mdim can be either ∞ or 1. □
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Proposition 8. Consider a realizable graph ΓE(R) with five vertices, then Mdim(Γ E(R)) = ∞.

Proof. The possible realizable graph ΓE(R) with five vertices is illustrated in Figure 4; it is
readily apparent that their Mdim is ∞. □
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x2, y2, 4x, 4y, 2xy
)
.

4. Relationship between Multiset Dimension, Diameter, and Girth of ΓE(R)

Within this section, we delve into the correlation among multiset dimensions, diameter,
and girth of ΓE(R). Since gr(ΓE(R)) ∈ {3, ∞}, but gr(ΓE(R)) = 3 iff gr(Γ(R)) = 3, where
R is a reduced commutative ring. Moreover, gr(ΓE(R)) = ∞ ⇐⇒ gr(Γ(R)) ∈ {4, ∞} .
Nevertheless, it is possible that gr(Γ(R)) = 3 and we could have either gr(ΓE(R)) = 3 or ∞.
In the subsequent result, we establish the Mdim(Γ E(R)) of a ring R in terms of gr(ΓE(R) .

Theorem 4. Consider a finite commutative ring R such that gr(ΓE(R)) = ∞.

(i) Then, Mdim(ΓE(R)) = 1, if R is a reduced ring,
(ii) Then, Mdim(ΓE(R)) = 0, if R ∼= Z4, Z9, Z2[x]/

(
x2).

Proof. (a) Let us consider that R is a reduced ring and not isomorphic to Z2 ×Z2, then it is
certain that R cannot be isomorphic to Z2 × A, where A is some finite field. Consequently,
R possesses two equivalence classes of ZDs [(1, 0)] and [(0, 1)], which are adjacent to each
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other (by Theorem 2 [29]). As a result, Mdim(ΓE(R)) = 1. However, if R is isomorphic to
Z2 ×Z2, suggesting that R is a Boolean ring. It follows that Γ(R) is isomorphic to ΓE(R).
Consequently, the result is completed by using (Lemma 3, [29]).

(b) For the rings listed as follows: R ∼= Z4, Z9, Z2[x]/
(

x2), their CZDG, ΓE(R)
represents a single vertex graph and hence Mdim(ΓE(R)) = 0. □

Corollary 2. Let R be a finite commutative ring having unity one and F be a finite field. Also,
let R be a local ring isomorphic to any of the following listed rings: Z8, Z27, Z2[x]/

(
x3), Z4[x]/(

2x, x2 − 2
)
, Z2[x, y]/

(
x3, xy, y2), Z8[x]/

(
2x, x2), Z4[x]/

(
x3, 2x2, 2x

)
, Z9[x]/

(
3x, x2 − 6

)
,

Z9[x]/
(
3x, x2 − 3

)
, Z3[x]/

(
x3). If gr(ΓE(R)) = ∞, then for reduced rings R×F, ΓE(R × F) ∼=

ΓE(R) with Mdim 1.

Proof. Let gr(ΓE(R)) = ∞, then for all reduced rings R × F, we have ΓE(R × F) ∼= K1,1
(Lemma 3, [29]). Furthermore, the above local rings list have the same CZDG isomorphic
to k1,1. Hence Mdim(ΓE(R)) = 1 for the above local rings. □

We now focus on examining the connection between multiset dimension and diameter
of CZDGs. Considering, diam (ΓE(R)) ≤ 3, when there is a cycle in CZDG, the following
outcomes emerge:

Theorem 5. Let R be a commutative ring and F1 and F2 are fields. Then,

(a) Mdim(ΓE(R)) = diam(ΓE(R)) = 1 if R ∼= F1 × F2.
(b) Mdim(ΓE(R)) = 0 ⇐⇒ diam(ΓE(R)) = 0 .
(c) Mdim(ΓE(R)) = 0 if Z(R)2 = 0 and |Z(R)| ≥ 2.
(d) Mdim(ΓE(R)) = 0 ⇐⇒ diam(Γ(R)) = 0 or 1, R ≇ Z2 ×Z2.

Proof.

(a) Let R ∼= F1 × F2, then |ΓE(R)| = 2 (by Lemma 3, [29]). Since the only equiva-
lence classes of ZDs are [(0, 1)] and [(1, 0)], CZDG is isomorphic to K1,1. Hence,
Mdim(ΓE(R)) = 1 = diam (ΓE(R)).

(b) Mdim(ΓE(R)) = 0 iff ΓE(R) is a single vertex graph, and it is possible iff diam (ΓE(R)) = 0.
(c) Let |Z(R)| ≥ 2 and Z(R)2 = 0. Hence ann(a) = ann(b), for each a, b ∈ Z(R)∗. This

suggests that diam (ΓE(R)) = 0. Therefore Mdim(ΓE(R)) = 0.
(d) Assume that diam(Γ(R)) = 0 or 1, subsequently Γ(R) ∼= kn, thus Mdim(ΓE(R)) = 0

except if R ≇ Z2 ×Z2. Conversely, assume that Mdim(ΓE(R)) = 0. Then Γ(R) ∼= kn,
hence diam(Γ(R)) = 0 or 1. □

5. Conclusions

The rings have been characterized by studying the multiset dimensions of their asso-
ciated CZDGs. We found some bounds for the multiset dimensions of CZDGs. We also
studied the Mdim of the graph G, which is realizable as ΓE(R). The study concluded by
discussing the connection between multiset dimension, diameter, and girth of ΓE(R). In
the future, Mdim can be studied to characterize the rings based on their other types of
ZD-graphs.
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