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Abstract

:

This paper focuses on studying certain oscillatory properties of a new class of half-linear second-order differential equations with an advanced argument in a non-canonical case. By employing some new relations between the solution and its higher derivatives and taking into account the symmetry of positive and negative solutions, we have introduced new criteria to test whether all solutions of the studied equation exhibit oscillatory behavior. Our study aims to expand and enhance previous results, helping to understand these properties in the specified context. The results obtained are confirmed and clarified through an example involving Euler-type equations.
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1. Introduction


This study investigates the oscillatory and asymptotic behavior of solutions to second-order advanced differential equations in the following form:


    r    υ ′   α   ′   ⊤  +  ∑  i = 1  k   Φ i   ⊤   υ α    ς i   ⊤   = 0 ,   ⊤ ≥  ⊤ 0  ,  



(1)




where   α > 0   represents the ratio of positive odd integers and   k ≥ 1  . We will assume that   r ,  ς i  ∈  C 1    [  ⊤ 0  , ∞ )  ,  0 , ∞    ,    Φ i  ∈ C   [  ⊤ 0  , ∞ )  ,  0 , ∞   ,      ς i   ⊤  ≥ ⊤ ,  ς ′   ⊤  ≥ 0  ,   ς  ⊤  ≥  ς i   ⊤  ,     Φ i   does not vanish identically, and


   ∫   ⊤ 0   ⊤   r    − 1  α     s  d s < ∞ .  



(2)







We restrict our attention to a nontrivial real-valued function   υ ∈ C  [  t x  , ∞ ) , R    of (1) that satisfies (1) on   [  t x  , ∞ )   and has the property   r    υ ′   α  ∈  C 1    [  t x  , ∞ )  ,  0 , R    . We consider only those solutions of (1) that exist on   [  t x  , ∞ )   and satisfy


  sup   υ  ⊤   :  t υ  ≤ ⊤ < ∞  > 0 ,  for  any   t υ  ≥  t x  .  











Symmetry plays a vital role in solving differential equations, as many advanced differential equations have inherent symmetries that can be exploited to find possible solutions. One of the most important of these types is second-order advanced differential equations, which play a significant role in various biological contexts, providing a precise understanding of systems that are inherently dynamic and complex. For example, they are used in most applications related to biology, such as neuroscience, where the Hodgkin–Huxley model, which describes how action potentials in nerve cells start and spread, relies on a system of differential equations. These equations explain the complex dynamics of the voltage across the neuronal cell membrane in response to stimulation [1,2,3,4,5]. Moreover, advanced second-order differential equations provide models in epidemiology, like the SIR model and its derivatives (such as SEIR and SIS), which use differential equations to understand the spread of infectious diseases and simulate how infection and recovery rates affect the disease dynamics within a community. Additionally, many physiological processes, such as cardiac dynamics, calcium signaling in cells, and hormonal regulation, can be designed using second-order differential equations [4,6,7,8,9,10,11,12,13]. These models help understand how changes in one part of the system affect another part and predict system behavior under various scenarios. Second-order differential equations represent the forces, movements, and mechanical behaviors of biological systems, ranging from limb movement to muscle contraction dynamics and blood flow.



There are some examples of biological models that involve second-order differential equations such as the FitzHugh–Nagumo model of neuronal dynamics, which is a simplification of the Hodgkin–Huxley model that describes the electrical properties of the nerve cell. The equations include a second-order differential term when considering the spatial distribution of electrical potentials


      ∂ 2  V   ∂  x 2     = C    ∂ V   ∂  ⊤ 2     + f  V  − W + I ,  








where V is the membrane potential, W represents recovery variables, I is the current, and C is a constant.



Mechanical models of muscle contraction are also among the most important models that include this type of equation


  m     d 2  x   d  ⊤ 2     + b    d x   d ⊤    + k x = F  ⊤  ,  








where x is the muscle length, m is the mass, b is the damping coefficient, k is the spring constant, and   F  ⊤    is the time-dependent external force.



On the other hand, models such as predator–prey equations can be expanded to include second-order systems to include effects such as inertia in population changes or delayed responses


      d 2  x   d  ⊤ 2     = x  a − b x − c υ  − k    d x   d ⊤    ,  








where x and  υ  represent the populations of prey and predators, respectively; a, b, and c are constants representing interaction terms; and k is a damping term related to time delay or inertia.



Studies on equations with advanced arguments are limited compared to those dedicated to the study of delayed equations. Despite the existence of a number of studies on equations and special cases or generalizations of Equation (1), most of them highlight cases when


   ∫   ⊤ 0   ⊤   r    − 1  α     s  d s = ∞ .  








Moreover, not taking the effect of the advanced intermediary into account in the special cases of the studied equation has been a common approach in many of the results available to date, such as [14,15,16,17].



Recently, some studies have been devoted to finding improved criteria for studying the asymptotic and oscillation behavior of solutions of Equation (1) and its special cases. Jadlovska [18] and Baculíková [19] have used iterative methods to establish criteria that ensure the oscillation of solutions to the equation


   υ  ″    ⊤  + Φ  ⊤  υ  ς  ⊤   = 0 .  








On the other hand, Džurina [20] studied the equation


    r  ⊤   υ ′   ⊤   ′  + Φ  ⊤  υ  ς  ⊤   = 0 ,  








and employed some nonoscillatory monotonic properties to reach oscillation criteria for solutions by using the comparison principle, which depends on a reduced equation of the first order.



In [21], the author was able to provide some relationships that later enabled him to reach the oscillation criteria of the differential equation


    r  ⊤     υ ′   ⊤    α − 1    υ ′   ⊤   ′  + Φ  ⊤    υ   α − 1    ς  ⊤   υ  ς  ⊤   = 0 ,  








in canonical form and where   ς  ⊤  ≥ ⊤  .



Most of the available results concerning Equation (1) are under the condition


  ς  ⊤  ≤ ⊤ ,  








or in canonical form; see, for example, [22,23,24]. It is well known that there is a clear distinction in classifying nonoscillatory solutions between canonical and noncanonical forms. In canonical form, it is guaranteed that the solution will eventually be increasing, and the first derivative of the solution (e.g., positive) eventually has one sign. In contrast, in the case of canonical equations, we face possibilities for the first derivative of the solution (e.g., positive) to vary. Therefore, dealing with this type of equation becomes more complex. In this paper, we aim to present some recent results that contribute to the development of the oscillation theory for studied equations in noncanonical form.



We provide criteria different from those found in the previous literature, thanks to the new relationships and distinct characteristics we have established. Most available studies rely on two or more conditions to ensure the oscillation of solutions of (1) or its special cases. For example, in reference [25], the authors relied on the condition


   ∫   ⊤ 0   ∞     r  − 1    ⊤   ∫   ⊤ 0   ⊤   π α   ς  s    ∑  i = 1  k   Φ i   s  d s   1 l α   d ⊤ = ∞ ,  



(3)




to exclude non-oscillatory decreasing solutions (positive) and added another condition to exclude non-oscillatory increasing solutions (positive). In contrast, we rely on the condition (3) alone to exclude both increasing and decreasing solutions. See Theorem 2. Our diverse conditions, with their varied proof techniques, serve as an effective means to adapt to the different models they are applied to. See Theorems 1–10. Therefore, our results extend the findings presented in some of the literature such as [14,15,16,17,18,19,26]. Additionally, they improve and simplify some of the results that studied advanced equations in the noncanonical case mentioned in [25,27].



This paper is structured as follows: In Section 1, we present the equation under study, along with the general conditions required to achieve the main results of the paper. We also provide an overview of related topics and the motivation behind this study. In Section 2, we introduce some relationships that will be used to derive the oscillation results discussed in the following section. In Section 3, we present various theorems to guarantee the oscillation of the solutions of (1), which can be applied in various forms and with different features. In Section 4, we present examples to corroborate and clarify our results. In the final Section 5, we present a summary of the main findings we have reached. We then pose an open-ended question that could extend the ideas presented in this paper and serve as an inspiration for researchers in the same field.




2. Preliminaries


For the sake of brevity, we will define the following:


   Ω  a , b    ⊤  =  ∫  a  b   ∑  i = 1  k   Φ i   s  d s ,   π  ⊤  : =   ∫  ⊤  ∞   r  − 1 / α    s  d s ,  








and


   π ˜   ⊤  : = π  ⊤  +  α  − 1    ∫  ⊤  ∞   ∑  i = 1  k   Φ i   s  π  s   π α   ς  s   d s .  








In the following two lemmas, we present some relationships that will play an effective role in proving the main results.



Lemma 1

([28] Lemma 2.3). Let


  g  h  =  S 1  h −  S 2    h −  S 3     α + 1  / α   ,  








where    S 1  > 0  ,   S 2   and   S 3   are constants. Then,


   h *  =  S 3  +      α  S 1     α + 1   S 2      α   








is the function in which g attains its maximum value on  R 


   max  h ∈ R   g  h  = g   h *   =  S 1   S 3  +      S 1   α + 1      α + 1       α  S 2     α  .  



(4)









Lemma 2.

Suppose that (1) has a solution   υ > 0   on   [  ⊤ 1  , ∞ )  ,    ⊤ 1  ∈  [  ⊤ 0  , ∞ )   , (2) is satisfied and


    Ω   ⊤ 0  , ∞    ⊤  = ∞ .   



(5)




Then,


   υ  is   increasing ,   and  r    υ ′   α   is  nonincreasing ,   on   [  ⊤ 1  , ∞ )  .   



(6)




Furthermore,


   υ / π  is  nondecreasing  on  [  ⊤ 1  , ∞ ) .   



(7)









Proof. 

Let   υ > 0   be a solution of (1) on   [  ⊤ 1  , ∞ )  . From (1), we see that


    r    υ ′   α   ′   ⊤  +  ∑  i = 1  k   Φ i   ⊤   υ α   ς  ⊤   ≤ 0 .  








Consequently, either    υ ′  < 0   or    υ ′  > 0  . In contrast, suppose that (5) holds and there exists    ⊤ 2  ≥  ⊤ 1    such that    υ ′   ⊤    is positive on   [  ⊤ 2  , ∞ )  . Setting


  w  ⊤  : =  υ  − α    ς  ⊤   r  ⊤     υ ′   ⊤   α  > 0 .  



(8)




That is,


   w ′   ⊤  : = −  ∑  i = 1  k   Φ i   ⊤  − w  ⊤   ς ′   ⊤      υ ′   ς  ⊤     υ  ς  ⊤      ≤ −  ∑  i = 1  k   Φ i   ⊤  .  



(9)




Integrating (9), we obtain


  w  ⊤  ≤ w   ⊤ 2   −  Ω   ⊤ 2  , ⊤    ⊤  .  



(10)




By (5), it is clear that (10) leads to a contradiction with the sign of function   w  ⊤   . Thus, the case    υ ′   ⊤  > 0   cannot be satisfied; hence,  υ  satisfies (6) for   ⊤ ≥  ⊤ 1   . Using the fact that   r    υ ′   α    is nonincreasing, we obtain


     υ  ⊤  +   ∫  ⊤  ∞   r  − 1 / α    s   r  1 / α    s   υ ′   s  d s    ≥   0      υ  ⊤  +  r  1 / α    ⊤   υ ′   ⊤    ∫  ⊤  ∞   r  − 1 / α    s  d s    ≥    0 .     








Then,


  υ  ⊤  +  r  1 / α    ⊤   υ ′   ⊤  π  ⊤  ≥ 0 .  



(11)




In view of (11), we have


      υ π    ′   ⊤  =     r  1 / α    ⊤   υ ′   ⊤  + υ  ⊤     r  1 / α    ⊤   π 2   ⊤     ≥ 0 .  



(12)




The proof is complete. □






3. The Main Results


Theorem 1.

Suppose that (1) has a solution   υ > 0   on   [  ⊤ 1  , ∞ )  ,    ⊤ 1  ∈  [  ⊤ 0  , ∞ )  ,   (2) is satisfied, and


    ∫   ⊤ 0   ∞     r  − 1    ⊤   Ω   ⊤ 0  , ⊤    ⊤    1 / α   d ⊤ = ∞ .   



(13)




Then (6) holds for   ⊤ ≥  ⊤ 1    and


    lim  ⊤ → ∞    υ  ⊤  = 0 .   



(14)




Furthermore, there ∃ a    ⊤ *  ≥  ⊤ 1    such that


   υ  ⊤        ≥  M 1  π  ⊤   ;       ≤  M 2   e  −  ∫   ⊤ 0   ⊤  π  ς  s    π  − 1    s   r  − 1 / α    s     Ω   ⊤ 0  , ⊤    ⊤    1 / α   d s        ,  M 1  ,  M 2  > 0 ,   



(15)




   ⊤ ≥  ⊤ *  .   





Proof. 

Let   υ > 0   be a solution of (1) on   [  ⊤ 1  , ∞ ) .   According to (13) and (2), it is easy to see that    Ω   ⊤ 0  , ⊤    ⊤    is unbounded; that is, (5) satisfied. From Lemma 1, we note that  υ  (6) holds for   ⊤ ≥  ⊤ 1   . Since    υ ′  < 0  , there ∃  c ∈ [ 0 , ∞ )   such that


   lim  ⊤ → ∞    υ  ⊤  = c .  








Let us assume that   c > 0  , we obtain


     −   r    υ ′   α   ′   ⊤     =     ∑  i = 1  k   Φ i   ⊤   υ α    ς i   ⊤         ≥     c α   ∑  i = 1  k   Φ i   ⊤   for  ⊤ ≥  ⊤ 2  ,   ⊤ 2  ∈  [  ⊤ 1  , ∞ )  .     



(16)




Integrating (16) from   ⊤ 2   to ⊤ leads to


  − r  ⊤     υ ′   ⊤   α  + r   ⊤ 2      υ ′    ⊤ 2    α  +  c α   Ω   ⊤ 2  , ⊤    ⊤  ≥ 0 ,  








and


  υ  ⊤  + c     1  r  ⊤      Ω   ⊤ 2  , ⊤    ⊤    1 / α   ≤ 0 .  



(17)




Integrating (17) from   ⊤ 2   to ⊤, we conclude that


  υ  ⊤  + υ   ⊤ 2   ≤ − c  ∫   ⊤ 2   ⊤      1  r  u      Ω   ⊤ 2  , ⊤    ⊤    1 / α   d u .  








Taking (13) into account, we obtain a contradiction, since   υ  ⊤  → − ∞   as   ⊤ → ∞  . Hence,   c = 0  .



Now, from (7), we see that there is a positive constant   c 1   such that


  υ  ⊤  ≥  c 1  π  ⊤   for  ⊤ ≥  ⊤ 3  ,   ⊤ 3  ≥  ⊤ 2  .  








Integrating (1), we obtain


     − r  ⊤     υ ′   ⊤   α     ≥    − r   ⊤ 3      υ ′    ⊤ 3    α  +  ∫   ⊤ 3   ⊤   ∑  i = 1  k   Φ i   s   υ α    ς i   s   d s       ≥    − r   ⊤ 3      υ ′    ⊤ 3    α  +  υ α   ς  ⊤    Ω   ⊤ 3  , ⊤    ⊤        ≥    − r   ⊤ 3      υ ′    ⊤ 3    α  +  υ α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤          −  υ α   ς  ⊤    Ω   ⊤ 0  ,  ⊤ 3     ⊤  .     








According to    lim  ⊤ → ∞    υ  ⊤  = 0  , there is a    ⊤ 4  ≥  ⊤ 3    such that


  − r   ⊤ 3      υ ′    ⊤ 3    α  >  υ α   ς  ⊤    Ω   ⊤ 0  ,  ⊤ 3     ⊤    for  ⊤ ≥  ⊤ 4  .  








That is


  − r  ⊤     υ ′   ⊤   α  ≥  υ α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤   for  ⊤ ≥  ⊤ 4  .  








In view of (7), we obtain


     − r  ⊤     υ ′   ⊤   α     ≥       υ α   ς  ⊤     π α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤      π α   ς  ⊤           ≥        υ α   ⊤    π α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤      π α   ⊤     .     








Thus,


      υ ′   ⊤    υ  ⊤     ≤ −    π  ς  ⊤    Ω    ⊤ 0  , ⊤    1 / α    ⊤    π  ⊤   r  1 / α    ⊤     .  



(18)




Integrating above inequality from   ⊤ 4   to ⊤, we have


     υ  ⊤     ≤    υ   ⊤ 4    e  −  ∫   ⊤ 4   ⊤     π  ς  u     π  u   r  1 / α    u      Ω    ⊤ 0  , u    1 / α    ⊤  d u         =     M 2   e  −  ∫   ⊤ 0   ⊤     π  ς  u     π  u   r  1 / α    u      Ω    ⊤ 0  , u    1 / α    ⊤  d u   ,     








where


   M 2  : = υ   ⊤ 4    e  −  ∫   ⊤ 0    ⊤ 4      π  ς  u     π  u   r  1 / α    u      Ω    ⊤ 0  , u    1 / α    ⊤  d u   > 0 .  








The proof is complete. □





Theorem 2.

Suppose that (2) is satisfied. If


    ∫   ⊤ 0   ∞     r  − 1    ⊤   ∫   ⊤ 0   ⊤   π α   ς  s    ∑  i = 1  k   Φ i   s  d s   1 l α   d ⊤ = ∞ ,   



(19)




then (1) is oscillatory.





Proof. 

Let   υ  ⊤  > 0   be a solution of (1) on   [  ⊤ 0  , ∞ ) .   Then,   υ  ς  ⊤   > 0   for   ⊤ ∈ [  ⊤ 1  , ∞ )  . We see that (19) require (5) to be valid. In fact, since    ∫   ⊤ 0   ⊤   π α   ς  s    ∑  i = 1  k   Φ i   s  d s   is an unbounded function due to the facts    π ′  < 0   and (2), (5) must be satisfied. Therefore, by Lemma 2, (6) holds for   ⊤ ≥  ⊤ 1   . From (7), we note that there is a positive constant c such that


     υ  ⊤    π  ⊤     ≥ c  for  ⊤ ≥  ⊤ 2  ,   ⊤ 2  ≥  ⊤ 1  .  



(20)




Using (20) in (1), we obtain


  −   r    υ ′   α   ′   ⊤  −  c α   ∑  i = 1  k   Φ i   ⊤   π α   ς  ⊤   ≥ 0 .  



(21)




Integrating (21) from   ⊤ 2   to ⊤, we have


  − r  ⊤     υ ′   ⊤   α  −  c α   ∫   ⊤ 2   ⊤   ∑  i = 1  k   Φ i   s   π α   ς  s   d s ≥ 0 ,  








or


  −  υ ′   ⊤  ≥   c   r  1 l α    ⊤        ∫   ⊤ 2   ⊤   ∑  i = 1  k   Φ i   s   π α   ς  s   d s   1 l α   .  



(22)




Integrating (22) from   ⊤ 2   to ⊤ and using (19), we get


  υ   ⊤ 2   ≤ υ  ⊤  −  ∫   ⊤ 2   ⊤  c  r  − 1 l α    u     ∫   ⊤ 2   ⊤   ∑  i = 1  k   Φ i   s   π α   ς  s   d s   1 l α   d u → − ∞ .  








This contradiction completes the proof. □





Remark 1.

In reference [25], the author studied Equation (1) as a special case on the field of time scales. They used the condition (19) to exclude positive, decreasing solutions. Consequently, in their theorems, they had to use more complex additional conditions to exclude potential positive increasing solutions in order to obtain conditions that guarantee the oscillation of the solutions of Equation (1).





Theorem 3.

Suppose that (2) is satisfied. If


    lim sup  ⊤ → ∞    π α   ς  ⊤    Ω   ⊤ 1  , ⊤    ⊤  > 1 ,  ∀  ⊤ 1  ≥  ⊤ 0  ,   



(23)




then (1) is oscillatory.





Proof. 

Let   υ  ⊤  > 0   be a solution of (1) on   [  ⊤ 0  , ∞ ) .   Then   υ  ς  ⊤   > 0   for   ⊤ ∈ [  ⊤ 1  , ∞ )  . We see that (5) requires (23) and (2). By Lemma 2, we find that (6) holds for   ⊤ ≥  ⊤ 1   . Integrating (1) from   ⊤ 1   to ⊤ and using the property    υ ′  < 0  , we have


  − r  ⊤     υ ′   ⊤   α  + r   ⊤ 1      υ ′    ⊤ 1    α  =  ∫   ⊤ 1   ⊤   ∑  i = 1  k   Φ i   s   υ α   ς  s   d s ,  








that is,


  − r  ⊤     υ ′   ⊤   α  ≥  υ α   ς  ⊤    Ω   ⊤ 1  , ⊤    ⊤  .  



(24)




In the same way as Lemma 2, we obtain (11), which, along with (24), implies that


     − r  ⊤     υ ′   ⊤   α     ≥    − r  ς  ⊤      υ ′   ς  ⊤    α   π α   ς  ⊤    Ω   ⊤ 1  , ⊤    ⊤        ≥    − r  ⊤     υ ′   ⊤   α   π α   ς  ⊤    Ω   ⊤ 1  , ⊤    ⊤  .     








This leads to a contradiction:


   lim sup  ⊤ → ∞    π α   ς  ⊤    Ω   ⊤ 1  , ⊤    ⊤  ≤ 1 .  








The proof is complete. □





Theorem 4.

Suppose that (2) and (13) are satisfied. If


    lim sup  ⊤ → ∞    π α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤  > 1 ,   



(25)




then (1) is oscillatory.





Proof. 

In the same way as Theorem 3, we obtain (24). According to the fact that    lim  ⊤ → ∞   υ  ⊤  = 0 ,   there is a    ⊤ 2  >  ⊤ 1    such that


  − r  ⊤     υ ′   ⊤   α  >  υ α   ς  ⊤    Ω   ⊤ 0  ,  ⊤ 1     ⊤  .  








Thus,


     − r  ⊤     υ ′   ⊤   α     ≥    − r   ⊤ 1      υ ′    ⊤ 1    α  +  υ α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤          −  υ α   ς  ⊤    Ω   ⊤ 0  ,  ⊤ 1     ⊤        ≥     υ α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤  ,  for  ⊤ ≥  ⊤ 2  .     



(26)




In the same way as Lemma 2, we obtain (11), which, along with (24), implies that


     − r  ⊤     υ ′   ⊤   α     ≥    − r  ς  ⊤      υ ′   ς  ⊤    α   π α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤        ≥    − r  ⊤     υ ′   ⊤   α   π α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤  .     








This leads to a contradiction:


   lim sup  ⊤ → ∞    π α   ς  ⊤    Ω   ⊤ 0  , ⊤    ⊤  ≤ 1 .  








The proof is complete. □





Theorem 5.

Suppose that (2) is satisfied. If


    lim inf  ⊤ → ∞    ∫  ⊤   ς  ⊤     ∑  i = 1  k   Φ i   s   π α   ς  s   d s >   1 e   ,   



(27)




then (1) is oscillatory.





Proof. 

Let   υ  ⊤  > 0   be a solution of (1) on   [  ⊤ 0  , ∞ ) .   Then   υ  ς  ⊤   > 0   for   ⊤ ∈ [  ⊤ 1  , ∞ )  . First, we find that (27) and (2) imply (5). Note that (27) implies


   ∫   ⊤ 0   ∞   ∑  i = 1  k   Φ i   s   π α   ς  s   d s = ∞ .  



(28)




Since    π ′  < 0   and by (28), we see (5) holds. By Lemma 2, (6) is satisfied. From (1) and (11), the first-order advanced differential inequality


   x ′   ⊤  −  g 1   ⊤  x  ς  ⊤   ≥ 0 ,  



(29)




where


   g 1   ⊤  =  ∑  i = 1  k   Φ i   ⊤   π α   ς  ⊤   ,  








has a positive solution   x ,   where   x : = − r    υ ′   α  .   But, in Theorem 2.4.1 of [29], we note that condition


   lim inf  ⊤ → ∞    ∫  ⊤   ς  ⊤     g 1   s  d s >   1 e    








implies the oscillation of (29). Therefore, it is impossible for (1) to have a positive solution. Thus, the proof is complete. □





Theorem 6.

Suppose that (2) is satisfied. If


    lim inf  ⊤ → ∞    ∫  ⊤   ς  ⊤     ∑  i = 1  k   Φ i   s    π ˜  α   ς  s   d s >   1 e   ,   



(30)




then (1) is oscillatory.





Proof. 

Let   υ  ⊤  > 0   be a solution of (1) on   [  ⊤ 0  , ∞ ) .   Then   υ  ς  ⊤   > 0   for   ⊤ ∈ [  ⊤ 1  , ∞ )  . In the same way as Theorem 6, it is clear that (30) and (2) leads to (5). By Lemma 2, we see that (6) holds for   ⊤ ≥  ⊤ 1   . Now, we apply the chain rule:


    r    υ ′   α   ′   ⊤  = α    r  1 / α    ⊤   υ ′   ⊤    α − 1      r  1 / α    υ ′   ′   ⊤  .  








Take into account that


    υ +  r  1 / α    υ ′  π  ′   ⊤  − π  ⊤     r  1 / α    υ ′   ′   ⊤  = 0 ,  








and


    υ +  r  1 / α    υ ′  π  ′   ⊤  −   1 α   π  ⊤    r  ⊤     υ ′   ⊤   α   ′     r  1 / α    ⊤   υ ′   ⊤    1 − α   = 0 .  








From (1), we have


    υ  ⊤  +  r  1 / α    ⊤   υ ′   ⊤  π  ⊤   ′  = −   1 α   π  ⊤     r  1 / α    ⊤   υ ′   ⊤    1 − α    ∑  i = 1  k   Φ i   ⊤   υ α   ς  ⊤   < 0 .  



(31)




Setting the positive decreasing function


  ϕ  ⊤  : = υ  ⊤  +  r  1 / α    ⊤  π  ⊤   υ ′   ⊤  .  








Integrating (31) and using (11), we obtain


     ϕ  ⊤     =    ϕ  ∞  +   1 α    ∫  ⊤  ∞     π  s      r  1 / α    s   υ ′   s    α − 1      ∑  i = 1  k   Φ i   s   υ α   ς  s   d s       ≥      1 α    ∫  ⊤  ∞     π  s      r  1 / α    s   υ ′   s    α − 1      ∑  i = 1  k   Φ i   s   υ α   ς  s   d s       ≥      1 α    ∫  ⊤  ∞     π  s      r  1 / α    s   υ ′   s    α − 1      π α   ς  s    ∑  i = 1  k   Φ i   s    −  r  1 / α   ς  s   υ ′   ς  s    α  d s       ≥      1 α    ∫  ⊤  ∞     π  s      r  1 / α    s   υ ′   s    α − 1      π α   ς  s    ∑  i = 1  k   Φ i   s    −  r  1 / α    s   υ ′   s   α  d s       =      1 α    ∫  ⊤  ∞  π  s   π α   ς  s    ∑  i = 1  k   Φ i   s   −  r  1 / α    s   υ ′   s   d s .     








This implies


  ϕ  ⊤  ≥ −  α  − 1    r  1 / α    ⊤   υ ′   ⊤   ∫  ⊤  ∞  π  s   π α   ς  s    ∑  i = 1  k   Φ i   s  d s .  








That is,


     υ  ⊤     ≥    −     υ ′   ⊤     r  1 / α    ⊤      π  ⊤  +  α  − 1    ∫  ⊤  ∞  π  s   π α   ς  s    ∑  i = 1  k   Φ i   s  d s        =    −     υ ′   ⊤   π ˜   ⊤     r  − 1 / α    ⊤     ,     



(32)




which, together with (1), imply that the first-order advanced differential inequality


   x ′   ⊤  −  g 2   ⊤  x  ς  ⊤   ≥ 0 ,  



(33)




where


   g 2   ⊤  =  ∑  i = 1  k   Φ i   ⊤    π ˜  α   ς  ⊤    








has a positive solution   x : = − r    υ ′   α   . Referring to the reference Theorem 2.4.1 of [29], we find that condition


   lim inf  ⊤ → ∞    ∫  ⊤   ς  ⊤     g 2   s  d s >   1 e    








leads to the oscillation of (33). So, (1) cannot have a solution   x > 0  , which is a contradiction. The proof is complete. □





Theorem 7.

Suppose that (2) and (5) are satisfied. If there is a function ρ that belongs to class    C 1    [  ⊤ 0  , ∞ )  ,  0 , ∞     such that


   lim sup  ⊤ → ∞     π α   ⊤   ρ  − 1    ⊤   ∫  ⊤  ⊤    ∑  i = 1  k   Φ i   s  ∗ ρ  s       π  ς  s     π  s      α  −    r  s     ρ α   s           ρ ′   s    α + 1      α + 1    d s  > 1 ,  



(34)




∀  ⊤ ∈ [  ⊤ 0  , ∞ )  , then (1) is oscillatory.





Proof. 

Let   υ  ⊤  > 0   be a solution of (1) on   [  ⊤ 0  , ∞ ) .   Then   υ  ς  ⊤   > 0   for   ⊤ ∈ [  ⊤ 1  , ∞ )  . From Lemma 2, we note that (6) holds. Moreover, we define


  w : = ρ  r    υ ′   α   υ  − α   +  π  − α    ≥ 0   on   [  ⊤ 1  , ∞ )  .  



(35)




Differentiating (35), we obtain


     w ′    =      w ρ    ρ ′  + ρ  υ  − α     r    υ ′   α   ′  − α ρ r      υ ′  υ     α + 1   + α ρ  r  − 1 / α    π  −  α + 1          ≤      w ρ    ρ ′  + ρ  υ  − α     r    υ ′   α   ′  −   w −   ρ  π α       α + 1  / α   α   ρ r   − 1 / α           +  π  −  α + 1    α ρ  r  − 1 / α   .     



(36)




By virtue of (1) and (7), we conclude that


    r  ⊤     υ ′   ⊤   α   ′  +      π  ς  ⊤     π  ⊤      α   ∑  i = 1  k   Φ i   ⊤   υ α   ⊤  ≤ 0  for  ⊤ ≥  ⊤ 2  ,  



(37)




where    ⊤ 2  ∈  [  ⊤ 1  , ∞ )   . Which, together with (36), gives


      w ′   ⊤     ≤    − ρ  ⊤   ∑  i = 1  k   Φ i   ⊤   π α   ς  ⊤    π  − α    ⊤  +   1  ρ  ⊤      ρ ′   ⊤  w  ⊤          − α   ρ r  ⊤    − 1 / α     w  ⊤  −    ρ  ⊤     π α   ⊤        α + 1  / α   + α ρ  ⊤   r  − 1 / α    ⊤   π  −  α + 1     ⊤  .     








From (4) and


   S 1  : =  ρ ′   ⊤    1  ρ  ⊤     ,     S 2  : = α   r  ⊤  ρ  ⊤    − 1 / α   ,      S 3  : =  π  − α    ⊤  ρ  ⊤  ,  








we have


      w ′   ⊤     ≤    − ρ  ⊤   ∑  i = 1  k   Φ i   ⊤   π  − α    ⊤   π α   ς  ⊤   +  π  − α    ⊤   ρ ′   ⊤          +   α + 1   −  α + 1    r  ⊤     ρ ′    α + 1    ⊤   ρ  − α    ⊤  + α ρ  ⊤   r  − 1 / α    ⊤   π  −  α + 1     ⊤        =    − ρ  ⊤   ∑  i = 1  k   Φ i   ⊤   π  − α    ⊤   π α   ς  ⊤   +     ρ  π α     ′   ⊤          +   α + 1   −  α + 1    r  ⊤     ρ ′   ⊤    α + 1    ρ  − α    ⊤  .     



(38)




Integrating (38), we obtain that


        ∫   ⊤ 2   ⊤   ρ  s   ∑  i = 1  k   Φ i   s       π  ς  s     π  s      α  −   α + 1   −  α + 1    r  s     ρ ′   s    α + 1    ρ  − α    s   d s         −    ρ  s     π α   s     +    ρ   ⊤ 2      π α    ⊤ 2            ≤    w   ⊤ 2   − w  ⊤  .     








From (35), we obtain


        ∫   ⊤ 2   ⊤   ρ  s   ∑  i = 1  k   Φ i   s       π  ς  s     π  s      α  − r  s     ρ ′   s    α + 1     α + 1   −  α + 1     ρ  − α    s   d s       ≤    ρ   ⊤ 2   r   ⊤ 2      υ ′    ⊤ 2    α   υ  − α     ⊤ 2   − ρ  ⊤  r  ⊤     υ ′   ⊤   α   υ  − α    ⊤  .     



(39)




In view of (11), we obtain


  − ρ  ⊤   π  − α    ⊤  ≤ ρ  ⊤  r  ⊤     υ ′   ⊤   α   υ  − α    ⊤  ≤ 0 .  








Into (39), we are led to


        ∫   ⊤ 2   ⊤   ρ  s   ∑  i = 1  k   Φ i   s       π  ς  s     π  s      α  −   α + 1   −  α + 1    r  s     ρ ′   s    α + 1    ρ  − α    s   d s       ≤     π  − α    ⊤  ρ  ⊤  .     



(40)




That is,


   lim sup  ⊤ → ∞     π α   ⊤   ρ  − 1    ⊤   ∫  ⊤  ⊤   ρ  s   ∑  i = 1  k   Φ i   s       π  ς  s     π  s      α  −    r  s     ρ α   s           ρ ′   s    α + 1      α + 1    d s  ≤ 1 .  








This is a contradiction with (34). The proof is complete. □





We observe that the presence of the function  ρ  provides us with multiple opportunities to test the oscillation of (1). In the following results, we have chosen   ρ  ⊤  = 1 ,     ρ  ⊤  = π  ⊤  , ρ  ⊤  =  π α   ⊤   .



Corollary 1.

Suppose that (2) and (5) are satisfied. If


   lim sup  ⊤ → ∞    π α   ⊤   ∫  ⊤  ⊤   ∑  i = 1  k   Φ i   s       π  ς  s     π  s      α  d s > 1 ,  



(41)




∀  ⊤ ∈ [  ⊤ 0  , ∞ )  , then (1) is oscillatory.





Corollary 2.

Suppose that (2) and (5) are satisfied. If


   lim sup  ⊤ → ∞    ∫  ⊤  ⊤   ∑  i = 1  k   Φ i   s   π α   ς  s   −  r  − 1 / α    s   π  − 1    s      α  α + 1      α + 1   d s > 1 ,  



(42)




∀  ⊤ ∈ [  ⊤ 0  , ∞ )  , then (1) is oscillatory.





Corollary 3.

Suppose that (2) and (5) are satisfied. If


   lim sup  ⊤ → ∞    π  α − 1    ⊤   ∫  ⊤  ⊤    ∑  i = 1  k   Φ i   s   π α   ς  s    π  1 − α    ⊤  −     r  − 1 / α    s   π  − α    s     α + 1   α + 1      d s > 1 ,  



(43)




∀  ⊤ ∈ [  ⊤ 0  , ∞ )  , then (1) is oscillatory.





Lemma 3.

Suppose that (2) and (5) are satisfied. Moreover,


   γ < 1 − δ ,   



(44)




where γ,   δ ≥ 0   are constants,


     γ   ∑  i = 1  k   Φ i   ⊤   π α   ς  ⊤   π  ⊤   r  1 / α    ⊤     ≤ 1 ,   



(45)




and


     δ  π  ς  ⊤    Ω    ⊤ 1  , ⊤   α   ⊤     ≤ 1 .   



(46)




Then, there exists a    ⊤ *  ∈  [  ⊤ 1  , ∞ )    such that


   υ /  π  1 − γ    is   nondecreasing ,    



(47)




and


   υ /  π δ   is  nonincreasing   



(48)




on   [  ⊤ *  , ∞ ) .  





Proof. 

From Lemma 2, we see that (6) holds. According to (1), (11), and (45), we have


       − r    υ ′   α   π γ   ′   ⊤     =    −   r    υ ′   α   ′   ⊤   π γ   ⊤  + γ r  ⊤     υ ′   ⊤   α      π  γ − 1    ⊤     r  1 / α    ⊤           =     ∑  i = 1  k   Φ i   ⊤   υ α   ς  ⊤    π γ   ⊤  + γ r  ⊤     υ ′   ⊤   α   π  γ − 1    ⊤   r  − 1 / α    ⊤        ≥    −  ∑  i = 1  k   Φ i   ⊤   π γ   ⊤   π α   ς  ⊤   r  ⊤    υ ′   ⊤           + γ r  ⊤     υ ′   ⊤   α   π  γ − 1    ⊤   r  − 1 / α    ⊤  .     








Hence


    − r    υ ′   α   π γ   ′   ⊤  = − r  ⊤     υ ′   ⊤   α   π γ   ⊤    ∑  i = 1  k   Φ i   ⊤   π α   ς  ⊤   − γ  π  − 1    ⊤   r  − 1 / α    ⊤   .  








It follows that


    − r    υ ′   α   π γ   ′   ⊤  ≥ 0  for  ⊤ ≥  ⊤ 2  ,   ⊤ 2  ∈  [  ⊤ 1  , ∞ )  .  



(49)




Using (49), we have


     υ  ⊤     ≥    −  ∫  ⊤  ∞      r  1 / α    s   π γ   s     r  1 / α    s   π γ   s      υ ′   s  d s       υ  ⊤     ≥    −  ∫  ⊤  ∞   r  1 / α    s   π γ   s   r  − 1 / α    s   π  − γ    s   υ ′   s  d s       ≥    −  r  1 / α    s   υ ′   ⊤   π γ   ⊤   ∫  ⊤  ∞   r  − 1 / α    s   π  − γ    s  d s .     



(50)




Take into consideration that


   ∫  ⊤  ∞   r  − 1 / α    s   π  − γ    s  d s =   1  1 − γ     π  1 − γ    ⊤  ,  



(51)




hence,


  υ  ⊤  ≥ −   1  1 − γ     r  1 / α    ⊤   υ ′   ⊤  π  ⊤  .  



(52)




That is,


      υ  π  1 − γ      ′   ⊤  =   1  1 − γ     r  − 1 / α    ⊤   π  2 − γ    s    r  1 / α    ⊤   υ ′   ⊤  π  ⊤  + υ  .  








Therefore,


      υ  π  1 − γ      ′   ⊤  ≥ 0 .  








As in the proof of Theorem 1,we obtain to (18); that is,


  υ  ⊤  +  r  1 / α    ⊤   υ ′   ⊤     π  ⊤    π  ς  ⊤       Ω    ⊤ 1  , ⊤    − 1 / α    ⊤  ≤ 0 .  



(53)




Substituting (53) in the equality


      υ  π δ     ′   ⊤  =     υ ′   ⊤     π δ   ⊤     +    δ υ  ⊤     π  δ + 1    ⊤   r  1 / α    ⊤     .  








In view of (46), we obtain


         υ  π δ     ′   ⊤     ≤     υ ′   ⊤   π  − δ    ⊤  − δ  υ ′   ⊤   π  − δ    ⊤   π  − 1    ς  ⊤    Ω    ⊤ 1  , ⊤    − 1 / α    ⊤        =     υ ′   ⊤   π  − δ    ⊤   1 − δ  π  − 1    ς  ⊤    Ω    ⊤ 1  , ⊤    − 1 / α    ⊤   ≤ 0 .     








Thus,


      υ  π δ     ′   ⊤  ≤ 0 .  








The proof is complete. □





Theorem 8.

Suppose that (2) is satisfied, and γ and δ are constants satisfying (44)–(46). If


    1   1 − υ  α     lim sup  ⊤ → ∞       π  γ α    ⊤     π  α  γ + δ − 1     ς  ⊤       ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s > 1 ,  



(54)




∀   ⊤ 1  ≥  ⊤ 0   , then (1) is oscillatory.





Proof. 

Let   υ  ⊤  > 0   be a solution of (1) on   [  ⊤ 0  , ∞ ) .   Then,   υ  ς  ⊤   > 0   for   ⊤ ∈ [  ⊤ 1  , ∞ )  . Note that in order for (19) to hold, (5) must hold; we see that (2) gives


      π γ   ⊤     π  γ + δ + 1    ς  s      ≤   1   π  δ − 1    ⊤     → 0  as  ⊤ → ∞ .  



(55)




From (55), we conclude that


   ∫   ⊤ 0   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s ,  








and    Ω   ⊤ 0  , ⊤    ⊤    must be unbounded. Therefore, from Lemma 2, (6) holds. Now, integrating (1) from   ⊤ 1   to ⊤ and using Lemma 3, we find that     υ /  π δ   ′  ≤ 0   and     υ /  π  1 − γ    ′  ≥ 0  ; consequently


     − r  ⊤     υ ′   ⊤   α     =    − r   ⊤ 1      υ ′    ⊤ 1    α  +  ∫   ⊤ 1   ⊤   ∑  i = 1  k   Φ i   s   υ ς   ς  s   d s       ≥      υ  ς  ⊤    π  − δ    ς  ⊤    α   ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s       =      υ  ς  ⊤    π  1 − γ    ς  ⊤    π  − δ    ς  ⊤    π  γ − 1    ς  ⊤    α   ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s ,     








that is,


  − r  ⊤     υ ′   ⊤   α  ≥   υ  ⊤   π  1 − γ − δ    ς  ⊤    π  γ − 1    ⊤   α   ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s .  



(56)




Combining (56) with (52), we have


  − r  ⊤     υ ′   ⊤   α  ≥ − r  ⊤     υ ′   ⊤   α      1  1 − γ     π γ   ⊤   π  1 − γ − δ    ς  ⊤    α   ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s .  








Thus,


      1  1 − γ     π γ   ⊤   π  1 − γ − δ    ς  ⊤    α   ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s ≤ 1  








or


   lim sup  ⊤ → ∞    π  γ α    ⊤   π  α  1 − γ − δ     ς  ⊤    ∫   ⊤ 1   ⊤   π  δ α    ς  s    ∑  i = 1  k   Φ i   s  d s ≤   1 − υ  α  .  








This is a contradiction with (54). This ends the proof. □





Theorem 9.

Suppose that (2) holds,


   0 ≤ γ < 1 ,   



(57)




and (45) is satisfied. If


   e   1 − γ   − α    lim inf  ⊤ → ∞    ∫  ⊤   ς  ⊤     ∑  i = 1  k   Φ i   s   π ς   ς  s   d s > 1 ,   








then (1) is oscillatory.





Proof. 

According to the proof of Theorem 5, use (11) instead of (52). This ends the proof. □





Theorem 10.

Suppose that (2), (5) and (57) are satisfied. Also, suppose that (45) holds. If there is a function   ρ ∈  C 1    [  ⊤ 0  , ∞ )  ,  0 , ∞     such that


    lim sup  ⊤ → ∞        π ς   ⊤    ρ  ⊤      ∫  ⊤  ⊤   ρ  s   ∑  i = 1  k   Φ i   s    π  ς  s    π  − 1    s    α  1 − υ    −    r  s   ρ  − α    ⊤     ρ ′   ⊤    α + 1      α + 1   α + 1      d s  > 1 ,   



(58)




  ⊤ ∈ [  ⊤ 0  , ∞ ) ,   then (1) is oscillatory.





Proof. 

In (37) in the proof of Theorem 7, it suffices to replace (7) by (47). The proof is complete. □





Corollary 4.

Suppose that (2) is satisfied, (57) and (45) hold. If


    lim sup  ⊤ → ∞    ∫  ⊤  ⊤    ∑  i = 1  k   Φ i   s   π  α  1 − υ     ς  s    π  α γ    s  −      α / α + 1   α + 1    r  − 1 / α    s    π  s      d s > 1 , ∀ ⊤ ∈  [  ⊤ 0  , ∞ )  ,   



(59)




then (1) is oscillatory.






4. Examples and Discussion


Example 1.

Setting in (1)


   r  ⊤  =  ⊤  α + 1   ,  Φ  ⊤  =  Φ 0  > 0 ,   ς i   ⊤  =  λ i  ⊤ ,   λ i  ∈  ( 0 , 1 ]  ,  i = 1 , 2 , . . . , n ,  ⊤ ≥ 1 .   



(60)




We see that


   π  ⊤  = α   1  ⊤  1 / α     .   












	(1)

	
By Theorem 1, it is easy to verify that (13) holds. Therefore, any nonoscillatory of (60) tends to zero as   ⊤ → ∞  , and its lower and upper bounds are    M 1   ⊤  − 1 / α     and    M 2   ⊤  −    Φ 0  / λ   1 / α     ,   respectively, for some positive constants   M 1  ,   M 2  .




	(2)

	
By Theorem 2, we note that (19) is not satisfied; so Theorem 2 and the results in [25] fail.




	(3)

	
By Theorem 3, if


    Φ 0  >   λ  α α    ,   



(61)




then (1) with (60) is oscillatory.




	(4)

	
By Theorem 5, if


    Φ 0  >   λ  e  α α  ln λ    ,   



(62)




then (1) with (60) is oscillatory.




	(5)

	
By Theorem 6, if


    Φ 0  >   λ  e  α α    1 +  α  α − 1    λ  − 1    Φ 0   α  ln λ    ,   



(63)




then (1) with (60) is oscillatory. Note that (63) improves (62).




	(6)

	
By Corollary 2, (1) with (60) is oscillatory if


    Φ 0  >  λ α    α + 1   −  α + 1    .   



(64)













Furthermore, employ the results presented in the lemma 3, set


   γ : =  α  α + 1      Φ 0  λ     and   δ : = α      Φ 0  λ     1 / α   ,   








and assume that (44) is satisfied. We obtain the result that



Theorem 8 improves Theorem 3, where (61) is replaced by


    Φ 0  >     α  − α     1 − γ  α   1 − δ    λ  γ − 1     .   








Theorem 9 improves Theorem 5, where (62) is replaced by


    Φ 0  >     α  − α   λ  1 − γ    e ln λ    .   








Theorem 10 improves Theorem 7, where (64) is replaced by


    Φ 0  >   α + 1   −  α + 1     λ  α  1 − γ    .   













Example 2.

Consider the following equation:


      ⊤ 2   υ ′   ⊤   ′  +  Φ 0   ∑  i = 1  k  υ   λ i  ⊤  = 0 .   



(65)




That is,


   r  ⊤  =  ⊤ 2  ,  Φ  ⊤  =  Φ 0  > 0 ,  α = 1 ,   ς i   ⊤  =  λ i  ⊤ ,   λ i  ∈  ( 0 , 1 ]  ,  i = 1 , 2 , . . . , n ,  ⊤ ≥ 1 .   








By taking specific values for λ, we also provide critical values for   Φ 0  , and we obtain their oscillation criteria. From Figure 1, we observe that



Theorems 5 and 6 are more efficient when λ has larger values.



Theorems 5 and 6 are not applicable in ordinary cases.



In Theorem 5, Condition (64) takes a sharp oscillation condition of the form


    Φ 0  > 1 / 4 .   








for smaller values of λ. Theorem 7 provides the most efficient condition.






5. Conclusions


In Theorem 1, we provide a condition that ensures that any non-oscillatory solution converges to zero, as well as the lower and upper bounds for these solutions. In Theorems 2 and 3, we provide different conditions such that if we cannot apply the first condition, we apply the second condition. In Theorem 4, we present a result to remove the dependency on the constant   ⊤ 1   mentioned in Theorem 3. In Theorem 5 and Theorem 6, we present results that can be applied to ordinary differential equations using the comparison principle with advanced first-order differential inequalities. In Theorem 7, we present criteria that guarantee the oscillation of the solutions of (1). These criteria are notable for their applicability to a wide range of applications based on the specification of the function  ρ . In Lemma 3, we provide stronger estimates for development and subsequently employ them to improve the criteria mentioned in the previous literature through Theorems 8–10.



This paper presents a detailed analysis of the asymptotic and oscillatory behavior of a specific class of half-linear second-order differential equations with advanced arguments in a noncanonical case. Using a comparison method with a first-order equation (previously extensively studied in the available literature) and the Riccati technique, we have established new and precise criteria for determining whether the solutions of these equations exhibit oscillatory behavior. Our results not only deepen the current understanding of this differential equation but also contribute to expanding the literature on advanced differential equations and enriching oscillation theory.



It is worth noting that the techniques used in this paper can be utilized to test the asymptotic and oscillatory behavior of solutions for a broader class of differential equations


    r  ⊤      υ  ⊤  + P  ⊤  υ  ν  ⊤    ′   α   ′  +  ∑  i = 1  k   Φ i   ⊤   υ α    ς i   ⊤   = 0 .  








Therefore, this extension may support increasing the effectiveness of the methods used in this paper, thereby ensuring the continued advancement in this field of study.
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Figure 1. Test of the advantage of criteria for Equation (65). 
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