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Abstract: The lifetime performance index is commonly used in the manufacturing industry to
evaluate the performance of the capabilities of the production process. For products with multiple
components, the comprehensive lifetime performance index, which is a monotonically increasing
function of the overall process yield, is used to relate to each individual lifetime performance index.
For products where the lifetime of the ith component follows an exponentiated Fréchet lifetime
distribution, we examine the maximum likelihood estimators for both the comprehensive and
individual lifetime performance indices based on the progressive type I interval-censored samples,
deriving their asymptotic distributions. By specifying the target level for the comprehensive lifetime
performance index, we can set the desired level for individual indices. A testing procedure, using the
maximum likelihood estimator as the test statistic, was developed to determine if the comprehensive
lifetime performance index meets the target. Given that the lifetime distribution is asymmetric, this
study pertains to asymmetrical probability distributions and their applications across diverse fields.
We illustrate the power analysis of this testing procedure with figures and summarize key findings.
Finally, we demonstrate the application of this testing algorithm with a practical example involving
two components to verify if the overall production process achieves the assigned target level.

Keywords: exponentiated Fréchet lifetime distribution; multiple production lines; progressive type I
interval censoring; maximum likelihood estimator; lifetime performance index

1. Introduction

Process capability analysis plays a crucial role in statistical quality control applications.
It helps producers determine if their products meet the specified quality standards and
requirements. The process capability index (PCI) is a tool used to measure and quantify
this capability. Numerous widely recognized PCIs have been proposed in the literature
to enhance product quality, including Cp, Cpk, Cpm, Cpmk, and CL (Juran [1], Kane [2],
Hsiang and Taguchi [3], Pearn et al. [4], and Montgomery [5]). Given that product lifetime
is a “the-larger-the-better” quality characteristic, the PCI for unilateral tolerance, CL, is
utilized to assess its performance, also known as the lifetime performance index. This
investigation focuses on the evaluation of the comprehensive lifetime performance of prod-
ucts with multi-components by using the lifetime performance index CL. Using this index,
Tong et al. [6] employed the uniformly minimum variance unbiased estimator (UMVUE)
in the manufacturing of products with a single component. They used this estimator as
the test statistic in their hypothesis testing procedure for exponential product lifetimes,
relying on the complete sample data set. In real-world situations, researchers often face
constraints that prevent them from consistently observing the lifetimes of all tested items.
These constraints can include time limitations, budgetary and material restrictions, errors
by typists or recorders, and mechanical or experimental difficulties. As a result, incom-
plete data, such as progressive censoring data, may be collected. For insights on handling

Symmetry 2024, 16, 1060. https://doi.org/10.3390/sym16081060 https://www.mdpi.com/journal/symmetry

https://doi.org/10.3390/sym16081060
https://doi.org/10.3390/sym16081060
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-0611-6701
https://doi.org/10.3390/sym16081060
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym16081060?type=check_update&version=1


Symmetry 2024, 16, 1060 2 of 22

such data, refer to Balakrishnan [7], Aggarwala [8], Balakrishnan and Aggarwala [9], Wu
et al. [10], Sanjel and Balakrishnan [11], and Lee et al. [12]. To facilitate data collection, the
progressive type I interval censoring scheme was adopted in numerous quality control
applications. Wu and Lin [13] developed a testing algorithmic procedure to assess the
lifetime performance index of products with the Weibull distribution. Wu et al. [14] pro-
posed a computational algorithm for the evaluation of the lifetime performance index of
products with Burr XII lifetime distribution under progressive type I interval censoring.
Wu and Chang [15] assessed the lifetime performance index of products with lifetime
following the exponentiated Fréchet lifetime distribution based on the progressive type I
interval-censored sample. Previous studies have focused on the production of products
containing a single component. For products with multiple components produced in
multiple production lines, Wu and Chiang [16] assessed the overall lifetime performance
index of Weibull products in multiple production lines. Wu et al. [17] investigated the
comprehensive lifetime performance index of Burr XII products in multiple production
lines. This investigation is an extension of the case study by Wu and Chang [15], where
they extend beyond products with one component produced in a single production line to
products with multiple components produced in multiple production lines. This extended
research proposes a testing procedure for the comprehensive lifetime performance index for
products with multiple components. Results show that their lifetimes follow the exponenti-
ated Fréchet distribution based on the progressive type I interval-censored sample. Since
the lifetime distribution was asymmetric, that study explored the asymmetrical probability
distributions and their practical applications across various fields.

In this study, the comprehensive lifetime performance index proposed by Wu et al. [17]
for products with multiple components manufactured across multiple production lines
is utilized to evaluate whether the comprehensive lifetime performance of multiple com-
ponents following the exponentiated Fréchet distributions meets a predetermined target
level. The maximum likelihood estimator (MLE) for the lifetime performance index is used
as the test statistic for the testing procedure, using a progressive type I interval-censored
sample. Regarding the maximum likelihood estimation, Rytgaard and Van der Laan [18]
investigated the target maximum likelihood estimation for causal inference in survival and
competing risk analysis. Luca et al. [19] proposed an evolutionary optimization method
for maximum likelihood and approximate maximum likelihood estimation of discrete
latent variable models. For recent literature on reliability statistics, Goldengorin et al. [20]
provide a comprehensive exploration of reliability in engineering and statistical contexts.
Zhuang et al. [21] investigated the life prediction for a two-phase degradation model based
on a reparameterized inverse Gaussian process. Xu et al. [22] proposed the Bayesian
reliability assessment of a permanent magnet brake for a small sample size.

2. The Lifetime Performance Index and the Maximum Likelihood Estimation

In this section, we utilize the comprehensive lifetime performance index for the lifetime
model of exponentiated Fréchet distribution. Section 2.1 clarifies the monotonic relationship
among the overall process yield, the comprehensive lifetime performance index, and the
individual lifetime performance indices. In Section 2.2, the maximum likelihood estimator
and the asymptotic distribution are derived for all lifetime performance indices.

2.1. The Relationship between the Comprehensive Lifetime Performance Index and Individual
Lifetime Performance Index

We consider products having d components produced in d production lines. For the ith
component, the product lifetime Ui follows an exponentiated Fréchet (EF) lifetime distribu-
tion with the scale parameter θi and the shape parameter δi, as proposed by Pedro et al. [23].
The probability density function (p.d.f.), the cumulative distribution function (c.d.f.), and
the hazard function (h.f.) are defined as follows:

fUi (u) = θiδiu−δi−1e−u−δi (1 − e−u−δi )
θi−1

, u > 0, δi > 0, θi > 0, (1)
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FUi (u) = 1 − (1 − e−u−δi )
θi

, u > 0, δi > 0, θi > 0 (2)

and

rUi (u) =
fUi (u)

1 − FUi (u)
= θiδiu−δi−1e−u−δi (1 − e−u−δi )

−1
, (3)

where θi is the scale parameter, δi is the shape parameter, and i = 1, . . ., d.
The p.d.f. for δi = 2, 4, 6 under θi = 1 is depicted in Figure 1a and for θi = 1, 3, 5 under

δi = 1 is depicted in Figure 1b. The h.f. for δi = 2, 4, 6 under θi = 1 is depicted in Figure 2a
and for θi = 1, 3, 5 under δi = 1 is depicted in Figure 2b. From Figure 1a, b, we observe
that the shape of the p.d.f. changes when the shape parameter δi changes. However, when
parameter θi changes, it only affects the degree of data dispersion. Additionally, Figure 2a, b
show that as the scale parameter θi increases, the hazard rate appears to increase, especially
for larger values of the shape parameter δi, where the increase is more pronounced. For the
estimation of different censoring schemes, refer to Pedro et al. [23] and Tabassum et al. [24].
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Let Yi = −ln
(

1 − e−Ui
−δi
)

, then we have Ui =
(
−ln

(
1 − e−Yi

))− 1
δi with Jacobian of

J =
(

δiu−δi−1e−u−δi
)−1

. We can find the probability density function (p.d.f.) of Yi as

fYi (y) = fUi

((
−ln

(
1 − e−Yi

))− 1
δi

)
J= θie−θiy, y > 0, θi > 0. (4)
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The related cumulative distribution function (c.d.f.) and the hazard function (h.f.) of
Yi are obtained as follows:

FYi (y) = 1 − e−θiy, y > 0, θi > 0, (5)

rYi (y) =
fYi (y)

1 − FYi (y)
= θi. (6)

The lifetime of components of products is a “the-larger-the-better” quality charac-
teristic. A longer lifetime indicates better product quality, and products with superior
quality have higher market appeal. To assess this characteristic, the lifetime performance
index proposed by Montgomery [5] is employed. After assessing consumer demands,
manufacturers set a lower specification limit LUi for the product’s lifetime.

According to Montgomery [5], the lifetime performance index for the production of
the ith component is defined as follows:

CLi =
µi − LUi

σi
, (7)

where µi denotes the mean lifetime of the ith component, σi denotes the standard deviation
of the lifetime of the ith component, and LUi is the specified lower specification limit for
the lifetime of the ith component.

The mean and standard deviation of the new lifetime variable is calculated using
Yi are µi = E(Yi) = 1

θi
, σi =

√
Var(Yi) = 1

θi
. The lower specification limit becomes

Li = −ln
(

1 − e−LUi
−δi
)

. The lifetime performance index for the lifetime of the ith compo-
nent becomes

CLi =
µi − Li

σi
=

1
θi
− Li
1
θi

= 1 − θiLi. (8)

Equation (8), shows that when 1
θi
> Li, CLi > 0; conversely, when 1

θi
< Li, CLi < 0.

It can also be noted that as the hazard rate θi decreases, the process capability index CLi
increases. This demonstrates that the process capability index CLi can be used to evaluate
lifetime performance.

A product in the ith production line is classified as a conforming product only if its
lifetime exceeds LUi. The proportion of conforming products in the ith production process
is defined as the process yield, which is obtained as follows:

Pri = P
(
Ui ≥ LUi

)
= P(Yi ≥ Li) = e−θi Li = eCLi

−1,−∞ < CLi < 1. (9)

Equation (9) shows that there is a strict increasing relationship between the process
yield Pri and the lifetime performance index CLi . When the process yield Pri is higher, the
lifetime performance index CLi increases accordingly. This once again demonstrates that the
lifetime performance index CLi can be used to evaluate the product’s lifetime performance.

Assuming the lifetimes of d components of products produced in d independent
production lines, the overall process yield Pr is defined as

Pr = P(Yi ≥ Li, i = 1, 2, . . . , d) = e−∑d
i=1 θi Li = e∑d

i=1 CLi
−d,−∞ < CLi < 1. (10)

We employ the comprehensive lifetime performance index CT defined by Wu et al. [17]
in the following equation:

Pr = exp{CT − 1},−∞ < CT < 1. (11)

As shown in Equation (11), the comprehensive lifetime performance index CT still
exhibits a strictly increasing relationship with the overall process yield Pr. Furthermore,
based on Equations (10) and (11), we can find the relationship between the comprehen-
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sive lifetime performance index CT and the individual lifetime performance index CLi
as follows:

CT =
(
∑d

i=1 CLi − d
)
+ 1 = ∑d

i=1 CLi − (d − 1),−∞ < CT < 1. (12)

A reasonable assumption in this context would be that the capabilities of the production
lines are equally important for quality engineers across all components of products. The rational
setup of equal individual life performance indices is defined as CL1 = CL2 = . . . = CLd = CL.
Substituting this back into Equation (12), we obtain the relationship between CT and CL as

CL =
CT + d − 1

d
,−∞ < CT < 1. (13)

The comprehensive lifetime performance index CT, the related overall process yield Pr,
and the corresponding values of CL are displayed in Table 1 for d = 2, 3, 4, 5, 6, 7. As Table 1
shows, if we require Pr to surpass 0.9753, then CT must exceed 0.975. Regarding the target
value of CT = 0.975, we can find the corresponding values for the individual lifetime perfor-
mance index CL to exceed 0.9875, 0.9917, 0.9938, 0.9950, 0.9958, and 0.9964 for d = 2, 3, 4, 5, 6, 7.

Table 1. The corresponding values of CL for a given value of Pr and CT .

Pr

0.6873 0.7047 0.7225 0.7408 0.7596 0.7788 0.7985 0.8187

CT

d 0.6250 0.6500 0.6750 0.7000 0.7250 0.7500 0.7750 0.8000

2 0.8125 0.8250 0.8375 0.8500 0.8625 0.8750 0.8875 0.9000
3 0.8750 0.8833 0.8917 0.9000 0.9083 0.9167 0.9250 0.9333
4 0.9063 0.9125 0.9188 0.9250 0.9313 0.9375 0.9438 0.9500
5 0.9250 0.9300 0.9350 0.9400 0.9450 0.9500 0.9550 0.9600
6 0.9375 0.9417 0.9458 0.9500 0.9542 0.9583 0.9625 0.9667
7 0.9464 0.9500 0.9536 0.9571 0.9607 0.9643 0.9679 0.9714

Pr

0.8395 0.8607 0.8825 0.9048 0.9277 0.9512 0.9753 1.0000

CT

d 0.8250 0.8500 0.8750 0.9000 0.9250 0.9500 0.9750 1.0000

2 0.9125 0.9250 0.9375 0.9500 0.9625 0.9750 0.9875 1.0000
3 0.9417 0.9500 0.9583 0.9667 0.9750 0.9833 0.9917 1.0000
4 0.9563 0.9625 0.9688 0.9750 0.9813 0.9875 0.9938 1.0000
5 0.9650 0.9700 0.9750 0.9800 0.9850 0.9900 0.9950 1.0000
6 0.9708 0.9750 0.9792 0.9833 0.9875 0.9917 0.9958 1.0000
7 0.9750 0.9786 0.9821 0.9857 0.9893 0.9929 0.9964 1.0000

2.2. The Maximum Likelihood Estimators for the Life Performance Indices

The progressive type I interval censoring is addressed as follows: Let n products be
subjected to a life test with m inspection intervals. This censoring scheme, used in survival
analysis and reliability engineering, addresses scenarios where the exact failure times are
not observed; instead, the number of failure units Xi is recorded at the ith inspection time
point ti, i = 1, . . ., m. Here, (t1, . . ., tm) are the predetermined inspection time points, and tm
is the ending time of this experiment. When the number of failure units Xi is observed at
the ith inspection time point ti, we remove Ri products from the unexamined units under
the removal probability pi, i = 1, . . ., m. When the experiment is completed, we collect
the progressive type I interval-censored sample (X1, . . ., Xm) under the censoring scheme
of (R1, . . ., Rm). We will utilize this sample set to make inferences on the comprehensive
lifetime performance index and each individual lifetime performance index. Assuming
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the products have d components produced in d independent production lines, we observe
(Xi1, . . . , Xim) as the progressive type I interval-censored sample for the lifetimes of the ith
component of products at the time points of (t1, · · · , tm) under the progressive censoring
scheme of (Ri1, · · · , Rim). The likelihood function of this censored sample is

L(θi) ∝
m
∏
j=1

(
FUi

(
tj
)
− FUi

(
tj−1

))Xij
(
1 − FUi

(
tj
))Rij

∝
m
∏
j=1

((
1 − e−tj−1

−δi
)θi

−
(

1 − e−tj
−δi
)θi
)Xij

((
1 − e−tj

−δi
)θi
)Rij

∝ ∏m
j=1

1 −
(

1 − e−tj
−δi

1 − e−tj−1
−δi

)θi
Xij((

1 − e−tj
−δi
)θi
)Xij

((
1 − e−tj

−δi
)θi
)Rij

.

(14)

Firstly, taking the logarithm of the likelihood function yields the log-likelihood func-
tion as follows:

lnL(θi) = ∑m
j=1 Xijln

(
1 −

(
1−e−tj

−δi

1−e−tj−1
−δi

)θi
)

−θi∑m
j=1

(
Rijln

(
1 − e−tj

−δi
)
+ Xijln

(
1 − e−tj−1

−δi
))

.

(15)

Next, differentiating Equation (15) with respect to the parameter θi, setting the deriva-
tive equal to zero, yields the log-likelihood equation as follows:

d
dθi

lnL(θi) = ∑m
j=1 Xij

(
ln
(

1−e−tj−1
−δi
)
−ln

(
1−e−tj

−δi
))1−

 1−e
−tj

−δi

1−e
−tj−1

−δi

θi


1−

 1−e
−tj

−δi

1−e
−tj−1

−δi

θi

− ∑m
j=1

(
Rijln

(
1 − e−tj

−δi
)
+ Xijln

(
1 − e−tj−1

−δi
))

≡ 0.

(16)

The maximum likelihood estimator for the parameter θi, denoted by θ̂i, can be obtained
by solving Equation (16). However, since Equation (16) does not have a closed-form
solution, numerical methods are required to solve it. The maximum likelihood estimator k̂i
has an asymptotic normal distribution. The definition of the Fisher’s information number
is as follows:

I(θi) = −E

[
d2lnL(θi)

dθ2
i

]
.

Taking the second derivative of log-likelihood function yields

d2

dθ2
i

lnL(θi) = −∑m
j=1 Xij

(
ln
(

1 − e−tj−1
−δi
)
− ln

(
1 − e−tj

−δi
))2

(
1−e−tj

−δi

1−e−tj−1
−δi

)θi

(
1 −

(
1−e−tj

−δi

1−e−tj−1
−δi

)θi
)2 . (17)

We assume that the number of failures Xij under the progressive type I interval-censored
scenario follows a binomial distribution, which is denoted by the following distribution:

Xij
∣∣Xi,j−1 , . . . , Xi1, Ri,j−1, · · · , Ri1 ∼ Binomial

(
n − ∑j−1

l=1 Xil−∑j−1
l=1 Ril , qij

)
, (18)

where qij =
F(tj)−F(tj−1)

1−F(tj−1)
= 1 −

(
1−e−tj

−δi

1−e−tj−1
−δi

)θi

, j = 1, . . . , m, i = 1, . . . , d.
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Likewise, we assume that the number of progressive censorings at the ith observation
time point follows a binomial distribution, which is denoted by the following distribution:

Rij
∣∣Ri,j−1 , . . . , Ri1, Xi,j−1, · · · , Xi1 ∼ Binomial

(
n − ∑j−1

l=1 Xil−∑j−1
l=1 Ril , pj

)
, (19)

where pj represents the progressive removal probabilities.
Through Equations (18) and (19), the expected values are obtained as follows:

E
(
Xij
)
= EE

(
Xij
∣∣Xi,j−1, . . . , Xi1, Ri,j−1, · · · , Ri1

)
nqij∏j−1

l=1 (1 − qil)(1 − pil), j = 1, . . . , m. (20)

E
(

Rij
)
= EE

(
Rij
∣∣Ri,j−1, . . . , Ri1, Xi,j−1, · · · , Xi1

)
= npij

(
1 − qij

)
∏j−1

l=1 (1 − qil)(1 − pil), j = 1, . . . , m. (21)

Based on the above results, the Fisher’s information number can be derived as follows:

I(θi) = −E
[

d2lnL(θi)

dθ2
i

]

= −∑m
j=1 nqij

(
ln
(

1−e−tj−1
−δi
)
−ln

(
1−e−tj

−δi
))2

 1−e
−tj

−δi

1−e
−tj−1

−δi

θi

1−

 1−e
−tj

−δi

1−e
−tj−1

−δi

θi


2 ∏
j−1
l=1 (1 − pil)(1 − qil).

(22)

Using the information obtained from Equation (22), we can deduce that the asymptotic

normal distribution of θ̂i as θ̂i
d→

n→∞
N
(
θi, I−1(θi)

)
.

For the convenience of data collection, this paper considers the special case where time
intervals are all equal. Specifically, the time length in the jth interval is set as tj − tj−1 =
t, j = 1, . . . , m, where t is the equal time interval. Simplifying Equation (16) using this
assumption, we get

d
dθi

lnL(θi) =
m
∑

j=1
Xij

(
ln
(

1 − e−((j−1)t)−δi
)
− ln

(
1 − e−(jt)−δi

))1 −
(

1 − e−(jt)−δi

1 − e−((j−1)t)−δi

)θi


1 −
(

1 − e−(jt)−δi

1 − e−((j−1)t)−δi

)θi

−∑m
j=1

(
Rijln

(
1 − e−(jt)−δi

)
+ Xijln

(
1 − e−((j−1)t)−δi

))
≡ 0.

(23)

By solving Equation (23), we obtain the maximum likelihood estimator for the param-
eter θi, denoted as θ̂i.

According to the invariance property of the maximum likelihood estimator, we can
obtain the maximum likelihood estimator for the lifetime performance index CLi as follows:

ĈLi = 1 − θ̂iLi. (24)

By using the delta method, we can obtain

ĈLi
d−−−→

n→∞
N
(

CLi , Li
2V
(
θ̂i
))

. (25)

According to the invariance property of maximum likelihood estimators, we can
obtain the maximum likelihood estimator for the comprehensive lifetime performance
index CT as follows:

ĈT =
d

∑
i=1

ĈLi − (d − 1),−∞ < CT < 1. (26)
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It is evident that the asymptotic variance of ĈT is ∑d
i=1 V

(
ĈLi

)
, and the estimator of

the asymptotic variance is ∑d
i=1 V̂

(
ĈLi

)
. Apparently, the asymptotic distribution for ĈT is

ĈT
d−−−→

n→∞
N
(

CT , ∑d
i=1 V̂

(
ĈLi

))
. (27)

3. The Testing Algorithm Procedure for the Comprehensive Lifetime Performance Index

In Section 3.1, the testing procedure to determine whether the comprehensive lifetime
performance index meets the target level and the related power analysis are presented.
Section 3.2 includes a numerical example to showcase the testing procedure.

3.1. The Testing Procedure for the Comprehensive Lifetime Performance Index and Power Analysis

Firstly, let us assume that the manufacturer sets a target level c0 for the comprehensive
lifetime performance of products with d components. Based on this target level c0, the
appropriate target level c∗0 for the individual lifetime performance index CL can be obtained
from Table 1. We can then establish a null and alternative hypothesis as follows:

H0: CLi ≤ c∗0 ,for some i (indicating the process is not capable).

vs.

H1: CLi > c∗0 , i = 1, . . . , d(indicating the process is capable).

This hypothesis test is known as the intersection–union test (IUT) in Casella and
Berger [25].

As proposed by Wu et al. [13], the ith test of this hypothesis test is formulated as follows:

H0i : CLi ≤ c∗0 and H1i : CLi > c∗0

We use the maximum likelihood estimator of the individual lifetime performance
index CLi as ĈLi = 1 − θ̂iLi to as the test statistic. Let α′ = α

1
d be the significance level for

the ith test, where the critical value is determined as C0
Li

= 1 −
(

Z1−α′
√

w(θi0) + θi0

)
Li,

and where w(θi0) = I−1(θi0) as per Wu and Chang [11]. The rejection region for the
ith test is given by Ri =

{
ĈLi

∣∣∣ĈLi > C0
Li

}
. For the composite test with H0 : CLi ≤ c∗0 ,

for some i and H1 : CLi > c∗0 , i = 1, . . . , d, the overall rejection region is determined as

R =
⋂d

i=1 Ri =
⋂d

i=1

{
ĈLi

∣∣∣ ĈLi > C0
Li

}
such that the size of this test is still α.

The proposed testing algorithmic procedure about CT can be constructed as Algorithm 1:

Algorithm 1. The testing procedure for CT .

Step 1: For two components with specified lower limits L1 and L2, gather the progressive type I
interval-censored samples Xi1, . . . , Xim at predetermined inspection times t1, . . . , tm, using
censoring schemes of Ri1, . . . , Rim from the exponentiated Fréchet distribution.
Step 2: For a defined process yield Pr and the component count d, locate the appropriate values
for CT (denoted as c0) and CL (denoted as c∗0) from Table 1 to meet each component’s required
level. Following this, we outline the testing hypothesis H0 : CLi ≤ c∗0 for some i vs.
H1 : CLi > c∗0 , i = 1, · · · , d.
Step 3: Quantify the test statistic ĈLi .
Step 4: For the specified significance level α, compute the critical value

C0
Li
= 1 − Li

(
θi0 + Z1−α′

√
w(θi0)

)
, where θi0 =

1−c∗0
Li

, α’=α1/d, w(θi0) = I−1(θi0) and I−1
i (θi0) is

defined in Equation (22).
Step 5: Assess ĈLi in relation to C0

Li
. If ĈLi exceeds C0

Li
for all i, it can be concluded that the

comprehensive lifetime performance index for products with d components produced in d
production lines has surpassed the target level c0.
Furthermore, the test power function h(c1) of the testing procedure at the point of
CT = dCL − (d− 1) = c1 > c0 or CL = c1+d−1

d = c∗1 in the alternative hypothesisis obtained as follows:



Symmetry 2024, 16, 1060 9 of 22

h(c1) = P
(

ĈLi > C0
Li

∣∣∣c∗1 = 1 − θi1Li , i = 1, . . . , d
)

= P
(

1 − θ̂iLi > 1 − Li

(
θi0 + Z1−α′

√
w(θi0)

)∣∣∣∣θi0 =
1 − c∗0

Li
, θi1 =

1 − c∗1
Li

, i = 1, . . . , d
)

=
d

∏
i=1

P
(

θ̂i < θi0 + Z1−α′
√

w(θi0)

∣∣∣∣θi0 =
1 − c∗0

Li
, θ

i1
=

1 − c∗1
Li

)
=

d
∏
i=1

P

 θ̂i − θi1√
w(θi1)

<

(
θi0 + Z1−α′

√
w(θi0)− θi1

)
√

w(θi1)

∣∣∣∣θi0 =
1 − c∗0

Li
, θ

i1
=

1 − c∗1
Li


= ∏d

i=1

(
Φ

(
θi0 − θi1 + Z1−α′

√
w(θi0)√

w(θi1)

∣∣∣∣θi0 =
1 − c∗0

Li
, θ

i1
=

1 − c∗1
Li

))
,

(28)

where Φ(.) is the c.d.f. for the standard normal distribution, θi0 =
1−c∗0

Li
, θi1 =

1−c∗1
Li

,
i = 1, . . . , d. For the case of L1 = . . . = Ld = L, this yields the following equation for the
power function

h(c1) =

(
Φ

(
θ0 − θ1 + Z1−α′

√
w(θ0)√

w(θ1)

∣∣∣∣θ0 =
1 − c∗0

Li
, θ

1
=

1 − c∗1
Li

))d

To test H0 : CT ≤ 0.8, the powers h(c1) are computed using Equation (28) and they
are presented in Tables A1–A9 for d = 2, 3, 4 with α = 0.050, 0.075, 0.100, respectively,
for c1 = 0.8, 0.825, 0.85, 0.875, 0.9, 0.925, 0.95, 0.975; m = 2, 4, 6, n = 25, 50, 75,100; and
p = 0.050, 0.075, 0.100 with L = 0.05, T = 0.5. The power values depicted in Figures 3–7
serve to exemplify various standard cases. Our observations are as follows: (1) In Figure 3,
decreasing p enhances the power when d = 1, n = 25, m = 4, and α = 0.05. This behavior is
consistent across different combinations of d, n, m, and α. (2) In Figure 4, as n increases, the
power rises with d = 1, m = 4, p = 0.05, and α = 0.05 held constant. Similar patterns emerge
across various combinations of d, n, p, and α. (3) In Figure 5, decreasing m enhances the
power for fixed values of d = 1, α = 0.05, n = 25 and p = 0.05. (4) In Figure 6, the power
increases with α under d = 1, n = 25, m = 4, and p = 0.05. This trend is observed across
various combinations of d, n, m, and p. (5) In Figure 7, the power improves as d increases
with n = 25, m = 4, p = 0.05, and α = 0.05 held constant. This trend remains consistent
across different combinations of n, m, p, and α. The improvement in power is getting not
significant when d is greater than 3. (6) Across Figures 3–7, the power increases with the
value of c1 for any combination of d, n, m, p, and α.
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3.2. Practical Example

We consider the case of products with two components (d = 2) in this section. The
lifetime data for the first component consists of the failure times (number of cycles) of
n = 36 electrical appliances in Lawless [26]. The data of 36 failure times U1j, j = 1, . . ., 36,
is listed as follows: 0.001, 0.0035, 0.0049, 0.017, 0.0329, 0.0381, 0.0707, 0.0958, 0.1062,
0.1167, 0.1594, 0.1925, 0.199, 0.2223, 0.3270, 0.2400, 0.2451, 0.2471, 0.2551, 0.2565, 0.2568,
0.2702, 0.2761, 0.2831, 0.3034, 0.3034, 0.3059, 0.3113, 0.3214, 0.3478, 0.3504, 0.4329, 0.6367,
0.6976, 0.7846, 1.3403. The p-value of the G test based on the Gini statistic (see Gail
and Gastwirth [27]) is a function of the values of δ1. The Gini statistic is obtained by

Gn =
∑n−1

j=1 j(n−j)(Y1(j+1)−Y1(j))
(n−1)∑n

j=1 (n−j+1)(Y1(j)−Y1(j−1))
, where Y1(j) = −ln

(
1 − e−U1j

−δ1
)

, j = 1, . . ., 36. Figure 8

depicts the p-values vs. the values of δ1. From this figure, it reveals that the p-value peaks
at 0.961 when δ1 = 0.6, so δ1 is concluded to be 0.6.
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The data for the lifetimes of the second component consists of n = 50 failure times in
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respectively) for each component at the preset times (t1, …, t8) = 
( 0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0 , respectively) with censoring schemes of 
( 𝑅ଵଵ, 𝑅ଵଶ, 𝑅ଵଷ, 𝑅ଵସ, 𝑅ଵହ, 𝑅ଵ, 𝑅ଵ, 𝑅ଵ଼ ) = ( 1, 0, 1, 0, 0, 0, 0, 0 , respectively and 
(𝑅ଶଵ, 𝑅ଶଶ, 𝑅ଶଷ, 𝑅ଶସ, 𝑅ଶହ, 𝑅ଶ, 𝑅ଶ, 𝑅ଶ଼)  =  (1, 1, 1, 0, 0, 0, 0, 1, respectively) from the exponen-
tiated Fréchet distribution. 

Step 2: For a defined conforming rate Pr = 0.9048 and the component count d = 2, the 
appropriate values for c0 = 0.9 and 𝑐∗  = 0.95 are found from Table 1. The value of 𝑐∗  = 
0.95 is the required level for each individual lifetime performance index. We then outline 
the testing hypotheses 𝐻: 𝐶 ≤ 0.95 for some 𝑖 vs. 𝐻ଵ: 𝐶 > 0.95, 𝑖 = 1,2. 

Step 3: Obtain the maximum likelihood estimators 𝜃ଵ = 7.376792  and 𝜃ଶ = 5.062244  for two components. Compute the values of the test statistics 𝐶መభ = 0.9823 
and 𝐶መమ = 0.9969, respectively. 

Step 4: For the level of significance 𝛼 = 0.05, we have 𝛼ᇱ = (0.05)భమ = 0.2236.  Com-
pute 𝜃ଵ = ଵ ି బ∗భ = ଵ ି .ଽହ.ଶସ = 20.8333  and 𝜃ଶ = ଵ ି బ∗మ = ଵ ି .ଽହ. = 83.3333 . Then we can 
calculate the critical values of 𝐶భ = 0.9578 and 𝐶మ = 0.9578. 

Figure 9. The p-values vs. the values of δ2.

High p-values indicate that two datasets fit the exponentiated Fréchet distribution
very well. We use these two datasets to illustrate how to implement the testing procedure
proposed in Section 3.1 with an end time of T = 2 and the number of inspections m = 8
under the pre-specified removal percentages of (p1, p2, p3, p4, p5, p6, p7, p8) = (0.05, 0.05,
0.05, 0.05, 0.05, 0.05, 0.05, 0.05, 1.00, respectively).

The testing procedure is implemented in the following order according to the Algo-
rithm 1 given in Section 3.1:

Step 1: For two components with specified lower limits L1 = L2 = L = 0.05, observe the
progressive type I interval-censored sample (X11, X12, X13, X14, X15, X16, X17, X18) = (18, 13,
2, 0, 0, 1, 0, 0, respectively) and ( X21, X22, X23, X24, X25, X26, X27, X28) = (19, 6, 9, 12, 0, 0, 0,
0, respectively) for each component at the preset times (t1, . . ., t8) = (0.25, 0.5, 0.75, 1.0, 1.25,
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1.5, 1.75, 2.0, respectively) with censoring schemes of (R11, R12, R13, R14, R15, R16, R17, R18)
= (1, 0, 1, 0, 0, 0, 0, 0, respectively and ( R21, R22, R23, R24, R25, R26, R27, R28) = (1, 1, 1, 0, 0,
0, 0, 1, respectively) from the exponentiated Fréchet distribution.

Step 2: For a defined conforming rate Pr = 0.9048 and the component count d = 2, the
appropriate values for c0 = 0.9 and c∗0 = 0.95 are found from Table 1. The value of c∗0 = 0.95
is the required level for each individual lifetime performance index. We then outline the
testing hypotheses H0 : CLi ≤ 0.95 for some i vs. H1 : CLi > 0.95, i = 1, 2.

Step 3: Obtain the maximum likelihood estimators θ̂1 = 7.376792 and θ̂2 = 5.062244 for
two components. Compute the values of the test statistics ĈL1 = 0.9823 and ĈL2 = 0.9969,
respectively.

Step 4: For the level of significance α = 0.05, we have α′ = (0.05)
1
2 = 0.2236. Compute

θ10 =
1−c*

0
L1

= 1−0.95
0.0024 = 20.8333 and θ20 =

1−c∗0
L2

= 1−0.95
0.0006 = 83.3333. Then we can calculate

the critical values of C0
L1

= 0.9578 and C0
L2

= 0.9578.
Step 5: Since ĈL1 = 0.9823 > C0

L1
= 0.9578 and ĈL2 = 0.9969 > C0

L2
= 0.9578, we can

infer that both individual lifetime performance indices reach the desired target values, so
that the comprehensive lifetime performance index for products with two components
surpasses the target level c0 = 0.9.

4. Conclusions

Assessing lifetime performance indices for products, particularly those with expo-
nentiated Fréchet lifetime distribution, is essential across various manufacturing sectors.
For products composed of multiple components produced on separate production lines,
each with lifetimes following an exponentiated Fréchet distribution, we employed a com-
prehensive lifetime performance index, which is a monotonically increasing function of
both the overall process yield and the individual lifetime performance indices. Using the
progressive type I interval-censored samples, we developed a hypothesis testing procedure
to evaluate whether the comprehensive index meets the target level by testing multiple
hypotheses for each individual lifetime performance index. We analyzed the effects of the
number of inspection intervals, sample size, removal probability, significance level, and the
number of components on test power and demonstrated the proposed testing process with
a numerical example involving two-component products for a specified target value and a
given level of significance. In the last few years, developments related to the detailed study
of families of classical probability distributions and their modifications have been proposed
in relation to the saturation characteristic regarding the Hausdorff distance. We will study
this topic for exponentiated Fréchet distributions in the future. On the other hand, we will
also work on the optimal experimental design related to the proposed testing procedure
for the comprehensive lifetime performance index to obtain the given test power or to find
the minimum total experimental cost under a specific cost structure. The current lifetime
performance index has some limitations in addressing asymmetrical distributions. Future
research should consider the new lifetime performance index by replacing the mean with
the median.
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Nomenclature
θi the scale parameter for the exponentiated Fréchet lifetime distribution;
δi the shape parameter for the exponentiated Fréchet lifetime distribution;
CLi the lifetime performance index for the ith component;
Pri the process yield for the ith component;
CT the comprehensive lifetime performance index;
Pr the overall process yield.

Appendix A

Table A1. The power h(c1) at d = 2, α = 0.01.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.0100 0.0184 0.0355 0.0719 0.1513 0.3217 0.6400 0.9670

0.075 0.0100 0.0182 0.0348 0.0698 0.1459 0.3096 0.6213 0.9609

0.1 0.0100 0.0180 0.0341 0.0678 0.1406 0.2976 0.6021 0.9537

50 0.05 0.0100 0.0271 0.0736 0.1917 0.4405 0.7865 0.9840 1.0000

0.075 0.0100 0.0267 0.0718 0.1859 0.4279 0.7729 0.9812 1.0000

0.1 0.0100 0.0263 0.0700 0.1801 0.4151 0.7587 0.9780 1.0000

75 0.05 0.0100 0.0358 0.1193 0.3347 0.6928 0.9559 0.9997 1.0000

0.075 0.0100 0.0353 0.1161 0.3253 0.6791 0.9507 0.9996 1.0000

0.1 0.0100 0.0347 0.1130 0.3158 0.6651 0.9449 0.9995 1.0000

100 0.05 0.0100 0.0449 0.1705 0.4767 0.8502 0.9927 1.0000 1.0000

0.075 0.0100 0.0441 0.1659 0.4649 0.8400 0.9914 1.0000 1.0000

0.1 0.0100 0.0433 0.1614 0.4530 0.8291 0.9898 1.0000 1.0000

4 25 0.05 0.0100 0.0191 0.0379 0.0775 0.1621 0.3376 0.6521 0.9672

0.075 0.0100 0.0186 0.0358 0.0716 0.1471 0.3049 0.6022 0.9490

0.1 0.0100 0.0181 0.0339 0.0661 0.1331 0.2739 0.5508 0.9236

50 0.05 0.0100 0.0282 0.0780 0.2020 0.4541 0.7922 0.9835 1.0000

0.075 0.0100 0.0272 0.0729 0.1858 0.4198 0.7554 0.9750 1.0000

0.1 0.0100 0.0262 0.0681 0.1706 0.3864 0.7156 0.9632 1.0000

75 0.05 0.0100 0.0374 0.1256 0.3474 0.7020 0.9562 0.9996 1.0000

0.075 0.0100 0.0357 0.1168 0.3215 0.6651 0.9412 0.9993 1.0000

0.1 0.0100 0.0342 0.1086 0.2967 0.6268 0.9225 0.9986 1.0000

100 0.05 0.0100 0.0468 0.1787 0.4897 0.8548 0.9925 1.0000 1.0000

0.075 0.0100 0.0446 0.1659 0.4575 0.8267 0.9884 1.0000 1.0000

0.1 0.0100 0.0425 0.1538 0.4258 0.7954 0.9827 1.0000 1.0000

6 25 0.05 0.0100 0.0190 0.0371 0.0747 0.1539 0.3172 0.6176 0.9538

0.075 0.0100 0.0181 0.0340 0.0658 0.1316 0.2683 0.5371 0.9132

0.1 0.0100 0.0174 0.0312 0.0580 0.1122 0.2246 0.4569 0.8517

50 0.05 0.0100 0.0278 0.0755 0.1927 0.4319 0.7660 0.9769 1.0000

0.075 0.0100 0.0262 0.0678 0.1684 0.3791 0.7034 0.9579 1.0000

0.1 0.0100 0.0247 0.0609 0.1468 0.3298 0.6356 0.9283 0.9997

75 0.05 0.0100 0.0366 0.1208 0.3314 0.6767 0.9450 0.9993 1.0000

0.075 0.0100 0.0341 0.1076 0.2920 0.6164 0.9152 0.9981 1.0000

0.1 0.0100 0.0319 0.0958 0.2559 0.5547 0.8757 0.9952 1.0000

100 0.05 0.0100 0.0457 0.1714 0.4690 0.8349 0.9894 1.0000 1.0000

0.075 0.0100 0.0423 0.1521 0.4189 0.7855 0.9800 0.9999 1.0000

0.1 0.0100 0.0392 0.1349 0.3713 0.7299 0.9647 0.9998 1.0000
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Table A2. The power h(c1) at d = 2, α = 0.05.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.0500 0.0887 0.1598 0.2859 0.4903 0.7555 0.9587 0.9999

0.075 0.0500 0.0881 0.1576 0.2808 0.4812 0.7452 0.9544 0.9998

0.1 0.0500 0.0874 0.1554 0.2757 0.4721 0.7344 0.9497 0.9998

50 0.05 0.0500 0.1172 0.2584 0.5021 0.7931 0.9697 0.9997 1.0000

0.075 0.0500 0.1161 0.2543 0.4937 0.7842 0.9666 0.9996 1.0000

0.1 0.0500 0.1149 0.2502 0.4852 0.7749 0.9632 0.9995 1.0000

75 0.05 0.0500 0.1429 0.3501 0.6674 0.9248 0.9969 1.0000 1.0000

0.075 0.0500 0.1413 0.3443 0.6582 0.9195 0.9964 1.0000 1.0000

0.1 0.0500 0.1397 0.3386 0.6488 0.9137 0.9958 1.0000 1.0000

100 0.05 0.0500 0.1673 0.4343 0.7841 0.9742 0.9997 1.0000 1.0000

0.075 0.0500 0.1653 0.4273 0.7756 0.9716 0.9997 1.0000 1.0000

0.1 0.0500 0.1632 0.4202 0.7668 0.9687 0.9996 1.0000 1.0000

4 25 0.05 0.0500 0.0905 0.1643 0.2930 0.4969 0.7566 0.9566 0.9998

0.075 0.0500 0.0887 0.1582 0.2790 0.4725 0.7285 0.9439 0.9997

0.1 0.0500 0.0869 0.1523 0.2654 0.4483 0.6990 0.9286 0.9993

50 0.05 0.0500 0.1197 0.2646 0.5093 0.7952 0.9685 0.9996 1.0000

0.075 0.0500 0.1165 0.2533 0.4865 0.7707 0.9594 0.9993 1.0000

0.1 0.0500 0.1134 0.2423 0.4640 0.7448 0.9482 0.9988 1.0000

75 0.05 0.0500 0.1461 0.3574 0.6733 0.9249 0.9966 1.0000 1.0000

0.075 0.0500 0.1416 0.3417 0.6481 0.9098 0.9950 1.0000 1.0000

0.1 0.0500 0.1372 0.3263 0.6225 0.8927 0.9926 1.0000 1.0000

100 0.05 0.0500 0.1710 0.4422 0.7883 0.9739 0.9997 1.0000 1.0000

0.075 0.0500 0.1653 0.4231 0.7650 0.9663 0.9994 1.0000 1.0000

0.1 0.0500 0.1597 0.4043 0.7406 0.9571 0.9990 1.0000 1.0000

6 25 0.05 0.0500 0.0897 0.1610 0.2844 0.4801 0.7353 0.9461 0.9997

0.075 0.0500 0.0868 0.1516 0.2629 0.4421 0.6889 0.9215 0.9991

0.1 0.0500 0.0841 0.1428 0.2429 0.4056 0.6405 0.8899 0.9976

50 0.05 0.0500 0.1180 0.2578 0.4940 0.7770 0.9611 0.9993 1.0000

0.075 0.0500 0.1131 0.2404 0.4583 0.7361 0.9432 0.9984 1.0000

0.1 0.0500 0.1084 0.2241 0.4240 0.6929 0.9198 0.9965 1.0000

75 0.05 0.0500 0.1436 0.3476 0.6558 0.9134 0.9952 1.0000 1.0000

0.075 0.0500 0.1367 0.3232 0.6153 0.8862 0.9913 1.0000 1.0000

0.1 0.0500 0.1302 0.3003 0.5747 0.8543 0.9849 0.9999 1.0000

100 0.05 0.0500 0.1678 0.4300 0.7718 0.9680 0.9995 1.0000 1.0000

0.075 0.0500 0.1589 0.4002 0.7332 0.9533 0.9988 1.0000 1.0000

0.1 0.0500 0.1506 0.3717 0.6926 0.9341 0.9974 1.0000 1.0000
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Table A3. The power h(c1) at d = 2, α = 0.1.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.1000 0.1697 0.2855 0.4628 0.6918 0.9011 0.9927 1.0000

0.075 0.1000 0.1687 0.2825 0.4568 0.6839 0.8955 0.9917 1.0000

0.1 0.1000 0.1677 0.2794 0.4508 0.6758 0.8895 0.9906 1.0000

50 0.05 0.1000 0.2125 0.4109 0.6789 0.9065 0.9926 1.0000 1.0000

0.075 0.1000 0.2108 0.4060 0.6715 0.9014 0.9917 1.0000 1.0000

0.1 0.1000 0.2091 0.4011 0.6639 0.8959 0.9907 1.0000 1.0000

75 0.05 0.1000 0.2490 0.5132 0.8111 0.9728 0.9995 1.0000 1.0000

0.075 0.1000 0.2468 0.5071 0.8044 0.9705 0.9994 1.0000 1.0000

0.1 0.1000 0.2445 0.5009 0.7974 0.9680 0.9993 1.0000 1.0000

100 0.05 0.1000 0.2821 0.5981 0.8900 0.9923 1.0000 1.0000 1.0000

0.075 0.1000 0.2793 0.5913 0.8847 0.9913 1.0000 1.0000 1.0000

0.1 0.1000 0.2766 0.5844 0.8790 0.9903 0.9999 1.0000 1.0000

4 25 0.05 0.1000 0.1718 0.2897 0.4671 0.6926 0.8982 0.9916 1.0000

0.075 0.1000 0.1690 0.2813 0.4510 0.6712 0.8823 0.9884 1.0000

0.1 0.1000 0.1661 0.2731 0.4351 0.6493 0.8648 0.9842 1.0000

50 0.05 0.1000 0.2154 0.4160 0.6819 0.9055 0.9919 1.0000 1.0000

0.075 0.1000 0.2107 0.4026 0.6617 0.8910 0.9890 0.9999 1.0000

0.1 0.1000 0.2061 0.3894 0.6411 0.8751 0.9852 0.9999 1.0000

75 0.05 0.1000 0.2525 0.5187 0.8129 0.9720 0.9994 1.0000 1.0000

0.075 0.1000 0.2463 0.5020 0.7943 0.9652 0.9990 1.0000 1.0000

0.1 0.1000 0.2402 0.4854 0.7748 0.9571 0.9985 1.0000 1.0000

100 0.05 0.1000 0.2861 0.6036 0.8910 0.9919 1.0000 1.0000 1.0000

0.075 0.1000 0.2785 0.5851 0.8761 0.9891 0.9999 1.0000 1.0000

0.1 0.1000 0.2710 0.5665 0.8599 0.9855 0.9999 1.0000 1.0000

6 25 0.05 0.1000 0.1703 0.2846 0.4560 0.6762 0.8850 0.9887 1.0000

0.075 0.1000 0.1658 0.2715 0.4308 0.6418 0.8571 0.9818 1.0000

0.1 0.1000 0.1615 0.2592 0.4067 0.6072 0.8260 0.9719 0.9999

50 0.05 0.1000 0.2127 0.4073 0.6673 0.8939 0.9894 0.9999 1.0000

0.075 0.1000 0.2054 0.3863 0.6348 0.8687 0.9832 0.9998 1.0000

0.1 0.1000 0.1985 0.3664 0.6022 0.8403 0.9745 0.9996 1.0000

75 0.05 0.1000 0.2488 0.5075 0.7992 0.9665 0.9991 1.0000 1.0000

0.075 0.1000 0.2391 0.4813 0.7683 0.9536 0.9982 1.0000 1.0000

0.1 0.1000 0.2300 0.4559 0.7359 0.9373 0.9965 1.0000 1.0000

100 0.05 0.1000 0.2815 0.5910 0.8799 0.9896 0.9999 1.0000 1.0000

0.075 0.1000 0.2697 0.5616 0.8542 0.9838 0.9998 1.0000 1.0000

0.1 0.1000 0.2584 0.5326 0.8259 0.9758 0.9995 1.0000 1.0000
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Table A4. The power h(c1) at d = 3, α = 0.01.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.0100 0.0209 0.0449 0.0983 0.2139 0.4415 0.7791 0.9916

0.075 0.0100 0.0207 0.0441 0.0957 0.2074 0.4289 0.7656 0.9899

0.1 0.0100 0.0205 0.0432 0.0931 0.2009 0.4162 0.7514 0.9880

50 0.05 0.0100 0.0305 0.0888 0.2339 0.5119 0.8385 0.9897 1.0000

0.075 0.0100 0.0301 0.0867 0.2275 0.4998 0.8281 0.9881 1.0000

0.1 0.0100 0.0296 0.0847 0.2211 0.4874 0.8171 0.9862 1.0000

75 0.05 0.0100 0.0400 0.1389 0.3801 0.7354 0.9635 0.9997 1.0000

0.075 0.0100 0.0394 0.1354 0.3706 0.7236 0.9595 0.9996 1.0000

0.1 0.0100 0.0387 0.1320 0.3610 0.7113 0.9551 0.9995 1.0000

100 0.05 0.0100 0.0497 0.1931 0.5162 0.8670 0.9926 1.0000 1.0000

0.075 0.0100 0.0489 0.1882 0.5049 0.8583 0.9914 1.0000 1.0000

0.1 0.0100 0.0480 0.1833 0.4934 0.8491 0.9901 1.0000 1.0000

4 25 0.05 0.0100 0.0211 0.0453 0.0983 0.2112 0.4311 0.7625 0.9888

0.075 0.0100 0.0205 0.0430 0.0914 0.1941 0.3980 0.7245 0.9825

0.1 0.0100 0.0199 0.0408 0.0849 0.1781 0.3658 0.6838 0.9733

50 0.05 0.0100 0.0306 0.0888 0.2312 0.5020 0.8258 0.9870 1.0000

0.075 0.0100 0.0295 0.0833 0.2144 0.4697 0.7960 0.9811 1.0000

0.1 0.0100 0.0285 0.0781 0.1985 0.4377 0.7634 0.9731 1.0000

75 0.05 0.0100 0.0402 0.1383 0.3746 0.7237 0.9579 0.9995 1.0000

0.075 0.0100 0.0385 0.1291 0.3493 0.6910 0.9452 0.9991 1.0000

0.1 0.0100 0.0368 0.1205 0.3249 0.6569 0.9296 0.9984 1.0000

100 0.05 0.0100 0.0499 0.1917 0.5084 0.8575 0.9908 1.0000 1.0000

0.075 0.0100 0.0475 0.1788 0.4781 0.8324 0.9867 1.0000 1.0000

0.1 0.0100 0.0453 0.1665 0.4481 0.8046 0.9811 0.9999 1.0000

6 25 0.05 0.0100 0.0207 0.0436 0.0929 0.1970 0.4020 0.7274 0.9826

0.075 0.0100 0.0198 0.0401 0.0827 0.1720 0.3518 0.6628 0.9669

0.1 0.0100 0.0190 0.0369 0.0737 0.1497 0.3052 0.5943 0.9414

50 0.05 0.0100 0.0298 0.0845 0.2173 0.4737 0.7983 0.9813 1.0000

0.075 0.0100 0.0281 0.0764 0.1923 0.4235 0.7462 0.9676 1.0000

0.1 0.0100 0.0266 0.0690 0.1698 0.3757 0.6890 0.9471 0.9998

75 0.05 0.0100 0.0389 0.1309 0.3531 0.6944 0.9459 0.9991 1.0000

0.075 0.0100 0.0363 0.1174 0.3148 0.6404 0.9203 0.9978 1.0000

0.1 0.0100 0.0340 0.1052 0.2793 0.5846 0.8872 0.9951 1.0000

100 0.05 0.0100 0.0481 0.1812 0.4823 0.8347 0.9869 1.0000 1.0000

0.075 0.0100 0.0446 0.1619 0.4351 0.7902 0.9774 0.9999 1.0000

0.1 0.0100 0.0414 0.1446 0.3899 0.7404 0.9629 0.9996 1.0000
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Table A5. The power h(c1) at d = 3, α = 0.05.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.0500 0.0959 0.1817 0.3312 0.5575 0.8149 0.9753 1.0000

0.075 0.0500 0.0952 0.1793 0.3259 0.5490 0.8068 0.9728 0.9999

0.1 0.0500 0.0945 0.1769 0.3205 0.5404 0.7984 0.9701 0.9999

50 0.05 0.0500 0.1253 0.2825 0.5395 0.8194 0.9740 0.9997 1.0000

0.075 0.0500 0.1241 0.2783 0.5315 0.8118 0.9715 0.9996 1.0000

0.1 0.0500 0.1228 0.2740 0.5235 0.8038 0.9689 0.9995 1.0000

75 0.05 0.0500 0.1515 0.3729 0.6901 0.9294 0.9965 1.0000 1.0000

0.075 0.0500 0.1498 0.3672 0.6817 0.9247 0.9960 1.0000 1.0000

0.1 0.0500 0.1482 0.3615 0.6730 0.9198 0.9954 1.0000 1.0000

100 0.05 0.0500 0.1761 0.4540 0.7942 0.9728 0.9995 1.0000 1.0000

0.075 0.0500 0.1740 0.4472 0.7865 0.9703 0.9994 1.0000 1.0000

0.1 0.0500 0.1719 0.4403 0.7785 0.9677 0.9993 1.0000 1.0000

4 25 0.05 0.0500 0.0959 0.1808 0.3270 0.5474 0.8020 0.9702 0.9999

0.075 0.0500 0.0940 0.1744 0.3130 0.5248 0.7794 0.9622 0.9999

0.1 0.0500 0.0921 0.1683 0.2993 0.5022 0.7555 0.9524 0.9997

50 0.05 0.0500 0.1251 0.2802 0.5319 0.8090 0.9696 0.9995 1.0000

0.075 0.0500 0.1219 0.2689 0.5106 0.7877 0.9618 0.9992 1.0000

0.1 0.0500 0.1187 0.2580 0.4893 0.7650 0.9525 0.9987 1.0000

75 0.05 0.0500 0.1512 0.3694 0.6814 0.9227 0.9955 1.0000 1.0000

0.075 0.0500 0.1467 0.3541 0.6584 0.9089 0.9937 1.0000 1.0000

0.1 0.0500 0.1423 0.3393 0.6348 0.8935 0.9912 1.0000 1.0000

100 0.05 0.0500 0.1756 0.4494 0.7860 0.9691 0.9993 1.0000 1.0000

0.075 0.0500 0.1699 0.4312 0.7645 0.9615 0.9990 1.0000 1.0000

0.1 0.0500 0.1644 0.4133 0.7420 0.9525 0.9984 1.0000 1.0000

6 25 0.05 0.0500 0.0944 0.1755 0.3147 0.5265 0.7800 0.9620 0.9998

0.075 0.0500 0.0915 0.1660 0.2933 0.4910 0.7419 0.9458 0.9996

0.1 0.0500 0.0887 0.1570 0.2732 0.4565 0.7016 0.9250 0.9990

50 0.05 0.0500 0.1225 0.2707 0.5128 0.7889 0.9618 0.9992 1.0000

0.075 0.0500 0.1176 0.2536 0.4794 0.7529 0.9465 0.9982 1.0000

0.1 0.0500 0.1129 0.2375 0.4471 0.7148 0.9271 0.9966 1.0000

75 0.05 0.0500 0.1475 0.3563 0.6606 0.9096 0.9937 1.0000 1.0000

0.075 0.0500 0.1407 0.3330 0.6234 0.8847 0.9894 0.9999 1.0000

0.1 0.0500 0.1342 0.3109 0.5860 0.8560 0.9830 0.9999 1.0000

100 0.05 0.0500 0.1710 0.4338 0.7665 0.9619 0.9990 1.0000 1.0000

0.075 0.0500 0.1623 0.4055 0.7307 0.9471 0.9979 1.0000 1.0000

0.1 0.0500 0.1542 0.3785 0.6934 0.9285 0.9961 1.0000 1.0000
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Table A6. The power h(c1) at d = 3, α = 0.1.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.1000 0.1793 0.3106 0.5041 0.7354 0.9235 0.9950 1.0000

0.075 0.1000 0.1783 0.3075 0.4984 0.7286 0.9193 0.9944 1.0000

0.1 0.1000 0.1772 0.3044 0.4926 0.7216 0.9149 0.9937 1.0000

50 0.05 0.1000 0.2222 0.4328 0.7015 0.9144 0.9926 1.0000 1.0000

0.075 0.1000 0.2205 0.4280 0.6947 0.9100 0.9918 1.0000 1.0000

0.1 0.1000 0.2187 0.4232 0.6878 0.9054 0.9909 0.9999 1.0000

75 0.05 0.1000 0.2584 0.5300 0.8192 0.9717 0.9992 1.0000 1.0000

0.075 0.1000 0.2561 0.5241 0.8131 0.9696 0.9991 1.0000 1.0000

0.1 0.1000 0.2538 0.5182 0.8067 0.9672 0.9990 1.0000 1.0000

100 0.05 0.1000 0.2909 0.6094 0.8900 0.9905 0.9999 1.0000 1.0000

0.075 0.1000 0.2881 0.6029 0.8850 0.9895 0.9999 1.0000 1.0000

0.1 0.1000 0.2853 0.5964 0.8798 0.9885 0.9999 1.0000 1.0000

4 25 0.05 0.1000 0.1789 0.3081 0.4972 0.7245 0.9150 0.9935 1.0000

0.075 0.1000 0.1760 0.2998 0.4820 0.7058 0.9026 0.9913 1.0000

0.1 0.1000 0.1732 0.2917 0.4669 0.6866 0.8890 0.9885 1.0000

50 0.05 0.1000 0.2214 0.4288 0.6931 0.9071 0.9908 0.9999 1.0000

0.075 0.1000 0.2168 0.4159 0.6746 0.8943 0.9881 0.9999 1.0000

0.1 0.1000 0.2123 0.4033 0.6558 0.8803 0.9846 0.9998 1.0000

75 0.05 0.1000 0.2573 0.5249 0.8114 0.9681 0.9990 1.0000 1.0000

0.075 0.1000 0.2512 0.5091 0.7943 0.9614 0.9985 1.0000 1.0000

0.1 0.1000 0.2453 0.4935 0.7764 0.9536 0.9978 1.0000 1.0000

100 0.05 0.1000 0.2896 0.6037 0.8836 0.9888 0.9999 1.0000 1.0000

0.075 0.1000 0.2822 0.5863 0.8694 0.9856 0.9998 1.0000 1.0000

0.1 0.1000 0.2749 0.5688 0.8542 0.9817 0.9997 1.0000 1.0000

6 25 0.05 0.1000 0.1765 0.3008 0.4831 0.7062 0.9022 0.9911 1.0000

0.075 0.1000 0.1721 0.2881 0.4594 0.6760 0.8803 0.9864 1.0000

0.1 0.1000 0.1678 0.2760 0.4365 0.6453 0.8557 0.9797 1.0000

50 0.05 0.1000 0.2176 0.4174 0.6758 0.8945 0.9880 0.9999 1.0000

0.075 0.1000 0.2105 0.3975 0.6461 0.8721 0.9822 0.9998 1.0000

0.1 0.1000 0.2037 0.3784 0.6163 0.8471 0.9743 0.9995 1.0000

75 0.05 0.1000 0.2522 0.5109 0.7954 0.9615 0.9984 1.0000 1.0000

0.075 0.1000 0.2429 0.4863 0.7670 0.9488 0.9972 1.0000 1.0000

0.1 0.1000 0.2340 0.4624 0.7372 0.9333 0.9953 1.0000 1.0000

100 0.05 0.1000 0.2834 0.5883 0.8704 0.9857 0.9998 1.0000 1.0000

0.075 0.1000 0.2720 0.5607 0.8460 0.9792 0.9996 1.0000 1.0000

0.1 0.1000 0.2611 0.5336 0.8195 0.9706 0.9991 1.0000 1.0000
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Table A7. The power h(c1) at d = 4, α = 0.01.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.0100 0.0224 0.0509 0.1154 0.2530 0.5077 0.8361 0.9961

0.075 0.0100 0.0222 0.0500 0.1125 0.2461 0.4957 0.8259 0.9953

0.1 0.0100 0.0220 0.0490 0.1096 0.2393 0.4836 0.8151 0.9945

50 0.05 0.0100 0.0323 0.0968 0.2549 0.5427 0.8560 0.9910 1.0000

0.075 0.0100 0.0319 0.0947 0.2484 0.5313 0.8472 0.9897 1.0000

0.1 0.0100 0.0314 0.0925 0.2419 0.5197 0.8378 0.9882 1.0000

75 0.05 0.0100 0.0420 0.1477 0.3974 0.7468 0.9637 0.9996 1.0000

0.075 0.0100 0.0413 0.1442 0.3882 0.7360 0.9601 0.9995 1.0000

0.1 0.0100 0.0407 0.1407 0.3788 0.7248 0.9561 0.9994 1.0000

100 0.05 0.0100 0.0518 0.2015 0.5264 0.8667 0.9913 1.0000 1.0000

0.075 0.0100 0.0510 0.1966 0.5156 0.8586 0.9901 1.0000 1.0000

0.1 0.0100 0.0501 0.1917 0.5047 0.8501 0.9887 1.0000 1.0000

4 25 0.05 0.0100 0.0223 0.0501 0.1120 0.2430 0.4866 0.8146 0.9941

0.075 0.0100 0.0217 0.0476 0.1047 0.2254 0.4551 0.7845 0.9910

0.1 0.0100 0.0211 0.0453 0.0978 0.2087 0.4241 0.7518 0.9865

50 0.05 0.0100 0.0320 0.0945 0.2460 0.5237 0.8383 0.9879 1.0000

0.075 0.0100 0.0308 0.0890 0.2294 0.4933 0.8122 0.9829 1.0000

0.1 0.0100 0.0297 0.0837 0.2135 0.4631 0.7837 0.9764 1.0000

75 0.05 0.0100 0.0414 0.1436 0.3839 0.7277 0.9560 0.9993 1.0000

0.075 0.0100 0.0397 0.1346 0.3598 0.6976 0.9441 0.9989 1.0000

0.1 0.0100 0.0381 0.1260 0.3363 0.6660 0.9298 0.9981 1.0000

100 0.05 0.0100 0.0510 0.1956 0.5101 0.8519 0.9886 1.0000 1.0000

0.075 0.0100 0.0487 0.1830 0.4815 0.8281 0.9842 0.9999 1.0000

0.1 0.0100 0.0465 0.1710 0.4531 0.8020 0.9784 0.9999 1.0000

6 25 0.05 0.0100 0.0218 0.0479 0.1052 0.2261 0.4552 0.7835 0.9907

0.075 0.0100 0.0209 0.0443 0.0945 0.2002 0.4068 0.7310 0.9827

0.1 0.0100 0.0200 0.0409 0.0849 0.1768 0.3607 0.6738 0.9696

50 0.05 0.0100 0.0310 0.0895 0.2302 0.4938 0.8116 0.9826 1.0000

0.075 0.0100 0.0293 0.0812 0.2056 0.4465 0.7658 0.9713 1.0000

0.1 0.0100 0.0277 0.0738 0.1831 0.4009 0.7152 0.9549 0.9999

75 0.05 0.0100 0.0399 0.1353 0.3608 0.6977 0.9436 0.9988 1.0000

0.075 0.0100 0.0374 0.1219 0.3241 0.6477 0.9199 0.9974 1.0000

0.1 0.0100 0.0351 0.1099 0.2899 0.5960 0.8898 0.9948 1.0000

100 0.05 0.0100 0.0490 0.1839 0.4825 0.8280 0.9840 0.9999 1.0000

0.075 0.0100 0.0455 0.1653 0.4379 0.7861 0.9740 0.9998 1.0000

0.1 0.0100 0.0424 0.1483 0.3952 0.7396 0.9597 0.9994 1.0000
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Table A8. The power h(c1) at d = 4, α = 0.05.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.0500 0.0998 0.1938 0.3555 0.5906 0.8400 0.9808 1.0000

0.075 0.0500 0.0991 0.1914 0.3503 0.5828 0.8333 0.9790 1.0000

0.1 0.0500 0.0984 0.1890 0.3450 0.5748 0.8262 0.9770 1.0000

50 0.05 0.0500 0.1290 0.2929 0.5535 0.8266 0.9741 0.9996 1.0000

0.075 0.0500 0.1278 0.2888 0.5460 0.8197 0.9719 0.9995 1.0000

0.1 0.0500 0.1266 0.2846 0.5383 0.8126 0.9696 0.9994 1.0000

75 0.05 0.0500 0.1548 0.3801 0.6938 0.9271 0.9957 1.0000 1.0000

0.075 0.0500 0.1532 0.3746 0.6858 0.9227 0.9951 1.0000 1.0000

0.1 0.0500 0.1515 0.3690 0.6777 0.9180 0.9945 1.0000 1.0000

100 0.05 0.0500 0.1789 0.4574 0.7910 0.9691 0.9993 1.0000 1.0000

0.075 0.0500 0.1768 0.4508 0.7837 0.9666 0.9991 1.0000 1.0000

0.1 0.0500 0.1747 0.4442 0.7761 0.9640 0.9990 1.0000 1.0000

4 25 0.05 0.0500 0.0990 0.1903 0.3464 0.5745 0.8240 0.9758 0.9999

0.075 0.0500 0.0971 0.1841 0.3327 0.5535 0.8047 0.9697 0.9999

0.1 0.0500 0.0953 0.1780 0.3194 0.5325 0.7842 0.9624 0.9998

50 0.05 0.0500 0.1276 0.2868 0.5401 0.8122 0.9687 0.9994 1.0000

0.075 0.0500 0.1244 0.2759 0.5200 0.7926 0.9615 0.9990 1.0000

0.1 0.0500 0.1213 0.2654 0.5000 0.7720 0.9531 0.9985 1.0000

75 0.05 0.0500 0.1528 0.3718 0.6795 0.9177 0.9943 1.0000 1.0000

0.075 0.0500 0.1485 0.3573 0.6579 0.9045 0.9922 1.0000 1.0000

0.1 0.0500 0.1442 0.3431 0.6358 0.8899 0.9896 0.9999 1.0000

100 0.05 0.0500 0.1764 0.4475 0.7777 0.9638 0.9989 1.0000 1.0000

0.075 0.0500 0.1709 0.4302 0.7573 0.9559 0.9984 1.0000 1.0000

0.1 0.0500 0.1655 0.4132 0.7360 0.9467 0.9976 1.0000 1.0000

6 25 0.05 0.0500 0.0973 0.1843 0.3328 0.5528 0.8032 0.9690 0.9999

0.075 0.0500 0.0944 0.1748 0.3120 0.5199 0.7705 0.9568 0.9998

0.1 0.0500 0.0916 0.1659 0.2923 0.4875 0.7357 0.9413 0.9994

50 0.05 0.0500 0.1246 0.2763 0.5200 0.7919 0.9609 0.9990 1.0000

0.075 0.0500 0.1198 0.2598 0.4887 0.7590 0.9469 0.9981 1.0000

0.1 0.0500 0.1152 0.2443 0.4581 0.7242 0.9296 0.9965 1.0000

75 0.05 0.0500 0.1488 0.3578 0.6578 0.9040 0.9920 1.0000 1.0000

0.075 0.0500 0.1421 0.3356 0.6230 0.8803 0.9875 0.9999 1.0000

0.1 0.0500 0.1359 0.3145 0.5879 0.8533 0.9810 0.9998 1.0000

100 0.05 0.0500 0.1713 0.4308 0.7572 0.9556 0.9983 1.0000 1.0000

0.075 0.0500 0.1629 0.4041 0.7233 0.9405 0.9970 1.0000 1.0000

0.1 0.0500 0.1551 0.3785 0.6881 0.9220 0.9948 1.0000 1.0000
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Table A9. The power h(c1) at d = 4, α = 0.1.

c1

m n p 0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975

2 25 0.05 0.1000 0.1844 0.3236 0.5243 0.7547 0.9320 0.9957 1.0000

0.075 0.1000 0.1833 0.3205 0.5189 0.7486 0.9285 0.9952 1.0000

0.1 0.1000 0.1822 0.3174 0.5134 0.7423 0.9249 0.9947 1.0000

50 0.05 0.1000 0.2262 0.4409 0.7076 0.9146 0.9918 0.9999 1.0000

0.075 0.1000 0.2245 0.4362 0.7013 0.9106 0.9911 0.9999 1.0000

0.1 0.1000 0.2228 0.4315 0.6948 0.9063 0.9902 0.9999 1.0000

75 0.05 0.1000 0.2613 0.5329 0.8169 0.9687 0.9989 1.0000 1.0000

0.075 0.1000 0.2591 0.5273 0.8111 0.9666 0.9987 1.0000 1.0000

0.1 0.1000 0.2568 0.5217 0.8051 0.9643 0.9986 1.0000 1.0000

100 0.05 0.1000 0.2926 0.6080 0.8840 0.9882 0.9998 1.0000 1.0000

0.075 0.1000 0.2900 0.6018 0.8792 0.9871 0.9998 1.0000 1.0000

0.1 0.1000 0.2872 0.5956 0.8741 0.9859 0.9998 1.0000 1.0000

4 25 0.05 0.1000 0.1828 0.3181 0.5131 0.7402 0.9225 0.9942 1.0000

0.075 0.1000 0.1800 0.3101 0.4988 0.7234 0.9120 0.9925 1.0000

0.1 0.1000 0.1772 0.3022 0.4845 0.7061 0.9005 0.9903 1.0000

50 0.05 0.1000 0.2238 0.4330 0.6949 0.9051 0.9897 0.9999 1.0000

0.075 0.1000 0.2194 0.4207 0.6777 0.8932 0.9869 0.9999 1.0000

0.1 0.1000 0.2150 0.4087 0.6602 0.8803 0.9836 0.9998 1.0000

75 0.05 0.1000 0.2582 0.5235 0.8054 0.9637 0.9985 1.0000 1.0000

0.075 0.1000 0.2524 0.5086 0.7892 0.9569 0.9978 1.0000 1.0000

0.1 0.1000 0.2467 0.4938 0.7723 0.9492 0.9970 1.0000 1.0000

100 0.05 0.1000 0.2890 0.5977 0.8744 0.9856 0.9998 1.0000 1.0000

0.075 0.1000 0.2819 0.5812 0.8606 0.9821 0.9996 1.0000 1.0000

0.1 0.1000 0.2749 0.5647 0.8459 0.9778 0.9994 1.0000 1.0000

6 25 0.05 0.1000 0.1801 0.3101 0.4982 0.7221 0.9108 0.9922 1.0000

0.075 0.1000 0.1757 0.2978 0.4759 0.6948 0.8921 0.9885 1.0000

0.1 0.1000 0.1716 0.2861 0.4543 0.6671 0.8714 0.9834 1.0000

50 0.05 0.1000 0.2196 0.4208 0.6772 0.8924 0.9866 0.9998 1.0000

0.075 0.1000 0.2127 0.4019 0.6495 0.8716 0.9809 0.9997 1.0000

0.1 0.1000 0.2062 0.3838 0.6218 0.8487 0.9736 0.9994 1.0000

75 0.05 0.1000 0.2527 0.5088 0.7888 0.9565 0.9978 1.0000 1.0000

0.075 0.1000 0.2437 0.4855 0.7619 0.9438 0.9963 1.0000 1.0000

0.1 0.1000 0.2352 0.4629 0.7340 0.9288 0.9941 1.0000 1.0000

100 0.05 0.1000 0.2823 0.5815 0.8603 0.9819 0.9996 1.0000 1.0000

0.075 0.1000 0.2714 0.5554 0.8367 0.9748 0.9992 1.0000 1.0000

0.1 0.1000 0.2610 0.5298 0.8113 0.9657 0.9986 1.0000 1.0000
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