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Abstract: This paper contains several novel definitions including neutrosophic Eg metric space, neu-
trosophic quasi-S ﬁ—metric space, neutrosophic pseudo-S ﬁ—metric space, neutrosophic quasi-E-metric
space and neutrosophic pseudo-Eg-metric space. Further, we present some generalized fixed point
results with non-trivial examples and the decomposition theorem in the setting of the neutrosophic
pseudo-Eg-metric space. Moreover, by using the main result, we examine the existence and unique-
ness of the solution to an integral equation, a system of linear equations, and nonlinear fractional
differential equations.

Keywords: neutrosophic metric space; neutrosophic sets; system of linear equations; existence
and uniqueness

1. Introduction

There are numerous applications for fixed points (FPs) in neutrosophic metric spaces
in the fields of mathematics, computer science, economics, and engineering. By adding the
idea of indeterminacy or uncertainty, neutrosophic metric space broadens the concept of
metric spaces. The literature on mathematical analysis contains many generalizations of a
metric space (MS). The well-known 2-MS concept was first proposed by Gahlar [1]; however,
in fact, MS is continuous while 2-MS is not. Following that, Dhage [2] presented the notion
of D-MS; however, Mustafa and Sims [3] clarified that several of D-MS’s topological
characteristics were false, and they provided the concept of G-MS. According to Jleli and
Samet [4], most of the FP theorems in the context of the G-MS can be easily verified by using
MS and quasi MS. Authors in [5] presented the notion of S-MS, in 2012, and demonstrated
several FP theorems in the context of complete S-MS. Bakhtin [6] introduced b-MS, in 1989,
by multiplying the right side of triangle inequality by a real value @ > 1. In b-MS, it
becomes MS if we choose @ = 1. Subsequently, Sedghi et al. [7] combined the concepts of
b-MS and S-MS to introduce the idea of S 5-MS; however, S ﬁ—MS is not continuous.

Zadeh [8] presented the notion of fuzzy logic. As compared to the notion of traditional
logic, fuzzy logic attributes a number to an element inside the interval [0, 1], even though
certain numbers are not contained within the set. Uncertainty, a crucial component of
actual difficulty, has assisted Zadeh in learning fuzzy set (FS) theories in order to cope
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with the problem of indefinites. For a variety of processes, including one that incorporates
the use of fuzzy logic, the theory is viewed as an FP in the fuzzy metric space (FMS).
Eventually, Heilpern [9] and Zadeh'’s results developed the fuzzy mapping idea and a
theorem based on FPs for fuzzy contraction mapping in linear MS, representing a fuzzy
generalized version of Banach’s contraction concept. If the distance between the elements
is not an exact integer, imprecision is introduced in the concept of FMSs given by Kaleva
and Saikkala [10]. Following that, the notation of an FMS was introduced, first by Kramosil
and Michalek [11] and then by George and Veeramani [12]. The definition and various
characteristics of fuzzy b-MS were established by Nadaban [13]. Malviya [14] used con-
traction mappings to demonstrate several FP results and presented the ideas of N-FMS
and pseudo N-FMS. The notion of N-FMS and its topological features were demonstrated
with several FP theorems for contraction mappings by Fernandez et al. [15]. Using the
ideas of intuitionistic FSs, continuous t-norm (CtN), and continuous t-conorm (CtCN),
Park [16] introduced intuitionistic fuzzy metric spaces (IFMSs), in 2004, as a generalization
of FMSs. Many scholars [17-22] then turned their attention to IFMS generalizations and
developed FP results for contraction mappings. Several FP theorems for contraction map-
pings under random conditions were proven by Ionescu et al. [23] and Mehmood et al. [24]
in their work on IFMSs and extended b-metric spaces. The concept of neutrosophic metric
space (NMS) was introduced and various results were proven by Murat and Necip [25].
Ishtiaq et al. [26] provided the notion of intuitionistic fuzzy Nj, metric space and proved
numerous FP results. See [27-29] for more details related to this study.

The generalizations of NMSs increase the area of mathematical analysis by providing
tools for understanding complicated structures and systems, as well as insights into abstract
algebraic and topological features. They are critical for building the theoretical foundations
of many fields of mathematics, as well as applying mathematical principles to a wide range
of scientific and real-world situations. Motivated by [25,26], we present numerous notions
including neutrosophic Eg metric space (NNbMS), neutrosophic quasi-Sg-metric space
(NQSbMS), neutrosophic pseudo-Sg-metric space (NPSbMS), neutrosophic quasi-E-metric
space (NQNMS) and neutrosophic pseudo-Eg-metric space (NPNbMS). We prove several
FP theorems and decomposition theorems in the context of NNBMS. At the end, we apply
the main result and find the existence and uniqueness of an integral equation (IE), a system
of linear equations (SLEs) and nonlinear fractional differential equations (FDE).

2. Preliminaries

We include several definitions from existing literature to support the main study.

Definition 1 ([22]). Assume that  : I> — I (I = [0,1]) be a mapping.  is said to be a CtN if it
fulfills the following axioms:

i) *(v,1,1) =, %(0,0,0) = 0;

(i) (B, 7t) = *(7, 70, B) = *(B, 70, 7);

(iii) *1is continuous;

(i) *(71,B1,m) = *(72, B2, 72) for y1 = 12, B1 = P2, 11 = T2

v * B* 1 = yBrrisatobe product CtN and «y x B x 71 = min{vy, B, 7t} is a minimum CtN.

Definition 2 ([22]). Assume that o : I> — I (I = [0,1]) be a mapping. < is called a CtCN if it
satisfies the conditions below:
(i) ©(7,0,0) =1, ©(0,0,0) =0;

(ii) 0(’)’/ :B/ 7T) - O(’)’/ T, AB) = O(ﬁ/ 7T, ’)’);
(iii) < is continuous;

(iv) (71, B1, 1) > (Y2, B2, 72) for y1 > v2, P1 > B2, 1 > 0.
yo Bom =max{y,B, n} is an example of a maximum CtCN.

Definition 3 ([14]). A triple (Z, E, %) is an NFMS with an FS E on Z® x (0, +00) and * is a CtN
if it fulfills the axioms below for all z, s¢c,v,y € Zand g, @, > 0 :
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(@) E(z,v,0)>0,

(b) E(z,5q,v,0) =1ifandonlyif z=x=v,

(c) E(z,»,v,c+@+0)>E(z,2,7¢)*E(s, v ®)«Ev,v,7v,0),
(d)  E(z,v,.):(0,+0c0) — (0,1] is a continuous function (CF).

Definition 4 ([7]). Let Z be an arbitrary set that is not empty and { > 1 be a positive real number.
Then, a mapping Sg : 7% — [0, 400) is said to be S p-metric if it satisfies for all z, 3¢,v,7y € Z:
(§1) Sg(z,7,v) =0if z=3x=v,

(S2) Sp(z,2,v) <[Sp(z,2,7) + Sp(5, 2,7) + Sp(v,v,7)].

Then, (Z, Sﬁ) is an Sg- MS.

Definition 5 ([16]). Let (Z,E, ©, *,9) be an IFMS if Z # & is an arbitrary set, * is a CtN, o is
a CtCN, and E, © are FSs on Z* x (0, +c0) fulfilling the axioms which are given below for
all z, ,v € Zand ®,0 > 0:

(i)  E(z,56,0)+0(z,5,0) <1,

(i) E(z,5,0) >0,

(iii) E(z,5,0) = 1lifand only if z = s,

(iv) E(z,3,@+ ) > E(z,v,®@) x E(v, 2, D),
(v) E(z,,.):(0, +oo) (0,1] isa CF,

(vi) O(z,3,0) >

(vii) O(z,3,0) = 0 1fand only if z = ,

(wiii) O(z,2¢c, ® +0) < O(z,v, @) 0 O(v, 22, @),
(ix) ©O(z,,.):(0,40) — (0,1] isa CF.

Definition 6 ([26]). Let a six tuple (Z,E,®, x,¢,{) be an IFNbMS if Z # & is an arbitrary
set, L > 1is a real number, x is a CtN, ¢ is a CtCN, E and © are FSs on 78 x (0, +00) fulfills the
following conditions for all z, »c,v,y € Zand g, ®,0 > 0:

(i)  E(z,5,v,0)+ @(z, x,v,0) <1,

(ii) E(z,s,v,0) >

(iii) E(z,3q,v,0) = 1 zfandonlyzfz =x=v,

(iv) E(z,5¢,v,{(¢c+@+0)) > E(z,2,7,6) * E(s¢,2¢,y, @) * E(v,v,7, 0),
(v) E(
(vi) O(z,3,v,0) >0,

(wii) O(z,sc,v,0) =0ifandonlyif z ==,

(wiii) O(z,¢,v,{(c+ @+ 0)) < O(z,2,7,6) ©O(s¢,3¢,7, @) 0 O(v,v,7, ),

(ix) ©O(z,3,v,.):(0,+c0) = (0,1] isa CE.

Here, E(z, »2,v, 0) is said to be a membership function and ©(z, », v, o) non-membership function
of z, s and v concerning o.

z,3,v,.) : (0,+0c0) — (0,1] isa CF,

Definition 7 ([25]). A sextuple (Z,E,©,R,*,) is called an NMS if Z # & is an arbitrary
set, x isa CtN, o is a CtCN, E, ® and R are NSs on Z> x (0, 4-00) fulfills the following conditions
forallz, v,y € Zand ¢, @,0 > 0:

(i) E(z, %,1/,0')4—@(2 #,V,0)+R(z,,v,0) <3,

(i1) Z,%,V,0) >

(
E(
(iii) E(z, %,v,cr)—lzfandonlyifz:%:v,
(iv) E(z,5,v,(c+®@+0)) > E(z,2,7,6) *E(3, 5,9 @)« E(v,v,7,0),
(v) E(z,55v,.):(0,+00) — (0,1] isa CF,
(vi) O(z,3,v,0) >0,
(wii) O(z,5¢,v,0) =0ifandonlyif z ==,
(wiii) O(z,s¢,v,(¢+ @+ 0)) < O(z,2,7,5) 0O, 3,7, @) o O(v,v,7,0),
(ix) O(z,,v,.):(0,+00) — (0,1] isa CF.
(x) R(z,»v,0) >0,
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(xi) R(z,3,v,0)=0ifandonlyif z=x=v,
(xii) R(z,»,v,(¢+@+0)) <R(z,z,7,6)00O(3, %7 @) oR(v,v,7,0),
(xiii) R(z,»,v,.):(0,400) — (0,1] isa CF.

Definition 8 ([26]). A sextuple (Z,Ew, O, *,©,T) is an IFQSUMS if Z # & is an arbitrary

set, ¢ > 1is a real number, x is a CtN, ¢ isa CtCN, Eg and © 5 are FSs on 73 x [0, 4+00) satisfies

the axioms below for all z, »c,v,vy € Zand ¢, @, > 0:

(@) Eo(z,sv,0)+ @a, (z,2,v,0) <1,

(b) o(z,0,v,0) >

(c) Eo(z,sv,0)= Em(P{z »,v,0}) = Llifand only if z = s = v, where P is permutation,

(d) Ex(z,v,{(c+®+0)) > Exn(z,276)*Ex(s %7 ®)«Ex(v,v,7,0),
z,5,V,.): (0,+00) — (0,1] isa CF,

(e) o

f @m(z,%vcr)EO,

() Ox(z,2v,0) =0Ox(P{z,,v,0}) =0ifand only if z = ¢ = v, where P is permutation,
(h) oz, l(c+t@D+0)) <On(2,2,7,6)0Ox(5, %7 ®) 0Oz (v,v,7,0),

(i)  Oa(zv,.): (0,400) — (0,1] isa CF.

Here, Ex (2, 5, v, o) is said to be a membership function and © & (z, ¢, v, 0) is non-membership
function of z, s and v concerning o.

Definition 9 ([26]). A sextuple (Z, Eg, O, *,©) is an IFQNMS if Z # & is an arbitrary set,  is
a CtN, o is a CtCN, and Eg, O are FSs on Z3 x (0,+00) and fulfills the below conditions for
allz, v,y € Zand ¢, ®,0 > 0 :

(@) Eg(z,5,v,0)+0Oc(z,v,0) <1,

(b) e(z,»,v,0) >0,

(c) EE(Z, »,V,0) = Eg(P{z,5,v,0}) = lifand only if z = 3x = v, where P is permutation,
(d)  Eg(z,s,v,c+@+0) > Ep(z,2,76) * Eg(s¢,5¢,7,®) * EE(v,v,7,0),

(e) Ep(z,5,v,.):(0,+00) — (0,1] isa CF,

()  Or(z,,v,0)>0,

(g) Of(z,5,v,0) = Op(P{z,2,v,0}) =0if and only if z = 3 = v, where P is permutation,
(h) E(z 72V, 6+ @+ 0) <Of(z,2,7,6) 0O (5, 5,7, @) 0O (v,v,7,0),

(i)  Op(z,,v,.):(0,4+00) — (0,1] isa CF.

Definition 10 ([26]). A sextuple (Z, E;, Oy, *,,) is an IFPNDMS if Z # @ is an arbitrary
set, > 1is a real number, * is a CtN, ¢ is a CtCN and E;, ©, are FSs on 73 x (0, +-00) and
satisfies the below axioms for all z, c,v,y € Zand g, @, > 0:

(i)  E4(z,3v,0)+ ®q(z, x,v,0) <1,

(i)  Eq(z,5v,0) >

(iii) Eq(z,%,v,cr) —lzfzmdonlyzfz—%fv

(iv) Eg(z,2¢,v,f(c+@+0)) > Ef(z,2,7,6) x Eg(5¢, 2,7, @) * Eg(v,v,7, 0),
(v) z,7,,.): (0, +oo)—>(0,1] isa CF,

Eq(
(vi) q(z n,v,0) >
(vii) Oy(z,2,v,0) —Olfandonlyzfz—%—v
1(z, 6,0, 0(c+ @D+ 0)) <Oy(z,2,7,6) ©Oy(5, 2,7, @) 0Oy (v,v,7,0),
)

(viii) ©
(ix) ©O4(z,,v,.): (0,+00) = (0O, 1] isa CF.

3. Neutrosophic N, Metric Space

The concept of NNbMS is introduced and some non-trivial examples are given in this
section.

Definition 11. A septuple (Z,E,©, R, *,9,() is said to ba a NNVMS if Z # @& is an arbitrary
set, { > 1isa real number, x isa CtN, o isa CtCN, E, © and R are NSs on Z% x (0, +00) satisfying
the axioms below for all z, »c,v,v € Zand g, @, > 0:
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i. z,7,V,0)+0O(z,,v,0) + R(z,5,v,0) <3,

E(

ii. E(z,v,0)>0,

iii. E(z,5,v,0)=1ifandonlyifz=x=v,

iv. E(z,22v,{(c+®@+0)) >E(z,2,7,6)*E(3,%9 ®)«E(v,v,7,0),

v. E(z,5v,.):(0,+00) = (0,1] isa CF,

vi. O(z,x,v,0) >0,

vii. O(z,5,v,0)=0ifz=x=v,

viii. O(z,5,v,{(c+ @+ 0)) <O(z,2,7,6) ©O(3,3,7, @) oO(v,v,7,0),
ix. ©(z,v,.):(0,+00) — (0,1] isa CF.

x. R(z,»v,0)>0,

xi. R(z,s,v,0)=0ifandonlyif z=x=v,

xii. R(z,7,v,{(¢c+ @D+ 0)) <R(z,z,7,¢) o R(s, 7 @) oR(v,v,7,0),

xiii. R(z,s,v,.):(0,4+00) — (0,1] isa CE.
In this, membership, non-membership and neutral functions of z,s and v concerning o are
E(z,,v,0), ©(z,,v,0) and R(z, »,v, 7).

Remark 1. The definition of NNMS can be obtained by considering the { = 1 in Definition 11.

Example 1. Let Z = Rand E, © and R are the functions on Z3 x (0, 4-o0) defined by

o
o+ llz—v|+|z4+v—2x|

E(z,»,v,0) = ]2

Uz —v|+|z+v—2x]?

O(z,2,v,0) =
c+{llz—v|+|z+v—2x|

»

z—v|+|z4v—2x]?

p .
forall z, 3¢,v € Zand o > 0. Therefore (Z,E,®, R, x,0,T) is an NNbMS with CIN « x 1 =
yB7t, CtCN v o B o m = max{y,p,} and constant { > 1. Figures 1-3 show the graphical
behavior of E, ® and R, respectively.

R(z,,v,0) = <l

Proof. We verify (iv) and (viii), others are easy to prove. We can write

E(z,z,7,6) * E(5¢,5¢,7,®) * E(v,v,7, 0)
s @

}2

GHLllz=v] =422 m+c[\;rfvl+\%+%2x|]2 v#[lvw\ﬂvﬂdv\]z

2 B 2 2
1+§[\z—v\+lz+w—22|] 1+C[|%—7\+\g+7—2%\] HCHV—WHIZH—ZVH

1 . 1 . 1
= g lleyHet 222 Lty =22 2yl vy —2v])?
1+ (ct@+0) 1+ 1 (¢to+o) 1+ (cto+0)
<
= 14 ety 222 ey ety 2Pl vy 20
(c+@+0)
< 1
= 1 leytetv-2P
{(c+@+0)
{(c+@+0)

= {(c+@+0)+[lz—v|+]zHv—2x]

= E(Z,%,I/,(,(g—i— G)-I—O’)).
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Now, let
{llz—v|+|z4+v—2x =[]z —v| + |z + v — 25|]?
Cllz=yl+z+y=22]]* gllre=v|+|2+7—25]
max 4 Slz=1HlzHr =221 gllse—y| ety =254
Cllv=yl+lv+y—2v]]
Zllv—|+v+r—2v|)?
<[(c+@+0)+gllz—v|+ |z +v—25]
Llz—+lz+y—=22> _ gllse—|+|setr—25]]
max{ S+l Iy =222 @[l ety =2
Cllv—yl+v+y—2v]]
o+{lv—y|+lv+y—2v[
g[\z—v|+|z+v—2%|]2
(c+@40)+[|z—v|+|z4+v—25|
Llz=|+lz+y=22> _ gllse—|+|sety—2x])
< max{ SHLETIHzHY =222 @+ {|se— ety 2]
- Cllv=yl+lv+r—2v]]
o+ L{lv—y|+v+y—2v[]®
O(z, 5,1, {(¢c+ @+ 0)) <O(z,2,7,¢) 0O, 3,7, @) 0 O(v,v,7,0).
and

[llz—v|+|z4+v—2x] =[]z —v| + |z + v — 25|]?
max{{[|z =] +|z+7 =220, ¢ll2 = 71 + e+ 7 = 25 Zllv = v + [v + v — 2]}
< {(g+®+¢7)+§[|z—v|+|z+1/—2%|]2}
gllz=|+lz+r=22]1" gllre—y]+|oey—25])
3 ¢ @ /

max
Zllv—rl+v+y—2v]]® ’
o
gllz—v|+|z+v—25|*
(ct@+0)
Lllz—|+|z+y=22[1> gllse=7|+|sy—25]
< max ¢ ! @® !

Zllv=|+lv+y—2v])?

[

R(z,7,v,0(c+ @+ 0)) <R(z,z,7,6) ©R(s, 5,7, @) oR(v,v,7, 7).

Therefore, (iv) and (viii) are fulfilled. [

25

Figure 1. Demonstrating the performance of E for Z=[0,1], ¢ =1and { = 4.
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256
20

Figure 2. Demonstrating the performance of @ for Z = [0,1], ¢ = 1and { = 4.

20 ~

Figure 3. Demonstrating the performance of R for Z = [0,1], c =1land { = 4.

Definition 12. Let (Z,E, O, R, *,0,{) bea NNbMS. Then (Z,E, O, R, %, , ) is called symmetric

if
E(z,z,5¢,0) = E(s,5,2,0) 1)
and
O(z,z,50,0) = 0O(s,5,2,0), 2)
R(z,z,5¢,0) = R(5¢,,2,0), 3)

forallz,c € Zand o > 0.

Example 2. Let Z = R and E, ®, R are the functions on Z° x (0, 4-o0) defined by

I
o+ lz— x|+ |x—v|+|v—2z|)f

E(z,»,v,0) =

[|z = 2| + [ —v| + v —z])”
o+ |z — x|+ | —v|+|v—z|]F’

O(z,,v,0) =

and »
R(z, sv,0) = Lzl v Al
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forall z,5c,v € Zand ¢ > 0. Then (Z,E,O,R,*,9,0) is a symmetric NNDMS with CtN

v % B * 71 = yB7, CtCN y o B o 71 = max{+y, B, 7} and constant { = 22(P—1)_ Fiqures 4-6 show
the graphical behavior of E, ® and R, respectively.

0.8 4 . -
. -2

p=3

0.6 I -

TT TTD
wonoan
oL b=

=1
=2
=3
=4

Figure 6. Shows the performance of R for Z = [0,1], ¢ = 1.
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4. Generalized Definitions

In this section, we present some generalized notions and different non-trivial examples.

Definition 13. A septuple (Z,Ex,Oo, Re, *,,0) is an NQSUMS if Z # & is an arbitrary
set, * is a CtN, o is a CtCN, { > 1 is a positive real number, Eg, Of and Rg are NSs
on 73 x [0, +c0) and satisfies the conditions below for all z, 3¢,v,y € Zand g, @,0 > 0:

i Ex(z,56,V,0)+Ox(z,55,V,0) + Ro(z,52,v,0) <3,

ii. Egp(zxv,0)>0,

ili. Eo(z,2v,0)=Eg(P{z,v,0})=1ifand only if z = 3 = v, where P is permutation,
iv. Eo(z,2v,{(¢c+t@+0)) > Ex(z,279¢) *Ea(sxx7®)*Ex(v,v,7,0),

v. Eax(z,v,.):(0,+00) — (0,1] isa CF,

vi. Ox(z,v,0)>0,

vii. Ox(z,0V,0) =0Ox(P{z,3,v,0}) =0ifand only if z = 3¢ = v, where P is permutation,
vili. Ox(z,5,V,{(¢+ @+ 0)) <Oxn(z,2,7,6) 0Oz (5, 3,7, @) 0 Ox (v,v,7, 0),

ix. Ox(z,v,.):(0,+00) — (0,1] isa CE.

x. Ra(z,xv,0)>0,

xi. Ro(z,2,v,0)=Ro(P{z v,0})=0ifandonlyif z = 3 = v, where P is permutation,
xii. Ro(z,2,v,{(¢+@+0)) <Ro(z,279,6)°Ra(s, 2,9 ®)oRa(v,v,7,0),

xiii. Re(z,2,v,.):(0,+00) — (0,1] isa CE.

In this, membership, non-membership and neutral functions of z, > and v concerning o are E(z, »¢,v,0),
O(z,s,v,0) and R(z, »,v,0).

Remark 2. The NQSbMS definition is obtained by taking y = 1 in Definition 13.

Example 3. Let Z = RT U{0}. Define Eq, O and Rg by

1, ifz=sx=v,
Ex(z,3,v,0) = g >, otherwise,

o+ [|z=g |+ ]3]
0, ifz=»x=v,
O (z,5,v,0) = [Jz=§]+ ]3] . otherwise
, .

o+ [[z= 5]+ ]3]

and
( ) 0, ifz=»x=v,
Reo(z,2,v,0) = v _v?

A M, otherwise.

Then (Z,Eo,Oo,Re, *,0,T) is said to be an NQSbMS with { = 2. Figures 7-9 show the
graphical behavior of Eq, O g and Rg, respectively.

20

0 o

Figure 7. Shows the performance of Eg for Z = [0,1], o = 1.
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Figure 8. Shows the performance of O for Z = [0,1], o = 1.

100

20

o o

Figure 9. Shows the performance of Rp for Z = [0,1], o = 1.

Remark 3. If z # 3¢ # v, then by definition of Eo,®g and R in Example 3
Ex(z,3¢,v,0) # Eo(P{z,3,v,0}),

O (z,50,v,0) # Ox(P{z,3,v,0}),

and
Ro(z,5¢,v,0) # Ro(P{z,5,v,0}).

Furthermore, Ew (2,2, 5, 0) # Eo (5, 3,v,0). In general, NQSbMS is not symmetric.

Definition 14. A septuple (Z, Eop, ©op, Rop, *,9,T) is an NPSbMS if Z # & is an arbitrary
set, { > 1is a real number, x is a CtN, ¢ isa CtCN, Eop, @@5 and Rgpare NSson Z3 x [0, +00),
and fulfills the conditions below for all z, »c,v,v € Zand g, ®,0 > 0:

() Eop(z,7v,0)+0Oxp(z,5,v,0) + Rap(z,5,v,0) <3,

(1) Emﬁ(z,z,u,cr) >0

(I11) E@ﬁ(z, »,v,0)=1lifandonlyif z=»x=v,

(IV) E@ﬁ;(z 7V, l(c+@D+0)) > Ea,/g(z,z,'y,g) * E@ﬁ(%,%,'y,co) * Emﬁ(v,v,')/, o),

(V) Eop(z #v,.):(0,4+0) — (0,1] isa CF,

(VD) Oxp(z,7,v,0) >0,

(VI) Oxp(z,7,v,0) = 0ifand only if z = 5 = v,

(VIIDOgp(z,7,v,f(¢+ @+ 0)) < Oxp(2,2,7,6) ©Oxp(s, 2,7, @) ©Oxp(v,v,7,0),
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(IX) @gp(z, 7,v,.): (0,+0) — (0,1] isa CF.

(X) Rap(z,,v,0) >0,

(XI) Rop(z,5,v,0) =0ifandonlyif z = =v,

(XII) Rop(z,5,v,§(¢+ @+ 0)) < Rop(2,2,7,6) © Rop(s, 7,7, ®) oRap(v,v,7,0),
(XIII) Rop(z,3¢,v,.) : (0,+00) — (0,1] isa CFE.

Remark 4. The definition of NPSbMS is obtained if we can obtain { = 1, in the above definition.
Example 4. Suppose Z = R™. Define Eg and O by

1, fz=3=v,
Exp(z, 2,v,0) = [ o ~, otherwise,

AR

0/ le ==V,
Onp(z,2,v,0) = (|22 ]+ |52 —2|)

o+[|2—2|+|22-12]]

5, otherwise.

and
0, ifz=x=v,

Rop(z, ,v,0) = 2.2 2072
@ { [l2-v |+‘T|%2 il , otherwise.

Then (Z, Eop, Omp, Rap, *,9,8) is said to be an NPSbMS. Figures 10~12 show the graphical
behavior of Exp, @ pp and R g, respectively.

100

20
o o0

Figure 10. Shows the performance of Eqp for Z = [0,1], o = 1.

100

20

o o

Figure 11. Shows the performance of O g for Z = [0,1], o = 1.
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100

20

0 o

Figure 12. Shows the performance of Rgp for Z = [0,1], o = 1.

Definition 15. A sextuple (Z, Eg, O, Rg, *,9) is an NQNMS if Z # @ is an arbitrary set, x is
a CtN, ¢ is a CtCN, Eg, @ and Rg are NSs on Z° x (0, +00), and satisfies the below conditions
forallz, v,y € Zand g, @,0 > 0:

(]) EE (Z/ ”,v, U) + @E (Zl ”,v, 0-) + RE(Zr ”,v, 0-) < 3/

(k)  Eg(z,s,v,0) >0,

() Eg(z,5,v,0) = Eg(P{z,¢,v,0}) = Lifand only if z = s = v, where P is permutation,
(m) Eg(z,,v,¢6+@®+0) > Ep(z,2,79,6) *EE(5¢,5¢,v,®) * Eg(v,v,7, 0),

(n)  Eg(z,,v,.):(0,+00) = (0,1] isa CF,

(o) Op(z,,v,0) >0,

() Of(z,3¢,v,0) = Op(P{z,5,v,0}) = 0ifand only if z = 3 = v, where P is permutation,
() Of(z,,v,¢+@+0) <Ofp(z,2,76) ©Op(s,,v,®) 0O (v,v,7,0),

(r)  Op(z,2v,.):(0,4+00) = (0,1] isa CF.

(s) Rg(z, s,v,0)>0,

(t)  Rg(z,5,v,0) = Rp(P{z,»,v,0}) = 0ifand only if z = s = v, where P is permutation,
(u) Re(z,,v,6+@+0) <Rp(z,2,7,6) ©Re(5¢,3¢,7, @) o Re(v, v, 77, 0),

(v) Rg(z, »,v,.):(0,400) — (0,1] isa CF.

Remark 5. An NNMS satisfies the symmetric property, ie., Ep(z,z,5,0) = Egp(s,2,2,0),
Oc(z,z,5,0) = Op(3,5,2,0) and Rg(z,z, 3, 0) = Rg(3, 2,2, 0), but in NQNMS, the symmet-
ric property is not fulfilled, i.e., Eg(z,z,5,0) # Egp(s,3,2,0), Op(z,2,5¢,0) # Op(s,,2,0)
and Rg(z,z,7,0) # Rp(s, 5,2, 0).

Definition 16. A sextuple (Z, Eq, 04, Ry, %,0, C) is an NPNbMS if Z # & arbitrary set, x is a
CtN, o isa CtCN, { > 1is a positive real number, Eq, ©4 and Ry are NSs on 73 x (0, +c0) and
fulfills the following conditions for all z, »c,v,y € Zand g,®,0 > 0:

(x)  Eq(z,5¢,v,0) +Oy(z,5,v,0) + Ry(z,5,v,0) <3,

(xi) E4(z,3,v,0) >0,

(xii) Eq4(z,5¢,v,0) = lifandonly if z = »x = v,

(xiii) Eq(z,2,v,{(c + @+ 0)) > E4(z,2,7,6) * Eg(5¢, 32,7, @) * Eg(v,v,7, 0),

(xiv) E4(z,3,v,.):(0,400) — (0,1} isa CF,

(xv) Oy(z,3,v,0) >0,

(xvi) Oy(z,2,v,0) = 0ifand only if z = » = v,

(xvii) Oy(z,7,v,{(¢ + @ + 0)) < Oy(z,2,7,6) © Oy (32, 22,7, @) 0 Oy (v,v,7,0),

(xviii)®y(z, »,v,.) : (0,4+00) — (0,1] isa CF.

(xix) Ry(z,5,v,0) >0,



Symmetry 2024, 16, 965

13 of 29

(xx) Ry(z,5,v,0) =0ifand only if z = = v,
(xxi) Ry(z,5,v,0(c+@+0)) < Ry(z,2,7,6) o Rg(5, 3,7, @) o Ry (v, v, 7, 0),
(xxii) Ry(z, 22,v,.) : (0,+00) — (0,1] isa CF.

Example 5. Suppose that R equipped with a usual metric and Z = {{z,} : {zn is convergent
in R}}. Define CtN by vy« p*m = ypm and CtCN by yo Bom = max{y,B,n} for
all vv,B, e [0,1] and

o

Eq(zn, 560, Vn,0) =
P 0+ (|20 — V| + |50 — V]2

(|21 = va| + |56 — va])?
o+ (|Zn *Vn| + |%n *Vn|)2

®q (Zn/ X, Vn, 0’) =

and )
(|zn — vl + [5G0 — va)
o

Rq (Zn/ X, Vn, (7) =

Observe that (Z,Eg, Oy, Ry, *,0,T) is an NPNbMS but it is not an NNbMS. For this, take

{zn} = 2, {sam} = 5 and {vu} = 3. Then, {zn} # {50} # {vu} for {zu}, {5en} and {vy}
in Z but

Eq(zn,%n,vn,(r) =1,

Oy(zn, %, Vn, o) =0,

Ry(zn, %0, v, o) = 0.

Remark 6. Every NNbMS is an NPNbMS but the converse need not be true.

Definition 17. Suppose (Z,E,©,R,*,9,0) is a symmetric NNOMS. A sequence {z,} in
(Z,E,O,R,*,0,0) is called convergent, if E(zy,zn,z,0)— 1, O(zy,z4,2z,0) =0 and
R(zn,zn,z,0) =0 or E(z,z,z4,0) — 1, O(z,2,2z4,0) =0 and R(z,z,z4,0) — 0 as
n — +oo for every o > 0. That is, for ¢ > 0 and o > 0, there exists ny € N such that for all
n>ng, E(zn,zn,2,0) >1—¢, O(zy,24,2,0) < ¢and R(zy,zn,2,0) < gor E(z,z,z,,0) >
1—-¢,0(z,2z,z4,0) < gand R(z,z,z4,0) < ¢.

Lemma 1. Suppose (Z,E, O, R, x,¢,{) is a symmetric NNbMS with CtN v x B 7 = Bt and
CtCN y o pom = max{y,p, }. Suppose Z has a convergent sequence which is {z,}. If se-
quence {zn } converges to z and s then z = 3. That is, the limit of {z,} is unique if it exists.

Proof. Let {z,} be a convergent sequence in Z and converges to z and s. Then,
E(z,z,zp, @) = 1, ©(z,2,2z4,®) — 0 and R(z,z,z,, @) — 0 as n — +oo for every @ > 0
and E(s, 5,2y, 0 —2®) = 1, O(s¢,3¢,zy,0 —2®) — 0 and R(s¢, 3,2z, 0 —2@) — 0 as
n — oo for every o — 2@ > 0.

E(z,z,5,0) > E(z,2,24, ®) * E(2,2,2,, @) *E(%,%,zn,g 2&)) —1x1x1=1,

O(z,z,2,0) < @(z,z,zn,a))o(@(z,z,zn,@)o@(z,%,zn,0 —2@) —00000=0,

4

and

R(z,z,5¢,0) < R(z,z,zn,m)oR(z,z,zn,m)oR(%,%,zn,0 —2@) —00000=0,

4

as n — +oo0.
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Definition 18. Let (Z,E, O, R, *,9,) be a symmetric NNbMS. A sequence {z,} is a Cauchy
sequence (CS), if for all ¢ > 0 and o > 0, there exists ng € N such that

E(zu,zn,2m,0) >1—g,
O(zn,zn,2m, o) < G,
R(zn,2n,2m, o) < G.

or
E(zm, zZm,zn,0) >1—g,
O(zm, zZm, zn, o) < G,
R(zm, 2m, zn, 0) < ¢,

foreach n,m > ny.

Definition 19. Let (Z,E,O,R,*,0,{) be a symmetric NNbMS. Z is said to be a complete
symmetric NNbMS if every Cauchy in Z is convergent in Z.

Definition 20. Let (Z,E,©, R, *,0,{) be a symmetric NNbMS. A subset A of Z is called F -
bounded if there exist o > 0 and 0 < ¢ < 1 such that

E(z,z,5¢,0) >1—g,
O(z,z,,0) <g,
R(z,z,¢,0) <g,

foreach z, s € A.

Definition 21. Let (Z,E,©,R,*,0,{) be an NNbMS. A mapping 2 :Z — Z is said to be a
neutrosophic B-contraction if for each z,¢,v € Z and for some q € (0,1), we obtain

E(Q(z),Q(z),Q(),q0) > E(z,z, 3, 0),
0(0(z),0Q(z),Q2(x),q0) <O(z,z,,0),
Q(z),Q(»),90) < R(z,z,,0).

Lemma 2. Let (Z,E, O, R, %,0,T) be an NNbMS with CtN «y x B 1 = B and CtCN y o o
= max{vy, B, w}. Assume that a sequence {z,} converges to z in Z. Then, sequence {z,} is
called a CS in Z.

Proof. Thereis p € N for every @, > 0, we have

E(zy,zn,z, @) — 1,
@(Zn/ ZVl/ Z/ m) — 0/
R(zy,zp,z, ®) = 0,

as n — +oo, and

E (Zn+p/ Zn+prZ, % - 263) -1,
@(zn+p,zn+p,z,% - 2@) — 0,
R

Zn+pr Zn+ps Z/% - 2@) —0

as n — +oo, forall%—2®>0.

(Zn/Zn/Zn+p,0') > E(Zn,Zn,Z,c’D)*E(Zn,zn,z,a))*E(zn+p,zn+plz,% _2®>
—1x1x1=1 asn — +oo,

EO(zu,2n,2Zn+p, o) < O(20, 20,2, @) © O(2, 2,2, @) © O (zn+p,zn+p,z, % — 2@)
—0¢0000=0asn — +oo.
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and

R(Zn/Zn/Zn+p, U') < R(Zn,Zn,Z,G)) OR(Zn,Zn,Z, a)) QR(ZVI-&-pan-&-prZ/% — 2@)

Hence, {z,} isa CS. O

—0¢0000=0asn — +oo.

Definition 22. Assume that the symmetric NNDMSs are

verging to 2(z).

Proposition 1. Let (Z,E, O, R, *,9,{) be symmetric NNbMSs and Q2 be a fuzzy g-contraction. If

any FP z of (2 satisfies

then

Proof. Given that (2 is a fuzzy g-contraction, suppose a point z € Z is an FP of (2, then we

obtain

as n — +oo and so

and

as n — +oo and so

Similarly,

as n — +oo0 and so

0

Lemma 3. Let (Z,E,O,R,*,0,0) be symmetric NNbMSs. Let {z,} and {5} be two se-
quences in Z and suppose z, — z, xy — 3, as N — +oo, E(z, z,3¢,04) = E(2, 2,,0),
O(z, z,5,04) — O(z, z,5¢,0) and R(z, z,7,0,) — R(z, z,5,0) as n — +oco. Then
E(zu,zn, %tn,0n) — E(2, 2,2,0), O(2zy, 24, 50, 00) — O(2, z,2,0) and R(zy,zn, 3tn, 00n) —

R(z, z,z,0) as n — oo,

E(z, z,z,0) >0,
O(z, z,z,0) <1,
R(z, z,z,0) <1,

E(z, z,z,0) =1,
O(z, z,z,0) =0,
R(z, z,z,0) = 0.

E(z, z,z,0) = E(Q(z), Q(z),Q(z),0)
o a
> E(z, z,2, q) > E(z, Z,2, q2)
> .- zE(Z, z,z,{;%) —1,
E(z, z,z,0) = 1.

O(z, z,z,0) = O(Q(z), Qz),Q(z),0)
< @(Z, z,z,%) < (9(2, Z,Z/,;Lz
.. o
S' §@<Zr Z/Z/qn)_>0/

O(z, z,z,0) = 0.

R(z, z,z,0) = R(Q(z), Q(z),Q(z), 7)
[ o

< R(z, 2,2, < R(z, z,z,q—2
<...<Rl(z z,z,t;i,,) —0

R(z, z,z,0) — 0.

(Z,E,O,R,*,0,T) and
(Z',E',0',R,«',o',T"). Thena function Q2 : Z — Z' is said to be continuous at a point z € Z if
it is sequentially continuous at z, that is, whenever {z,} is convergent to z, we have {Qz,} con-
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Proof. Since lim z,, lim z, =z, lm 4 =3, lim E(z, z,,04) = E(z, z,2,0),
n— o0 n—-+o0o n——+o0 n——+o0

lim O(z, z,5,0,) = 0O(z, z,7,0) and lim R(z, z,,0,) = R(z, z,5,0), there is ny €
n— oo n—+-00

N such that | — 0| < ¢ forn > ngand 6 < %, so we have
( (zn,;z)n,%n,<0'n) > E(znjzn,%z,o' J) )
> Elzu,zn,z 137) * El(zu,zn,z 137 ) * E %n,zn,z,g %
> E(zn,zn, ’@) * E(zn,zn, ’i) * E(%n,%n, ,@)
* E(%n,%n, '642) * E(%,%,z,g%% ,
and
E(z,z,5¢,0 +26) > E(z,2, 3, 0, + 25)
> E(z,z,zn,%> % E(z,z,zn,a,%) * E(%,%,zn,% %)
> E(z,z,zn,%) * E(z,z,zn,%) * E(%,%,zn,%)
% E(%, %, 1y, é) * E(zn,zn, Vn, %)
O(zn, zZn, #n,0n) < O(zp, 2y, 3tn, 0 — 0)
< 0Olzy,z4,z, %) o @(zn,zn,z, %) o @(%n,%n,z,% — i)
< @(zn,zn,z, %) o @(zn,zn,z, 3%) o@(%n,%n,%, %)
o@(zn,%n,%,%)o(@(%,%,z,g%% ,
and we have
O(z,z, 5,0 +25) < O(z,z,3, 0, + 20)
< @(z,z,zn,%> o@(z,z,zn,%> o@(%,z,zn,% + 3%)
< @(z,z,zn, %) 0@(2,2,2,1,3%) 0@(%, ”,Zn, 65?)
C (%, », 1y, %) <>®(zn,zn, Vy, %)

Similarly,
anzn/ A, U'n) < R(anzn/ Iy, O — (S)
S R<anzn/ z, ) <o R(anznzzf 3%) <& R<%fl/ %YlIZI% - %)
S R(Zi’llzl’l/ 7 37€) <o R(ZYL/ZH/ 7 %) OR<%H/%HI x, %)
<>R<%n,%n, x, 6@2) OR(%,%,Z,%Z%Z ,
and

R(z,z,5¢,0 +26) < R(z,z, 3,04 + 20)
< R(z Z,Zn, 3§) <>R(z Z,Zn, 3§) OR(% #,2n, G LA g

0
< R(z Z,2Zn, 32;) <>R<z Z,Zn, 3C) <>R<% x, zn,&jg
OR(%, ”, 7y, @) oR(zn,zn, vn,?).

)

By Definition of 17 and combining the arbitrary nature of 6 and the continuity for E(z, z, 5, .),
O(z, z,7, .) and R(z, z, », .) concerning ¢ for large enough 1, by using Definition 12, we
obtain

E(Z/ Z/ x, 0-) Z E(Z}’l/ Zn/ n, 0’1’[) Z E(%r x, Z/ 0—)

E(Z/ Z/ %1 U) Z E(Z'rl/ an 1/1’11 Un)l
> E(z, z, #,0),
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and consequently, by using Definition 12, we have

im E(zyu, zn, 5, 0n) = E(z, 2z, 5, 0).
n—r+o0

@(Zr z, x, 0-) S Q(Z'rlr Zn, n, 071) S ®(%’ », Z, 0-)
@(Z, z, %, 0') < @(Zn, Zn, Vnzo'n)/
< 0O(z z, »,0).

We obtain
lim ©(zy, zn, 20, 00) = O(z, z, ,0).
n—+oo
and
R(z, z, »,0) < R(zu, zn, tn,00) < R(3¢, 5, z,0)
R(Z/ Z/ J{1 0) S R(Zn/ Z'rl/ V?’lr Cr'rl)r
<R(z z, »,0).
Consequently,
im R(zn, zn, #n,0n) = R(z, 2, 3¢, 0).
n—r—+4o00
O

Lemma 4. Let (Z,E,O,R,*,9,{) be symmetric NNbMSs. If there exists q € (0,1) such

that E(z,z,,0) > E(z,z, %,%), O(z,z,5,0) < @(z,z, %,%) and R(z,z,,0) <

R(z,z, %,%)forallz, weZ o>0and

lim E(z,,v,0)=1,
o—+00

lim O(z,s,v,0) =0,
o—+00

lim R(z,s,v,0)=0.
o—+00

Then z = .
Proof. Assume that there exists g € (0,1) such that E(z,z,5,0) > E (z, z,, %), O(z,z,3,0)

< @(z,z, x, %) and R(z,z,»,0) < R(z,z, x, %), forall z, »x € Zand o > 0. Then,

E(Z,Z,%,U’) Z E(lel%l :) Z E(ZIZ,%’(;>’

and so
E(z,z,5,0) > E(Z,z, x, Z)
q

for positive integer n. Taking the limitas n — 400, E(z,z,3,0) > 1,
Q(Z’Z’ 7, 0-) < C) <Z,Z, , Z) < ®(Z/Z/ >, ;;>/

and so
O(z,z,2,0) < @(z,z, ¥, ;;),

For positive integer n. Taking the limit as — +oc0, O(z,z,,0) =0,
R(Z’Z’ < 0') S R(Z/ZI , :) S R<Z,Z/ >, ‘;>/

and so
R(z,z,5¢,0) <R (z,z, », ;),
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For positive integer n. Taking the limit as n — 400, R(z,z,,0) = 0 and hence z = ». O

5. Application in FP Theory

In this, we describe the application of a Banach contraction principle via neutrosophic
g contraction in symmetric NNbMSs

Theorem 1. Suppose (Z,E, O, R, %,0,T) is a symmetric complete NNbMSs with

lim E(z,s,v,0) =1, lim O(z,,v,0) =0, lim R(zxv,0)=0 4)
o——+00 T——+00 o——+00

and (2 be a neutrosophic q— contraction. Then, (2 has a unique FP.

Proof. Letzy € Z and by using the iterative process, we create a sequence {z, } which
satisfies z, = (2" (zp), n € N. Since n, ¢ > 0, we obtain

E(zn, zn,2n41, 90) = E(Qzy—1, Qzy—1, Qzn, 90)
2 E(anllznfl/ Zn, (7')
> E(Zn72/ Zpn—2, Zn, %)

Z E(ZO,ZO, Z1, q;%])/

O(zn, zn, Zn+1, 40) = O(Qzy—1, Qzy—1, Qzp, 40)
S @(anllznfll Zn, 0’)
< @<Zn72/ Zn—2, Zn, %)

S @(ZO,ZO, z1, qr%l)/

and
R(zn, zn,znt1, 90) = R(Qzy—1, Qz—1, Oz, 40)
< R(anl/ Zp—1s Zn, U’)
< R(anb Zn—2, Zn, %)
S R(ZO,ZO, z1, qriL—l)
Hence,

o
E(Zn/ ZnsZn+1s qU') 2 E(ZO,ZO, 21, q”l)’

by using (iv) of Definition 11, we obtain

E(zn, Zn,Zntp, 0) > E(zn,zn, Zni1, %) * E(zn,zn, Zni1s %) * E(Zn+przn+pr Zn+1, %)

=E (zn,zn, Zyi1, %) x E (zn,zn, Zyi1, %) x E (an,an, Zntp, % [by using Definition 12]

> E(anzn/ Zn+1s %) * E(anzn/ Zn+1s %) * B 2341, Zn41, Zns2, -z )

= E(Zn/ Zn, Zn+1s 3%) * E(an Zn, Zn+1s 3%') * B\ Zy41,Zn41, Zns2,

(3)°
*E <zn+1,zn+1, Zn+2, (32)2) * E <Zn+przn+pz Zn+2, (32)2)

%8

(37)*

*E<ZVI+1/ZYH—1/ Zn+2, (3(2)2> * E<Zn+2/zn+2/ Zn+p/ @ 7
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o (%
2 E (ZO/ 20, 21, (3@)) (ZOI 20, 21, q" (35)) * E <ZO/ 20, 21, qn+1(3€)2>

E(ZO/201 21y a2 n+1(3§) >

By (4) neutrosophic g contraction (since, g < 1) so

nETooE(Z”' Zn,Zpt1, ) =1x1x - x1=1,

as n — +oo, and

o
®(Z}’l/ Zns Zn+1s qU') S @(ZO/ZO/ 21, qn_l)/

by using (viii) of Definition 11, we obtain

@(Zn, Z”’Z”JFP’ 0) S @<anzn’ Zn+1/ %) 0@(2;1,2”, Z?I+1/ %) <>@<Zﬂ+p/ Zi’l+p/ Zn+1/ %)
= @(zn,zn, Zni1, %) o @(zn,zn, Zna1, %) o @(zn+1,zn+1, Zntp, % , [by Definition 12]

< Q(Zn/ Zn, Zn+1s %) O@<Zn/ Zn, Zn+1s %) ©0 Zyn+1s2n+1s Zn+2, (;‘:-)2>

0O <Zn+llzn+1/ Zn42s oz (3@) ) <>®<Zn+przn+pr Zn+2, @

= @(Zn/ Zn, Zn+1s %) <>@(an Zn, Zn+1s %) 0O\ Zy11,Zn+1, Zn+2, @
NG (ZH+1rzn+lr Zn42s 7oz (3§) ) <>®(Zn+2/ Zn+2, Zn+p/ (;z)2>

S @(ZOIZOI 21, Wgo) <>('_D(ZO/ZO/ 21, 11(3€)) © 0 20,20, 21, ﬁ

(37)
0@ <ZOI 20, 21 57002 n+1 (30 )

By (4), neutrosophic g contraction (i.e., g < 1) and taking n — 400, we obtain

ngrrw@(zn, Zn,Zps1, ) = 0000 ---00=0.

Similarly,
(o
R(an Zns Zn+1s qU') S R<ZOIZOI 21, qn_l)/

by using (xii) of Definition 11, we obtain

R(Zn’ Z”’Z”+P’ 0') S R<anzn’ Zn+1/ %) <>1{(Z7’1121'1/ Zn-i-l/ ?%’) OR(ZTZ+]7/ Z}’l+pl Z'rl—l-l/ 3%)

= R(zn,zn, Zni1, 3%) <>R<zn,zn, Zni, %) <>R(zn+1,zn+1, Zntp, 3% , [by Definition 12]

< R(Zmzn/ Zp+1s 3§) <>R(anznr Zp+1, 3g) ©R Zn+1s2n41s Zn+42s 75,0 (30 )

oR <zn+1,zn+1, Zn+2s oz (3@ ) °R<Z”+P’Z”+p’ Z”H'(!E)Z)’

R(anzn/ Zn+l/ 3@') <>R<ZH/ZI1/ Zn+1/ 3@') <>R Zn+1/Zn+1/ 1’l+2/ (3€)

oR (Zn+1rzn+lr Zn42, T2z (30 ) <>R<Zn+zfzn+2, Zntp, @
< R(ZO/ZO/ Z1, %) <>R(ZO/ZO/ 21, nL) ©R 20,20, Zl/%
= q"(37) q9"(30) 7"1(37)

©R (ZOI 20, 217 g an2 n+1 (3‘:) )
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y (4), neutrosophic g contraction (i.e., ¢ < 1) and taking n — 400, we obtain

ngl}rlooR(Zm Zn,Zyt1, 0) = 0000 ---00=0.

Hence, {z,} is CS. Therefore, (Z,E, O, R, *,¢,{) is a symmetric complete NNbMSs, there
exists z € Z, we have

lim z, = z.
n— oo

The point z is an FP of (2, as we will demonstrate below:
E(Q(z), Q(z), z, o) > E(Q(z),Q(z) zn,%) * E(Q(z),Q(z), zn,%)
*E(z z, Ozy), 3§)

> E(z,z, zn,ﬁ> * E(z,z, zn,ﬁ) * E(z,z, Zn+1,%).

subsequently (2 is neutrosophic g contraction and Q(z;) = z,41 as 1 — +00
—1x1x1=1

and
0(Q(2), O(z), 2, ) < O(Q(2),Q2), 21, % ) ©0(2(2), (), 20, § )

0@(2 z, Q(zn),%)
< @(z 2, Zn, 355 )o@(z 2, Zn, 35 )0@(2 Z, zn+1,3g)

Since (2 is neutrosophic g contraction and (z,,) = z,,4+1 as 1 — +oo
—00000=0.
similarly, we have

R(Q(z), Q). 7, 0) < R(Q(2),Q(2), zn,%) R(2(2),Q0), 2, %)
<>R<z z, O(zy),

< R(z 2, Zn, 35 )<>R(Z Z, Zn, 3@7) <>R<Z Z, Zn+1s 3;:)

Since (2 is neutrosophic g contraction and (z,,) = z,,4+1 as 1 — +oc0

\_/

—00000=0.

That is 2(z) = z, hence, z is an FP of (2. Now, we evaluate the uniqueness; let () = s
for some » € Z, then

E(s, »,z,0) = E(Q(x), Q(%), O(z),0)

> E(% »,2,% q
= E(Q(x), (), 0(2), ) = E(>, %,z,q%) > 2 E(x 225) 1,

as n — +oo.
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as n — +oo and

as n — +oo. Thatis z = ». [

Example 6. Suppose Z = [0,1] and (Z,E,O,R,*,0,{) is a symmetric complete NNbMSs
where E, ® and R are defined by

E(z, », v,00) = —_—7
( ro ) 0+[|z—v\+\%—v]2'
[lz=v|+]2—v]]

g-H{lz=v|+]—v|]

2
[l forall z, 5c,v € Z, 0 > 0.

O(z, »,v,0) =
R(z, »,v,0) =
Let Q(z) = Az, A < %,z €Zo>0. Then,for% >q

E(0(), 0(),Q0).9) = Sag-at @ -ac
ag

o
+RI0E) 0GP oAz

— o — A2
TN z—s” T G|z 2]
g
=— 41 = F(z z,x g)
&t [|z—sel |zl ( )

where A> = g, and

_ _12(2)-0¢9) |[+]2(E) -0 |)?
O10(=), D). Q0. 0) = Hn o ntalsiaE a0
RICE)-QG)I]”  _ _[2]Az—Ax]]
o+[21Q(z)—Q ()| ¢7+[2|AZ—A%L]2
42z—x [z |z
T o2 z—a* T /{LZ+H27%\+|27%|]2

[l2—sel 25| o )
= == z,zZ,, =
Izl $H )

where A> = q. Similarly,

R(Q(z), Q(z), Q(3),0) = 12EO-026HAE Q|
RI0(2) -0 _ RlAz=Ax|)

o o 2
_4A%z—x?  [Jz—s|+|z—]]
= = = L
2 AZ
z—x|+|z—x
= Ll R (5, 2,5 5),
q

where A> = q. Therefore, all the conditions of Theorem 1 are satisfied and 0 is a unique FP of Q in Z.
Let © : (0, +00) — (0, +00) as

(o4
O(0) :/0 ¢(o)do, forallo >0,

be a non-decreasing and CF. Moreover, for every ¢ > 0, ¢(g) > 0. This implies ¢(c) = 0if o = 0.
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Theorem 2. Suppose (Z,E, O, R, *,9,{) is a complete symmetric NNbMSs and (2 :Z — Z isa
mapping satisfying
OE(.Q(Z), 0. 00,99 p(0)do > fOE(Z’ 240) () do,
f@(n(z), Q(z), Q(3), q0) ¢(o)do < fe(z' %0) ¢(o)do,

0 0
fOR(Q(z), Q(z), Q(»), 90) ¢(0)do < fOR(Z’ 2%0) ¢(o)do,

forallz, x € Z, ¢ € © and q € (0,1). Then there exists a unique FP of (2.

Proof. Itis immediate and by using Theorem 1 letting ¢(1) = 1. O

6. Application to Integral Equations

Solving equations in any form is one of the most important and interesting aspects of
mathematics. There are several approaches to solving various types of equations. Identify-
ing the solution of a problem whether it is singular or multiple. One of the main methods
that has made significant progress in the study of IEs is FP theory, which is an iterative
procedure with a variety of applications. To determine if a differential or integral problem
has a solution, FP theory is essential.

In this section, we prove that Theorem 1 is valid for a specific nonlinear integral
problem. The following theorem provides an answer to the question whether “The solution
for a specific nonlinear IE exists or not”. Assume the set of real-valued CFs on a bounded
interval [0, I] is denoted by Z = CJ[0, I].

Then (Z,E,©,%,0,{) are complete symmetric NNbMSs defined by
E, ©:2Z% x (0,+c0) — [0,1] by

g

E(z, s»,v,0) = 5 (5)
o+ sup [|z(@) —v(®@)|+ [#(@) +v(@)]]
@€(0,1]
sup [|z(@) — v(@)| + | (@) + v(@)|)?
O(z, »,v,0) = @c] 5 (6)
o+ sup [|z(@) —v(@)|+ [#(@) +v(@)]]
@€[0,1]
sup [|z(@) — v(@)| + (@) + v(@)|)?
R(z, »,v,0) = @<l ] 5 (7)
foro > 0and forall z, »c,v € Z and let
2(0) = g(0) —i—/OIA(O',a))H((r, @,2(@))d, (8)

where I > 0and ¢:[0,I] - R and H: [0,1]* x R — R are CFs.

Theorem 3. Let (Z,E,©, R, *,0,{) be a symmetric complete NNbMSs provided in (5), (6) and (7).
Define the integral operator 2 : Z — Z by

Q(z(0)) = g(0) + /0 ' Ao, @)H (0, @, 2(@))do, )

forallz € Zand o, ® € [0, I]. Assume that the following axioms are fulfilled;
(a) Forallo,T € [0,1]andz,x € Z

[H(,@,2(@)) = H(, @, #(@))| < [2(@) = #(@)]. (10)
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(b) Forall o, € [0,]1],

sup
@€[0,1]

! 2
/ (4(e,@) )d@‘ <g<1. (11)
Then z* € Z is a unique solution for (8).

Proof. For each z, »r € Z, we obtain

E(O(Z)NQ(Z), O(sx),q0) = q0

qo+ ST&[IO(Z(U))—Q(%(U))\+\Q(Z(0))—0(%(0))H2'
- g0
go+ sup [2Q(z(0))—Q((e))[]*
- @e(0,1] -
q¢7+ sup 4‘]0 (A(o,@)H(0,@,2(@))—A(0 (D)H(U(Dz((ﬁ)))d(ﬂ
@€(0,1]

qo

= qo+ su(l):)l4’ Jy (A(@0)da| [ |[H(e,0,2(@)) ~H(e.@,(@) ) deo ]
qo

= qot+gfy |z c0) #(@))do|®

~ o+ sup 4\2( )— (@)
@€[0,1]
oo+ STEI][\Z(Q)—%(W)\+|Z(CD)—%(@)I]2
=E(z,z,,0).

and,

sup [12(2(0))~2(0)) H12e(0) ~0(0))
0(Q(z2), Q(z), Q(5),q0) = —2L ,
(), Q@) Q) q0) = 2 sup [0(:(0))~ A0+ -0
we
sup [2/0(z(e))—Q((0)) |2

_ @€e0,1]

1o+ sup EIOE) -G
sup 4)]0 aw)H(a,w,z(w))fA(a,fD)H(a,w,z((D)))d(D‘2
weOI

o+ sup 4‘ Jo (A rfw)H(a,w,z(w))7A((7,w)H(¢7,cD,z(w)))dw‘2
@€(0,1]

sup 4\ JiA@e) zdw‘ JHIH(0@,2(@))~H(0,@,5(0))]do

@e(0,1]

~ go+ 51?(1;,”4][0 w,a))zdw"fol \[H(0,@,2(@)) — H(0,@,5(@))]do|*

493 (2(@) (@) )deo
f1<7+4fifo fD) »(@))do]?
sup 4|z(@)—x(@)[*
@e(0,1]
= o+ sup 4)z(@)—x(@)?
@€[0,1]
sup [|2(@)—(@)|+|z(@)—#(@)[]*
< @e(0,1]
T oot SIE(}]JI]HZ(@)*%((D)HIZ(@)*%(@)I]2
=0(z,z,,0).
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Similarly,

sup [10(:(2) =000 [+A(=() -G
R(€(z), Q(2), Q(5),q0) = =
sup [2/0(2(0)) ()

q0 !

_ w@€[0,1]
— = 2
sup 4) JHA(0,0)H(0,0,2(0))— A(0,0) H(0,0,2(@)))do
_ w@€o]]
— =

51%;1]4‘ Ji (A@)da| f§ | [H(e.@2(@)~H(e.o,2(@))ldo ]
wel0,

< i
< 4J|(=(@)—s(@))de
< 7
sup 4|z(@)—x(@)|
< @e(0,1]

2

— o
sup [|2(@)—s(@)|+|z(@)—s(@)|]?
< @€(0,1]
- o
= R(z,z,%,0).

Since all conditions of Theorem 1 are fulfilled, then the IE (8) has a unique solution. [J

7. Application to Linear Equations

Assume Z = R" and define a complete symmetric NNbMS on Z> x (0, +o0) by

o

o+ [T |zi — 4]+ 54 — vil

E(z,s,v,0) = ]2,

2

O(z,,v,0) = (i |2i = a0 |4 — vil]

o+ [T |zi — | X | — vi|]2

2

O(z,5,v,0) = [Cia |z — s+ |54 — vil]
7 7 7 0- ,

forall z,sc,v € R" and ¢ = 2, if
n 2
i <g<l1
11;1/'85)(”1;’711]‘ q

The following linear equations have only one solution.
Tz1 + MipZe + - -+ MinZn = di,

T2121 + T2 + + -+ + Mopzy = do,

121 + Tz + -+ - 4 Tunzp = dy.

Proof. Assume (2 : Z — Z be described by Q2(z) = 7tz + d where z,d € R" and
711 712 -0 Tl
701 7022 -+ Tl2p
T= ..

Ttnl T2+ -+ Tlan

(12)

(13)

(14)

(15)

(16)
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For z, »c € R", we obtain

E(Q(2), Q(z), Q(2), 40) = ———2 2
q0+4[ i=1|Lj=1 ”i]'(szkf)u
90 = =

> 7= 2
qo+4 [T D [l (z=5) || a0+ [T 20z =5 T i
qo

2 2"
oo+l (£ 2]

Using (15), we have
> = ;
qo+q [Z]'-’Zl 2|z]»—%]”
= - g > = E(z, z, »,0).
o+ [E [z |+ |z
and

4[2?:1 ‘ij‘lzl i (2=2) HZ
qo+4 [Z};l ‘Z}Ll mj(zj'*%j) H 7
) 2
4{2?:1 £ [ (z-24) |] - [Z}Ll 2|zj— 3|20, |7ru”

0+ S [yl (o)l o [ 2l i

2 2
[max Y| |] {Z]y‘l=1 2|Zj_%f|]

1<j<n

0(Q(2), Qz), O(x), q0) =

< 2 2"
qﬂ+[m.ax2?:1’"fj|} {2}1:12|Zf*”f|]

1<j<n

Using (15)

q[zyzlz‘z]’—%]” ? - [2?21 |Z]‘—%]'|+|Z]‘—%]”2

= ; 7 = ; 2
qa+q{2j:12\zj - %]-” o+ [ijl |2j — 3| + |2 — %j”

=0(z, z, »,0).

and 2
4y o (2
R(Q(Z), Q(Z), Q(%)’ qo-) — [ i=1 2]71;;](2] %])H
. i 2 n n 2
B 0 o 1| (el >R S 1|
< e 2_ il
2
[ 2yl [ 29
= i .
Using (15)

a[Si 2z —ol] T[Szl Lz - ol
< = = R(z, z, »,0).
qo o

Therefore, all the conditions of Theorem 1 are satisfied, and (2 is a neutrosophic 4~ contrac-
tion. There is a unique solution of the SLEs (16) in Z. [J

8. Application to Nonlinear Fractional Differential Equation

In this part, we apply Theorem 1 to determine the existence and uniqueness of a
solution to nonlinear FDE given by

D7z(0) = ¢(e,2(e)) (¢ € (0,1), a € (1,2]),
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with boundary conditions

z(0) =0, Z/(0) = Iz(0) 0 € (0,1),

where D% means caputo fractional derivative of order «, defined by

9
DY) = 75 0/ (0~ @) 1y (@)de (n—1<a <n n=[a +1)

and ¢ : [0,1] x R — R" is a CF. We suppose that Z = C([0,1],R), from [0, 1] into R with
supremum |z| = Sup |z(0)]|.
0c(0,1]
The Riemann-Liouville fractional integral of order « is given by

Q
19(0) = 15 [ (0= @) p(@)d (@ > 0),
0

We first provide a nonlinear FDE in an appropriate form and then investigate the existence
of a solution. Now, we suppose the following FDE

D7z(0) = (e 2(e)) (¢ € (0,1), a € (1,2]), (17)

with the boundary conditions

where
i ¥:[0,1] xR —R"isaCF,
ii.  z(e):[0,1] — R is continuous,

and fulfill the axioms below:

[9(,2) = ¢(e, %) — ¢l v)| < JIL[z =2 —v],

forall ¢ € [0,1] and L is a constant with LJT < 1, where

1 2:4M1T ()

T=tarn T =Tt 1)

Then there exists a unique solution to Equation (17).

Proof. Assume that o

Bleav ) = o

|z — s —v|P
Oz, »v,0) = ————,
( ) o+ lz—sx—vf
|z — s —v|P
R(z,,v,0) = 7,forallz,%€ZandU>0,

defined by y x B* 7t = yB7t, and yo fo 7t = max{y, B, 7}.Let|z — 3 —v| = Sup |z — »—v|F,
0€[01]

for all z,5c € Z. Then (Z,E,0O,R,*,9,{) is a complete NNbMS. We describe a mapping

Q:7Z— Zby

a— 20 Pl a—
(0— @) z(w))dw+(2_%z)m>of (0/ (@ —m)*p(m, z(m))dm)da) (18)
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z(0) for all ¢ € [0,1].

for all ¢ € [0,1]. An Equation (17) has a solution z € Z if z(0)

Now -
EEHQ AR = S e v
z(0) — »(0) —v(0)|”
O(z(0), x(0) v(e),0) = OOl 19
)~ 0 (@) o)

1Qz(0) — Q(0) — Qu(0)]
% x [ @
= ﬁof(g—w)%lll’(w z(@ ))d‘@“‘mof Of(@—m)
Q » [ @
- r(la)f(Q @) (@, (@ ))d@+mof Of(“f’ m)* " (m, s<(m))dm |deo
0
0 x [ @
|t [ @@ yte v@de + ] (Of (@ — m)*p(im, v(m >>dm>da>
That is,
1Qz(0) — Qx(0) — Qu(0)|
Q »x [ @
=|ﬁ0f(g @)" (@, 2(@))dd + = )Of<0f(a> m)* " (m, z(m))dm |do
Q x [ @
—ﬁbf(e—w)“ (@, #(@))do — 5 jé’)r(a)of (g’ (@ —m)*p(m, se(m))dm |de
Q x [ @
“rl ] (0= @ 9@ vi@de - e | <0f(w m)* L (m, v(m >>dm>da>|
Q
< ﬁof (0— @) (@, 2(@)) — (@, x(@)) — P(@, v(@))|do
> ()
==t (g (@ —m)* " gp(m, 2(m)) = p(m, 5¢(m)) — Y(m, v( >>|dm)
Q x [ @
< L‘Z;(j;)—”‘ [ (0—@) 'do + 2@‘7;)”‘ i < [ (@- m)“ldm> do
0 0
Llz—»— 2T | z—x|T
< ‘lf(zx-&-l)v‘—i_ (21—%2‘)Zl"(oc—|i-2(;()
Pl
<Lz~ _V|< Far1) T (22—%2)rr(£ﬁ22)> = Llljz =5 —v].
Utilizing the fact LJI < 1 and (19), we have
77(7
E(Q2z(0), £24(0), Q). 19) = yorimgr AT = LT
2 FRg-ma-vgr — EE@).(0)v(e)e
020~ 0e)-Ov(o)l L) —x(e) vl
EL=AQ)12(0) W17 = o ozt -wto-0all = oL@ (0@l
z Q —
< LDl — 0(z(g), (0), v(0), 0),
and
»#(0)—Qv(0)|” —(0)—v(0)|P
R(O2(0), Q5¢(0), Qw(e), o) = 220=020-0v(@) o Ll(e)-lo) o)
z(0)—(0)—v(0)|”
< HO-ADvOF _ R(2(q), (q), v(0), 0)-

All axioms of Theorem 1 are satisfied. This shows that (2 has unique solution. [J
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9. Conclusions

In this study, we presented several new concepts including NNbMS, NQSbMS,
NPSbMS, NOQNMS and NPNbMS. Further, we established several FP results in the frame-
work of NNbMS and proved a well-known decomposition theorem. Furthermore, we
presented several non-trivial examples with their graphs for better understanding by the
readers and to show the superiority of the introduced definitions and results. At the end,
we presented the existence and uniqueness of a solution of an integral equation, SLEs and
nonlinear FDE by applying the main results. This work is extendable in the context of
neutrosophic Ng controlled metric spaces, neutrosophic quasi Ng controlled metric spaces,
neutrosophic pseudo Ny partial metric spaces and many other structures.
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