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Abstract: In the paper, (1) in view of a general formula for any derivative of the quotient of two
differentiable functions, (2) with the aid of a monotonicity rule for the quotient of two power
series, (3) in light of the logarithmic convexity of an elementary function involving the exponential
function, (4) with the help of an integral representation for the tail of the power series expansion of the
exponential function, and (5) on account of Ceby3ev’s integral inequality, the authors (i) expand the
logarithm of the normalized tail of the power series expansion of the exponential function into a power
series whose coefficients are expressed in terms of specific Hessenberg determinants whose elements
are quotients of combinatorial numbers, (ii) prove the logarithmic convexity of the normalized tail of
the power series expansion of the exponential function, (iii) derive a new determinantal expression of
the Bernoulli numbers, deduce a determinantal expression for Howard’s numbers, (iv) confirm the
increasing monotonicity of a function related to the logarithm of the normalized tail of the power
series expansion of the exponential function, (v) present an inequality among three power series
whose coefficients are reciprocals of combinatorial numbers, and (vi) generalize the logarithmic
convexity of an extensively applied function involving the exponential function.
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1. Motivations
It is well-known that
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The generatmg function &' of the classical Bernoulli numbers B, for j € Ny, its generalized
expression W for B > « > 0, and their reciprocals have been being systematically
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investigated and extensively applied by Qi and his coauthors from the late 1990s to the
present. The first two papers about this topic are [1,2], while the first author of these two
papers was a PhD student at the University of Science and Technology of China. The latest
papers are [3,4].

In this paper, we start out from the logarithm of the reciprocal of the generating

function euu—l of the Bernoulli numbers B]- for j € Np.

1.1. First Series Expansion
Foru € R, let

e —1
1 .
n—-—, u#0;
0, u=20.

From ([5] Theorem 2.1) and Article 5 at the site http://rgmia.org/v11nl.php (accessed on
6 July 2024), we deduce that the function F; () is convex on (—oo, c0) (see also Lemma 3
below), is 3-convex (that is, F{"' (1) > 0) on (—o0,0), and is 3-concave (that is, ;" (1) < 0)
on (0, c0).

A simple differentiation yields

1 1 1 &

where we used the Maclaurin power series expansion (2). Integrating on both sides yields

Fl(u> = -+ - "
2 ; 2j (2))!
j 3)
—E+u—2— u! + ue - u? + lu| <2
T2 24 2880 181440 9676800 ! ’

The first Maclaurin power series expansion is achieved.

1.2. Second Series Expansion

Let
2(e" =1 —u)

In———~, 0;
Fz(u) = n u? " 7&
0, u=20.

1 .

—T—us 18
a generating function of the Howard numbers A; for j € Np; see the paper ([6] p. 979,
Equation (2.9)). In other words,

The reciprocal of the exponent of the function F>(u), that is, the function ”72 o

2 (e}
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el —1-u xA]]!
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where 1 # 0 is the zero, closest to the origin # = 0, of the equation e —1 — u = 0 on the
complex plane C. In ([7] Theorem 2.1), a closed-form expression for A; was provided by
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where the shifting or falling factorial (p); is defined by

,_jfl _Jelp—=1)---(p—j+1), jeN
<p>]—kl:£(p—k)— {1, i

for p € C and the second kind of Stirling numbers S(j, k) for j > k € Ny can be analytically

generated by
el —1>‘ © S(j+0,0)t
=y WILEL ten,
( t = (J;f) j!
It is clear that the closed-form formula (5) is not simple and beautiful. In Remark 2 below,
we will derive a beautiful, symmetric, and determinantal expression for the Howard

numbers A;.
Direct differentiating results in

2 u 1 ® Ay
Bu)=1-=4+——=-+42 .
u e—1—u 3 ];(]—i—l)!
Accordingly, we arrive at
u > A ittt
Bu)=,+2) -~
!
3 T mit1(+! ©
_E+£2+L3_ u4_u5_ u6 . W .
3 36 810 12960 68040 12247200 = 6123600 ’

The second Maclaurin power series expansion is attained.

1.3. Motivations and Problems
It is known that, for n € Nand u € R, the quantity

is called the nth tail of the Maclaurin power series expansion (1). In what follows, we

consider the function
nf, "=l uj>
— | e — 2 - |, U # 0
fu(u) = ¢ " ( j=0 /! (7)

1, u=20

for n € N. We call this quantity the nth normalized tail of the Maclaurin power series
expansion (1).

Motivated by the new Maclaurin power series expansions (3) and (6), we now propose
the following problems.

1.  What is the Maclaurin power series expansion of the logarithm of the nth normal-

ized tail
n! nlyk
In|— | e"— — ||, u#0
Fy(u) = [u< Eok!ﬂ ? ®)

0, u=20

around u = 0 for n € N? What about the monotonicity and convexity of F,(u) on
(—00,00)?
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2. Forn € N, is the function
Fniu), w0
Rn,O(”) = 1 )
, =0
n+1 "
increasing on (—o0,0)?
3. Forn > m € N, does the function
F,
n(u) , U # 0
_ ) Fu(u)
Rym(u) =
m—+1
, u=20
n+1

have a unique minimum on (—o0, c0)?

In this paper, we will provide solutions regarding the first two problems, but we leave
the third problem as an open problem.

2. Preliminaries

For solving the first two problems mentioned above, we now prepare the following
six lemmas.

Lemma 1 ([8]). For a real variable z € I C R and a fixed integer j € Ny, let ¢(z) and ¢(z) # 0
be two j-time differentiable functions, where I denotes an interval on R. Then, the jth derivative of

L 92)
the quotient o(z) I8

d/ V(z)] _ ‘|W(j+1)><(j+1)(z)’ j e N, (10)

o) ~ TV gh

where the (j+1) x (j + 1) order matrix Wi 1) (j41)(2) is defined by

W(j+1)x(j+1)(z) = (u(j+1)><1(z) V(j+1)><j(z))(j+l)x(],+l);

the (j+1) x 1 order matrix U 1),1(z) is of elements uy 1 (z) = oV (2) for1 <k <j+1,the
(j+1) x j order matrix V1) (z) is of elements vy ,,(z) = (5‘1__11)4)(5"”) (z)for1<t¢<j+1
and 1 < m < j, and the quantity [W(; 1), (j;1)(2)| is the determinant of the (j+1) x (j +1)
order matrix Wi 1y (j+1)(2)-

The Formula (10) is a higher-order derivative formula for the ratio of two differentiable
functions in terms of the determinant of a specific Hessenberg matrix. Sergei M. Sitnik
(Voronezh Institute of the Ministry of Internal Affairs of Russia) provided the Formula (10)
and related references to Qi via e-mails on 25 September 2014 and thereafter. Qi first applied
the Formula (10) in the paper [9]. Hereafter, Qi and his coauthors have been employing the
Formula (10) for extensively studying many mathematical problems. The latest two papers
applying the Formula (10) by Qi are [3,10].

Lemma 2 ([11]). Let A;, B; € R for j € NU {0} be two real sequences and let the Maclaurin
power series

U(z) =Y A7 and V(z)=)Y B
=0 j=0
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be convergent on (—R, R) for some positive number R > 0. If B; > 0 and the quotient g—; is

u(z)

increasing for j € Ny, then the quotient V)

is also increasing on (0, R).

Lemma 2 is called the monotonicity rule for the quotient of two Maclaurin power
series. There exists a nice article [12] for reviewing, surveying, retrospecting, explaining,
correcting, and generalizing several monotonicity rules.

Lemma 3 ([5] Theorem 2.1). For two fixed numbers o and B such that B > a > 0, define
the function

U _ LU
P ule u#0

ha,ﬁ(u): B
In~, u=20

!

for u € R. Then, the function hy g (u) is logarithmically convex on (—oo, ).

Lemma 4 ([13] p. 502). For u € Rand m € {0} UN, we have

Mmoo 1

1
— ol — m+1 ju(l—ov
Ry1(u) =e —jzzoj!—( 1>!{1+u/ov+e( )dv}

Lemma 5 (Cebyéev’s integral inequality [14] p. 239, Chapter IX). Let f,h : [a, ] — (—o0,0)
be two integrable functions, either both increasing or both decreasing. Moreover, let q : [a, B] —
[0, c0) be a non-negative and integral function. Then,

[Ma@do ["a@s@ne)do> [Ma@)f@ o [gene@ . an

If one of the functions f and h is non-increasing and the other non-decreasing, then the inequality
in (11) is reversed. The equality in (11) validates if and only if one of the functions f and h reduces
to a scalar.

Lemma 6 ([15,16]). Let the functions U(y), V(y) > 0, and W(y,t) > 0 be integrable in
y e (@p)

1. If the quotients %’;}t{at and % are both increasing or both decreasing in y € («, B), then
the quotient
R(t) = S WU dy
JE W,V () dy
is increasing in t.
2. Ifone of the quotients %ﬂ;at or ‘L/Ig g is increasing and another one of them is decreasing

iny € (w, B), then the quotient R(t) is decreasing in t.

Lemma 6 is a new monotonicity rule, not included in the nice article [12], which was
established and applied in recent years, and has been generalized in the paper [17].

There have been several independent developments of the monotonicity rules for
the ratios between two differentiable functions, two Maclaurin power series, two Laplace
transforms, two integrals, and the like. For more details, please refer to the newly pub-
lished papers [18-24], ([25] Lemma 4), the arXiv preprints [26,27], and closely related
references therein.

In July 2023, a Chinese mathematician Zhen-Hang Yang drafted a review and survey
work about the monotonicity rules for many various ratios and reported it at Guangdong
University of Education.
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3. A New General Maclaurin Power Series Expansion

After preparing necessary knowledge, in what follows in this section, we will establish
anew general Maclaurin power series expansion of the logarithmic expression F, (t) defined

by (8).

Theorem 1. For n € N, the function F,(t) defined in (8) can be expanded into the Maclaurin
power series

0 tZ
R(t) = Y (1) 'Din) . (12)
=1 :
where the determinant Dy (n) is defined by
1 @
) (g) (]) 0 0 0 0
1 (o) Q
GV (2’ 0 0 0
i 6 & B 0
Yl}>4 Yl<(%)>3) (n~1+2) (7!42»1 % 0 0
LY S L S
D/-‘rl(n) - (n;S) (712#4) (11215#3) (Ylg»Z) (n?l) 0 0
1 G GhH G G D
(n;fil) (n;EEZ) (n;rfES) (nzrfrl) (H‘[ng5) (g) ’
1 Gh G Gh o Gh )
(n?/) (H?EIl) (nﬁgz) (n?£§3) (nzrf4—4) (ngl) (é)
1 (o) (1) (3) ) I Vi R )
(l‘lZ»iTl) (HZJ) (Htﬁ;l) (nZ»fEZ) (Hj»fgci) (W;Z) (nTl)

= ‘A€+1,l () BZ+1,€(”)’(5+1)X@+1)
forn € Nand ¢ € Ny, in which the matrices Ay, 1(n) and By1q ¢(n) are defined by

1
Af—i-l,l(n) = (“i,j(n))1§i§g+1,j:1/ Xi1 (H) = Tn+i

i)

and
0, (>j>ieN;
i-1
Broae(m) = (Bij(M)1cicomasier Bii=q =0 j<i<itl
(1’14'»1'7])
i—j

First proof. A direct differentiation provides

. Ht—n)e +n+2f;11(n—r)%]
Fn(t) = t n—1 tr )
e _Zr:0 !
ar[(t=n)el +n+ Tl (n—1) 5]
1 1
e =50 o)
) (r+1)!
_ Lir—0 (n+r+1)1 !

Y20 (nif)!%
. Z;io Cn,rJrl%
L0 Curly
_ ¢u(t)

an(t)

4
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where we denote

= (r+1)! ad
= Z i 2 nr+l ’
r:0 (n+r+1)!r! = r!
ad tr > tr
p— C 7,
r;) n4r)lrl r;) T
and \
r!
Cpyr = CEmk reNy, neN (13)
Therefore, it is easy to see that
1
B0 =5 ¢ =Cpu, o(0)=Cys

forn € Nand r € Ny.
Employing the derivative formula (10) and simplifying leads to

E(0) = lim {%(t)} “
t—0

?n(t)
4771(0) 9011(0) . 0 0 0
¢ (0) 1(0) (%)qvn(o) ) 0 0
, 47(%)(0) 4)(5;7)(0) (1) ¢, (0) ()9 (0) 0
CD 100 @70 Qeh©)  )gi0) 0
o (0)p P 0) 90 Do) el 0
14 / é‘—l -2 ‘
0 90 Dol Vo) Gey (o) (") @,(0)
Cn,l Cn,O 0 0 0
Cip Ca1 (DCup 0 0
‘ Cn,3 Cn2 G)Cnl (%)Cno 0
CD G Gz (G2 ()C 0
= 1 n4 n,3 411 n,2 % n,1
Coo | Cus Cua (DCus  (3)Ca2 0
Coes1 Cue (DCup-1 (DCipa (¢21)Cn1
Cui Cu
crail o 0 0 0
Ciz  Cu Cuy
T Cuo G)gmg 0 0
n Cn n Cn
o & e Q0 0
n Cﬂ Cﬂ Cl’l C}‘l
= (- & O B G 0
Cu, Cy, 4\ Cy, 4y Cy, 4 Cy,
o oo Won Qo (G 0
Cn ‘, C;z 4 C‘n (— C:n f— C.n [— . . Cn
C/n/,gl Cn,; (f) C/n/,()l (5) C/:,Oz (g) C,:/Oa o (Zfl) Cn:(l]
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1 ©
G (g) ? 0 0 0 0
1 (0) Q
GG UTI T 0 0 0
. 0 0
("3 ( 2 ) ( ] ) (o)
1 ) () (IIC] 0
(111»4) (71%»3) (Yl;Z (nTl) (8)
— (—1)f] ) () () () 0o 0
('rl;»S) (7!1»4) (nE;»S) (11;2) (nikl)
PR R NN
R R N = L =
1 (o) (1) 3) Gy &) (5;1)
G I O I L N iy i @
1 (o) (1) 3) ) I (A B V5
(nzlf:li»l) (Vl}»l) (YH»[’ 1) (H?{EZ) (Yl}»{g:%) (VHZ»Z) (ﬂikl)
= (=1)'Dy4(n)
for ¢ € Ny. Consequently, from the fact that F,(0) = 0, we arrive at
<) ‘ tf o9 B t[
Rt = LR 07 = LD
The first proof of Theorem 1 is thus complete. [
Second proof. The function f,(u) defined in (7) can be formulated as
[} Llj
u) =n! ——, neN.
Then ) (41
o Tl o (j+D)w
F/(M) _ [lnf (M)} Z] 1 (j+n)! Zj:O (j+n+1)! (14)
n n w 00 ul ’
Yito o Lm0 Gy
Let )
> (j+Duw o
]ZO Grn+) nd %(u)_]go (+n)!
Then, for m € Ny,
(m) gy — _(m+1) (m) gy — ™
P (0) = (n+m+1) and " (0) = (n+m)
Accordingly, utilizing the derivative formula (10), we obtain
(0)
F™V(0) = lim [4’”(”)]
u—0| @n(ut)
¢n(0) ¢n(0) : 0 0 0 0
¢, (0) @, (0) (%)fpn(o) , 0 0 0
, ,’;”(0) 4)5;’(0) (1) 9 (0) (2)9n(0) 0 0
CD" o0 970 Qe ()ei0) 0 0
(Pn+ (0) : : : : :
4 l— — {— l —
VO ar VO (e 0 Gher PO - (22900 (2Den©
YO w0 et Qe ) (:L)@H0) (L)gh(0
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(_1>f(n!)f+l

(=1)'Dysa(n)

1! 0!

(1! f 1()0' 0 0 0
(n+'2)' (n+1)! (1)W 0 0 0

3! 2! (2) 1! (z)g 0 0
(n+3)! (n+2)! 1 tn+1)! 2)

4! 3! (3) 2! (3) 1! 0 0
(n+4)! (n+3)! 1/ (n+2)! 2/ (n+1)!

. 1)1 -1y _(¢-2)! (-1, (£=3)! ' —1y 1 1y 01
(n—l;-ﬁ)! (rz(+€—)1)! ( 1 )(11(+€—)2)! ( 2 >;5+e—)3 (ffz) (n—l‘,-l)! (ifl)%
(0+1)! 0 o (£=1)! o (=2 02 ¢ 1!
(n+L+1)! (n+0)! (1) (n+£-1)! (2) (n+£-2)! (4—2) (n+2)! (E—l) (n+1)!

for £ € Ny. The second proof of Theorem 1 is complete. [
Remark 1. If taking n = 1 in Theorem 12, we derive
1 o
N I S _|® @ _
Dl(l)— (%) X DZ(l) 1 (& 127
@ @
B 9 9
1 @ O Q
@ @ 19 0O
D)= |1 @ Qf_g D) =D § @ _ b
Q@ @ ’ 1 @ GO G| 120
1 @ Q) G @ @ @
3 6 10 QO 6
@ 6 0 6
and .
L W0 0 o
P
1 @ 6 0 0
@ @ @
Ds() =+ @ 4 8 o/=9
G G © (9)
160 @ @ 6
@ ¢ 6 @ (é)
1 QO 5 G
® @ 6 6@ 0
Then, we have
t2 £ t4 £
Fl(f):Dl(l)t—D2(1)§+D3(1)g—D4(1)ﬂ+D5(1)@+“'
e o8
2 24 2880

which coincides with the first three terms of the Maclaurin power series expansion (3).
Comparing the Maclaurin power series expansion (3) with the Maclaurin power series expan-
sion (12) for n = 1 reveals two equalities

Doi1(1) =0 and By = —2kDy(1)

for k € N. The last equality presents a new determinantal expression of the Bernoulli number Byy,
or the last equality provides a computation of the determinant Dy for k € Ny.

Regarding the Bernoulli numbers By, Qi and his coauthors have investigated many years
and obtained a number of significant results such as explicit and closed-form expressions, recursive
relations, determinantal expressions, a two-side inequality for the quotient of Blzg‘;“, identities,
logarithmic convexity and increasing monotonicity of the Bernoulli numbers By and their quotients




Symmetry 2024, 16, 989 10 of 15

B%;, signs of several Toeplitz—Hessenberg determinants of elements involving the Bernoulli
numbers By, generalizations, and the like. In the paper [3], there was a concise review and survey

on these results.

Remark 2. If setting n = 2 in Theorem 12, we acquire

1 % @ 1
a1 _10 ¢l _1
D1(2) = o =3 D;(2) b @ T
3 6
19 9 o9
1 0 I
3 2 1
O @ R I YR (VR
D)= |1 @ Q- L D) =|® § @ _ 1
) (i) (§) 135’ 1 @ @ 6| 540
1 © @ 3 (§> Q) @
® ® O 10 QO 6
& 3 @ 0O
and .
1 G
M) @ ? 0 0
1 @ @
3) (2 @ ? 0 .
Ds2)= |+ © @ @ oo ____
5(2) O @ @ @ 567
G QO 6§ 6
@ © 6 6 O
Accordingly, we obtain
u u? u’ ut u’
lﬂw:Dﬂﬁﬁ—Dx$§+Dﬁﬁ§ Ddﬂg+Dﬂﬁ§+
u  ur u u? u°
= — ——'— _—_ —  — —

336 810 12960 68040

which are coincident with the first five terms of the power series expansion (6).
Comparing the Maclaurin power series expansion (6) and the Maclaurin power series expan-
sion (12) for n = 2 yields
Ay = (—1)”*12[),1(2), n>2. (15)
This surprisingly establishes a connection between the sequence Ay and the determinant D,,, and
presents a determinantal formula of the quantities A, studied in the papers [6,7]. It is clear that the

determinantal expression (15) for Ay is more beautiful and symmetric than the one expressed in
Equation (5).

4. Increasing Monotonicity and Logarithmic Convexity

In this section, we prove the increasing property of the functions R, o(u) in (9) on
(—o0,00) and derive logarithmic convexity of the function F, (u).

Theorem 2. For n € N, the function R, (u) in (9) is increasing on (—o0,0).

Proof. A straightforward calculation results in

uF(u) — F,(u)

Rln,O(”) = 2
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and
[uF (1) — Fa(u)]" = uF,/ (u).

Hence, in order to prove the increasing property of R, o(u) on (—o0, 00), it is sufficient to
show that the function uF, (1) — F,(u) is positive on R. Since the limit

lim [uF),(u) — Fy(u)] =0

u—0
is valid, it is sufficient to show that the second derivative F, (1) is positive on (—0c0, c0).
Therefore, it suffices to prove that the first derivative

co w
_ Li—o Cn,j+171

F)(u) .
L0 Cujir

(16)

is increasing on (—co0, o), where C,, ; is defined by (13). It is apparent that the sequence
Cy,j i
mji+l __ j+1

Cnj — ntj+l
Lenjlma 2 results in the increasing property of F,(u), that is, F;/(u) > 0, on the interval
[0, 00). Consequently, the function R, o(u) with n € N is thus increasing on the interval
[0, c0).

The function R, o(u) can be reformulated as

is increasing in j € Ny. This can also be verified from (14). Making use of

u 1
Rn,o(u):%/o Fndt = [ Fyuo)do.

In order to prove the increasing property of R, o(u) on (—oo,00), it is enough to show that

the function F,(u) is convex on (—oo,c0). Lemma 3 for « = 1 and f = e means that the

function F; (1) is convex on (—oco, 00). Hence, the function R o(u) is increasing on (—oo, c0).
From the first derivative (16), we find

Y20 Cuji1 s ] L (Z20 G2 ) (TR0 Cu) = (5520 Cujra i)
(X720 Cnyj Lf*r])z

0o w -
Z]':() Cn,]']‘T

- |

In order to prove F}/ (1) > 0 on (—o0,0), it suffices to prove that its numerator is positive,
that is, the inequality

. , 72
d 1 Wl & 1 W il 1
[Z (n+£+2)ﬂ] [ZMﬂ] = LZ (,Hn]ﬂ)].} , neN (17)

j=0 =0\ n
is valid on (—o0, 00), which is equivalent to
fa(u) fil () 2 [fy(w)]?, neN (18)

on (—oo,c0), where f,, (1) defined by (7) satisfies the recursive relation

fu (u)_fn(u)_l_ L
1\ - _/0 £, (ut) dt.

n+1
From Lemma 4 and by integration by parts, we derive
1
fal) =1+ u [ 0" e 070 do
0

1 u(l—o)
=1- / U”L do
0 do
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1
7’1/1)

n—1 et
0
1
n/ " (1 —v)e”(l_v) do,
Jo
1

(1-v) dU,

fu(w)

11 _ =101 _ )2 u(lfv)d
o (u) n/o " (1—-v)%e v

for n € N. Then, the inequality (18) becomes

1 1 1 2
/ o1 et(1-0) dv/ (1—10)%0" ! e"1-9) qp > [/ (1—0)o" ! e*1-9) qy
0 0 0

forn € Nand u € (—oo,00). This integral inequality follows from an immediate application
of Lemma 5 with g(v) = v"1e*(1=?) ¢ Nj and f(v) = h(v) = 1 — v on the interval
[a, B] = [0,1]. Consequently, the second derivative F}/ (1) is positive, and then the function
Ry, 0(u) is increasing, on (—oo, c0). The proof of Theorem 2 is thus complete. [

Corollary 1. The function f,(u) in (7) is increasing and logarithmically convex on (—oo, ).
Equivalently, the function F,(u) in (8) is increasing and convex on (—o0,00).

First proof. It is general knowledge that

n—1 ] u n—1 ] n 1
u __ I’L 1 / _ n—1_v _ i u / _ n—1 uv
e _]‘:Eoﬂ +7(n—1)! A (u—ov)"" e dv—jzioj! +(n—1)! A (1—0v)""e"do.

As a result, we arrive at
1
Fy(u) =In [n / (1—o)"Lew dv}, neN,
JO

which is increasing in u € (—oo, c0). Then, we obtain the integral representation

_ fol(l — o) lye? do

f01(1 —v)lewdy

E,(u) neN.

Applying Lemma 6 to W(v,u) = €%, U(v) = (1 —0v)" 1o, and V(v) = (1 — v)" ! such
that both M&# = v and % = v are increasing on (0,1), we derive that the first
derivative F},(u) for n € Nis increasing in u € (—o0,00). As a result, the function F,(u) for
n € Nis convexinu € (—oo,00). [

Second proof. This comes from reorganizing a part of the proof of Theorem 2. [J
Corollary 2. The inequality (17) is valid on (—c0,0).
Proof. This follows from reorganizing a part of the proof of Theorem 2. O

Remark 3. Corollary 1 generalizes Lemma 3 witha = 1 and § = e.

5. Conclusions

In this paper, we obtained the following interesting and significant results.

1.  For n € N, the new general Maclaurin power series expansion (12) of the function
F,(t) defined by (8) was established in Theorem 1, from which two special Maclaurin
power series expansions (3) and (6) can be derived immediately.

2. Anew determinantal expression By = —2kD,;(1) of the Bernoulli numbers By for
k € N was deduced in Remark 1.
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3. A determinantal expression (15) for Howard’s numbers A, for n > 2, which are
generated by (4), was deduced in Remark 2.

4. Forn € N, the function R, o (1) defined in (9) was proved in Theorem 2 to be increasing
on (—oo,00).

5.  Forn € N, the function f,(u) defined in (7), the tail of the Maclaurin power series
expansion of the exponential function e*, was proved in the proof of Theorem 2 to be
increasing and logarithmically convex on (—oo, o).

6. Forn € N, the function F, (1) defined in (8) was proved in the proof of Theorem 2 to
be increasing and convex on (—oco, ).

7. The inequality (17) is valid on (—o0,0).

8. Lemma 3 with « = 1 and = e was generalized in the proof of Theorem 2.

By the way, we point out that the ideas of constructing the function F, (1) and studying

its properties can be further concluded in the following ways. Suppose that a real function
f(u) has a formal Maclaurin power series expansion

)= 3 £0 <o>§.‘,j. (19)
=0 '

If £("+1)(0) # 0 for some integer 1 € Ny, we can consider the function

(n+1)! 1 noo
f(nH)(())u?H-l[f(u) —]Z(l)f“)(O)ﬂ],

call it the nth normalized tail of the formal Maclaurin power series expansion (19), study
its monotonicity and its (logarithmic) convexity or concavity, expand its logarithm into a
Maclaurin power series around u = 0, and investigate the monotonicity and (logarithmic)
convexity or concavity of the quotient of two functions with consecutively different values
of n. Concretely speaking, we can take f(u) as any one of the elementary functions such as
Inu, sinu, cosu, tanu, cotu, arcsin u, arccos u, and their integer powers (Inu)™, (sinu)™,
(cosu)™, (tanu)™, (cotu)™, (arcsinu)™, and (arccos u)™ for m € N. More significantly, we
can take f(u) as any one of the generating functions

u 2et
et —1" e 41’

In(1+ u)]™, (

e”l)m 2 1
u 7

1+vV1—4u’ V1—6u+tu?

of the Bernoulli numbers Bj, the Euler numbers E i the Stirling numbers of the first kind
s(j, k), the Stirling numbers of the second kind S(j, k), the Catalan numbers C;, and the
central Delannoy numbers D(j) for j € N.

So far, Qi and his coauthors have initially investigated several of the simple functions
mentioned above and published the papers [28-34] and ([35] Remark 7), for example. In
particular, by the study of the normalized tails associated with the generating function &'
of the Bernoulli numbers B; in [33], Qi and his coauthors derived an interesting problem on
the monotonic properties of the ratios of any two Bernoulli polynomials B;(x) and arrived
at many significant and novel results in ([33] Proposition 1) and the arXiv preprint at the
site https://doi.org/10.48550/arxiv.2405.05280; see also ([31] Remarks 5 and 6). These
events demonstrated that the normalized tails, also known as the normalized remainders,
associated with the Maclaurin or formal power series expansions of analytic or generating
functions in analysis and combinatorial number theory, firstly and creatively designed by
Qi, deserve to be extensively and deeply investigated by mathematicians.

We believe that the ideas and techniques used in this paper will attract more and more
mathematicians to conduct increasingly better research in mathematics.
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