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Abstract

:

The solar atmosphere is a complex, coupled, highly dynamic plasma environment, which shows rich structuring due to the presence of gravitational and magnetic fields. Several features of the Sun’s atmosphere can serve as guiding media for magnetohydrodynamic (MHD) waves. At the same time, these waveguides may contain flows of various magnitudes, which can then destabilise the waveguides themselves. MHD waves were found to be ubiquitously present in the solar atmosphere, thanks to the continuous improvement in the spatial, temporal, and spectral resolution of both space-born and ground-based observatories. These detections, coupled with recent theoretical advancements, have been used to obtain diagnostic information about the solar plasma and the magnetic fields that permeate it, by applying the powerful concept of solar magneto-seismology (SMS). The inclusion of asymmetric shear flows in the MHD waveguide models used may considerably affect the seismological results obtained. Further, they also influence the threshold for the onset of the Kelvin–Helmholtz instability, which, at high enough relative flow speeds, can lead to energy dissipation and contribute to the heating of the solar atmosphere—one of the long-standing and most intensely studied questions in solar physics.
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1. Introduction


The past century, but especially the last few decades have seen solar telescope technology improve in leaps and bounds, including both Earth-based and space-borne instruments. Large telescopes on the ground, such as the Swedish Solar Telescope, La Palma (SST), Dunn Solar Telescope, Sac Peak (DST), New Vacuum Solar Telescope, Yunnan (NVST), Daniel K. Inouye Solar Telescope, Hawaii [1] (DKIST), as well as observing satellites like the Solar and Heliospheric Observatory (SoHO), Transition Region and Coronal Explorer (TRACE), Solar Dynamics Observatory (SDO), Interface Region Imaging Spectrograph (IRIS), Parker Solar Probe (PSP), or Solar Orbiter (SolO), to name a few of these excellent facilities, have made it possible to detect waves and oscillations at multiple wavelengths in the richly structured, magnetically coupled, dynamic environment of the solar atmosphere. In the near future, the next generation of large ground-based telescopes, such as the upgrade of DKIST and the European Solar Telescope (EST) Quintero Noda et al. [2], will push the boundaries of what we can observe even further, with a particular focus on the lower solar atmosphere; for some reviews in the context, see, e.g., [3,4], Banerjee et al. [5], Nakariakov et al. [6], and Jess et al. [7].



These high-resolution observations, combined with theoretical modelling, are invaluable tools to improve our understanding of magnetohydrodynamic (MHD) waves, which is a key factor in learning about the solar plasma itself. This is due to the ubiquitous presence of magnetic fields in our Sun’s atmosphere, whose fine structures can then act as natural waveguides for propagating MHD waves. The motivation for studying solar MHD waves is at least two-fold: they can serve as mechanisms to transfer non-thermal energy between different layers and regions of the solar atmosphere, and they can also be utilised for the purposes of plasma diagnostics by solar magneto-seismology (SMS). Adding to the foundations of using oscillation measurements to study the internal structure of the Sun with helio-seismology (Leighton et al. [8], Ulrich [9], and Leibacher and Stein [10]), simple models were soon constructed to utilise wave information for investigating solar atmospheric structures as well (see an early review by Roberts et al. [11], early applications for magnetic field measurements by Nakariakov and Ofman [12], Wang et al. [13], and Erdélyi and Taroyan [14] for the exploration of density stratification in the corona by Andries et al. [15], and for measuring the adiabatic index by Van Doorsselaere et al. [16]). Among others, Nakariakov and Verwichte [17] and De Moortel and Nakariakov [18] provided reviews of identified MHD wave modes and seismological results in the corona. Advanced seismological techniques applicable to loop oscillations were also developed based on the frequencies of detected overtones (Andries et al. [19]) and the damping of oscillations (Ruderman and Erdélyi [20]). The overwhelmingly temporal-information-based methods of SMS were further complemented by spatial seismology studies, such as Guo et al. [21] and Chen et al. [22]. Again, this list only provides a brief glimpse into some milestones in the development of SMS and illustrative examples of each, as the literature has grown vastly in the past few years.



The field of SMS can only progress if advanced observations and theoretical studies go hand in hand, driving one another further forward, testing and validating theories, and interpreting surprising new observational results. The asymmetric environment of solar waveguides is a recent direction that a varied group of theoretical studies have pursued. The reason for this is that the asymmetry in the models can serve as a proxy for local inhomogeneity in, e.g., the magnetic field, the density, the temperature, and the bulk speed of flows present in the plasma. Incorporating the latter aspect into previously static models allows us to capture another essential aspect of the solar atmosphere: the widespread influence of plasma flows. For example, the concentration of the magnetic flux in the chromosphere creates a multitude of small plasma jets known as spicules (Beckers [23] and Sterling [24]), whose production and life-cycle rely on photospheric motions and shock waves (see De Pontieu et al. [25], Pereira et al. [26], and Martínez-Sykora et al. [27]). In turn, the spicules themselves can also serve as waveguides for MHD waves and as methods for energy transport to the higher solar atmosphere (Zaqarashvili and Erdélyi [28] and Komm et al. [29]) all around the solar disk. Furthermore, the presence of flows of various magnitudes and profiles also affects the properties of the waves guided by solar structures, and they can result in the appearance of instabilities, which, in turn, can lead to the destruction of the original waveguide. Studies focusing on asymmetric waveguides have prioritised the investigation of the Kelvin–Helmholtz instability (KHI), which can be observed, e.g., in prominences (Berger et al. [30], Ryutova et al. [31]). Other types of instabilities can also arise in the solar atmosphere and the Earth’s magnetosphere due to the inhomogeneous distribution of plasma parameters (such as density, magnetic field strength, or flow speed gradients) in parts of the waveguide (see, e.g., Skirvin et al. [32], Yu et al. [33], Chen et al. [34], and Shi et al. [35]). Notable examples are the resonant flow instability, which may occur due to the presence of an Alfvén speed gradient and a velocity shear (Tirry et al. [36], Walker [37], and Taroyan and Erdélyi [38]); the double-gradient instability arising from the presence of gradients in the tangential and normal magnetic field components, leading to the appearance of so-called flapping waves in Earth’s magnetotail current sheet (Erkaev et al. [39], Korovinskiy et al. [40], Zelenyi et al. [41]); and the dynamic kink instability (Zaqarashvili et al. [42]).



The aim of this review is to provide a summary of recent advances in the study of asymmetric solar waveguides, providing both a demonstration of the methods needed to derive analytical expressions that describe the dispersion of MHD waves in a given model, as well as a breakdown of the various sources of asymmetry that can and have been considered in these models, along with their specific effects on the properties of the waves supported by a given solar atmospheric structure. To achieve this, first, in Section 2, we give a more detailed introduction to the area of modelling MHD wave propagation in the solar atmosphere, especially with the purpose of carrying out SMS investigations. Then, in Section 3, we demonstrate how the currently most generalised multi-layered Cartesian waveguide model is constructed and how the dispersion relation is obtained for this most universal case. Next, we return to single-slab models and provide an overview of the specific effects of each additional source of waveguide asymmetry introduced into the system, gradually expanding the models to include first density, then magnetic, and eventually, flow asymmetry. In Section 4, a list of proposed applications of asymmetric slab models follows the general theoretical conclusions. Finally, we conclude the paper with an emphasis on key findings regarding the role of symmetry in the propagation of solar MHD waves and outline possibilities for further directions in which asymmetric models of solar structures may evolve in the future.




2. Methods: A Brief Account of MHD Wave Theory in Cartesian and Cylindrical Models


2.1. Solar Magneto-Seismology


The dynamic plasma environment of the solar atmosphere shows complex structuring, which follows the inhomogeneous distribution of ubiquitous magnetic fields. These, in turn, determine the distribution of plasma and generate a rich variety of solar waveguides. In studying these structures themselves, as well as the waves supported by them, the methods of solar magneto-seismology (SMS) provide a versatile and constantly evolving toolkit. The concept of SMS relies on the fact that the physical parameters and geometric structuring of a medium together determine the properties of the waves propagating through it. Some parameters of solar waveguide media may be determined from direct observations, such as temperature or density, as well as the geometric size of the structure. Furthermore, thanks to the increasing number and evolving technology of space-born and ground-based solar observatories, we can also measure temporal and spatial wave properties (periods and amplitudes) in a growing selection of solar phenomena. In addition, this is often more easily accomplished than a direct measurement of, e.g., transport coefficients or magnetic field strength.



On the other hand, from theoretical investigations, we can obtain a mathematical relationship between these (or other) “missing” parameters and the more easily measurable quantities. By combining the theoretical models with wave identifications from solar observations, and solving (often quite difficult) inversion problems, SMS studies provide estimates of the above-mentioned “missing” parameters of the solar atmospheric plasma. The first studies in this direction relying on direct visual observations of coronal loop oscillations were carried out by Aschwanden et al. [43] and Nakariakov et al. [44]. For reviews delving deeper into modelling efforts to this end and their relevance, see, e.g., Roberts et al. [11], Banerjee et al. [5], Andries et al. [19], Van Doorsselaere et al. [45], and Allcock et al. [46]. In the following, we provide a brief overview of the main directions and results of the analytical modelling efforts that SMS studies are built on. Building and understanding these theoretical models constitutes half of the methods of SMS, and it can be thought of as a common core of the field to return to when observations need to be evaluated.




2.2. On Flux Tube and Slab Models of the Solar Atmosphere


There are two popular fundamental geometric building blocks in theoretical MHD studies aiming to model solar atmospheric waveguides to carry out SMS investigations: the magnetic slab and the cylindrical flux tube waveguides. Both of these have different applications in solar physics and provide theoretical opportunities to focus on different aspects of wave physics in our Sun’s atmosphere.



2.2.1. Cartesian Models


The model family employing Cartesian geometry is often used to describe interfaces and slab-like structures in the solar atmosphere and the Earth’s magnetosphere. The properties of magneto-acoustic waves guided by the “classical”, symmetric slab models delineated by tangential discontinuities were explored in detail and the results summarised by Roberts [47,48], and Edwin and Roberts [49] in a series of seminal studies.



As the first step in this series, Roberts [47] investigated the propagation of magneto-acoustic surface waves at a single magnetic interface. Next, adding a new layer of complexity to the problem, Roberts [48] considered two interfaces separating an internal slab of magnetised plasma from a symmetric, non-magnetic environment, thus constructing the simplest model of a three-layer symmetric magnetic slab waveguide system. Finally, Edwin and Roberts [49] added symmetric external magnetic fields to this model and described what kind of wave modes such a system can guide with background parameters corresponding both to coronal and photospheric conditions. An extension to multi-layered plasmas was given by Ruderman [50], and multi-fibril prominence oscillations were modelled using the collective standing modes of a multi-layered Cartesian waveguide (Díaz et al. [51], Díaz and Roberts [52]) and coronal loop oscillations (Luna et al. [53]).



An important extension of Cartesian models was obtained by the inclusion of bulk background plasma motions in the equilibrium configuration. This addition helps capture a fundamental characteristic of the solar atmosphere, namely the wide-spread presence of flows in its various structures (such as spicules (Beckers [23], De Pontieu et al. [25,54]), macrospicules (Pike and Mason [55]), and X-ray and EUV jets (Shibata et al. [56])). The presence of shear flows in the model affects the properties of the guided waves and gives rise to, for example, the Kelvin–Helmholtz instability. One of the first steps towards the investigation of steady flows in a slab system was taken by Nakariakov and Roberts [57], where the central magnetic slab of a symmetric configuration also contained a background flow.



In Section 3, we provide an overview of recent advances made in the investigation of slab-like solar configurations by incorporating an asymmetric environment into the slab model in various ways, meaning that, as opposed to the “classical” symmetric model discussed above, we will allow for the regions surrounding the slab to be described by different equilibrium physical parameters. This can encompass a difference between, for example, the plasma pressure, the density, and the temperature on either side of the slab, or the magnetic field strength in the two environmental regions, or even a difference in the speed and/or direction of bulk background flows present in the external regions. Investigations using these slab geometries can provide a first approximation to model a plethora of solar atmospheric structures such as prominences, magnetic bright points, light walls, the boundary regions of coronal holes, the flank structure of coronal mass ejections, as well as several magnetospheric regions.




2.2.2. Cylindrical Models


Another popular model group is mainly used to approximate flux tubes in various parts of the solar atmosphere, but especially its outermost layer, the corona. This line of research first focused on straight cylindrical flux tubes of infinite length, motivated by providing a description of sunspots (Parker [58]) and further intense magnetic flux concentrations at supergranular boundaries (Defouw [59], Ryutov and Ryutova [60], Roberts and Webb [61]), as well as the effect of waves propagating along such structures on the corona and the solar wind (Wentzel [62], Wentzel [63]). Soon, the connection of MHD waves in magnetic flux tubes with flares (Zaitsev et al. [64]), as well as spicules and the question of atmospheric heating (Spruit and Roberts [65]) were examined, as well. As a logical extension of their study of magnetic slabs (see above), Edwin and Roberts [66] also worked on a magnetic flux tube model and summarised the possibilities of its application to both photospheric flux tubes and coronal loops. In addition to the sausage and kink modes known from slab studies, they also described fluting modes (with azimuthal wavenumber   m ≥ 2  ).



In practice, the solar atmosphere contains such inhomogeneities that straight, untwisted cylinders of circular cross-sections are unlikely to exactly capture wave propagation in coronal loops. To take into account these possible differences from an idealised, fully axisymmetric system, e.g., Gu and Qiu [67], Ruderman [68], Erdélyi and Morton [69], Morton and Ruderman [70], and Aldhafeeri et al. [71] studied flux tubes with an elliptical cross-section. A different method of approximating an inhomogeneous environment using a flux tube model was developed by constructing models with annular magnetic cylinders to study kink and sausage waves without and then with the presence of twist in the annular structure (Mikhalyaev and Solov’ev [72], Mikhalyaev and Solov’ev [73], Carter and Erdélyi [74], Carter and Erdélyi [75]). In a similar configuration, Lopin [76] studied kink oscillations in semi-cylindrical shells.



Investigating whether the motions potentially driving the oscillations in cylindrical waveguides of the solar atmosphere are field-aligned (e.g., Dover et al. [77]) or tilted (Mackenzie Dover et al. [78], Skirvin et al. [79]) provides a different extension of flux tube studies, which improves our understanding of the waves guided and instabilities shown by solar jets such as spicules. For cylindrical, as well as slab models, another possibility is to focus on the gravitational stratification present within these narrower structures of the solar atmosphere (such as in Mather and Erdélyi [80] and Lopin and Nagorny [81]).






3. Results: MHD Waves in the Presence of Asymmetric Flows


Several avenues are open to us when it comes to expanding the complexity and applicability of traditionally Cartesian waveguide models, such as the inclusion of specific flow profiles [42], the study of standing waves [82,83], or the study of the resonant flow instability at an interface with a linear Alfvén speed profile [36]. The specific type of extension we review in the following section is that of keeping each of the regions of the slab system uniform and focusing on waves propagating along the slabs, but introducing various sources of asymmetry (plasma, magnetic field, flow speed) into the model. This recent line of study focusing on asymmetric slab systems was started by Allcock and Erdélyi [84] (see also Section 3.2), ultimately leading to a multi-slab model such as the one described in Allcock et al. [46] and Shukhobodskaia and Erdélyi [85] (see also Section 3.1). In the current section, we provide a summary of the method employed to derive the equation governing wave dispersion in such asymmetric systems, starting from the most general multi-layered model in this family. Then, we proceed to highlight the most important consequences of incorporating each different source of asymmetry into this model family, with a particular emphasis on the case when asymmetric background flows are present in the slab geometry. This summary of mainly analytical results is then followed by a discussion focused more on solar applications in Section 4.



3.1. Generalised Slab Model


Let us first consider a model of a plasma environment structured by an arbitrary number of interfaces with different homogeneous magnetic fields, temperatures, and densities, with each layer being subject to a bulk background flow of different magnitudes, illustrated in Figure 1 in Cartesian geometry. In this and the following similar figures, different background colours signify layers of different background densities, separated by vertical interfaces indicated as dashed black lines. Blue arrows denote the magnetic field lines, and thick red arrows indicate flows of various magnitudes.



Figure 1 shows the most general model within the multi-layered Cartesian slab family comprised of homogeneous layers separated by surfaces perpendicular to the x-direction. Various particular cases of this model, introduced in later sections, can serve to illustrate the effect of each of these different sources of asymmetry and provide a first approximation model of different solar atmospheric structures. We summarise the steps of deriving the dispersion relation for magneto-acoustic waves propagating along the magnetic field in asymmetric slab systems for this most general case, then we focus on the properties of these waves and the applications of the results in the later sections.



First, let us, therefore, consider an infinite compressible inviscid structured static plasma permeated by magnetic fields   B  ( x )    z ^    and subject to background flows    V 00   ( x )    z ^    in the z-direction. In their simplest form, following the convention laid out in Allcock et al. [46], the different parameters of the plasma in equilibrium throughout each layer of this model can be summarised as


     N  ( x )  =       N 0  ,     for  x <  x 0  ,        N 1  ,     for   x 0  ≤ x ≤  x 1  ,      …        N n  ,     for   x  n − 1   ≤ x <  x n  ,        N  n + 1   ,     for  x ≥  x n  ,          



(1)




where   N ( x )   can stand for any of the following parameters: plasma pressure, p, density,  ρ , temperature, T, the z-component of the magnetic field,   B z  , or the z-component of the background flow,   V 00  . The effects of gravity are ignored in this model. While in the solar atmosphere, gravity contributes to the stratification of atmospheric layers and has further effects on wave propagation, as is often the case with new directions explored in analytical studies, the multi-layered and asymmetric slab models described here constitute only a first step in describing an additional aspect of solar atmospheric structures, which influence wave propagation, and therefore, focus exclusively on this effect. The theory of asymmetric Cartesian waveguides is not yet developed in the area of studying magneto-acoustic gravity waves, and this limitation has to be kept in mind when applying the models laid out here.



It is assumed that the perturbations within the magnetic slab system are governed by the ideal MHD equations:


     ρ    D v   D t        = − ∇ p −   1  μ 0    B ×  ( ∇ × B )  ,          ∂ ρ   ∂ t    + ∇ ·  ( ρ v )      = 0 ,         D  D t       p  ρ γ         = 0 ,         ∂ B   ∂ t       = ∇ × ( v × B ) ,     



(2)




where   μ 0   is the magnetic permeability of the free space and  γ  is the adiabatic index. The plasma and magnetic parameters of the different media on either side of each discontinuity at   x =  x 0  ,    x 1  , … ,  x n    need to be distributed so that the total pressure balance at each interface is upheld, similarly to the classical configurations described by Roberts [47] and Edwin and Roberts [49]. This means that all across the slab system,


   p 0  +       B 0    2   2 μ    =  p 1  +       B 1    2   2 μ    = … =  p n  +      B n   2   2 μ    =  p  n + 1   +      B  n + 1    2   2 μ    .  



(3)




Introducing the Alfvén (   v  A j   =  B j  /   μ  ρ j    0.5    ) and sound speeds (   c j  =   γ  p j    0.5   /    ρ j    0.5    ) in the jth region, Equation (3) yields the following relation between these characteristic speeds of wave propagation and the density ratios of the layers for any two regions:


     ρ i   ρ j    =       c j   2  +  1 2  γ    v  A j    2       c i   2  +  1 2  γ    v  A i    2      



(4)







We linearised the governing Equation (2) by introducing a small, time-dependent perturbation to the temporally constant background quantities   N =  N j  +  N ′   , where   N j   is the background variable in region j and   N ′   is the comparatively much smaller perturbation variable (customarily,    N ′  /  N j  < 0.1  ). After expanding the equations in this form, we neglected second- and higher order terms in the perturbation variables. Next, we sought plane wave solutions to the linearised governing equations of the form:


      N ′   ( x , t )  =   N ^  ′   ( x )   e  i (  k y  y +  k z  z − ω t )   ,     



(5)




where  ω  is the angular frequency and the y- and z-components of the wavenumber vector are   k y   and   k z  , respectively. Since these studies are focused on wave propagation solely along the magnetic field lines, in the z-direction, in the final step,    k y  = 0   is applied to the equations derived. Substituting solutions (5) into the system of Equation (2) and combining the obtained equations, then enforcing the condition    k y  = 0  , the following ordinary differential equation for    v ^  x   in each region is derived, representing transverse motions inside the magnetic slab:


         d 2    v ^  x    d  x 2     −  m j 2    v ^  x  = 0 ,     



(6)




where


       m j   2     =      k 2   v  A j  2  −  Ω j 2     k 2   c j 2  −  Ω j 2       c j 2  +  v  A j  2     k 2   c  T j  2  −  Ω j 2      ,         c  T j    2     =     c j 2   v  A j  2      c j 2  +  v  A j    2    .     



(7)




In these equations and the following, the notation   k =  k z    and    V j  =  V  j , z     is used, and the Doppler-shifted angular frequency in region j,    Ω j  = ω −  k z   V j   , is introduced due to the presence of flows. In any layer where the flow speed is set to zero in the subsequent models, the expression simply reduces to    Ω j  = ω  . Equation (6) can have certain special cases where the equation simplifies or contains a singularity. First, if    Ω j 2  =  k 2   v  A j  2    or    Ω j 2  =  k 2   c j 2   , then the numerator in the corresponding   m j 2   coefficient becomes zero, leading to a linear solution to the ODE. The second special category is when a singularity is present in the denominator of   m j 2  , with    Ω j 2  =  k 2   c  T j  2   . This leads to solutions where     v x  ^  = 0   and     v z  ^  = 0  . In an ideal plasma, such as what the layers of this slab system are filled with, the magnetic field is frozen to the plasma, meaning that the magnetic field is not perturbed in this case, either. With no wave motions in either variable present, this case is discarded as a spurious solution. Next, it is assumed that perturbations must vanish at infinity, so that     v ^  x  → 0   as   x → ± ∞  , and the further study focuses only on wave modes trapped in the slab system. Since the wave amplitudes decay exponentially at infinity, a general solution of Equation (6) is given by


    v ^  x   ( x )  =       P 0   ( cosh   m 0  x  + sinh   m 0  x  )  ,     for  x <  x 0  ,        P 1  cosh   m 1  x  +  Q 1  sinh   m 1  x  ,     for   x 0  < x <  x 1  ,       …         P n  cosh   m n  x  +  Q n  sinh   m n  x  ,     for   x  n − 1   < x <  x n  ,        P  n + 1   ( cosh   m  n + 1   x  −  Q  n + 1   sinh   m  n + 1   x  ) ,     for   x n  < x .       



(8)







Here,   P j   and   Q j   are constants with   j = 0 , 1 , … n , n + 1  .



It may be shown that the amplitude of the total (plasma plus magnetic) pressure perturbation,     p T  ^   ( x )   , satisfies the following equation:


   p ^   ( x )  =   v ^  x ′   ( x )         Λ 0  /  m 0  ,     for  x <  x 0  ,        Λ 1  /  m 1  ,     for   x 0  < x <  x 1  ,       …         Λ n  /  m n  ,     for   x  n − 1   < x <  x n  ,        Λ  n + 1   /  m  n + 1   ,     for   x n  < x <  x n  ,        



(9)




with


      Λ j  = −    i  ρ j    k 2   v  A j  2  −  Ω j 2      m j   Ω j     .     



(10)




Using the notation above, the boundary conditions required for physical solutions, a.e., the continuity of the perturbed Lagrangian displacements and total pressures across all the interfaces, can be summarised as a system of   2 n + 2   coupled homogeneous algebraic equations. Introducing the notation:


      C  j , i   = cosh   m j   x i   ,   S  j , i   = sinh   m j   x i       



(11)




shortens these equations considerably:


      P 0   Ω 1    C  0 , 0   +  S  0 , 0        =  Ω 0    P 1   C  1 , 0   +  Q 1   S  1 , 0    ,        Λ 0   P 0    C  0 , 0   +  S  0 , 0        =  Λ 1    Q 1   C  1 , 0   +  P 1   S  1 , 0    ,        Ω 2    P 1   C  1 , 1   +  Q 1   S  1 , 1        =  Ω 1    P 2   C  2 , 1   +  Q 2   S  2 , 1    ,         …       Ω n    P n   C  n , n   +  Q n   S  n , n        =  Ω  n − 1     P n   C  n , n − 1   +  Q n   S  n , n − 1    ,        Λ  n − 1     Q  n − 1    C  n − 1 , n − 1   +  P  n − 1    S  n − 1 , n − 1        =  Λ n    Q n   C  n , n − 1   +  P n   S  n , n − 1    ,        Ω  n + 1     P n   C  n , n   +  Q n   S  n , n        =  Ω n   P  n + 1     C  n + 1 , n   −  S  n + 1 , n    ,        Λ n    Q n   C  n , n   +  P n   S  n , n        =  Λ  n + 1    P  n + 1     S  n + 1 , n   −  C  n + 1 , n    .     



(12)




If we further define    Q 0  =  P 0    and    Q  n + 1   = −  P  n + 1    , then the obtained boundary conditions may be summarised in a more compact form as


      Ω  j + 1     P j   C  j , j   +  Q j   S  j , j        =  Ω j   P  j + 1     C  j + 1 , j   −  S  j + 1 , j    ,        Λ j    Q j   C  j , j   +  P j   S  j , j        =  Λ  j + 1    P  j + 1     S  j + 1 , j   −  C  j + 1 , j        



(13)




for   j = 0 , 1 , ⋯ , n − 1 , n  . The set of boundary conditions can also be rearranged into a   [ 2 n + 2 ] × [ 2 n + 2 ]   matrix and summarised as   M        P 0  ,   P 1  ,   Q 1  ,  …   P n  ,   Q n  ,   P  n + 1        T  = 0  . In this matrix, each pair of rows expresses the continuity of the Lagrangian displacement (odd-numbered rows) and the total pressure (even-numbered rows) at a given interface. The first and last interfaces are described by slightly different conditions than the intermediate ones, because they separate bounded regions from semi-infinite ones, in the latter of which the amplitude of the displacement perturbation must be evanescent.



Taking this into account, the first two rows will be given by:


     M [ 1 , 1 ]     =  Ω 1    C  0 , 0   −  S  0 , 0    ,      M [ 1 , 2 ]     = −  Ω 0   C  1 , 0   ,      M [ 1 , 3 ]     = −  Ω 0   S  1 , 0   ,        M [ 2 , 1 ]     =  Λ 0    C  0 , 0   +  S  0 , 0    ,       M [ 2 , 2 ]     = −  Λ 1   S  1 , 1   ,      M [ 2 , 3 ]     = −  Λ 1   C  1 , 1   .     



(14)







Similarly, the last two rows are


     M [ 2 n + 1 , 2 n ]     =  Ω  n + 1    C  n , n         M [ 2 n + 1 , 2 n + 1 ]     =  Ω  n + 1    S  n , n   ,       M [ 2 n + 1 , 2 n + 2 ]     =  Ω n    S  n + 1 , n   −  C  n + 1 , n    ,       M [ 2 n + 1 , 2 n ]     =  Λ n   S  n , n   ,       M [ 2 n + 1 , 2 n + 1 ]     =  Λ n   C  n , n   ,       M [ 2 n + 1 , 2 n + 2 ]     =  Λ  n + 1     C  n + 1 , n   −  S  n + 1 , n    .     



(15)




For the intermediate layers   1 ≤ j ≤ n − 1  , the general boundary conditions take the following form:


     M [ 2 j + 1 , 2 j ]     =  Ω  j + 1    C  j , j         M [ 2 j + 1 , 2 j + 1 ]     =  Ω  j + 1    S  j , j         M [ 2 j + 1 , 2 j + 2 ]     = −  Ω j   C  j + 1 , j         M [ 2 j + 1 , 2 j + 3 ]     = −  Ω j   S  j + 1 , j         M [ 2 j + 2 , 2 j ]     = −  Λ j   S  j , j         M [ 2 j + 2 , 2 j + 1 ]     =  Λ j   C  j , j         M [ 2 j + 2 , 2 j + 2 ]     = −  Λ  j + 1    S  j + 1 , j         M [ 2 j + 2 , 2 j + 3 ]     = −  Λ  j + 1    C  j + 1 , j   .     



(16)




All other matrix elements not explicitly given here are zero. This matrix is formally and structurally similar to the one detailed in Allcock et al. [46]; however, there are additional   Ω j   multiplication factors contributing to the expressions, and due to the presence of the flows and the magnetic fields in each region, some of the coefficients expand into a more complex form.



Non-trivial solutions of the system of equations are found when the determinant of the matrix of boundary conditions is zero:


     det M = 0 .     



(17)




Equation (17) serves as the general dispersion relation describing the propagation of linear MHD waves in a multi-layered Cartesian waveguide subject to steady flows, illustrated by Figure 1. The solutions to this equation expressed for the angular frequency,  ω , as a function of the wavenumber, k, correspond to the eigenfrequencies of the system. Waves guided by simpler multi-layered waveguides, in the absence of flows, were investigated, e.g., in Allcock et al. [46], where, in a static equivalent of the generalised steady slab system presented here, each layer still contained plasmas of different densities, permeated by magnetic fields of different magnitudes. Further details of the frequencies and transverse velocity amplitude (   v x  ^  ) distributions of the eigenmodes were explored for a static multi-layered waveguide, where only a single layer contained magnetised plasma by Shukhobodskaia and Erdélyi [85]. These studies provide a solid basis for further future investigations relying on multi-layered Cartesian waveguides and their solar applications, as they already explore the effects of adding background density and then magnetic asymmetry to each layer. Comparing the results obtained for the equivalent configuration, which also contains steady background flows to these, will then provide an easy way to differentiate between the consequences of asymmetries in the static background and those of the presence of asymmetric steady flows on the waves guided by each of these models.



It must be noted that, in general, the dispersion relation for multi-layered slab systems, Equation (17), is a highly complex equation, for which the solutions can be found employing numerical methods. However, in certain particular cases, as illustrated in the following sections, by, e.g., limiting the number of slabs, measuring the relative magnitude of the slab width compared to the wavenumber k, or utilising pre-existing information about the magnitude of the plasma- β  parameters of the individual layers, analytical expressions for the eigenfrequencies may be found and help further our understanding of MHD waves guided by various slab systems.




3.2. Sources and Effects of Waveguide Asymmetry


Just as the most completely generalised multi-layered Cartesian waveguide model can be built up and studied step by step, the particular case of a single slab embedded between two external semi-infinite layers was constructed in a gradual process of incorporating ever-newer additional sources of asymmetry. Focusing on a single slab sandwiched between two environmental layers provides the not insignificant advantage of allowing us to simplify the dispersion relation in a number of limiting cases with relevant solar applications (such as the thin and wide slab or the high- and low- β  limits). Through a combination of careful analytical study and extensive mapping of the parameter space by numerical methods, a more thorough understanding of the behaviour of eigenmodes in various slab systems has been gained. Additionally, just as we described for the case of the multi-layered models, gradually introducing different sources of asymmetry enables us to build a thorough understanding of the influence that each additional physical factor incorporated into the model has on the behaviour of eigenmodes and on the appearance of instabilities.



It is, therefore, worthwhile to first return to the most fundamental building block of single-slab models, namely that of the magnetised slab sandwiched between two, symmetric, non-magnetic layers of the environment, illustrated in Figure 2. Starting with this classical example, for the rest of this review of Cartesian studies, we must introduce a slightly different notation in order to remain compatible with the most widely used forms of the dispersion relation, as well as region and interface labelling in asymmetric and slab studies. Therefore, in the following models, the different parameters of the plasma in equilibrium in each layer will be referred to as


     N  ( x )  =       N 1  ,     for  x < −  x 0  ,        N 0  ,     for  −  x 0  ≤ x ≤  x 0  ,        N 2  ,     for   x 0  < x ,          



(18)




where   N ( x )   can once again stand for any of the following parameters, when they are present: plasma pressure, p, density,  ρ , temperature, T, the z-component of the magnetic field,   B z  , or the z-component of the background flow,   V 00  . When introducing each model, simple illustrations of the distribution of background parameters will be included in order to clarify where magnetic fields and flows are present, and whether the environment is symmetric or not with respect to these parameters, as well as the plasma pressure.



With this new notation, for the classical slab model, there are no flows present in any region (   V  1 , 0   =  V  0 , 0   =  V  0 , 0   = 0  ), but each layer is magnetised, and the environment of the slab on its two sides is filled with the same kind of plasma, permeated by the same magnetic field (   p 1  =  p 2  =  p e   ,    B 1  =  B 2  =  B e   ). The dispersion relation for magneto-acoustic waves guided by this symmetric configuration is given by Equation (10) of Roberts [48]:


   (  k 2   v  A 0  2  −  ω 2  )   m e  =     ρ e   ρ 0      ω 2   m 0      tanh     coth      (  m 0   x 0  )  ,  



(19)




where


     m 0 2     =     (  k 2   v  A 0  2  −  ω 2  )   (  k 2   c  0  2  −  ω 2  )     (  k 2   c  T 0  2  −  ω 2  )   (  v  A 0  2  +  c  0  2  )     ,       m e 2     =    (  k 2   c  e  2  −  ω 2  )   c  e  2    ,     



(20)




and the index 0 denotes quantities inside the central slab, while the index e refers to the parameters of the environmental regions. The solutions described by the top line of Equation (19) are sausage modes, while the bottom line containing the   coth (  m 0   x 0  )   term corresponds to kink modes. While the former leaves the central axis of the slab unperturbed and results in anti-phase perturbations of the slab boundaries, the latter does perturb the slab axis, but conserves the cross-sectional area and results in in-phase perturbations of the interfaces bordering the slab. Roberts [48] showed that both the kink and the sausage modes may be slow or fast waves, depending on whether their phase speed is smaller or larger than the internal sound or Alfvén speed. They may also take the form of surface waves (which are evanescent both inside and outside the slab) or body waves (which are evanescent outside the slab, but remain oscillatory inside the slab).



The first step in moving away from the “classical” symmetric models to the asymmetric slab geometries was taken by Allcock and Erdélyi [84], by allowing the two environmental regions of Roberts’ model to be filled with plasmas of different densities and temperatures (illustrated in Figure 3), while keeping the total pressure balance (see Equation (3)) between all three regions. In this initial configuration, the slab itself is permeated by a vertical magnetic field,   B 0  , while the environment is non-magnetic    B 1  =  B 2  = 0  , and there are no bulk background motions present in the system. The dispersion relation governing MHD waves in this asymmetric slab model is


      ω 4   m 0 2      +    ρ 0   ρ 1     m 1     ρ 0   ρ 2     m 2    (  k 2   v  A 0  2  −  ω 2  )  2           −   1 2    m 0   ω 2   (  k 2   v  A 0  2  −  ω 2  )      ρ 0   ρ 1     m 1  +    ρ 0   ρ 2     m 2    tanh  (  m 0   x 0  )  + coth  (  m 0   x 0  )   = 0 ,     



(21)




where, now,


     m 0 2     =     (  k 2   v  A 0  2  −  ω 2  )   (  k 2   c  0  2  −  ω 2  )     (  k 2   c  T 0  2  −  ω 2  )   (  v  A 0  2  +  c  0  2  )     ,       m j 2     =    (  k 2   c  j  2  −  ω 2  )   c  j  2     for  j = 1 , 2 .     



(22)







Beyond the explicit dependence of the angular frequencies on the external asymmetry present, one more factor immediately stands out about this new dispersion relation, namely that Equation (21) describes all eigenmodes guided by this configuration with one single, coupled equation, as opposed to the two separate equations valid for the symmetric eigenmodes seen in Equation (19). This mathematical property manifests physically in the fact that the asymmetric eigenmodes show a mixed character instead of a purely kink or purely sausage mode behaviour, which is why they are referred to as quasi-kink and quasi-sausage modes instead. Since, in several follow-up studies (such as Allcock et al. [46]), it was shown that asymmetric slab systems are, in general, characterised by the presence of quasi-sausage and quasi-kink eigenmodes instead of purely kink or sausage oscillations, it is worthwhile to discuss their fundamental properties in some detail next, which may be used for the purposes of SMS (Lopin and Nagorny [86], Li et al. [87]).



In the case of the asymmetric eigenmodes, the transverse velocity shows an asymmetric distribution across the slab and its environment, which can be observed as different amplitudes of oscillation at the two interfaces on its boundaries. This effect is shown in Figure 4, in which the solid black curve displays numerical results obtained for the transverse velocity perturbation (    v x  ^   ( x )   ) as a function of the transverse spatial coordinate, x, overlaid on an illustration of an asymmetric system containing a dense and strongly magnetised slab (described by the following set of background parameters:    v  A 0   = 0.7  c 0   ,    v  A 1   = 0.2  c 0   ,    v  A 2   = 0.1  c 0   ,    c 1  = 2.2279  c 0   ,    c 2  = 1.8742  c 0   ,    ρ 1  /  ρ 0  = 0.28  , and    ρ 2  /  ρ 0  = 0.4  ).



Figure 4a shows a slow quasi-sausage surface mode; Figure 4b is a slow quasi-kink surface mode; Figure 4c displays a fast quasi-sausage body mode of order one (a.i., having only one node inside the slab); Figure 4d depicts a fast quasi-kink body mode of order one. Figure 4a,b show solutions in a narrow slab (with   k  x 0  = 0.685  ), but Figure 4c,d display solutions from a wider slab (  k  x 0  = 2.790  ).



Another major difference between symmetric eigenmodes and their asymmetric counterparts is that the unperturbed magnetic surface of quasi-sausage modes and the minimally perturbed magnetic surface for quasi-kink modes becomes shifted away from the geometric centre of the slab, where it would be found for symmetric sausage and kink modes. The properties of the asymmetric eigenmodes, as well as their dependence on the external density and magnetic field ratios, were further investigated by Allcock and Erdélyi [84,88], Zsámberger et al. [89], Oxley et al. [82,83], and Zsámberger and Erdélyi [90]. These studies proceed to provide a set of new tools to be used for the purposes of solar magneto-seismology based on waveguide asymmetry. Allcock and Erdélyi [88] provides the initial derivation and definition of the additional quantities that need to be found for each slab system to exploit the potential new SMS tools offered by asymmetric models. Firstly, the amplitude ratio method relies on the difference of the amplitudes in the velocity or Lagrangian displacement perturbation at the two interfaces delimiting the slab due to the presence of external asymmetry. The amplitude ratio,   R A  , is defined in the form of a fraction, where the numerator is the oscillation amplitude on the left-hand-side boundary of the slab (at   −  x 0   ) and the denominator is the same quantity, but measured at the right-hand-side interface (at   x 0  ). This quantity is derived using the dispersion relation of the configuration and the solutions for the perturbed velocities (see, e.g., Equation (8) for the multi-layered slab). Using the derived expressions and measuring the amplitude ratio in observations makes it possible to estimate a “missing” parameter in the system, such as the Alfvén speed estimates obtained for chromospheric fibrils in Allcock et al. [46]. An additional tool to use can be the minimum perturbation shift method also laid out in Allcock and Erdélyi [88]. Here, the minimum perturbation shift,   Δ  m i n   , is defined as the displacement (from the central line of the slab) of the position of minimum wave power inside an asymmetric magnetic slab. Similar to the amplitude ratio, this quantity can also be derived analytically from the velocity solutions and the dispersion relation, and then measured observationally to then determine one unknown parameter of the system. Both   R A   and   Δ  m i n    are different expressions for quasi-sausage and quasi-kink modes, but they each rely on the asymmetry introduced into the displacement/velocity distribution introduced into the eigenmodes by the differences in the plasma and magnetic parameters in the environmental regions of the slab system. As mentioned, Allcock et al. [46] demonstrated the application of these tools as a proof of concept, using MHD waves observed in chromospheric fibrils. The analytical part of these methods was then extended to a slab system containing both plasma and magnetic asymmetry by Zsámberger and Erdélyi [90]. While these studies focused on propagating waves, Oxley et al. [82,83] investigated standing waves in the presence of only plasma asymmetry, and then considering both plasma and magnetic asymmetries in the model. These studies provided analytical expressions for the frequency ratio of the first harmonic to the fundamental mode, as well as the relative amplitude difference between the two sides of the slab (which functions similarly to the amplitude ratio method described earlier). They also showed the relative frequency and amplitude difference in an asymmetric system compared to a symmetric slab to highlight the importance of selecting the appropriate model for conducting SMS studies.



Beyond the properties of asymmetric eigenmodes in general, Allcock and Erdélyi [84] also describes other consequences of incorporating density asymmetry into the external parameters. These effects can also be observed in more complex asymmetric single-slab systems, which incorporate different magnetic fields and flows, but including a density asymmetry by itself can already be sufficient to make them apparent. Especially noteworthy among these effects is that, generally, surface modes are more strongly affected by introducing a difference between the physical parameters of the two environmental regions than body modes tend to be. Furthermore, in wide slabs (when   k  x 0  ≫ 1  ), the phase speeds of a pair of quasi-sausage and quasi-kink surface modes no longer tend to the same value, as they would in a symmetric system (see Roberts [48], Edwin and Roberts [49]), but rather, to two distinct speeds. On the other hand, in thin slabs (  k  x 0   ≪ 1 )   , the fast quasi-sausage surface mode may not exist as a trapped oscillation due to the presence of a divergence in the external sound speeds. It should be noted that, for the purposes of the analytical investigation of the behaviour of eigenmodes in the limits listed above, Equation (21), the full dispersion relation, can be decoupled and transformed into a similar pair of equations for quasi-kink and quasi-sausage modes as Roberts [48] and Edwin and Roberts [49] derived for purely kink and sausage modes (see, e.g., Equation (19) above). This requires the introduction of the so-called weak asymmetry limit, where it is assumed that the plasma (and when applicable, magnetic and flow) parameters when the system is in equilibrium are of the same order of magnitude on either side of the slab. Detailed steps of this transformation are included in Allcock [91]. The decoupled dispersion relation obtained this way significantly simplifies the analytics of the problem and makes direct comparisons with the corresponding symmetric cases possible, while still remaining notably accurate, based on the investigation carried out by Zsámberger et al. [92].



How these effects of asymmetry in the properties of the plasma filling the environmental regions are then compounded by introducing an external magnetic asymmetry into the model were investigated in detail by, e.g., Zsámberger and Erdélyi [93] with a model illustrated in Figure 5. Now, all three regions are permeated by magnetic fields of different strength, and the properties of the plasma filling each layer are all different from one another, including the plasma pressure itself (   p 1  ≠  p 0  ≠  p 2   ). As mentioned before, the eigenmodes of this model are quasi-kink and quasi-sausage waves, which are both governed by one single dispersion relation:


        2  m 0 2    k 2   v  A 1  2  −  ω 2     k 2   v  A 2  2  −  ω 2   + 2    ρ 0   ρ 1     m 1     ρ 0   ρ 2     m 2     k 2   v  A 0  2  −  ω 2   2            +  ρ 0   m 0    k 2   v  A 0  2  −  ω 2       m 2   ρ 2      k 2   v  A 1  2  −  ω 2               +    m 1   ρ 1      k 2   v  A 2  2  −  ω 2     tanh  (  m 0   x 0  )  + coth  (  m 0   x 0  )   = 0 ,     



(23)




where


   m j 2  =      k 2   v  A j  2  −  ω 2     k 2   c j 2  −  ω 2       v  A j  2  +  c j 2     k 2   c  T j  2  −  ω 2      ,  for  j = 0 , 1 , 2 .  



(24)







As described by Zsámberger et al. [89], the presence of different external magnetic fields provides a new source of influence on the eigenmodes, which can compete with the effects of the density asymmetry, e.g., in determining which direction and how far the surface of minimum or zero perturbation is shifted for quasi-kink and quasi-sausage modes, respectively. In addition to the consequences on the phase speeds of the modes described in the externally non-magnetic asymmetric case, in the fully magnetic asymmetric slab system, there are additional cut-off speeds present. Firstly, these result in a vastly more complex problem with far more possible orderings of the external and internal characteristic speeds (Alfvén, sound, and tube speeds), splitting the problem into several different cases in which the waveguide will be able to support a different set of fast or slow, body or surface modes. Secondly, the presence of the different external magnetic fields introduces additional cut-off frequencies both when compared to the symmetric magnetic case studied by Edwin and Roberts [49] and to the asymmetric non-magnetic case described by Allcock and Erdélyi [84]. Zsámberger and Erdélyi [93] showed that some of the surface and body modes now may not exist as trapped oscillations in a thin slab, and the frequency bands where body modes occur can be split into two or three separate bands by the additional cut-off frequencies stemming from the presence of the magnetic asymmetry.



After the summary of the consequences of different sources of waveguide asymmetry provided above for stationary models, now, we can turn our attention to single-slab models, which also incorporate steady flows in one or more layers and focus on the effects of the flow asymmetry itself on the frequencies of the eigenmodes and the appearance of instabilities.




3.3. Flow Asymmetry


Incorporating bulk background motions in one or even several layers of the slab model makes it possible to take further physical effects into consideration beyond the ones described already in relation to static models and potentially increase the scope of applicability of this model family. Once the presence of flows is considered, a fundamental difference that emerges compared to static models is the possibility of shearing motions in the configuration, which, in turn, can lead to the onset of the Kelvin–Helmholtz instability under the right circumstances. Therefore, while the solutions to the dispersion relations of static slab systems always yielded stable results, the stability of waves guided by steady slabs must also be investigated. An additional effect of the presence of background flows can be a shift in the phase speed of the waves and the cut-off frequencies separating trapped oscillations from leaky modes—even in the case of a symmetric steady slab model (see, e.g., Nakariakov and Roberts [57]). Depending on the exact setup of the model, other phenomena may come into play as well due to the background flows, such as negative energy wave instabilities or resonant flow instabilities (see Taroyan and Ruderman [94] and Ryutova [95]).



The symmetric slab model incorporating bulk background motions discussed by Nakariakov and Roberts [57] was generalised for an asymmetric, externally non-magnetic slab system by Barbulescu and Erdélyi [96], who even provided a simple demonstration of how to use this mode to estimate the density ratio of ejecta in the flank region of a coronal mass ejection (CME) compared to the general background of the plasma environment in the solar corona. This slab model then gained a further extension in Zsámberger et al. [92] for an even more generalised case, which combines both density and magnetic asymmetry in the external quantities with the inclusion of a background flow in the central region. While this brings us closer to an accurate description of CME flank regions, we must bear in mind that the slab models have their limits stemming from their basic assumptions. While including gravity in the models, for example, would further improve accuracy, these steps in modelling still represent potential improvements over the previously suggested single interface interpretation (Foullon et al. [97]). The new configuration is depicted in Figure 6. Keeping in mind that, due to the presence of the flow, the Doppler-shifted frequency (  Ω = ω − k  V 0   ) replaces the pure angular frequency in the central region, the dispersion relation governing MHD waves in this model can be written as


     2    ρ 0   ρ 1     m 1     ρ 0   ρ 2     m 2    (  k 2   v  A 0  2  −  Ω 2  )  2  + 2  m 0 2   (  k 2   v  A 1  2  −  ω 2  )   (  k 2   v  A 2  2  −  ω 2  )  +  ρ 0   m 0          (  k 2   v  A 0  2  −  Ω 2  )      m 2   ρ 2     (  k 2   v  A 1  2  −  ω 2  )  +    m 1   ρ 1     (  k 2   v  A 2  2  −  ω 2  )    tanh  (   m 0   x 0   )  + coth  (   m 0   x 0   )   = 0 ,     



(25)




where, in this case,


     m 0 2     =     (  k 2   v  A 0  2  −  Ω 2  )   (  k 2   c 0 2  −  Ω 2  )     (  c 0 2  +  v  A 0  2  )   (  k 2   c  T 0  2  −  Ω 2  )     ,   and         m j 2     =     (  k 2   v  A j  2  −  ω 2  )   (  k 2   c j 2  −  ω 2  )     (  c j 2  +  v  A j  2  )   (  k 2   c  T j  2  −  ω 2  )       for   j = 1 , 2  .     



(26)







This example shows and other particular cases (see, e.g., Allcock et al. [46]), as well as the generalised multi-layered case described in Section 3.1 confirm that, even once background flows are built into the model, the dispersion relation still does not decouple into separate equations for purely sausage or purely kink modes, but instead, it still describes quasi-sausage and quasi-kink modes together. To facilitate a better analytical understanding of the problem, it is possible to consider only the so-called weak asymmetry case, when the external densities and magnetic fields are not the same, but also not drastically different from one another. In this case, it becomes possible to decouple the dispersion relation and obtain a separate equation for both sausage- and kink-type modes, which will be formally similar to the relation valid for the symmetric case, with


   (  k 2   v  A 0  2  −  Ω 2  )      ρ 0   ρ 1       m 1   (  k 2   v  A 1  2  −  ω 2  )    +    ρ 0   ρ 2       m 2   (  k 2   v  A 2  2  −  ω 2  )     + 2  m 0      tanh     coth      (  m 0   x 0  )  = 0 .  



(27)




Using this decoupled (approximate) dispersion relation, Zsámberger et al. [92] provided analytical solutions for the eigenmodes that may be present in a thin slab and, based on these, determined a relation between the threshold flow speed required for the onset of the KHI and the characteristic speeds and densities of the model for each of the possible modes. Their further numerical study showed good agreement between the thin slab and the weak asymmetry solutions, as well as the solutions of the full and exact dispersion relation. The numerical results further highlighted some interesting consequences of the shifted phase speeds and cut-off frequencies influenced by the presence of the central flow. Multiple possible regions of instability were found, with different eigenmodes becoming unstable for different ranges of the Alfvén Mach number (   M  A 0   =  V 0  /  v  A 0    , which describes the relative magnitude of the flow speed compared to the Alfvén speed in the central slab).



Figure 7 illustrates this behaviour, with the real part of the phase speeds plotted in blue and the two branches of the imaginary part (symmetric about the   ω / k  v  A 0   = 0   line) shown in red. The region above the    c 1  =  c 2    line in the case of Figure 7a, and above the line indicating   c 2   in the case of panel b, would contain only leaky solutions (with    m 1 2  < 0  , or    m 2 2  < 0  , or both), which were not included in the references studied. A version of these results displaying a larger segment of the    M  A 0   − ω   parameter space appeared in Zsámberger et al. [92], which we reproduce here to better showcase one particular consequence of introducing flow asymmetry into the environment of the slab.



Figure 7a shows the waves propagating in a symmetric steady slab system described by the following set of plasma parameters in equilibrium:    c 0  = 0.8  v  A 0    ,    c 1  =  c 2  = 1.51  v  A 0    ,    v  A 1   =  v  A 2   = 0.9  v  A 0    , and    ρ 1  /  ρ 0  =  ρ 2  /  ρ 0  = 0.5  . Next to it, Figure 7b shows how the phase speeds and stability of the solutions change when plasma and magnetic asymmetry are introduced into the steady slab system, with    c 0  = 0.8  v  A 0    ,    c 1  = 1.51  v  A 0    ,    c 2  = 1.33  v  A 0    ,    v  A 1   = 0.9  v  A 0    ,    v  A 2   = 0.9  v  A 0    ,    ρ 1  /  ρ 0  = 0.5  , and    ρ 2  /  ρ 0  = 0.6  . In both cases, the slow quasi-kink modes propagate with a speed close to the external tube speeds and become strongly affected by the flow. They remain stable solutions up to quite high flow speeds, but beyond    M  A 0   = 2.5  , the forward- and backward-propagating modes are shifted enough by the flow to meet at the same phase speed value, which leads to the onset of the KHI. This is, however, not the lowest possible value of   M A  , where an instability can occur. In Figure 7a, the fast sausage modes can become unstable for an Alfvén Mach number of    M  A 0   ≈ 2  . However, once their propagation speed exceeds the external sound speed (   c e  =  c 1  =  c 2    for this symmetric case), they show a sharp cut-off, because they are shifted into the leaky regime. The inclusion of density and magnetic asymmetry in Figure 7b creates an even more restrictive environment, where no unstable trapped solutions exist at all in the same   M  A 0    regime due to the divergence of the external sound speeds. It should also be noted that a far lower flow speed may be enough to give rise to unstable solutions and, therefore, render the whole slab system unstable, as using a high-resolution grid to solve the dispersion relation revealed a third possible KHI-unstable flow speed regime at around    M A  = 1.5   (shown in the inlets of Figure 7a,b).



An additional source of extended parameter regimes of instability can be an asymmetry in the flow speeds themselves within a slab system. This problem was studied by Zsámberger et al. [98], who analysed MHD wave propagation and the KHI in the model of a magnetic slab surrounded by a non-magnetic, asymmetric plasma environment, which, additionally, contained steady flows of different magnitudes in the external regions, illustrated in Figure 8. The full (non-decoupled) dispersion relation of this configuration is given by


      m 0 2   Ω 1 2   Ω 2 2      +    ρ 0   ρ 1     m 1     ρ 0   ρ 2     m 2    (  k 2   v  A 0  2  −  ω 2  )  2  −   1 2    m 0   (  k 2   v  A 0  2  −  ω 2  )      ρ 0   ρ 1     m 1   Ω 2 2              +    ρ 0   ρ 2     m 2   Ω 1 2    ( tanh  (  m 0   x 0  )  + coth  (  m 0   x 0  )  )  = 0 ,     



(28)




where


     m 0 2     =     (  k 2   v  A 0  2  −  ω 2  )   (  k 2   c 0 2  −  ω 2  )     (  c 0 2  +  v  A 0  2  )   (  k 2   c  T 0  2  −  ω 2  )     ,       m j 2     =  k 2  −    Ω j 2   c j 2     for   j = 1 , 2  .     



(29)







Due to the presence of two different flows in two layers of this model, two different Doppler-shifted frequencies enter into the equation governing MHD wave behaviour in the slab:    Ω j  = ω − k  U j    for   j = 1 , 2  . These two flow speeds may point in the same direction or describe movement in opposite directions on the two sides of the slab, acting together to occasionally create far more favourable conditions for instabilities to appear than a single flow of similar speed would.



The panels of Figure 9 help illustrate this effect, where the phase speed of the waves is plotted as a function of the changing right-hand-side Alfvén Mach number (  M  A 2   ), for a different fixed value of   M  A 1    in each panel in a thin slab. In each of these panels there is a “central oval” region in which the solutions are stable. This region does not fall exactly in the centre of the diagrams, but rather, it is shifted based on both the flow speeds chosen and the relative difference between these two speeds. Outside the “central oval”, even at relatively small values of the right-hand-side flow, the phase speeds of the forward- and backward-propagating surface waves meet, resulting in the onset of the KHI. This happens on both sides of the central region; however, due to the asymmetric flow speeds, the KHI onset happens at different values of   M  A 2    on the negative half of the   M  A 2    axis than on the positive side. The extent of the central stable region was shown to depend on the dimensionless slab width in the same study, leading to the conclusion that all else being the same, the wider a slab is, the larger the critical value of   M  A 2    required for the KHI onset becomes.



While the inclusion of bulk background flows in any region of the slab system already has a strong effect on the waves guided by the configuration (changing both the types and frequencies of modes supported as trapped oscillations, as well as stability limits), investigating asymmetric flows specifically also causes a significant lowering of the requirements for each flow speed needed for making the system vulnerable to the KHI possible.





4. Discussion: Solar Applications


Several potential applications of different asymmetric slab systems have been suggested in a solar context. These can be divided based on two deciding factors: were static or steady slab models used, and what was the spatial extent of the suggested application in the solar atmosphere or the Earth’s magnetosphere? Based on the first criterion, Figure 10 and Figure 11 provide an illustration of suggested or completed SMS applications of recently developed asymmetric or multi-layered Cartesian waveguide models for static and steady equilibria, respectively. For completeness, we note that further details and full-resolution images are available in the publications relevant to each specific model listed in these overview figures. Of course, these suggested applications are not exclusive to any of these models; they are merely intended to provide examples of space plasma environments where each model captures a certain physical process essential to the understanding of said solar or magnetospheric environment.



In order of appearance, the first line in Figure 10 connects the analytical model of a static, externally non-magnetic asymmetric slab system (studied by Allcock and Erdélyi [84]) to the SMS investigation of fibrils in the solar chromosphere carried out by Allcock et al. [46]. This example already highlights a point we shall discuss later: the importance of the choice of model. The same observations referenced here were first interpreted as oscillating flux tubes showing a superposition of sausage and kink modes, finding a modal oscillation period of 120 s (Morton et al. [99] and Mooroogen et al. [100]), whereas the asymmetric slab model discussed them in terms of single quasi-kink or quasi-sausage modes, focusing on a different aspect of the available waveguide information. For both approaches, the high spatial resolution of 150 km on the solar surface was necessary and barely sufficient, providing 10–20 pixels across each fibril for these studies (Allcock et al. [46]).



In the second line of Figure 10, a similar theoretical model is shown. However, while the infinite, invariant nature of the slab system is kept in the y-direction, this model is closed in the z-direction for the study of standing waves. This can be a promising interpretation of a prominence: a region of cooler and denser plasma embedded between two slightly different regions of the hot solar corona with lengths of 60–600 Mm along the magnetic field lines, widths of 3–10 Mm across, and heights of 10–100 Mm (Priest [101], Zsámberger and Erdélyi [102], Oxley et al. [82]). Both small- and large-amplitude oscillations have been observed in prominences. While the lifetime of a prominence can be as long as several days, the oscillation periods detected typically range from a few minutes to over an hour (Arregui et al. [103]).



The externally non-magnetic model was generalised into a multi-layered waveguide (remaining infinite in the z-direction for the study of propagating waves) by Shukhobodskaia and Erdélyi [85], who suggested its application to magnetic bright points and their surrounding intergranular lanes and granular cells in the photosphere of the Sun. This pair of modelling and observations is displayed in line 3 of Figure 10. Magnetic bright points themselves are short-lived flux concentrations, with the majority of them having lifetimes on the scale of a few minutes only. Their lifetimes are related to their size, which ranges from tens to hundreds of kilometres Abramenko et al. [104], although their perpendicular extent and shape can vary greatly (Bovelet and Wiehr [105]).



The remaining lines of this figure deal with the externally magnetic and asymmetric counterparts of each of the three models above. Line 4 shows the asymmetric magnetic slab and its suggested application to coronal plumes or boundary regions of coronal holes and the quiet solar atmosphere (see Zsámberger and Erdélyi [102]). The bright, mostly radial rays forming the plumes follow the lines of the magnetic field and can remain unchanged for days. They are large-scale structures, with a base diameter of about 30 Mm and extending out into the solar atmosphere for hundreds of Mms (DeForest and Gurman [106], Poletto [107]). Line 5 then shows the closed, standing wave version of the previous model discussed as a possibility to model light bridges (light walls) separating sunspots into two umbral cores in Oxley et al. [83]. Finally, in line 6, the fully magnetised multi-layered Cartesian model described in Allcock et al. [46] is shown. This geometry, containing an arbitrary number of magnetised plasma domains, can also be tailored to approximate the structure of light bridges, as it can often happen that a big sunspot is divided up into more than two umbral cores by several light bridges. The size of an individual light bridge can range from one to several arcseconds on the solar surface (approximately seven hundred to a few thousand kilometres), and their lifetimes are measurable on the scale of a day or less, after which the sunspot cores they lie between either merge or separate fully (Vazquez [108], Sobotka et al. [109], Lagg et al. [110]).



A similar summary of steady slab models is provided in Figure 11. The first line here introduces the model of an externally non-magnetic, asymmetric magnetic slab containing a steady flow in the central region. Barbulescu and Erdélyi [96] derived the properties of this waveguide and described its application to CME flank regions. Using the original parameters measured by Foullon et al. [111], this investigation, as well, focused on a small segment of a larger scale coronal mass ejection, with a flank layer width of approximately 4 Mm.



Next, in line 2 of Figure 11, the slab system incorporates an external flow asymmetry instead, which may be useful in studying the fibrillar structure in the penumbrae of sunspots closely connected to the Evershed flow (Tsiropoula [112], Borrero and Ichimoto [113]). Instead of the external flow asymmetry, line 3 of Figure 11 shows a model that focuses on the external magnetic asymmetry, while keeping a central background flow in the slab, which may be used to interpret waves and instabilities in solar spicules.



Line 4 of Figure 11 unifies the two preceding approaches, showing a fully magnetised slab system with external flow and magnetic asymmetries included (Allcock et al. [46]). This approach can refine the modelling of a magnetic bright point and its asymmetric intergranular environment containing downflows of various speeds. Line 5 provides a further addition to this, showing the most generalised case of a steady asymmetric one-slab system, which can also be applied to, e.g., the triad of the Earth’s magnetopause, magnetosheath, and bow shock regions (Turkakin et al. [114], Allcock et al. [46], Nenovski [115]).



Finally, line 6 of Figure 11 displays the furthest generalised case of an asymmetric multi-layered steady Cartesian waveguide presented at the beginning of Section 3, which, just like its static counterparts, can serve as a refinement of the slab modelling of multiple light bridges, or the extended environment of MBPs.



The second categorisation of asymmetric static and steady slab models of the solar atmosphere is based on spatial scales and divides said applications into two main groups: the global stratification of the solar atmosphere and local structures within it. Zsámberger and Erdélyi [102] put forward several of these various solar environments for further study as static magnetic slab models embedded in an asymmetric magnetic environment and discussed which modes were likely candidates to be identified and whether thin- or wide-slab applications were more appropriate for each. Naturally, as the asymmetric Cartesian models have kept evolving, these suggestions can and should be reexamined, in the hopes of identifying the model that best fits the given solar structure and captures the most essential pieces of physics driving its dynamic processes.



The global atmospheric applications suggested so far involve the vertical stratification of the atmosphere. It must be noted that the asymmetric model family reviewed here does not take into consideration two important factors that can play a role in large-scale applications: the curvature of the layers in the Sun’s atmosphere and the effects of gravity. Therefore, before attempting global applications of these Cartesian models, it must be assumed that the gravitational scale height and the radius of curvature are both much larger than the investigated characteristic length scales. If these conditions are both met, then, as a first approximation, one can think of a slice of the solar atmosphere as a series of horizontal segments separated by plane-parallel layers. One possibility is to consider the lowest and highest atmospheric layers, the photosphere and the corona as the asymmetric environment, and construct a slab in between them out of the so-called interface region, which itself is made up of the chromosphere and the narrow transition region. In order to further refine this model, it is possible to use a two-slab geometry similar to the one described by Shukhobodskaia and Erdélyi [85]. Alternately, we may turn our attention to the top half of this model and investigate the triad of the chromosphere, the transition region, and the corona as a single-slab model. These applications also tie the asymmetric slab studies to the broader question of solar atmospheric heating, namely the outermost layer of the Sun’s atmosphere, the corona, can reach temperatures of millions of degrees, which is three orders of magnitude higher than the temperature at the visible surface of the Sun, which is much closer to our star’s internal fusion energy production. Numerous attempts have been made to explain this puzzling observation of the solar coronal and chromospheric heating problem. One possible source of the additional energy required to keep the chromosphere and the corona warmer than the underlying photosphere was found in the form of MHD waves guided by the ubiquitous magnetic fields all throughout the solar atmosphere, turning it into a coupled system (Erdélyi [3], Komm et al. [29]). Alfvén waves continue to be one of the special focus areas of wave-based atmospheric heating mechanisms (see, e.g., Erdélyi and Fedun [116], Liu et al. [117]). As both modelling capabilities improve (see Van Doorsselaere et al. [118]) and the available resolution of our instruments increases (Taroyan and Erdélyi [119], Cargill and de Moortel [120], Jess et al. [121], Stangalini [122]), we reach an ever-clearer picture of how various solar waveguides can contribute to a full understanding of the complex question of atmospheric heating.



There is also a rich variety of intermediate- and small-scale features in the solar atmosphere that yield themselves to local applications of multi-layered asymmetric Cartesian models. Some of these possibilities were also explored by Barbulescu and Erdélyi [96], Allcock et al. [46], and Zsámberger and Erdélyi [102]. In the upper layers of the solar atmosphere, the boundaries between coronal holes and quiet Sun areas or plumes (DeForest and Gurman [106], Berghmans and Clette [123], Ofman et al. [124], Ofman et al. [125]) could be considered in an asymmetric single-slab system, and an important next step would in this case be the inclusion of bulk background motions in the model.



A further coronal application that has been proposed already by Joarder and Roberts [126] in a symmetric model is that of prominences and their environment, where the detected vertically polarised oscillations have been explained as transverse waves on horizontal magnetic field lines. An early series of studies described oscillations and standing waves considering the possibilities of various boundary and wave vector orientations in a prominence modelled as a magnetic slab system (Joarder and Roberts [126,127,128]). Inspired by these investigations, Oxley et al. [82,83] and Zsámberger and Erdélyi [102] suggested looking at the prominences as asymmetric single-slab systems, as also shown in Figure 12, and investigated the solar magneto-seismological tools that could be developed when searching for standing or propagating waves guided by prominences, respectively. On the observational side, Arregui et al. [103] provides an overview of oscillations of various amplitudes found in prominences, as well as detection methods. Along with Arregui and Ballester [129], the study also discusses the damping of prominence oscillations. How these properties can provide insights into the physical properties of prominences that cannot be derived from direct observation is discussed in, e.g., Banerjee et al. [5] and Oliver [130], providing reviews of prominence seismology.



Finally, as mentioned before, Barbulescu and Erdélyi [96] used the model of a single magnetic slab under the effect of a steady flow, enclosed between two layers of a non-magnetic, asymmetric, static environment, to model the flank region of a CME and make successful deductions about the density ratio between the different layers of this model. The authors suggested that the estimates could be further improved by considering the presence of asymmetric external magnetic fields—which could now serve as a test of the model described by Zsámberger et al. [92].



Shifting our focus to the lower layers of the atmosphere, a thorough application of new tools of SMS developed based on the properties of asymmetric eigenmodes was carried out by Allcock and Erdélyi [88], re-examining fibrils in the chromosphere as magnetic slabs embedded in an asymmetric, non-magnetic environment. While Morton et al. [99] interpreted the observed oscillations of the fibrils as concurrent sausage and kink modes in a magnetic flux tube, Allcock and Erdélyi [88] proposed that they could be interpreted as a manifestation of a single eigenmode in an asymmetric slab waveguide instead, and even provided estimates of the Alfvén speed in the fibril.



Another example of lower atmospheric structures of our Sun that have been interpreted as asymmetric multi-layered (Shukhobodskaia and Erdélyi [85]) or single- (Zsámberger and Erdélyi [102]) slab systems are light bridges, as shown in Figure 13. These are elongated bright areas or bands embedded in the darkest and “coldest” part of sunspots, the umbra, and often, the light bridges can fully split the umbra into two separate cores. Since the two umbral cores they lie between can be entirely separate, they can likely constitute an asymmetric environment, as well. Several oscillating motions have been detected and studied in light bridges and the light walls extending above them; see, e.g., Yuan et al. [131], Yang et al. [132], Hou et al. [133], Yang et al. [134], and Yuan and Walsh [135]. Simulations show the presence of upflows in the central parts of light bridges, and downflows at their lateral edges (Bharti [136]), and so, the changed phase speeds and instability conditions of quasi-sausage and quasi-kink modes guided by light bridges in the presence of asymmetric background flows appear to be a promising area of future study.



Last, but not least, magnetic bright points (MBPs) of the photosphere are also excellent candidates for solar applications of asymmetric Cartesian models. These small concentrations of strong magnetic fields are wedged in dark intergranular lanes formed from the convectional downflow, which separate the cells of the photosphere’s granular structure (Rouppe van der Voort et al. [137], Crockett et al. [138], Keys et al. [139]). They are frequently analysed as cylindrical flux tubes; however, they are often strongly elongated, and they can even be quite irregularly shaped, especially near pores [105,140]. While flux tube and slab models are not generally interchangeable, they may help focus on different aspects of a solar atmospheric structure in a first approximation, such as the presence or absence of external asymmetry or flows in this case. A similar argument can be made for light bridges/light walls (see above). Recent studies have also found that, driven by oscillations in the photosphere, spicules can manifest either as flux tube-like jets or sheets of material, the latter of which also lend themselves easily to slab model applications. Additionally, when the available measurements do not strongly obviously reveal the cylindrical/elongated/slab-like structure of a solar atmospheric phenomenon, either approach can be used for modelling and the results compared (see a demonstration of this process in Allcock et al. [46]).



In the case of MBPs, the above-mentioned heterogeneity in their shapes makes it possible to approach at least some of them as magnetic slabs. Since MBPs are sitting in between two different neighbouring cells of the solar granulation, physical parameters on either side of a bright point may also show differences. This second fact serves as an excellent motivation to apply specifically asymmetric slab models when studying waves in magnetic bright points. Figure 14 illustrates such an interpretation of an MBP, with the bright region in the centre being the magnetic slab itself, and the intergranular lane it cuts into two halves serving as the asymmetric environment.



As the constantly evolving family of multi-layered Cartesian models kept incorporating additional sources of asymmetry in its slab systems, the applicability of these geometries to MBPs and the expected results were re-examined multiple times, which in itself serves as a powerful illustration of the importance of the model choice itself, and the unique nature of the contributions to the behaviour of the guided waves from each different source of asymmetry. For example, Zsámberger et al. [89], in the first study of a static magnetic slab model incorporating both plasma and magnetic asymmetries, employed the approximation of an incompressible plasma when suggesting the application of the model to MBPs. In this approximation, it was found that only a pair of surface modes could be expected to be present as trapped modes in an MBP slab. Later, Zsámberger and Erdélyi [102] presented an application of the same static asymmetric magnetic slab model in a more generalised case, when two high- β  segments of an intergranular lane surround the MBP, which itself could have any value of the plasma- β  parameter. In this static case, the choice of internal plasma- β  in the system did not change the types of supported solutions fundamentally, as they remained a single pair of surface modes propagating at various speeds and with different cut-off frequencies depending on the speed ordering.



Introducing bulk background flows into the model leads to very different results. Zsámberger et al. [98] found that, even with a relatively weak pair of external flow speeds chosen (   U 1  = − 1.2   km/s and    U 2  = 4.2   km/s, within the range of estimated downflow speeds near small magnetic elements [1 km/s–10 km/s]; see Briand and Solanki [141], Socas-Navarro et al. [142], and Danilovic et al. [143]), instabilities can be present in the system, as shown in Figure 15a. Additionally, the phase speeds of all solutions are shifted backwards by the downflows, which could even lead to the appearance of body modes in addition to the previously suggested surface waves. While this study already incorporated asymmetric downflows in the intergranular lanes, they were still considered entirely free of magnetic fields, which may not necessarily be the case. Allcock et al. [46], however, contains an example where the intergranular lanes are treated as layers of an asymmetric and magnetic environment. The results given by applying such a model are shown in Figure 15b. With this model and parameter choice (representative of the photosphere), both body mode solutions, and stable, as well as unstable surface mode solutions were found, with a different phase speed shift compared to Figure 15a. It should be noted again that, in a steady slab, the cut-off frequencies of trapped solutions are also shifted by the flow speeds in both the externally magnetic and non-magnetic models. However, the inclusion of external asymmetric magnetic fields results in additional forbidden regions between the Doppler-shifted Alfvén and tube speeds, in which the waves would become leaky. In both cases, instabilities could only be found in thin slabs for the selected external flow speeds, although the extent of this range itself in the dimensionless slab width parameter varies a little between the two models. As the slab considered becomes wider compared to the wavelength of the studied oscillations, the solutions can remain stable. Similar to what was discussed earlier in relation to Figure 9, the instability can still exist for the relatively low, sub-Alfvénic external flow speeds chosen here due to the presence of the flow asymmetry. A future direction of improving upon modelling MBPs could be investigating how these instability conditions change when further details of the surrounding photosphere are also taken into consideration. Based on the application of a multi-slab model such as the one described at the beginning of Section 3, or by Shukhobodskaia and Erdélyi [85] and Allcock et al. [46], it becomes possible to also include information on the granular cells themselves separated by the region of the dark intergranular lane containing the MBP.




5. Conclusions


The previous sections have provided a brief review of recent advances made in uncovering the role that symmetry and asymmetry play in the propagation of MHD waves, focused on a solar environment and possible applications in the field of SMS. We have presented the composition, advantages, and key results of several, asymmetric and symmetric magnetic slab models applicable to different structures within the solar atmosphere, including models of a single slab and its environment, as well as the most generalised version of a multi-layered Cartesian waveguide incorporating plasma, magnetic, and flow asymmetries. We explained the main features of quasi-sausage and quasi-kink eigenmodes in an asymmetric waveguide, which could then be utilised in crafting and applying tools of solar magneto-seismology to various different atmospheric structures. While in some cases, new analyses of existing data are possible, when it comes to applications, especially for small-scale lower atmospheric features, the applications of such tools will become possible only with the higher spatial and temporal resolution measurements of next-generation solar telescopes such as DKIST.



We took great care in identifying the additional physics incorporated into every gradually built new model and outlining which source of asymmetry (or lack thereof) is responsible for which new, potentially unexpected facet of MHD wave propagation that the analytical and numerical modelling efforts uncovered. It should be noted that, however useful layered asymmetric waveguides are as proxies for inhomogeneities in physical parameters of the solar atmosphere, the results provided by their application must not be overinterpreted. Depending on the nature and type of the solar structure under investigation, and the specific aspect of it under study, carefully weighed choices must be made between cylindrical and Cartesian models. Further refinements of these specific models, e.g., including non-linear effects, or incorporating gradients instead of sharp discontinuities may both help capture an additional aspect of MHD wave behaviour in the solar plasma, but they may also sacrifice some of the analytical tractability.



In Section 4, we demonstrated that the choice of the model has a significant influence on what aspect of a certain solar waveguide we are able to study. This is true both for picking which sources of asymmetry to incorporate, as well as for deciding between flux tube or slab models. Some features of the solar atmosphere may yield themselves to both geometries, depending on the available information (see, e.g., the multiple studies of chromospheric fibrils as slabs (Morton et al. [99], Allcock et al. [46]) or the variety in the shapes of MBPs). For a more complex understanding of asymmetric solar MHD waveguide models, additional effects such as propagation not only in the z- but also in the y-direction or gravitational stratification may be brought back into consideration. Various alternate sources of instabilities can be considered as well, such as investigating the effects of different velocity profiles on the KHI threshold in either slabs or cylinders (see some early kick-off works by, e.g., Michalke [144], Blumen [145], Ray [146], Wu and Wang [147]).



Overall, while there is always room for introducing more meaningful physical complexity into our waveguide models, exploring the influence of breaking the symmetry in the classical building blocks of modelling the solar atmosphere has provided us with new insight into MHD wave propagation and waveguide stability, and it also led to the development of new diagnostic tools for SMS purposes. As demonstrated, several applications can be found for the asymmetric model family in the dynamic solar atmosphere, allowing us to gain valuable information on the workings of our star, as long as we keep both the strengths and the limitations of our modelling efforts in mind.
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Figure 1. Generalised multi-layered Cartesian waveguide model including asymmetric flows. Structuring is present in the x-direction, while the system is infinite and non-stratified in the y- and z-directions. 
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Figure 2. The model of a symmetric slab in a non-magnetic environment (figure based on Roberts [48]). Here, and in all the asymmetric slab systems that follow, stratification occurs in the x-direction only, while the system is generally infinite in the other two directions. 
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Figure 3. The model of a magnetic slab in an asymmetric non-magnetic environment (based on Figure 1 of Allcock and Erdélyi [84]). To keep the external pressures balanced, in accordance with Equation (3), they take the same value (   p 1  =  p 2  =  p e   ), although the corresponding combinations of density and temperature may be different. 
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Figure 4. The transverse velocity perturbation amplitude of eigenmodes in an asymmetric magnetic slab, adapted from Figure 4 of Allcock et al. [46]. Panels (a,b) show a quasi-kink- and a quasi-sausage surface mode, respectively, in a thin slab. Panels (c,d) depict a quasi-kink and a quasi-sausage body mode in a wider slab. In all four cases, the slab is strongly magnetised and embedded in a rarefied asymmetric environment. 
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Figure 5. The model of a magnetic slab in an asymmetric magnetic environment, where both the plasma parameters and the magnetic field strength may take different values in the two external regions (adapted from Figure 1 of Zsámberger et al. [89]). 
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Figure 6. The model of an asymmetric magnetic slab system similar to the one depicted in Figure 5, keeping both plasma and magnetic asymmetries present, but now also including a steady flow in the central region (based on Figure 1 of Zsámberger et al. [92]). 
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Figure 7. Solutions of the full dispersion relation (Equation (25)) in (a) a symmetric slab and in (b) a weakly asymmetric slab. 
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Figure 8. The model of a magnetic slab surrounded by different flows in its asymmetric non-magnetic plasma environment (based on Figure 1 of Zsámberger et al. [98]). Similar to the case illustrated in Figure 3, the external pressures are the same, while the other parameters are allowed to break symmetry. 
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Figure 9. Phase speeds of trapped oscillations in a magnetic slab as a function of the external Alfvén Mach number on the right-hand side, in a slab of fixed width,   k  x 0   . Through panels (a–d), the left-hand-side Alfvén Mach number increases from    M  A 1   = − 0.2   to    M  A 1   = + 0.2  , shifting the central stable region with it. Source: Figure 5 of Zsámberger et al. [98]. 
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Figure 10. The family of recent static asymmetric slab models and their potential applications to observable structures in solar magneto-seismology. 
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Figure 11. The family of recent steady asymmetric slab models and their potential applications to observable structures in solar magneto-seismology. 
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Figure 12. Stratification of the solar atmosphere around a prominence viewed as an asymmetric magnetic slab system incorporating plasma and magnetic asymmetries, but no background flows. The picture on the left shows the orientation of the slab projected over a prominence observation by SDO in the 304 Å channel from 20 July 2013. The right-hand-side image illustrates the necessary rotation of the coordinate system by 90° to adapt the slab model to a prominence above the solar surface. Source: Figure 8 of Zsámberger and Erdélyi [102]. 
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Figure 13. A light bridge viewed as a magnetic slab system incorporating external plasma and magnetic asymmetries, superimposed on a slit-jaw image taken by the Interface Region Imaging Spectrograph (IRIS) in 1400 Å, on 3 July 2014. Source: Figure 10 of Zsámberger and Erdélyi [102]. 
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Figure 14. An elongated magnetic bright point viewed as a non-stationary asymmetric slab, where plasma parameters, magnetic field strengths, and flow speeds present in the external regions may all be simultaneously asymmetric (adapted from Figure 12 of Allcock et al. [46]). 
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Figure 15. (a) Solutions to the dispersion relation in (a) an externally non-magnetic slab system incorporating density and flow asymmetries, adapted from Figure 2 of Zsámberger et al. [98] and (b) an asymmetric magnetic slab with external flow asymmetry, adapted from Figure 13 of Allcock et al. [46]. 






Figure 15. (a) Solutions to the dispersion relation in (a) an externally non-magnetic slab system incorporating density and flow asymmetries, adapted from Figure 2 of Zsámberger et al. [98] and (b) an asymmetric magnetic slab with external flow asymmetry, adapted from Figure 13 of Allcock et al. [46].



[image: Symmetry 16 01228 g015]













	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2024 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).








Check ACS Ref Order





Check Foot Note Order





Check CrossRef













media/file13.jpg





media/file4.png
De
Pe

De
Pe






media/file30.png
wlk

1

—10 -

Vao

o

o

o

0

] +

L

Co +

[

Y

-5
— —Cre

e 1-a

o S S S S S S —co
L L L L L L L L L L L L A=V

0.0 0.5 1.0 1.5 2.0 2.5

kXU

(a)

&)/kVAO

10

0
L/
==
-5 o
¥
-10
_15 i

Co
Vao

Cro

C]_+U1

c+ U
Va1 + Uy
cr1+ U1

—cn+U,
—va + Uq
Vaz + U
cnt+U>

—C7o0

-1+ U;
—Vao
—Ccr2+U>
—Var + U>
—Co

—Ccr + U

0.00 0.25 050 0.75 1.00 1.25 1.50 1.75 2.00

kXo

(b)





media/file18.png
1.5— - — Cat+U; 15 =
My = —0.20 e P
- =
kxo=0.10 ,/ //
L . 7 =
> 2
1.0 — Va0 1.0 - Vao
. A .0 A
—
ECH-Uz — C1+ L= C2 + U2
T0 —"_CID

LR p—
- e,
-

—Cr0

—co
—Vaa

~-15 = -15 -
=15 -1.0 -0.5 0.0 0.5 1.0 1.5 Z1.5 -1.0 —-0.5 0.0 0.5

Ca+ U

VaQ

—C, + Uy
CTn) ?

—CTo
—Co - —Cg
VAo -1.0 — —Vaq
-1.5 = -15 =
=15 -1.0 -0.5 0.0 0.5 1.0 1.5 =1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
Maa





media/file21.jpg





media/file26.png





media/file27.jpg





media/file3.jpg





media/file22.png
CORONA

FLANK

Magnetopause
Magnetotail

Magnetosheath

Bowshock

— E—
~ ™ ~
&N S | PCococoooo & cood .
c e — N — @
& T S S S —
: A et Tt &
S & | eemmmeas & ... & —
) — E—
‘ \ \ \ A . \ \ Ay A \ \ \4
A \ \ \ A} A S Ay \ A \ \ Al e
s o . . o S
8
— Pooooooos cood cood
— I — ——
coodf Pocoooooos cood soodd
| — — |

Po, po, Lo

-
-

Theoretical
models

L

Pe; p1, 11

11, p1

Solar Magneto—-Seismology

Po






media/file19.jpg





media/file7.jpg
b 1 =%
a0 Kxo= 0.685

()

(d)





media/file28.png





media/file10.png
]
[
] I'l’O

| ¢

|

|

|

|

| Y
—X0






media/file14.png
1.6
Vao + Vo /

C1 Co 0
14 CTO + VO

Val Va2
cr1 Cr2

IS
5 0. /
c
3
0.6
0.4 v
0.2 )
0.0

0.0 0. .0 15

Mao = Uo/Vao

(a)

25

1.6
Vao + Vo /

-Cro + Vo

-/V%wo

14 cro+ Vo
2

1.2

1.0
£ Val Va2
B 0.8 CT1 Cra
[~
3

0.2 / /
/o
// H
0.0 —
/ / T
0.0 05 10 15 2.0 25
Mao = Uo/Vao

(b)





media/file11.jpg





media/file6.png
Pe
P1
T

Pe
P2
T






media/file15.jpg
4
'
u

To






nav.xhtml


  symmetry-16-01228


  
    		
      symmetry-16-01228
    


  




  





media/file16.png
S
)
,
\ \ KY
| U —— AV r||||r||||ux0
(====- ==
— 2
A lllll O O-/ - m-.
D S
(====- o ==
<« I
\ ‘+ <
' lllll AT R —— rllllrllllb_x
=
€= - g
%)
ng
>
N\





media/file2.png





media/file20.png
1750
1500

P2
Ty

De

De, 13

P,

R
Plgt1)

(g+1)

13
Tigryy

&

(=mmmamana

(s

7
Pp+1

L
Plp+1)

L
Ty

L.

A AT

(=mmmamann

\
=3
{llulrlullnx

x

-

1, P1,

|

T — —x0

E23

0






media/file23.jpg





media/file5.jpg





media/file24.png
P2
T,
——— B‘z >

'. “ ’ * 4
Y e L L L L L L L e

g >
p - —
£0
p— L ——
- TO ———
p— ——
By
p— L —
NS S =ik TR e R T o
— Iy >
1 P1 >
- >
T
- >
| B, .

oouauIuoxd





media/file29.jpg
wik

0
T oo
s
e H
=
s

s

erev,
oo a5 w0 B 20 15
05 635 0% a3 100 155 150 175 100
koo o
(a) (b)





media/file1.jpg





media/file25.jpg





media/file12.png
[ |
1
] | ] To

| ¢

|

|

|

|

Ra
—X0






media/file9.jpg





media/file0.png





media/file8.png
Vx(])-(g“ o T T 1 Vx(x)‘

0] 1.0
By, 01

0.5 0.5 1
-—-—-—'———/

0.0 —'2 0.0

—0.51 -0.5

—~1.01 —1.0

(b)

Vi (X)A 4 