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Abstract: In the present article, the method which was obtained from a combination of the con-
formable fractional double Laplace transform method (CFDLTM) and the homotopy perturbation
method (HPM) was successfully applied to solve linear and nonlinear conformable fractional par-
tial differential equations (CFPDEs). We included three examples to help our presented technique.
Moreover, the results show that the proposed method is efficient, dependable, and easy to use for
certain problems in PDEs compared with existing methods. The solution graphs show close contact
between the exact and CFDLTM solutions. The outcome obtained by the conformable fractional
double Laplace transform method is symmetrical to the gain using the double Laplace transform.

Keywords: conformable partial derivative; conformable double Laplace decomposition method;
homotopy perturbation method
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1. Introduction

Several applications in advanced science are modeled by linear and nonlinear frac-
tional partial differential equations (FPDEs), for instance, in mathematics, fluids mechanics,
physics, biology, chemistry, economics, electromagnetic theory, signal processing, etc. The
authors in [1] utilized the homotopy perturbation method (HPM) to handle nonlinear ordi-
nary differential equations and partial differential equations. Through this, solving FPDEs
lured the concern of many authors (see [2—6]). Various researchers assisted with fractional
derivatives of FPDEs, for example, Caputo [7], Liouville [8], and Ross [9]. The homotopy
perturbation method has been extended and used to acquire approximate and exact solu-
tions of fractional-order linear and nonlinear PDEs [10-12]. Recently, in [13], the authors
extend the familiar limit definition of the derivative of the function and offer the so-called
conformable fractional derivative (CFD). Many scientists have been applying the CFD in
numerous employments (see [14,15]). The Laplace transform method (LTM) in [16,17] is
one of the famous methods for gaining the approximate and exact solutions of FDEs. The
researcher in [18] constructed the single conformable Laplace transform method (SCLTM) to
solve FPDEs in the conformable fractional derivative sense. The authors in [19] solved time
fractional diffusion-wave (TFDW) equations by employing the meshless generalized finite
difference method. Series of time-independent integer-order boundary value problems
were obtained by transforming the time-fractional diffusion-wave initial-boundary value
problem, and the linear algebraic systems were built by the application of the GFDM [20].
The researchers in [21] found the numerical solution of fractional-time-space differential
equations with the spectral fractional Laplacian by using the generalized exponential time-
differentiating method. In [22], the authors presented a new method of the double Laplace
transform called the conformable double Laplace transform (CDLT) and implemented it
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to solve the conformable fractional partial differential equation. Many strong methods
have been improved and developed to gain numerical and exact solutions of fractional
linear and nonlinear partial differential equations, for example, the (CLTM) [18,23], the
modified Laplace transform for certain generalized fractional operators [24], fractional
double Laplace transform method (FDLTM), and its properties [25]. This study aims to
implement the conformable double Laplace transform method (CDLTM) to obtain the exact
and approximate solutions of a class of CFPDEs. The remainder of this article is organized
as follows: In Section 2, we introduce essential definitions and address some properties of
the conformable double Laplace transform method (DLTM), as well as the single Laplace
transform method (SLTM) and properties of conformable derivatives (CDs). In Section 3,
we introduce the basic idea of a CDL and (CALM) for solving (PDEs). In Section 4, some
applications of the offered method are used to gain the exact and approximate solutions of
conformable fractional linear and nonlinear partial differential equations. Lastly, Section 5
contains the conclusion.

2. Conformable Double Laplace Transform Method (CDLTM) and Properties of
Conformable Derivatives (CDs)

In this section, we present some definitions and the basic properties of the conformable
double Laplace transform method (CDLTM), conformable single Laplace transform method
(CSLTM), and the properties of conformable derivatives (CDs).

Definition 1 ([6,26]). Let f : (0,00) — R; thus, the conformable fractional derivatives (CFDs)
of the function and g(%) of order B and w are defined by

- (;4) . g(B +opt=) — () "

v—s0 (Y !
114
where% >0,0<a<l.

Definition 2 ([6,26]). The conformable fractional partial derivatives (CFPDs) of order B of the

functions f (%, %) are defined as follows:

, )

o (o (e P) - ()
P <0¢'ﬁ> = Jm, T

where%>0,0<[$§l.

The following theorem represents the relationship between the conformable partial
derivatives (CPDs) and the first partial derivative.

Theorem 1 ([6,22]). Let a, B € (0,1] and f(%, %g) be a- and B-differentiable at a point %a >0

and %5 > 0. Thus,

s(55) (5 )
ou” = ow '

aﬁf<ﬂ7a”77f) kﬁaf(%’%)
I TR

)

and
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Proof. By taking Definitions 1 and 2, and using w = vu!~* in Equation (1), we obtain

() S E) ()
out a’ B v—0 v
w B « B
~ ST a5
I A NN ST
_ whgog( tw /32] g( ﬁ)
= #”ag(g;]@.
To prove Equation (3), take A = t;7' 7 in Equation (4); thus,
() ()
anP B on
B a B . f L,ﬁ_f_.rﬂl—ﬁ —f L’ﬂ
() = dm, Egem ) /(E5)
= lim f<y7 %H\)*f(% %)
A—0 )W/S—l
e ) ()
A—0 A
171—58]((}5’77;)
a1

O

In the following example, we introduce some properties of the (CFDs) of certain functions.

Example 1. Let o, € (0,1], and a,b,k, v, and A € R; thus,

L)) K )
& a\ a ay a—1
2 (8 (5) =ol5)"(5).
() () = (F
4 ooy () + by (2, 5
= ol (5 5)] 0[5
a

=
2
<
E
J’_
~
\_j =% <
SN—— —~
Il
<
2
C‘L
+
~
~__—

B B
cos(n%) sin(w%)) = wcos(n%a) cos(w%).
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Conformable Double Laplace Transform Method (CDLTM)

Definition 3 ([6]). Let f be a real valued function. The conformable single Laplace transform
method (CSLTM) is defined by

p o _ P B
4(5)) = Lo (5o
(Y] 2 / T eple p (B e
£y|:f<a):| ) f(a pdp ()
where p and s are complex variables of the conformable fractional Laplace transform method.

Definition 4 ([6]). The CSLTM of a function with two variables with respect to y and 1 of
)((” T ) is denoted by

(ER) - o) o
WD) - )Lt o

Definition 5 ([26]). The CDLTM is defined by

114

o B Viﬁ L—s V’?ﬁ B—1, a—1
SR )] —rster= [ 7 a2 B

where £‘;,£5 refers to the CDLTM, and p,s € C,0 < «, 8 < 1 of the conformable integral with
respect to y and v, respectively.

Theorem 2 ([22]). Let x (% Wﬁ) and ¥ (% %) be two functions which use the CDLTM. Then,

1
£$£5{Vx<y,17ﬁ)+vxy(iﬂl’7ﬁ>} —yﬁgﬁﬁ{x(u“ﬂﬁﬂ +U£f‘£5h<w,'7;)}
where v,v € R
2,
£Z£5<3 7l “’57((}5’?)) Xp+0,5+w)
3,

« pb 11 s
W\ X\ 172 g eggzﬁx 6, 0

Proof. (1) By employing the definition of the CDLTM, we get



Symmetry 2024, 16, 1232

50f24

b
£ (

o=
60”‘

i

;477’5
"B

vfﬁfﬁ[x(%; )] o[ ( 7))
() mven
N
1//0 /0 X(’fx 78) PH+S?7)d,7dy
+UAWAMT<i¥¢ve(W“WmMy
vl [x(’f: Zjﬂ + vl [\f(”“ P

i

(2) By taking the definition of the conformable double Laplace transform method (CDLTM),
we obtain

1)

xX(p+os+w)

Fx

Now, using the definition of the CALM to integrate inside the bracket in the above equation,

we get
i)
X
0 P

By substituting Equation (9) into Equation (8), one can get

=x(u,s+w), 9)

| e s + @) = x(p o5 +w).
Similarly, we can prove (3). O

Definition 6 ([5]). The CDLTM of the conformable partial derivatives of orders a-th and B-th

® B ® B « B « B
() wal) oaley) | ()
d aqzﬂ

o , 5P , Py and is given by
_ e N
ach VT n-
:
£5Ly (aya ) = px(p.s) = x(0,s),
- o N
Py (L,
7B
£t (a;ﬂ ) = sx(p,s) — x(p,0), (10)

and the CDLTM for the first- and second-order fractional derivatives is given by
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B a B\ ] B
62"‘)((”* *) 8"‘)((0 ’7—)
B a’ p _ 2 B "B
£$£’7 o2 = px(ps) —px(0,s) — £ oo | (11)
() 1(5.0)
B a’ _ 2 o’
Gty | = | = SKps) —sx(p0) — G —5 5, (12)
*x Fx %y

where and 2 2/3 represent the a-th- and B-th-order conformable fractional par-

aya 7 817/3’ ayzn
tial derivatives.

In the next theorem, we generalize the conformable fractional double Laplace trans-
form method (CFDLTM) for m, n-time conformable fractional derivatives.

,%) € CHR* x R*),

Theorem 3 ([22,26]). Let0 < &, B < land m,n € N such thatx(% h
oo (E o T
) (7/ ?) llnd 317(11)/57((7’ ?)

max (m, n). Also, let the CFLTM of the functions X( —)
exist. Then,

RIUAL p
£“£’5[ay( (5 ’;)] = P (9) — P09

m—1 L e B
Y ! 155 [ay(iMX(O’Wﬁ)]' (13)
i=1

and
o(m)B x pp Y N
& [WX(P;Z%)] = "Xap(prs) =" xalp, 0)
n—1 . oA a
_ n—1-j o il
];S £V [a,ﬂ”ﬁX( P /0) ’ (14)

et gf CLOL Ty H ; va-
where T X( T B and sy X\ @ B denote the m, n-time conformable fractional deriva
[

tives of function X( , Fﬁ) with order o and B, respectively.

In the following example, we calculate the CFDLTM for certain functions:

Example 2. Let o, € (0,1], and w,v,v,c,d and o € R; thus,

1. £ (w w) =4,

r gedl( ) or(25)] - a5 )] oo r(£.5))
3. G fsin(clh +d%)] =
4 £’;‘,£g:cos(c” +d )]:%,

p
7. £

AT A (74 1) T(k+1
6. | (5) (%) } = B = NI e > 1,
( B

e n L_;'_i n!
w )(%)ea ﬁ] = oo M €N
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3. Analysis of the Method (CDLTM)

This part illustrates the suggested approach (CFDLTM) and (CSLTM). We consider the
general form of linear and nonlinear CFPDEs in the following form:

o (u 1P P P i
s ) +e (i) ) v (5 5)) (55 ) o
with initial conditions

o « aﬁx(’%“ 0) «
oo\ g (B _NT) (B
x(a,o)—kl(a), o kz(a) (16)

where aa% X (% %) , denote the time B is an order of a conformable fractional derivative

of function x (”—, : ), and the linear operator is defined as £, the symbol N denotes the

® pB\ . . . .
nonlinear operator, and k(%, %) is a known analytical function, and kq, k; are given

functions. To solve Equation (15), the following steps are needed:
First step: Using the CDLTM for Equation (15) and CSLTM for Equation (16), respec-

tively, we will gain
)] s+ 5[ (x5 ) )]

szﬁi‘,ﬁg [)((P; 5 L
D))-sb( 7))

+£‘;‘,£’; {N ()((

x(p,0) =ki(p), and E“(Dﬁ ( ) (18)

By substituting Equation (18) into Equation (17), we gain

ki(p) |, ka(p) | paps[K(ps) Bl (1 1P
X(P,S) = S + 2 +£$£17 2 _57555 X 7/?
« pp
(5 )] &
Second step: By operating the inverse CDLTM for Equation (19), one can get
x B « B « o T1
(5) = b(5)+ LK) +5e [ adhcips)]
11| 1 B peonP
—£, £ [Szﬁ’;ﬁv L{x B (20)
11| L B uonP
The nonlinear term N/ ( X (%m, %)) is expressed as
P S
j=

The few terms of the Adomian polynomials for A; are denoted by

= E} m\“

and

[e9)

w3 v E )

, Jj=0,12,... (22)

i=0 A=0
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Third step: Now, we apply the homotopy perturbation method (HPM), as follows:

(%) -Eonl(55)

and we get

o x B i3 B %
i (BT = K T, (-
() = u(5)+54(5)

+q |£, e Szfzﬁi(k(p,s))ﬂ (23)

—q|£, £

Fourth step: Matching the coefficient of the power of g, the following approximation

is obtained: g p
s e (B
() =6 () + ()

The subsequent terms are
1 . #a 17'5 _£71£71 1£1X£,B k
7 - x1 ?,F —=p =s ?MW( (p,S))
1 © b
—“1p-1 p won
_£;7 £ [SZE;CIE’I {L(X()(“, ,8)) +AO]]
x B .1 x
¢ nl(5g) e ool
i
p

10111
(g adlla(

Therefore, the exact solution of Equation (15) is given by

Deal] e
)]

= “EQ = “S
=[S =S,

X=xotxitxz+xs+... (25)
4. Application

This part of this paper offers some well-known partial differential equations in the
sense of conformable fractional derivatives.

Example 3. Consider a singular conformable fractional Boussinesq’s equation in one dimension [6]
as follows:

aZﬁ ]4 17/5 _ &a 28“ a:xXaZxX B &a 2 aZaX 2_ (26)
B\ P « ) apm \ ope gp2e « ) \opx) N

with the initial conditions

a‘t

x(’f,o) =0, 78%(#'0) :( a)z. 27)

onP
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By utilizing the CDLTM for Equation (26) and CSLTM for Equation (27), respectively, we yield
2,0 B V;X ﬂ "l/l :”7“ _
el )] (o) ~n((50) -

2 s/ \on 2
arb | (N0 (NP AN | apb| (H\ [ *x
£ £ [( o > a]l <ayo¢ aFth £ﬂ£’7 o allZoc X
After an assessment, Equation (28) can be simplified to
1 u* 1 u*
o) = 14 (x(50) ) - 28 (x5 0))
2
l o B lix 2 o aaXaZxX 1 lix 2 athX
+ 2ty [( « ) op \ opx a2 52’5145 a 2 TX
By substituting Equation (27) into Equation (29), we have
21 B ‘ulx 2 0% (9% aszX ‘M“ 2 az,xx 2
x(p.s) = P3 7+ SZE;C!EW <(1x> ou* \ ou* 9ux “\x o2 X (30)
By applying the inverse CDLTM to Equation (30), we obtain
I’LX ﬁ — &a Zﬁ —1p- o P & a“Xa2“
(o) - () o jama () 5e (G
L aZ:x
—£ 1 l £"<£5<< ) ( > )] (31)

Now, we apply the homotopy perturbation method (HPM), x (”7 %) Yi%o Px; (”7 "Tf), and
we get

Fo(t L) - (1)

A “) B

1| L (NP 3K 9
£P £S [ﬂﬁﬁﬁﬂ ; a‘uuc ]Zq a‘ulX a’uZa

2
1 a\2 oo aZ:xX‘ o
—1,-1 Bl (H j
—q{fp £ [ fiiﬁn((a) ;Jq]<ayz,x —}:OPJXJ‘ :
= j=

2
ax; %x; [ 9% .
The nonlinear terms 53 2 <X’> are defined by

, (28)

. (29)

+q

] (32)

u® aHZa/ 8]42“
atxX], aszXj ) aszXj 2 0
o o :];)Af’ and <8‘u2a> - ];)B]" (33)
The Adomian polynomials of Aj, and B; are defined by
1 d [&/ ]
A=Ay (A , (34)
T N _i_0< ]>_ e
and L o
1| d | & .
Bi=+|-— Mx; , 35
T= gt an g( Xf) e (35)
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Moreover, the few components of the Adomian polynomials of Equation (26) are given as follows:

Ag
Ay
Ay
As

and

(X0)u(X0) ups
(X0)u (X1 + (X1 (X0) s
(x0)p(X2) e + (X1 (X)) e + (X2) 1 (X0) e
(XO);!(XB up (Xl)y()(z)wt + (Xz)y(?(l)yy + (X3)V<XO)W/
By = (X%)}ly/
Bi = Z(Xo)wl()(l)yy,
By = 2(x0)up(X2)up + (X%)mu
Bz = 2(x0)uu(X3)upx + (X3)uu(X0) s

By matching the coefficient of the same power of q, the following approximation is given:

nl55)- ()%

and

Then, we have

The first iteration is given by

(%)

£;1£S—1

£;1£;1
£;1£;1

5;715;1

B (1 a\2 g a 2

Y _ 101 Bl (H i

) =5 zﬁ?ﬁﬁv((a) o () w0
B (1 a\2 g ay 2

Y _ 101 Bl (H i

) =5 z£5£v<(a> = () B
B (1 a\2 g ay 2

M\ _ 1,1 Bl (H i

)=k 2£Z£”<(a> st () B

~

~

(36)

(37)

(38)

(39)
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At j =1, we have

p 1|1

£L B o - (B —m)

(%)

(P‘f)zaia (Gt0)n (et ) + (Xl)y(XO)W))]
f

6

Similarly in thecas o j = 2, we hawe
m(’fx”;) = £L [;£ﬁ£5<<f)2(1“2)—(f)z(Bz)—M)
= 5 [;fﬁf’é((ff ” ((xwocz)woa)y(;a)yy+<XZ>V<XO>W)>]
gt leﬁ;‘iﬁf? <(“)
- g (2))
el
- —5540(’;“) )

In the same way, at j = 3, we have
a0/ Wy | Y

_1
[ | p
= £ |5 £“£,7<

(x0) Hi (x2) i (X%)W) +X2>

aN 2
£;1£;1 S—zﬁ;ﬁﬁs — (V (Z(XO)W(?Q)W + (X3) up (XO)W) - X3>

1 1 [\ "\’

_ —1p0-1| = pa B & L

= bk 52£V£”<5040(a> (vc) )]
1 217!

| 5040 p3s10

1 ,‘I/llx 2 1704 9
~ 362880 (rx) <1x> ‘

and so on. The solution of this series is denoted by

— £;1£;1
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2‘31 aN\ 2 p¢31 o a\ D

n M n K n

5-x(ic) (%) +5(5) (%) 4
7 9

a\ 2 B
- () = (%)
Therefore, the solution of Equation (26) can be written in the form
2
pnPN (N L (1P
(5 %)= () = (%) @
Additionally, to obtain the exact solution, assume o« = B = 1; thus, we have

x(u, 1) = wsin(n).

Figure 1 shows the exact solution at « = f = 1 and the approximate solution for
different values of « = § = 0.90,0.70,0.50 and 0.30. Refer to Example 3.

80 r
— — —Exact solution y(p,n) -:,-‘
-~ a=04=0.90 o
n=3=0.70 -"":'
a=3=0.50 J-’(.' /
F | —a=3= 4" :
60 ! 0.30 Lo/
A/
_ =
50 Vo /
. S /
? ."r.o. -. /
240 S
P o] /7
30 I 7 -l.o /
patunivd
/..l .. I'/
i ..""/»
20 R4
10
T
0 p— r.‘.‘l:!_l}l"u"u .l i L It I 1 J
0 1 2 3 B 6 6 7 8 9

Figure 1. The exact and approximation solutions of x (y, 17).
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Table 1 shows the numerical solution for different values of « and f for the function

X, 1)

Table 1. Numerical solution for different values of « and B for the function x(y, 77).

u n o= =090 a=B=095 «a=p=099 Exact S. Abs. Error
025 0.2 0.015115 0.013713 0.012668 0.012417 251 x107*
04  0.027551 0.025904 0.024679 0.024339 341 x10~*
0.6  0.038149 0.036729 0.035579 0.035290  2.89 x 1074
0.8  0.046979 0.045934 0.045059 0.044835 224 x 10~*
075 0.2  0.136036 0.123418 0.114011 0111752  2.26 x 1073
04  0.247607 0.233141 0.221832 0219048  2.78 x 1073
0.6 0.343342 0.330557 0.320210 0317611  2.59 x 103
0.8  0.422808 0.413407 0.405529 0.403551 1.97 x 1073

Example 4. Consider a singular conformable fractional thermo-elasticity-coupled system in one
dimension [27], as follows:

BZ/SX y 17/5 _a o ;478 a9 oty +;47“8"”5E’
on2p "B p* ous \ a ot u® ouronP \ a ou” a ou*
2
_ M”‘) (17'5) Mk
= 2( sin — —4, (42)
« p p
T R
onP B pe ot \ o ouc “QuronP \ a ou® a JutonP
a2 B B
= () () a5 —sem() +2()

Subject the initial condition as follows:

a aﬁ)( ”T,DC,O a2 pt
NG IR U B ) I

By using the CDLTM for Equation (42) and CSLTM for Equation (43), respectively, one can get

_ 1 1 Lpngp| & O (" 0%
x(ps) = Sx(p,0)+ Zx(p.0) + £k LMV « o
1 el au¢+/3 ‘ulx arx aaun{f
—i_sizﬁ"ﬁi7 [;1"‘ ouranP \ a out (“44)

ope
oo (B
+S—2£;“,£,7 [2(06) sin

1 1 a o% X ory
=i Sl 2 (23

and

u* oy x out
1 2 op i aa+ﬁ ]ixamlr _1 8 ]/Lx atxﬂBX
st [y"‘ outanP \ a ous st | ouronP 45)

o
w=n
B

e[ () o) -a9n(15) seos() +2(25) ],
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By substituting Equation (43) into Equations (44) and (45), we have

T sl Baca O acav¢
x(ps) = p332+52£”£’7[y“8y“(a8y“

Loapla 0P (pto'x\ _ pt
Tt [W‘au“anﬁ & o 7 e

a2 B B
+512£i‘,£5 lZ(P;) sm(’7 7417

and

Tp[a & (1t

Hpe) = 55””{;4“8#“(“9#
y
S

1 o B[ aa+[3 ‘uzx Yy 8 ‘utx aoc+/3x
5454 e o 1 e v

(=) () -sa(F) oon() ()]

By using the inverse CDLIR to Equations (46) and (47), we get

o ou“

1 o8
+ £kl

A W A AR agh| @ 0% ([t Oy
X(«X'ﬁ) - (w> gt £ 2£“£” HEous \ o op
1 o aszrﬁ x g & gy
1| Ll @ PoOX)_H
R L =l G A R

H
1| L pa B P‘iz Wﬁ_ﬁ_
+E£, £ Lzﬁuﬁ’? 2 o sin g 4/3 ,
and

x B 9% aatx
[ i WP PRy b Wy "
v (0F) e el ()]
£P
’7

1 gl a 9% +p ‘uilxarx\{f 1 ‘utx 8’”/5;(
Ty A [ ! EU[ “ouronP \ a ou® s a ouronP 49)

2 p p p a2
11|t a B ¥ Y qen(l Ui H
+£, £ lsEV’E”(a) cos(ﬁ> 4sm(ﬁ> 4COS(5>+2<¢J¢) ]
Now, we apply the homotopy perturbation method (HPM) and get

o x P aN 2,8 1 ot [yt &
jo. (P 77) — (V> 1+ £71p-1 7£1X£/3 a
ng)(]<a g 2 ) g B s | E5E | e Z‘IXJ#
a"“"ﬁ U . y‘x ®©
£, 16| el Ey gy | - £y g, 50
p s Ulyaayaaﬂﬁ<w Z;‘WCJ> a];)q jh (50)

e poshEY o)1)

+q

+q

and
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En(59) - oot ()]
e oz ()]
—q _£;1£;1 5“55[ q]‘I’jW]H (1)
e () () -9
- —£;1£s_1 ggggg [4cos(1‘73ﬁ) —2(@?)1“

By matching the coefficients of the same powers of q, we have

Ui
B

K

(”‘

X0
Yo

14
0,

;

The first iteration is given by

1111 B
o= £ 52£;£5( <) sm(”ﬁ)—4’7—4ﬂ
" T
258 g (o) |
F ﬁ{“ e (f570) - %H
2 Ul & 3B \ « I
V Ui
Ry b 17‘3 PV
= £, £ —2 sin F F F+4
7- B
= £;1£; £“£5 ( sin 1)
B
_ 10-1] —1p— 4 4
B £ Ls 352 52+1 } P £ [ 352 P3(52+1)
_ " n
- () o) (),
and
_ £71£71 ]'£1X£/5 ‘ua 2 175 . 77‘5
Y1 = £, 4 | Lk ) s ? —4sin F
a1 p a2
—£,1E, s£;£5<4cos<'7 )— (ﬁ;) )]
1 © oY [t Y
“1p=1|tpapB[ & ]’L
Tt _sﬁ"ﬁ”(ﬂ“ 9#“(@ 3#“)”
M o anr/S a yay o aa+/5
11| LrapB[ & I i X
+£P £ S£}i£77(y1x ayaaﬂﬁ ( o a‘wx> "‘317/3):|

(52)



Symmetry 2024, 16, 1232 16 of 24

- (£ () o) ()]
= HE :1<P3(S§S+ N P(524+ N P(Sil))}

g2 4 s 4
P P2+ ps o p(sP4+1) p(s2+1)

(f)im(”;) +4COS(’7;> _4sin<”;> —4,
and

_ p-lp-1 appl @ 0% (p""xa
X = £y k (52£ﬂ£’7[ytxay (a e

+£;1£;1< £ 55{”‘ s <P‘“a“%1) _74“3”“1’1})
S

u* outonP \ a opv a ou
B B B w2 B
= £ £”‘£ﬁ 17——85in<7]—>—8cos(’7—)+8—2(y—) sm(ﬂ)
ph ( g g g x g
a8 .8 8 8 8 & 4 4
TP pst psd ps? o p(s241)  ps o p(s24+1)  p3s2 o p3(s2+1)

)
() () ()
v

ool (T () () ()

1 a 0% [t o”
— plp-1 p K ox1
= 5 (a5 e (C50)))
1a B auc+/5 ucarxxl aatxﬂﬁxl
ks < it L{“ ouronP \ & ot o onP
= £p1£sl< E"‘Eﬁ{4s1n(7‘73>+4cos( ﬂ)
1 a2 a B
—1p0-1 B K K Ui
—£, £ <S£;'j£,7 [4( oc) _4<(x> cos(l[g)})
8

- 5 141 4 4s " 4 8 n
o ps p(52—|—1) p(s2+1) p3s2

- ot () () o5 () o) ().

In a similar way, we obtain

o) = S0 o) 30 (5) (%) =(5)
2

and
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and
2
) = () () () -4 (5) (5)
Y3 —, — = +16sin| — | +4| —
3<a p p ) \B
) —oen(F)
— | sin| — | —16cos| — | +16.
ROE GRS
Therefore, the series of solutions is denoted by
SN
Y\ Gg) = xtntxetat.
j=0
g (1P
YY¥i(= ) = Yo+t +t2+¥s+.., (53)
=0 \e P

Hence,

) () ()
+8cos(’7;) (™ 2(ﬁ> +2<”a Zsin(”;) ~8 (54)
B

and
14 o 2
‘I’(P;,?:) = (ﬁ;) sin(f)#—élcos(f)—élsin(;)—él
B B a\2 /b a2 B
+4—4cos(’7ﬁ>+4sm(’7ﬁ> —4@) (’7ﬁ>+4<’;> sin(Uﬁ) (55)
BN\ ? p p %
—8(’7ﬁ> = 16(17[3) +16sin<'7ﬁ> +4(};>
a2
4(};> sin<’7; 16cos('7;>+16.
By simplifying Equations (54) and (55), we gain the solution of Equation (42), as follows:
a P aN2/,.B
Bou - () (L
(%) = (5) (5)
a P ay 2 B
Bn i n
(o) = (5)=(5) °

By taking o = B = 1, the exact solution becomes

¥(u,n) = p*sin(y).
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Figure 2 shows that the exact solution at # = = 1 and the approximate solution for a
different value of w and B as « = = 0.90,0.70,0.50 and 0.30. Refer to Example 4.

3501
— — —Exact solution y(u,n)
a=3=0.90 /
300 . n=4=N.T70 /’ .
ni.u’iU.SD /"..-
—a=3=0.30 .o
250
— 200
=
150
100
50
0 P L -.""ﬂi‘-(—‘!' 1 Il L ]
2 0 2 4 3 8 10

N
Figure 2. The exact and approximation solutions of x (4, 17).

Figure 3 shows the exact and approximate solutions of ¥(y,#) for Example 4 for
different values of « = § = 0.90,0.70, 0.50 and 0.30.

80 r
— — —Exact solution y{u,n)
70 | a=4=0.90
n=2=070
== —a=3=0.50
60 [ a=3=0.30
50 F
Za0p
L
30
201
1or
0] +---1-.n-‘.-‘ﬁ?l-I_i--i;‘-i-:‘c-;5i | L i : L t !
0 1 2 3 4 5 8 7 8 ]

i
Figure 3. The exact and approximation solutions of ¥ (j, 7).

Table 2 shows the numerical solution for different values of « and f for the function
X (u,17). Table 3 shows the numerical solution for different values of « and B for the function

Y(um).
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Table 2. Numerical solution for different values of « and B for function x(y, 17).

u 7 a=B=090 a=6=0955 a=p=099 ExactS. Abs. Error
0.25 0.2 0.015115 0.013713 0.012668 0.012417 251 x 1074
0.4 0.027551 0.025904 0.024679 0.024339 341 x107%
0.6 0.038149 0.036729 0.035579 0.035290 2.89 x 1074
0.8  0.046979 0.045934 0.045059 0.044835 224 x 107*
0.75 0.2 0.136036 0.123418 0.114011 0.111752 226 x 1073
0.4 0.247607 0.233141 0.221832 0.219048 278 x 1073
0.6 0.343342 0.330557 0.320210 0.317611 259 x 1073
0.8 0.422808 0.413407 0.405529 0.403551 1.97 x 1073

Table 3. Numerical solution for different values of « and g for the function ¥ (y, 7).

u i a=p=09 a=p=0955 a«=pF=099 ExactS. Abs. Error

025 02  0.015266 0.013826 0.0127562 0.01250 2.56 x 1074
0.4  0.028418 0.026709 0.0253362 0.02500 336 x 1074
0.6 0.041034 0.039260 0.0378505 0.03750 3.51 x 1074
0.8  0.035161 0.051599 0.0503224 0.05000 322 x 1074

075 02  0.137398 0.124431 0.1148060 0.11250 231 x 1073
04  0.256393 0.240384 0.2280258 0.22500 3.026 x 1073
0.6  0.369309 0.253340 0.3406547 0.33750 3.155 x 1073
0.8  0.478447 0.464392 0.4529014 0.45000 2.90 x 1073

Example 5. Consider a conformable fractional of a partial differential equation in one dimen-
sion [28], as follows:

B B 92a+p %y 9%x 9%y 2 3¢
(” ’7> B . Sl i R
8;7/5 B ou2eonP  ous ous  ou* ou ou3*
The initial condition is
© 0) = _K 58)
X\ 0 =" (
In order to implement our method for Equations (57) and (58), we must have
L W T
(%) =1 69
and
' ‘Zix ﬁ P B aleJrﬁX atxX aa %y aszX a?nx
XJ“( a’ ﬁ) =k ( it {8142“8175 opc 3# +38ﬂ“ oz X (©0)
The nonlinear terms )(a;;%’, a;}ff,? aa;%f and )(0 o 20 are defined by
X0 w 9“x0 0% X0
o~ ;Aj’ o op2n EB” ond 30520 a ZC (61)
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We have a few terms of the Adomian polynomials for A;, Bj and C; that are denoted by
1ld [&/ ]
Il dan i:0< XJ) o (62)
and L o
11 d | & .
] ) 4
j! _d)\] _1,_0( )_ 1o
and _ _ -
1| d &/,
] ] ’
j! _d)\] _i—O( ) 1o
The few components of the Adomian polynomials of Equation (57) are given as follows:
Ao = XoXous
A1 = XoXi + X1Xop (65)
Ay = XoXau + X1X1u + X2Xous
Az = XoX3u + X1X2u + X2X1u + X3X0us
By = XouXouus
Bi = XouXiup + X1uXouu (66)
B, = XouX2up + X1uX1pup + X2uXOppr
Bs = XouX3up T X1pXouu + XouX1up + X3puXopps
and
Co XoX0uppr
C1 = XoXiuuu + X1 X0pups (67)
G = XoX2pup + X1 X1 ppp + X2XO0upns
G = X0X3puup + X1X2ppp + X2X1pup + X3XO0upupur

where j > 0, and the first iteration is given by

(5F) -

a1
£ (55;,—55 [Xouuy — Xox — Ao +3Bo + c0]>

1 N
—1p-1 B H
£p £, _g£;‘§£,7 <1 - ﬂ

/1 1
11 - -+
w1 )

[ 1 1
—1,-1
5% e~ ]

)
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Hence,
ut ’7ﬁ 111 ap
e\ g) = £y £\ BBy Xy — X1y — A1+ 3B1+ G
P | <1£a£,3[ Xy — X1u — X0X1u — X1X0u + 3X0uX1un ])
P s 1 +3X1VX0;4;4 "‘X()leyy +X1X0yyy

1 B & pp

_ 101 Bl o

— <s£;‘;£,7 [zﬁ_zwb
2 2

_ 11

- 55 (5 )

Similarly,
ut ’7ﬁ 111 ap
X3 7/? = £P £ g£ﬂ£’7 [XZPV’? — Xou — A2 + 3B +C2]
T <1£1x£,3[ Xy — X1p — X0X1u — X1Xox + 3X0uX1pp D
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1 B 2 « /N 2

_ 11 B n w(n

e (L b() st (1)
6 6

_ 101

- & ()

[l
—
|
==
~
—
=3,

[7e
=
7 N
“:
=
N———
Il
=
o
+
>
=Y
+
>
N
+
><
w
+

=
—
= [}
|3,
~

Il

|
=

+
—

|
=
~_
[ m‘d‘m

+
—

—_

|
==
~
—
|3,
s N

Y
- H’;+<’f;>2+<zf>)3<f<)’f;>“+---
AP
<Ll ) ()
P
(255



Symmetry 2024, 16, 1232

22 of 24

By taking & = B = 1, the exact solution of Equation (57) is given by

Figure 4 shows the exact solution at « = f = 1 and the approximate solution for
different values of « and f is as follows: a =

X)) =~

—ptn
—1

B = 0.90,0.70,0.50 and 0.30. Refer to

Example 5.
400
00 F — — —Exact soluwion y'p.q)
— — —n=4=0890
|‘ a=3=0.70
200 F ft e R = 4=0.50
| " | n=3=0.30
—~ 100 |.| RN
:‘“ _lI B Jh
o | '_'/5{_ h
g p—==7"T|
lr,f.' |7
[i: '[ 0
|
100+ (i Il
; il
| |
=200 F
_3'}D i i i i i i i i i
-2 -15 -1 0.5 0 0.5 1 15 2

ml

Figure 4. The exact and approximation solutions of x (i, 17).

Table 4 shows the numerical solution for different values of « and § for the function

x(w1).

Table 4. The numerical solution for different values of « and B for the function x(u, 7).

u 7 o= =090 a=6=095 oa=p=099 Exact S. Abs. Error

025 02  —0.007591 —0.036973 —0.057671 —0.06250  4.83 x 1073
0.4  0.3781972 0.3097008 0.2613081 0.25000 1.13 x 107!
0.6  1.1837141 1.0169983 0.9016628 0.87500 x1074
0.8  4.0191766 3.3001129 2.8492753 2.75000 251 x107*

075 02 —0.669197 —0.678989 —0.685890 —0.6857 481 x1073
04  —0.450600 —0.563433 —0.579564 —0.5833 3.77 x 1073
0.6  —0.272096 —0.327667 —0.366112 —0.3750 8.89 x 1073
0.8  0.6730589 0.4333709 0.2830918 0.2500 x1074
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5. Conclusions

In the current study, we have successfully applied the method that combined the
conformable double Laplace transform method (CDLTM) and the homotopy perturbation
method (HPM) to obtain the exact solutions of conformable fractional partial differential
equations (FPDEs). The results show that the CDLTM is suitable, effective, useful, reliable,
and sufficient for acquiring the exact solutions of CFPDEs. Moreover, three examples were
discussed to confirm our method. In the future, we will apply this method to solve some
mathematical problems related to physics and engineering that involve singularity.
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