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Abstract: The topological index (1), sometimes referred to as the connectivity index, is a
molecular descriptor calculated based on the molecular graph of a chemical compound.
Topological indices (TIs) are numeric parameters of a graph used to characterize its topology
and are usually graph-invariant. The generalized power-sum connectivity index (GPSCI)
for the graph is Q) Y, (Q)) = ZgQEE(Q)(dQ(€>dQ(€) + da(0)42(@)®, while the second form
of the GPSCl is defined as Y5(Q2) = Yrock(n) (dn (0)%(@) x dg(0)?(@))P In this paper, we
investigate Yp in the family of trees, unicyclic graphs, and bicyclic graphs. We determine
optimal graphs in the desired families for Yj using certain mappings. For graphs with
maximal values, two mappings are used, namely A and B, while for graphs with minimal
values, mapping C and mapping D are considered.

Keywords: second form of generalized power-sum connectivity index; mappings; optimiza-
tion; trees; unicyclic graphs; bicyclic graphs

1. Introduction

A graph is a structure formed of edges and vertices. Edges are the connections
between vertices with some properties. In symbolic form, we denote a graph by
Q = (V(Q),E(Q)). If there is no confusion, then a graph is simply denoted by Q). The
number of vertices is termed as the order of the graph, while the total number of edges
is the size of the graph. An edge between two vertices, { and g, is denoted by (¢. The
total number of edges incident to a vertex ¢ in a graph () is referred to as the degree of g,
which is denoted by d(0), if the considered graph is Q. The neighbors of a vertex ¢ in
Q) are the vertices connected to ¢ by means of an edge and are denoted by N (0). More
generally, we denote the set of all neighbors of a vertex ¢ by N(¢). A network is a simple
connected graph. A simple graph can be defined as a graph without loops or multiple edges
between the same pair of vertices. The topological index (T1) is a transformation defined
by Top : () — R, where R represents real numbers and () is a simple and finite graph.
The transformation satisfies the property Top(Q)) = Top(H) if Q) and H are isomorphic
graphs. The TI is a numerical value related to the chemical constitution, used to correlate
chemical structure with various properties such as chemical reactivity, biological activity,
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and physical properties. Various tools, such as TlIs, have been developed from graph the-
ory and provided to chemists for analytical applications. Cheminformatics is a discipline
formed of a combination of mathematics, chemistry, and information science. It investigates
Quantitative Structure—Activity relationships (QSARs) and Qualitative Structure-Property
relationships (QSPRs), which are applied to study the biological activities and properties
of chemical compounds. In QSAR/QSPR studies, the physico-chemical properties and
TIs, such as the Zagreb index, Szeged index, Wiener index, Randi’c index and ABC index,
are used to predict the bio-activity of various chemical compounds. “In graph theory, the
structural formula of a chemical compound represents a molecular graph, where vertices
represent atoms and edges represent chemical bonds”. A molecular descriptor is a numer-
ical value that represents the properties of a chemical graph. More specially, molecular
descriptors represent the analyzed chemical graph, while topological descriptors describe
its physico-chemical properties and structural features. Tls have various applications in the
field of nano-biotechnology and QSAR/QSPR studies. The earliest TI was introduced by
Wiener [1], which he named the path number, while studying the boiling point of Paraffin.
Later, it was named the Wiener index [2].

In the last few decades, the field of optimization has played a key role in various daily
life problems. This field is now the most powerful tool and technique for finding solutions
to complicated problems. This field has become a major area of interest for researchers
due to its ability to solve complex problems effectively. This field is now one of the most
modern fields and is of great interest to mathematicians.There are a variety of fields where
optimization plays a crucial role, including engineering, logistics, and machine learning.
A lot of work is conducted in the stated fields, and some of this work is stated in the
following cited article. In [3], the authors considered k-generalized quasi trees and found a
closed result for the optimal values regarding the general power-sum connectivity index.
In [4], the authors considered optimal values regarding forgotten Tls in terms of graph
size. In [5], the authors investigated the molecular inter-connectivity index in polymers. In
[6], the author considered trees, bicyclic graphs and unicyclic graphs for optimal values of
Zagreb indices. In [7], the authors investigated KBSO indices for optimal values regarding
high traffic load and minimal load by improving the physical layout. In [8], the authors
investigated variable Zagreb indices, the variable sum-connectivity index, the variable
geometric-arithmetic index and the the variable inverse sum indeg index for optimal values
and found new bounds. In [9], the authors investigated Kulli-Basava indices in generalized
form for quasi trees and found some optimal values and new bounds in k-generalized
quasi trees. In [10], the authors investigated the Somber index for optimal values in trees
with given parameters, like matching number, diameter, branching number, etc. In [11], the
authors investigated exponential Zagreb indices for new bounds in unicyclic graphs, acyclic
graphs and general graphs. In [12], the authors investigated the geometric arithmetic index
for graphs and found optimal bounds. In [13], the authors investigated uphill Zagreb TIs for
famous families of graph and developed exact new bounds. In [14], the authors investigated
the variable sum exdeg index for bicyclic graphs with a given matching number. In [15],
the authors investigated Zagreb indices for minimum and maximum values in k-apex trees;
for further information, we refer the reader to [16-18].

In this work, we considered the second form of GPSCI for obtaining optimal graphs
in the families of trees, unicyclic graphs and bicyclic graphs using some mappings. The
second form of the generalized power-sum connectivity index is given and defined by:

Yp(Q) = Z (do(g)do(é) % dQ(Q)dQ(Q))/;.
CeeE(Q)
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In this work, various results were compared using means plots. To better understand
and implement the considered mappings, we provided graphs in the desired sections.

2. Mapping for Largest Values of Yy

Mapping A: Let (o € E(Q)) such thatdn(¢) > 2 and N() = {0, w1, wp, w3, -+ , Wi }.
Hered(wy) = d(w;) = d(w3) = --- = d(w;) = 1and Q' = G+ {owy, 0wy, ows, - - - , 0wy} —
{Cw1, Jwy, {ws, - - -, Cw; }. Refer to Figure 1 for an illustration.

Mapping A

Wiy Wz tow, Wi wy "t wy
Q QI
Figure 1. Diagram representing mapping A.

Lemma 1. Let Q) be obtained from Q) by means of mapping A and dey(0) > d(Q); then,
Y5(Q') > Y(QQ). 1)

Proof. LetY = G — {{,wq, wyp, w3, - - -, w; }; the value of Y for Qs expressed as
d d (0 d d
Ya(Q) = Y (dey (@)W xdpy (6)" )P 4 (dgy (o) x dy (9)" )P

+ (dgy (Q)da’ (©) » d ey (wy)"e (wl))ﬁ 4 (dQ/(Q)dQ/ (0) dey (wt)do/ (‘(Ut))ﬁ.

)d
— d_ ) d (S) d l( ) d,
— 661%(@)(010,(9) o' @ s d ()% Y 4 (d ey () 1D 5 11 4 (dy () (¥ 5 1) 2

bt (dQ,(Q)"’o’ (©) 5 11y,

_ Z (dQ,(Q)dQ/(Q) % dQ’ (5)1101(5))‘8 + (t+ 1)(d0/(Q)dQ/ (0) % 11)[3.
d€Ny(0)

For (), the value of Y is given by

G(Q) = ¥ ([da(e) xda(6)'2)F + (da(e)0®) x da(@)2)F + (da(§) 0@ x da (w0 1)F

d€Ny(o)
+ (dﬂ(g)do(é) % dQ(wZ)do(wz))B 4t (dn(g)m(o > dn(wt)dn(wt))ﬁ/ (3)
= L (da(@™ xdn(8)"C)P + (da (o)) x da () )P + H(dn ()" x 11,
deNy(eo)

From (2) and (3), it follows that
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Yo(Q) = Yp(Q) = ¥ (dey ()" xdy (6)'0 )P + (£ 4+ 1) (dpy (0)™0 @) x 11)P

€Ny (o)
~ ¥ (da(o™@ . ;(1(5)‘10(‘”)’5 — (da(0)™® x dq ()"®))F — t(dn(§)™© x 11,
d€Ny(e)
= L (o (@' xdey ()P + 2y (o) X 1P + (8= 1) Ay () 1P @
SEN:
_ i(g)(dﬂ(g)dn(e) X dey(8)22ONE — (dn(0)%@) x dn ()@Y — t(dn (7)) x 118,
6€Ny(0)
> 0. h

For the inequality in (4), we consider

(o (@)@ xcdy ()0 NE > Y (dgy(0)?0(@ x dg(5)40())E,
d€Ny (o) 5eNy(0) )

2(dqy ()" D) x 1Y) 4 (£ = 1)(dgy (0)" D x 11)P > (doy(0)2(©) x dy ()0 + 1(dy (7)1 x 1P,
It follows that

dey (0)% 9 > dqy(0)%0(@,d ) (0)" Y > dy(£)%©,

— 2(dgy ()" @ x 1)P > (A0 (0)%2(@) x dgy ()70 @)P.
Using (5) and (6), we determine that Yﬁ(Q’) >Yp(Q). O

Remark 1. As a remark on mapping A, every tree can be changed to a star, and any unicyclic and
bicyclic graph can be changed to a unicyclic and bicyclic graph in which all noncyclic edges have a
degree of one.

Mapping B: Let Q) be a graph and ,0 € E(Q)). Adjacent vertices with a degree
of one to vertex { and ¢ are uj,up, - ,ur and @1, @2, -+, @1, respectively. We obtain
Q' and O, where Q' = G + {ouy, ouy, - -+ ,0ur} — {Cuy,Qua,- -+ ,Cur}, and Q' =G6-
{091,002, -, 090t} +{C¢1,l¢2,- - -, {¢¢}. Figure 2 demonstrates this.

Uy U Uy

Mapping B

1 @ Pt
Q

Figure 2. Diagram presenting mapping B.
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Lemma 2. Let Q) and QO be obtained from Q) using mapping B; then, either Yg(Q) < Yﬁ(Q/) or
Y5(Q) < Yg(Q").

Proof. Let Y = G — {¢1, 92, , @1, u1,uz, -+ ,u,}; further, we consider the follow-
ing cases:

Letdy({) =60 and dy (o) = ¢.
Case 1. If { and ¢ are not neighbors in (), then it follows that

Yp(Q)) = Y @y@)NOD sy ()W 4 Y (da(0)%0@) x dy(5)H ()
dyeE(Q— {CQ}) deNy(Q)

+ Y 0)%0(@) 5 dy (5NN 4 (A (0)%D x 1) + (d ()@ x 1)f 4 ...
5€NY(Q)

+(da(2)" ) x )P + (da(0)™@ x 1)P + (dn(0)™ x 1) + - - + (dn(0)™@ x 1)P, @

= Z (dy(é)dy(ﬁ) X dy(y) Y(y ))/3 + Z 9+7 O+r dy(&)dY 0))[3
dyeE(Q—{Z,0}) SENY(Q)

+ Y (@) xdy(O)NENE L (041 x 1P 1 1((p + )P x )P
deNy(0)

For Q/, it follows that

Yg(Q') = Z (dY((g)dy(ﬁ) % dY(y)dy(y))ﬁ + Z (dY(g)dY(@ % dY((s)dy(é))ﬁ
SyeE(Q—{g, @}) 6eNy()

+ Y @ s dy ()B4 (dy ()" @ x 1)+ 4 (dy (@)™ @ x 1)P,
5€NY(Q)

= Y @O xdy(y)™WE 4+ Y (07 x dy ()P ©

SyeE(Q—{{,0}) 6eNY(D)

+ Y ((p+r+ )T dy ()N (r+ 1) (9 + 1+ P x 1)P
J€Ny(o)

For Q”, it follows that

Q)= Y (@O xay(y)NP 4 Y ([l ()" <y (o))
SyeE(Q—{¢, Q}) deNy(Z)

+ Y« ) x dy (8)¥(©)P 4 (dQ,,(g)dg” @ « D+ + (dQ,,(g)do” (@) o 18,
5€NY(Q)

- Z (dy(d)dY(‘s) « dy(y)‘“(y))ﬁ + Z ((0+7+ t)9+r+t y dy(é)dY(‘s))ﬁ
SyeE(Q—{¢e}) 6€Ny(Q)

+ Y (@ xdy ()N (r+1)((0+ 1+ 1O x 1P,
d€Ny (o)

Let Ay = Yﬁ(Q,) —Yg(Q) and Ay = Y;;(Q”) — Y(Q); we consider the following:
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Al = Z (dY((S)dY(IS) X dY(y)dY(y))ﬁ + Z (99 X dY(é)dY(J))‘B

5y€E(Of{€ 0}) d€NY(Q)

+ Y ((p+r+)TH xdy(s YOV 4 (r 1) (¢ + 74 )T x 1)P
5€NY(Q)

- T @O xay NP - T (040" xdy()N )P
SyeE(Q—{Z,0}) 5eNy(2)

— Y @+ xdy(5)NO)P —r((0+1)" x )P —t((p+ )7 x 1)P, (10)
5eNy (o)

= Z (99 % dY((5>dy(§)>/5+ Z ((¢+r+t)¢+r+t % dY(J)dY(‘S))ﬁ
deNy({) 5eNy(o)

FED(@+r DT XD = T (64 1)™ xdy (8NP

deNy({)

— Y (0P xdy(8) NN — (0 4+7)T X 1) — (¢ + 1)PH X 1)F

J€Ny(0)
Here A1 > 0if
Y (@ xay(ONOP £ T (¢ dy ()N 0)P
6eNy(9) 5€Ny(0)
+(r+t((@+r+HTH 1)
S[X (00" xdy(@N)P+ Y (9 + 07 xdy(6))P
0eNy({) 5eNy(o)
+7((0 41 x P+ (¢ + )P x 1)F], a

= Y (0+r+0)TH dy ()N 4 Y (g1 + 1) x dy (6)D ()P

5eNy(Q) deNy (o)
+(r+0((@+r+HPTH 1)

S Y (040" xdy(@)NO) 4+ Y (¢ + 1) xdy(8)N ()P
5eNy () d€Ny (o)

+r((0 41" x P 4 1((¢+ )T x 1)F].

If Ay > 0 then, Ay < 0, we proceed as follows:
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M= Y (@yOMD (NP Y (04 r+ )T xdy ()N
SyeE(O—{0.0}) 5N (0)

+ Y (@ xdy ()N (r+ 1) ((0+ 7+ x 1P
d€Ny(o)

- Y (dy (6)™©) x dy ()WY W))E 4 Y YO 5 dy ()T ()
SyeE(Q—{{,0}) 5€Ny(é)

T Y (@O xay@NP (040" X P E((p+ P D),
deNy (o)

= ) (0 47400+ s dy (5)NO))A 4 Y (% x dy (5)7x(0))P
deNY(Q) 5eNy(o)
F D0 +r DD~ Y (04 7)F x dy (6) ()P
JeNY(Q) (12)
Tk T JIONE (0 + )P x 1) — t((p + )P+ x 1)P,
J€Ny 0

< Y ((0+r+08H xdy(6)NONE £ YT (¢ x dy(8)T ()P
deNy(J) d€Ny(e)

FrH(O+r+ 0T )P = Y (047 + 80T X dy ()N
JeNyY(7)

= Y (@Hr Py ()N — () (¢ + 7+ P < )P
d€Ny(e)

= Y (@ xdy(@)NO — Y ()T x dy(6) )P
5eNy(o) d€Ny(e)
< 0.

Case 2. If {, 0 € V(Q) are adjacent, then

GO = T (@@OY) <)+ T (040" xdy (@) O
SyeE(Q—{¢0}) 6eNy(9)

b (@D sy OO (041 X )P o (041 1)
d€Ny(0)

F P+ XD+ ((p+D)PT X 1)P — (04 1) x (p+£)PT)P

= Y (@O xdy(y)™E+ Y (041 x dy(5)N0)F
JyeE(Q—{Z.0}) J0eNy(Z)

+ Y (@) xdy ()N r((0+1)" x P +H((p+ )T x 1)P
d€Ny(0)

— (041 x (p+1)?HHP,

(13)

For Q/, it follows that
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Q)= Y (e xdy(ypNWE 4 Y (69 x dy (8)N )
JyGE(Q*{é' 0}) 06Ny(é)
+ 2 ¢ +r+ 0P dy (6 ) (5))ﬁ+((¢+r+t)(¢+r+t) X 1)5+...
oeNy(e)
+ ((p+7r+ 0T 1) — (67 x (¢ + 1+ )T, (14)
= Y (@@ xdymm)P+ 3 ((0)7 xdy ()P
SyeE(Q—{C.0}) JeNy(Q)
+ L (@+r+ )T xay (NP + (0 ((9+r+ )T x1)P
J€eNy(o)
— (0% x (p+r+ )PP,
For Q”, we consider the following:
Q)= Y (@y@NO xay)NW)E L Y (047 + 5T s dy (5) ()
oyeE(Q—{¢, Q}) deNy(7)
+ Y (¢f xdy(8)NONE 4 (047410 )P 4
JeNy(o)
(O 47+ 50T 1) — (047 + 1)) x )P, (15)

- 2 (dY((g)dY(é) Xdy(y) y(y ))ﬁ+ E ((0+7r+1) (0+r+1) Xdy(&)d‘/((s))ﬁ

dyeE(Q—{l0}) SE€NY(Q)
+ Y (@ xdy ()N 4 () (04 7+ )T X 1E — (04 7+ 1)) x 9P,
d€Ny(o)

Consider Ay = Y/g(Q/) —Yp(Q) and Ay = Y/g(QN) — Y(Q). For Ay, it follows that
A= Y (@@OY xay(y)NWPE 3 ((0)! x dy ()N
SyeE(Q—{Z,0}) 6€Ny(0)

+ L (@+r+ )Ty (NP + (r+ (9 +r )T x1)P
5€NY(Q)

— (0" x (p+r+n)HE)p
=Y @@ xay ()N~ Y (0417 x dy(8)N0))P

oyeE(Q—{Z,0}) deNY(0)
— Y ((@+ )2 xdy (5O —r((0+ 1) x 1) —t((9p+ 1) x 1)
deNy(e)

+ (0417 x (p+1)?HHP
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Ay = Z Oy ()N 4 Y (@4 r+ 62T xdy (5)N )P
5eNy(C d€Ny (o)
+ <r+t>((¢>+r+ BT X 1)P — (07 x (¢ 7+ 0P
— Y (04" xdy ()N — Y ((p+ )T x dy(8)N ()
5eNy(Q) JeNy(o)
—r((0+ 1) x P —t((9+ P X P ((041) x (9 + 1P,
= Y (0 xdy(O)NONE 4 Y (g4 1+ P X dy (5) W O)P (16)
5eNY(Q) 5eNy (o)
+ (0@ +r+ 00T X 1P 4 ((0+7)7 x (p+1)0T)P
— (@ x (@+r+ ) PHENE N (04 1) x dy(5)T ()P
€Ny (Z)
— Y (02T xdy ()Y — (0 + 1) x 1) —t((p + 1) x 1)F.
5eNy(0)
If A1 > 0, it follows that
(0% x dy ()N + Y (@ +7+ 1P x dy(5)N ()P
5eNy(Q) d€Ny(o)
F @+ +HTT )P+ (0 +7)F x (p+ )PP
>— (07 x (p+r+ )TN Y (0+7) x dy(8)N ()P
5eNy(0)
— Y (@) xdy ()N —r((0+ 1) x 1) —t((9+ 1) x 1)E.
J€Ny (o)
— Z (0+7r+1) (6+r-+t) Xdy(5)dy(5))/3+ Z ((¢+r+t)¢+r+t de((s)dy(zS))ﬁ
SeNy () deNy(e)
+(r+ D@+ + DT 0+ 4 DTN+ (041 x (97 +HPHHP
(17)

> (00 x (p+r+ )TN N (04 1) x dy (8)N(©))P
deNy(0)

— Y (@+ )2 xdy (5NN — (0 + 1) x 1) —t((9 + )7 x 1)F.
5eNy(o)

If condition (17) holds, then

do= Y (@@ONDxay(y)™VP 4+ Y (047 + ) xdy ()N
SyeE(Q—{Z,0}) SENY(Q)
+ Y (¢? xdy(d) NONE L (r 1) (0 471+ )0+ 1)B 4 ...
d€Ny(0)

_ ((9+1’+t)(9+r+t) % 4)45)5
_ Z (dy(&)dy(t” X dy(y)dY(y))‘B _ 2 ((Q—I—T)G_H % dY((S)dY(J))ﬁ

oyeE(Q—{Z0}) SNy ()
— Y (p+ 0P xdy(B) Y (0 + 1) x 1) —t((¢ + 1)PH x 1)F
deNy (o)

+ (04" x (¢ + )PP
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A= Y (047 + ) dy (5)NONE 4 Y (¢ x dy(6)¥ ()P
SeNy(7) J€Ny(0)

+ (DO +r+ )0 S DB L (04 1)0F x (p+1)PHHP
— (047 + )T s g — Y (4 1)0 x dy () (9))P

dENY(Q)
— Y o+ )P xdy(8) NN — (04 1) x 1)P —t((p+1)?H x 1)P.
deNy(o)
A< Y (047 + )T sy (§)NONE 4 Y (¢ x dy(6) ()P
S€Ny(Z) 6eNy (o)

+ ()0 +r+ 0T XD ((04+1)7 x (p+5)?H)P
= L ((0+r+ Oy (NONE— N (g4 xdy ()N )P

5€NY(€) ‘SENY(Q)
— (47T @+ TN (04 1) x (g +r+ PP,
<0.

Hence, it follows thatif A; > 0, then A, < 0. O

Remark 2. Using mapping B repeatedly, any unicyclic graph can be turned to a unicyclic graph
in which all the edges with a degree of 1 are connected directly to a unique vertex. Any graph
with two cycles can be changed to a bicyclic graph in which all the pendent edges are attached to a
unique vertex.

3. Graphs Having Largest Value of Yg(Q2)

Let Uk be a unicyclic graph obtained from Cy, where 1 — k pendent edges are attached
to the same vertex on C; by means of Lemmas 1 and 2. It follows that Theorem 1 is true.

Theorem 1. Let Q) be a unicyclic graph of order n and girth k. If G # UL; then, Y (Q) < Yp(UF).

Consider a bicyclic graph of size n + 1 and order n and denoted by (n,n + 1). Let
G(n,n+ 1) be a set of simple connected graphs of order n and size n + 1. For any
G € G(n,n+1), consider two cycles, Cg and Cy. All (n,n + 1) — graphs are divided
into three classes as follows.

(1) A(6,¢) is a set containing G € G(n,n + 1) in which Cy and Cy have a common vertex.

(2) B(6,¢) is a set containing G € G(n,n + 1) in which Cy and Cy have no vertices
in common.

(3) C(0,¢,1) is a set containing G € G(n,n + 1) in which Cg and Cy have a path of length
l'in common.

Induced sub-graphs of G € A(6, ¢), B(6,¢), and C(6, ¢, 1)) are shown in Figure 3i-iii.

0] (ii) (iii)

Figure 3. Diagram presenting bicyclic graphs. (i) Bicyclic graph having a common vertex, (ii) Bi

cyclic graphs having no vertex in common, (iii) Bicyclic graphs having a path in common.
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4. Largest Value of Yg in A(6, ¢)

This section is devoted to the investigation of bicyclic graphs for the greatest value of Y
in A(0,¢). Let S, (6, ¢) belong to A(6, ), where n + 1 — 6 — ¢ vertices with a degree of one
are connected to a vertex which is common between Cq and Cyp. Figure 4 demonstrates this.

n+1-(6+¢)

Figure 4. Diagram presenting bicyclic graph S, (6, ¢).
Theorem 2. In A(0, ), the graph S, (0, ¢) has greatest value of Yg.

Proof. If we use mapping A and mapping B on (), we obtain (', where all edges not on
the cycles are attached to vertex ¢. Using Lemmas 1 and 2, we obtain Y @) > Yp(Q) with
equality if and only if all the edges not on the cycles are attached to the same vertex in Q2. If
Q' % 5,(6,¢), then vertices { and ¢ are different and { is the common vertex of Cg and Cy.
Let ¢ be on Cy; we consider the following cases:

Case 1. If vertices { and ¢ are not neighbors, then it follows that

Y5(Su(0,¢)) = (n+5—0—¢)"57079) 5 1) 4 (n+5— 0 — ¢)"+570-0) x 1)P
o (M4+5—0—) 500 1) 4 4(n 45— 0 — ) "H50-9) « 22)P
+(0—2)(22 x 22)P 4 (¢ —2)(2% x 22)P,

—(n+1—0—9)(n+5—0—¢) 500 x )P L 4((n+5— 60— )"+50-¢) 5 22)P
+ (6 —2)(16)P + (¢ —2)(16)P.

For Q/, it follows that

Yﬁ(Q,) = (n4+3=0—¢)"39=0) x )P 4 (n4+3—0—¢)"30¢)  1)P

4ot (n4+3-0— 4,)(n+37974>) x1)P+2((n+3-0— 4,)(n+37974>) x 22)P

+ (0 —4)(22 x 22)P 4 (¢ —2)(2% x 22)P + 4(4* x 22)P,
—(n4+1-0—¢)(n+3—0—¢) 300 5 1) L 2((n+3—0 — ¢)"37079) x 22)f
+ (6 —4)(16)P + (¢ —2)(16)P + 4(1024)P.

Consider the following difference:
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Y5(Su(8,9)) — Yp(Q) = (n+1—6—§)((n+5—0— )50 x 1)P 1 4((n+5— 9 — p)"+570-¢)  22)F
+(0-2)16)f —(n+1—0—¢)(n+3—0—¢)"3 09 x 1P —2((n 43 — 0 — ¢)"370-9) x 22)B
— (6 —4)(16)P — 4(1024)P,
=(n4+1-0—9)(n+5—0—¢) 509 x NP 4 2((n+5—0 — ¢)"T5-0-9) x 22)P (1%
+(0—2)(16)f +2((n+5—0— ) 570790 5« 22)F _ (141 -0 —¢)((n+3—0—¢)"H370-¢) 1)
—2((n+3—0—¢) 3700 5 22)6 _ (9 — 4)(16)P — 4(1024)F > 0.

The difference is positive, while the equality ho/lds if and only if Q' 2 5,,(6,¢).
Case 2. If the vertices ¢ and ¢ are adjacent in (), then
Y(0) = ((n4+3—0— @) 209 1P 4 (0430 9)("130-0) x 118
oo+ (n43=0—¢) 3070 S TP L (n+3—0—¢)"H370-9) 5 22)f
+ ((n+3—0—¢)mH370-0) 5 44 4 3(4% x 22) + (6 — 3)(22 x 22)P 4 (¢ — 2)(2% x 22)P, (19)
= (141=0—¢)((n+3 -0 )00 X 1P 4 (43 -0 )30 x 4)f
+ ((n+3—0—¢)H370=¢) 5 256)F 1 3(1024) + (6 — 3)(16)P + (¢ — 2)(16)P.

Now, consider the following difference:

Y5(Sn(0,9)) = Yp(Q) = (n+1—0—¢)((n+5—0— )"0 x 1)P 1 4((n+5— 0 — )"+570-¢)  22)P
+ (6 —2)(16)P + (¢ —2)(16)P

—(n+1—0—¢)(n+3—0—¢) 300 x AV _ (n43—0—)"+370-9) x 4)f

—((n43—0—¢)"3-0-9)  256)F _3(1024)F — (6 —3)(16)F — (¢ —2)(16)P,

(
=(n4+1-0—¢)((n+5—0—¢) 500 x )P 4 (n+5—0—¢)"t5-0-9) 5 22)f 20)
2

+2((n+5—0—¢)mH30=0) x 22)8 4 (9 —2)(16)P + ((n+5— 0 — ¢)"F570-9) 5 22)B
—(n+1=0—9)((n+3—-0—9¢)" 309 1P — (n43—0— )"0 x 4)F
— ((n+3—0—¢)n370-9) 5 256)F — (9 — 3)(16)F — 3(1024)P > 0.

The difference is positive with equality if and only if O 25,(6, $). O

For 6 > 3 and ¢ > 3, according to the previous Theorem, it follows that S, (6, ¢) is the
unique graph with the greatest value of Y in A(6, ¢).

Lemma 3. (i) If3 < 6, then Yg(S,(60 —1,¢)) > Yp(Su(6,¢));
(ii) If 3 < ¢, then Yg(Sn(6,¢ — 1)) > Yp(Sn(0 ¢))

Proof. (i) We have

Y5(Su(0,9)) = (n+1—0—¢)(n+5—0—¢) "5 00 5 1) 4 a((n+5—0—¢)T57079) x 22y
+ (6 —2)(16)f + (¢ —2)(16)P.

If we replace 6 with 6 — 1, we obtain
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Y(Su(0—1,9) = (n+1—0+1—¢)((n+5—0+1—¢)"T50H10) 1)
+4((n+5—-04+1—¢)+0F1=0) 5 22)8 L (9 —1—2)(16)P + (¢ — 2)(16)P,
—(n4+2-0—9)(n+6—0—¢)t6-0=¢) 5 1)P
+4((n+6—0—¢)nH6=0=0) x 22)B 4 (9 —3)(16)P + (¢ — 2)(16)P

Consider the difference

Yp(Su(0—1,0)) — Yp(Sa(6,9)) = (n+2—0—9)((n+6—60— )" 7609 x 1)P
+4((n+6—0—)"H070-9) « 22)F 1 (9 —3)(16)P + (¢ —2)(16)P
—(n4+1=0—¢)(n+5—0—¢) 500 x 1P —4((n+5— 0 — ¢)"570-9) x 22)p
— (6 —2)(16)F — (¢ —2)(16)F > 0.
Hence, Y5(Su (0 —1,9)) > Y5(Su(8, 9)).
As in (i), we obtain the following for (ii):
Yp(Su(6,9 —1)) = Yp(Sa(6,9)) = (n+2—0—)((n+6— 60— )" 76709 x 1)P
+4((n+6—0— ¢)+0=0=¢) x 22)B 4 (9 —2)(16)P + (9 — 3)(16)P
—(n4+1=0—¢)(n+5—0—¢) 500 5« 1) _4((n+5—0—¢)"5-0-9) 5 22)f
— (6 —2)(16)P — (¢ —2)(16)F > 0.

Hence, Y3 (S (6,9 — 1)) > Y(Sa(6,¢)). O

From Theorem 2 and Lemma 3, it follows that Theorem 3 is true.

Theorem 3. Forany 0 > 3 and ¢ > 3, Yg is Sx(3,3) in A(0, ¢) and is the unique graph with

greatest value of Y.

5. Largest Value of Yg in B(6,¢)

In this section, we investigate Yz in B(6,¢). Suppose that T} (6, ¢) is a graph with

order n and size n + 1, which is obtained by connecting Cy and Cy with a path of length r.

The remaining n +1 — 8 — ¢ — r edges are connected to the common vertex of the path and
cycle Cy (see Figure 5a). Similarly the graph T}, (¢, 0) is shown in Figure 5b, while T, (6, ¢)
is a graph of order n and size n + 1 and is obtained by connecting Cy and Cy with a path

Cow of length 2; all the others are attached to ¢. Figure 5c demonstrates this.
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(e)

(f)

Figure 5. (a) The graph T},(6, ¢); (b) the graph T}, (¢, 0); (c) the graph T, (6, ¢). (d) All the pendant
edges are connected to vertex ¢ on the cycle Cy. (e) All the pendant edges are connected to vertex ¢
on the cycle Cy; (f) All the pendant edges are connected to vertex ¢ on the cycle on the path.

Theorem 4. Let G € B(6, ¢), and let cycles Cg and Cy be connected by a path with a length of r;
then,

Yp(T(0,¢)) > Yp(Q) with equality if and only, if G = T, (6, ¢)

21
Yg(Ty,(¢,0)) > Yg(Q) with equality if and only, if G = T, (q,0). =

Proof. Let P = @192 ¢1@,11 be the shortest path between Cy and Cyp in Q). Let ¢
be a vertex which is common in Cg and P. Let ¢, 1 be a common vertex of Cy and P.
By mapping A and B on (), we obtain Q, as given in Figure 5, in which the edges not
on the cycles with a degree of 1 are attached to 9. Using Lemmas 1 and 2, we obtain
Yp Q') > Y5(Q), with equality if and only if all the edges not on the cycle are pendant and
attached to the same vertex in (). Now, we have two cases:

Case 1. If g lies on Cy, vertices ¢ and ¢ are not adjacent (see Figure 5d); then,

Yg(Q) = (n+3-0—¢ -390 5 1)F o (n+3—0— ¢ —r)H3707077) 1)

+2((n4+3—0—¢ —r)"30707) 5 92)P 4 (33 x d(g)"92))F + (0 —4) (27 x 27)F

+ (¢ —2)(22 x 22)P 1 (r —2) (22 x 22)P +-3(22 x 33)P 4-2(22 x 33)F, (22)
—(n+1—0—¢—1)((n+3—-0—¢—r) 300 S NP L 2(n4+3—0— ¢ —r) 30077 x 4)f

+ (27 x d(2)"92))P 4 (16)8(0 — 4) + (16)P(p — 2) + 8P (r —2) +5(108)P.

Similarly for Y5(Tj,(6, ¢)), it follows that

Yo(Th(0,9) = (n+1—0—¢—r)((n+4—0—¢—r) 4707071 1)

+2((n+4—0—¢—r)HOT) 0P 4 (n 44— 0 — ¢ — 1) TEIT0T) 5 d(gy) 2 P

+(r—2)(22x 22)P 4+ (0 —2)(22 x 22)P + (¢ — 2)(2% x 22)P 4 3(2% x 3%)F,
=(n4+1-0—¢p—1)((n+4—0—¢—r)nT4-0-9071)  1)p

+2((n+4—0—¢ =) )P 4 (n44—0— ¢ — 1)) () 492))P
+(16)P(r = 2) + (16)P(6 — 2) + (16)P (¢ — 2) +3(108)P.

(23)
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Consider the following difference:

Yg(T5(0,9)) — Yp(Q) = (n+1—0—¢—r)((n+4—0—¢—r)nH4=0=071)  1)p
+2((n+4—0—¢—r) 00 S )P 4 (4 4—0—p—r)THE0-07T) 5 d(,)(92))B
+ (16)P(r —2) + (16)P(6 — 2) + (16)P (¢ — 2) + 3(108)F
—(n4+1-0—¢p—1)(n+3=0—¢p—r)"3 090 S 1B _2(n4+3—-0— ¢ —r)"370-077) « 4)p
— (27 x d(@2)"92))F — (16)F (6 — 4) — (16)F(p —2) — (16)P (r —2) — 5(108)P, (24)
—(n+1—0—¢p—1)((n+4—0—¢p—r)ti0=0-7) 1)
+2((n+4—0—¢—r) 400 S )P 4 (n44—0— ¢ —r)FAO707T) 5 ()4 (92) )P
—(n4+1-0—¢p—1)(n+3—=0—¢—r)"3001) 1) _2(n4+3—0— ¢ —r)"T3-0-90-7) » 4)p
— (27 x d(2)?92))P 4 (16)P(0 — 2) +3(108)P — (16)P (0 — 4) — 5(108)F > 0.

Hence, Y5(T,(0,¢)) — Yﬁ(Q/) > 0, with equality iff O 2 T (6, ¢). The inequality can
be observed in Figure 6.

Ya(To'(6.4))- Yg(gd |

20

151

10

Ya(Ta'(6,9)- Yp(Q')

0.0 0.1 0.2 0.3 0.4
B

Figure 6. Plot for Y5(T;(0,¢)) — Yﬁ(Q/), where ¢q and ¢ are not adjacent.
If o and ¢; are adjacent in Q) then

Yp(Q) = (n+3-0—¢p—r) 30 5 1o (30— p—r) 13707071 s 7)F
+((n+3—0—¢—r) 370071 22V L (043 —0— ¢ —r)+370-977)  33)p

+ (3% x d(@2)"92))P +4(22 x 33)P + (6 - 3)(22 x 22)F + (9 —2) (22 x 22)P + (r —2) (2> x 2)F, 25)

=(n4+1-0—¢p—1)(n+3—0—¢—r)3 09 S DB 4 (n4+3—0—¢p—r)"T370-077) « 4)f

+((n43=0—¢—r) 370707 27)F 1 (3% x d(2)"(72))P + 4(108)F + (6 — 3)(16)F

+ (¢ —2)(16)P + (r —2)(16)P.

Consider Y (T (6,¢)) — Y/g(Q/) in the following:
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Y5(T5(6,9)) y,g(m (n+1— —p—1)((n+4—0—¢—r)nHi0=0=1) y 1P
+((n+4—0—¢—r)nta0-9-1) » )5+((n+4 0 — ¢ —r)1HA0=0=T) o 4)P
(n+4—0—¢—r)H407077) 4 () 92V 4+ (16)P(r — 2) + (16)P(6 — 2) + (16)P (¢ — 2) + 3(108)P
—(n+1—6— 4> ((n+3—0—¢—r)mH3=0=01) S 1) _ (n+43—0—¢p—r)"H3-0=0-7)  4)P

—((n+3=0—¢—r) 3707071 5 27)F — (3% x d(p)"92))P — (6 — 3)(16)F — (¢ — 2)(16)F — (r — 2)(16)F

— 4(108)#, (26)
=(n+1—0—¢p—1)((n+4—0—¢—r) 4001 1)p

+((n+4—0—¢—r)H0=0") S )P L (4 4—0—¢p—r)"H40-077)  4)P

+((n+4=0—¢ =)0 s d(g) #2))P 1 (16)P (0 - 2) +3(108)F
—(n4+1=0—¢p—1)(n+3—=0—¢—r)"H3 0= S 1) _ (n4+3—0—¢p—r)"H30-077)  4)p
—((n+3—0—¢—r)n+370=0=1) 5 27)B _ (33 x d(¢y)*?2))P — (8 — 3)(16)P — 4(108)P

Hence, Y5(T}(6,)) — Y5(QY') > 0, with equality iff Q' 2 (T} (6, ¢)). The difference
can be observed in Figure 7.

Ya(To'(6.4))- Yg(gd |
20+
15+

10F

Ya(Ta'(6,9)- Yp(Q')

.-’

Figure 7. Plot for Yg(T;(6,¢)) — Yﬁ(Q/), where @1 and g are adjacent

Case 2. If vertex ¢ is on Cyp, then the proof is similar to Case 1. Figure 5e demon-

strates this.
Case 3. If ¢ lies on P (Figure 5f), and if Q' % T, (6, ¢), then 3 < r, and the following

is true:
Ifr >t >2,then3 < r,and we have

Yg(Tu(6,¢)) = (n+1—0— )" 17070 5 1)F o (n4+1—0— )" T17070) 5 1)P
+2((n+1—0—¢)nH1-0-0)  33)B 4 4(22 % 33)P 1 (0 —2)(22 x 22)P + (¢ — 2)(2% x 22)P,
=(n—1-0—-9)(n+1—0—¢) 1700 )P L 2(n+1—0—¢)"F170-¢) 5 33)p
+4(108)P + (6 — 2)(16)P + (¢ — 2)(16)P.

(27)

For Q,, we obtain
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Yp(Q) = ((n+1-0—¢—r) 300 5 1o (n+1 =0 — p— r)(TF307077) 5 7)F

+2((n+1=0—¢ —r)H170=0=1) « 22)B 4 (9 —2)(22 x 22)P 4 (¢ — 2)(2% x 22)P

+ (r—4)(22 x 22)P +6(22 x 3%), (28)
=(n4+1-0—¢p—1)(n+1—0—¢p—r)" 300 S NP L2(n4+1—0—¢p—r)"H170-07) 4B

+ (0 —2)(16)P + (¢ —2)(16)P + (r — 4)(16)P + 6(108)P.

Consider the following difference

Ya(Tu(6,9)) = Yp(Q) = (n=1=0— ) ((n+1—0 — )" 17070 x 1)F
+2((n+1—0—¢)1700) 5 33)8 4 (6 — 2)(16)F + (¢ — 2)(16)P + 4(108)P
—(n4+1=0—¢p—1)(n+1=0—¢p—r) 300 )P _2(n4+1—0— ¢ —r)"T170-077) « 4)f
— (6 —-2)(16)P — (¢ —2)(16)P — (r — 4)(16)P — 6(108)F, (29)
=(n—1-0—¢)(n+1—0—¢) 1709 NP L 2((n+1— 60— )" F170-9) 5 33) 1 4(108)P
—(n4+1-0—¢p—1)(n+1=0—¢p—r) 300 S NP _2(n4+1—0— ¢ —r)"T170-077) « 4)f
— (r—4)(16) — 6(108)".
Figure 8 illustrates the difference in (29).

Ya(Tn (6,9)- Yp(Q)

250 [ I
[ /
L !
L /
200 /]
a [ /,
«Q L /
> 150 /
PN [ /
< /
< jo00f s
«Q r ’
> t PR
50f ”’/’
[ -
Ofmmmmm=m==="""
i § 1 1 L 1 1
0.0 0.1 0.2 0.3 0.4
B

Figure 8. Plot for Y5(Tx (0, ¢)) — Yﬁ(()/), where 3 < 7.

Ift =rort=2,then for Q,, we obtain

Y5(Q') =5(22 x 3%)P + (0 — 2) (22 x 22)F + (¢ — 2) (22 x 22)F
+ (B x(n+3—0—¢—r) 300N L (225 (n43—0—¢p—r)T30-01)p
+((n43=0—¢—r)30=0) S Do (n4+3—0— ¢ —r) 3007 1)P
(r—3)(2% x 22)P
= (0-2)(22x 2P+ (p—2)( 2 x 2P + (P x (n+3—0——r)"H30-07))p
+ (22X (n43=0—p—r) 0N L (41— —p—r)(n+3—0——r) T30 1P
+ (r—3)(22 x 22)P +5(108)#,
> 0.

(30)

—  —

We consider the following difference in this case:
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Y(Tu(0,9) = Yp(Q) = (n—=1—0—@)((n+1—0—g)"T17070) x 1)F

+2((n+1—0—¢) 1709 x 27)P 1 (9 —2)(16)P + (¢ — 2)(16)P + 4(108)P

—(27x (n4+3=0—¢—r) T3 00TNE _ (45 (n43—0—¢—r)"H30-01)p
—(n4+1=0—¢p—1)(n+3—=0—¢—r)"30=0=7)  1)F _ (9 —2)(16)P — (¢ —2)(16)P

— (r—3)(16)P — 5(108)# 31)
=(n—1-0—9)(n+1—0—¢)" 1700 x NP L 2((n+1— 0 — ¢)"T170-9) x 27)P

— (27X (n4+3=0—¢—r) T3 00TNE _ (45 (n43—0—¢—r)H30-01)p
—(n4+1=0—¢p—1)((n+3—0—¢p—r)"H30=0-7)  1)f _ (r —3)(16)P — (108)F,

> 0.

The above last difference can be observed in Figure 9. O

Ya(Tn (6,9)- Yp(Q)

250 [
200f
150

100

Ya(Tn (6,)- Y5(Q)

50

00 o1 o2 o3 o4
B
Figure 9. Plot for Y (T, (0,¢)) — Yﬂ(Q/), wheret =rort =2.
Lemma 4. Y5(Tx(0,¢)) < Yp(Tu(3,3)) with equality if and only if 6 = 3 = ¢.

Proof. As we have

Yp(Ta(8,9)) = (1 —1— 08— @)((n+1—0— @) 100 X 1 L2((n 410 — p)"110-9) 33

+4(108)P 4 (6 —2)(16)P + (¢ — 2)(16)P. ¢2)
for Y (T, (3,3)), we obtain;
Y5(Tu(3,3)) = 4(3% x 22)P +2(22 x 22)P +2((n — 5)""5) x 33)P 4 (n - 7)((n - 5)" "% x 1)f, )
=2(16)% +4(108)P +2((n —5)" 5 x 1) + (n —7)((n —5)" D) x 1)P.
We thus obtain the following difference:
Y5(Tu(3,3)) — Yp(Tu(6,¢)) = 4(108)P +2(16)P +2((n —5)" ) % 27)P + (n — 7)((n — 5)"~5) x 1)
—(n=1-0—¢)(n+1—0—¢) 1700 5« NP L 2(n+1—6—¢)"T1-0-9) » 3%)F, 39)

+4(108)P + (0 — 2)(16)P + (¢ —2)(16)P
> 0.
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Figure 10 illustrates the inequality. The equality holds if and only if 8 = 3 = 4.

Figure 11 demonstrates this. [

Yp(Tn (3.3))- Y(7n (6, 9))

151 /]

Yg(Th (3,3))- YB(Tn (6, ¢) )
N

-
-
-
-
-
P
—————————

Figure 10. Plot for Yﬁ(Tn (3,3)) — Yﬁ(Tn(G,zp)).

Yp(Tn (3.3))- Yp(Tn (6, ¢))

1.0F

0.0

-0.5+

Yg(Th (3.3))- Yp(Tn (6, ¢) )

0.0 0.1 0.2 0.3 0.4
B

Figure 11. Plot for Y5 (T4 (3,3)) — Y5(Tx(0,)), where 6 = 3 = g.

Lemma 5. For2 <, Y3(T;,~1(6,¢)) > Yg(T,(6,9)).

Proof. Consider the following:
If r > 2, then Yg(T},(6, ¢)) is applied in the following:

Yo(Th(0,9) = (n+1—0—¢—r)((n+4—0—¢—r)nH=0-071) 1)
+2((n+4—0—¢p -0 )b 4 ((n+4— 0 — ¢ —r) IO () T(92))P
+ (16)P(r —2) + (16)P(6 — 2) + (16)P(¢ — 2) 4 3(108)P.

Here, d(¢2) = 2; then, it follows that

Ye(T5(0,¢) = (n+1—-0—¢—r)((n+4—0—¢— )00 5 1)p
+2((n+4—0—¢—r)HE 00T B L (4 4—0—¢—r)TE0-07T)  4)f
+ (16)P(r —2) + (16)P (6 — 2) + (16)P(¢ — 2) 4 3(108)F.

If we plug r by r — 1 into (35), we obtain

(35)
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Ya(Th 1 (0,¢) =(n+2—0—¢—1)((n+5—0—¢—r)"T570707) » 1)p
+2((n+5—-0—¢—r) 5001 )P 4 (n4+5—0— ¢ —r) "5 0-077) x 4)P
+ (16)P(r —3) + (16)P(6 — 2) + (16)P (¢ — 2) + 3(108)F.

Consider the following difference:

Ya(T 7 (6,9)) — Yp(T(0,9) = (n+2—6—¢—r)((n+5—0—¢ — )5 0707 x 1)P
+2((n+5—-0—¢—r) 500 S )P 4 (n4+5—0— ¢ —r)"50=077) x 4)f

+ (16)P(r —3) + (16)P (6 — 2) + (16)P (¢ — 2) 4 3(108)P
—(n4+1-0—¢p—1)((n+4—0—¢p—r)t40-071) « 1)B
—2((n+4—0—¢—r)HA0=0T) S VB (44— 0 —p—r)THE=0T) 5 4)B

— (16)P(r —2) — (16)P (6 — 2) — (16)P (¢ — 2) — 3(108)F.

Figure 12 demonstrates this.

Ya(T™ " (8,0)- Ya(Ta' (6, ¢) )
120:—‘ ‘ ‘ ‘ 2

100 /

80 ,’

(T (6,0)- Ya(Tn (6, 9) )
3
~

20f e

-
-
-
-
r .

Figure 12. Plot for Y/g(Tfl(G,qJ)) - Yﬁ(T5*1(9,¢)), where r > 2.
If r = 2, then it follows that

Ys(Ti(6,9)) = (1 =10 = ¢)((n+2—0 — p) 27070 1)F
+2((n+2—0—¢)+2700) x 4)P L (n+2—0— )" H270-0)  4)B
+ (16)P(2 —2) + (16)P (6 — 2) + (16)P (¢ — 2) + 3(108)F.

Similarly,
Y(T;1(0,¢) = (n—0—¢)(1x (n—0—¢+3) 10013 1 2(22 x (n 43— 9 — )" T3-0-0))p
(33 x (n4+3—0—¢)"30=0))F 1 (9 —2)(22 x 22)P 4 (p —2)(2% x 22)P +2(22 x 3%)F,

+
=(n—0—)Ax (n—0—¢+3) "N L 24 % (n+3—0—¢)nT3-0-9))p
+ (27 x (n+3—0—¢) 370908 1 (9 —2)(16)P + (¢ —2)(16)P +2(108)P.

Consider the difference Y/g(T;_1 (68,¢)) — Yp(T;,(6,9)), as in the following:
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Ya(T, 1 (6,9)) — Yp(Tr(8,9)) = (n—0—¢)(1 x (n— 0 — p+3)"0-943)F

+2((n+3—0—¢) #3709 x 4) 1 (n+3—0— ¢)"F3-0-9) x 27)P
+(0—-2)(16)P + (¢ —2)(16)P +2(108)F — (1 —1— 60 — P)((n +2 — 0 — p)"+27079) x 1)P

—2((n+2—0—¢) 2700w )P _ (n+2—0— )" T270-9) » 4)P

—(16)P(2—2) — (16)P(6 —2) — (16)P (¢ — 2) — 3(108)”,

> 0.

The above difference can be observed in Figure 13. O

Y (T (9¢)) Ya(Tn' (6, ¢))

’
[ ’
— 150 /I
9 [ /
) ’
> /
/
Ne 100 /
F 4
A ’
s /
< | s
4
s 50 R4
I [ -7
~ PR
S
P Ity
1 1 1 1 1
0.0 0.1 0.2 0.3 0.4
B

Figure 13. Plot for Y5 (T}, (6,¢)) — Y(T, (6, ¢)), where r = 2.
Lemma 6. Yﬁ(T,} (3,3)) > Yﬁ(T%(G,(]))) with equality if and only if 6 = 3 = q.
Proof. We have

Yp(Ti(6,9)) = (n =08 —¢)(1x (n—0—+3)" 095N 4 2((n 43 -0 — p)"13079) i 4)P 36)
+ ((n+3—0—¢)"370=9) x 27)F 1 (6 —2)(16)P + (¢ — 2)(16)P +2(108)P.
If we plug 8 = 3 = g into (36), we obtain
Y5(TE(3,3)) = (n—6)((n —3)"" x 1)P +-2((n = 3)""3) x 4)f + ((n —3)"""% x 27)F
+ (6 —2)(16)P + (¢ —2)(16)P +2(108)P.
We consider the following difference:
Y5(T1(3,3)) — Ys(Th(6,¢)) = (n— 6)((n—3)"3) x 1)f +2((n —3)"3) x 4)f + ((n —3)("~3) x 27)F
—(n=0—)Ax (n—0—p+3) "N _2((n 43— —¢)"T3-0-9) » 4)P (37)
—((n+3—0—¢)n370-9) » 27)8 > 0.

Figures 14 and 15 illustrate this, with equality if and only if 0 =3 =4. O
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Figure 14. Plot for Y (TL(3,3)) — Yp (TL(8,¢)), where 6 and ¢, and both are not 3.

Ya(T"5 (3.3))- Yp(Tn' (6. ¢) )

0.5

0.0

-0.5+

Ya(T'n 3.,3)- Ya(Tn' (6, 9) )

00 o 02 03 04
B
Figure 15. Plot for Y/g(T,l(3,3)) — Yﬁ(T,l,(G,q))), where 6 =3 = ¢.

It is not difficult to verify that Y,g(T,} (3,3)) > Yp(Tu(3,3)). Further, it follows that
Theorem 5 is true:

Theorem 5. InB(6,¢), T}(3,3) is the unique tree having greatest value of Yg for all ¢,6 > 3.

6. Largest Value of Yg in C(6, ¢, 1)

C(0, ¢,1) represents the bicyclic graph of cycles Cy and Cp. Cy and Cy are connected
by a path of length I. Suppose L/, (6, $) is obtained from Figure 3iii by connecting n -+ +
1 — 8 — ¢ vertices to the vertex of degree 3, as shown in Figure 16i.

Theorem 6. Let G € C(6,¢,1); then, Yg(Q) < Yg(Y) with equality if and only if G = Y.

Proof. If we apply mappings A and B to (), we obtain Q) in which all the pendant edges
not on the cycles are connected to vy, i.e, Q' is one (Figure 16). Using Lemmas 1 and 2,
Yﬁ;(Q,) > Yp(Q) with equality if and only if all the edges not on the cycle are pendant
edges attached to the same vertex in Q).

Let Q1 = 0x;_1xt—2 - x2x1{ be the common path of Cy and Cyp in () (Figure 16).
Q2 = oyrYr—1 - -~ y2y1C and Q3 = 0z:z4_1 - - - 2pz1( are other paths from { to ¢ on the cycles
Cp and Cyp, respectively;r =0 -1 —1,t =¢ —1—-1,0<7r,0leqt, 1 <l,and 3 < +r+t.

If uo € E(Qy), where dg, (1) = dq,(v) = 2, we obtain QO] by deleting edge uv
and add a new pendant edge uu' = ¢’ to ¢, then, Ylg(Qll) > Yp(), as (dgl(u)dol(”) X

do, (0)% 1B — (22 % 22)F = 8F and (do, ()" 1) x d, (7)™ @))B - 8B, Hence,
Yp(Y) > Yp(Q) with equality if and only if O; =Y.

Similarly, if there are two edges in the graph )y, where the degree of their end
vertices is 2, we obtain Q’z by removing these edges and add new edges to vertex x;; then,
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Yﬂ(Q/z) > Yp(Q); therefore, Y5(Q1) < Yp(Qq) and Y5(02) < Yp(Q4). Based on this, it is
not difficult to show that Y5(Y) > Y(Q3) and Yg(Y) > Yp(Qy). O

Lol L L.l T
Yr-1 Xi1-1 Zt-1 V-1 Xp—1 Ziq
® . : X <

Y2 I X1 Izz Y
" /E{\v i YII
co (i) 2,

(i) 2,

.(iii) 023 (iv) 2, (v) Y

Figure 16. The graphs (i) Oy, (ii) Qp, (iii) O3, (iv)Qy, (V) Y.
Theorem 7. In all bicyclic graphs, Y is the unique graph with the greatest value of Yg.

Proof. Using Theorems 3, 5 and 6, we compare the value of Yy for S, (3,3), T}(3,3),and Y.
Hence, it follows that
Y5(T3(3,3)) < Yp(Sa(3,3)) < Yp(Y).

Figures 17 and 18 illustrate this inequality, where

Y5(T1(3,3)) = (n—6)((n—3)"3) x 1) +2((n —3)""3 x 4)f + ((n —3)"3) x 27)P
+ (60 —2)(16)P + (¢ —2)(16)P +2(108)F.

Y5(Sn(3,3)) = 2(16)P +4((n — 0 — ¢ +5)"0-¢+5) x4
+(n—0—¢p+1)(A1x (n—0—p+5)" 0958,

Yg(Y) = 2(108)F +2((n+2+3 — 0 — ) "H2+3-0-0)  4)F
+(n=0—p+243)" 2B 52V 4 (n—0—¢p+2)(n—0—P+243)" 079123  1)P,

O

,,,,,,,,,,,,,,,,,,,,,

150 /

50 P

YB(Sn (3.3)- Yp(Ta' (3,3) )
~

-
-
-
-
-
-

.....................

Figure 17. Sketch for Y5(5,(3,3)) — Yﬁ(T% (3,3)).
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Yp(Go )- Yp(Sn(3,3) )
QT

30

20

Yg(Go )- Yp(Sn (3, 3) )

.......................

Figure 18. Plot for Yg(Y) — Y5(5(3,3)).

7. Mappings for Decreasing Yﬁ

In this section, we provide a mapping which is used for decreasing the value of Yj;
the mapping is given in the following.

Mapping C: Let () be a simple and connected graph other than P;, and select vertex ¢
from V(Q). Suppose () is the graph in which we mark ¢ with ¢ of the path ¢1¢2¢3 - - - @y,
where 1 < k < n. Let (); be obtained from ()1 by deleting ¢;_1 ¢ and adding ¢, ¢x_1.
Figure 19 demonstrates this.

o @
o —O...0— Y e &—0—9...0
q)k (pn (%

(21 (7 Pn Pr-1 #1

Figure 19. Diagram for mapping C.

Lemma 7. Let O and O, be as in Figure 19; then, Yg(Q) < Yg(1).
Proof. Using the definition of Y, we obtain

Yg((y) = 2( )<<2+dn<a>>2+dﬂ@ X (A (8))0@)P 1+ (24 da(2))2H40© x (do, (gg_1)) o Pe1))P
3eNQ(C

+((2+dn())*00) x (da, (pr)) ™ 1) + (doy, (gn-1)) " O x (dy ()1 ).

For ),, it follows that

Yg(() = 5 NZ@(“ +dn(0)) 0@ x (4 (8))0O)E + (1 +da(2)) 0@ x (da, (grer)) 2 Pe1))P

+ ((doy (9n-1))"2191) 5 (dey, () 229NN 1 ((dery (@) "2 9 x (dor, (@p_1) ) 0 P61))P.

Let us investigate the cases in the following.
Case 1: If k = 2 and n = 3, then
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Yp(h) = Z( )((dg(g) +2)40@2 5 (d(86))0 @) 4 (24 dy(2))2H0E) x dgy, (1) (91))8
0eNq (T

+ (24 dn(0)2T0©) x dg, (g3)"n(93))F,

= Y (2+da(0)*@ x (dn(8))@)F 1 (2 +da(Z))* @ x 1)F
€N (T)

+((2+da(0)* 0@ x 1)F.

For Q),, we obtain

Yp(2) = ) Z@)((l +dq(2))H70©) x (A (8))%2O)F + (1 +dqg ()0 x dq, (¢5)70273))P
€Nq

+ ((dﬂz(goa))dﬂz((%) % dQ (qo )dQZ(q)l))ﬁ,

= Y ((da@) + )0 x (dg(8))@)f 4 (14 d (7)) 0@ x 4)F x (4)P.
deNq(Q)

Consider Yg(Q1) — Yp()2) as given below:

Vo) =Yg = Y ((da(Q) +2)%00F2 x (dn(6))0@)P + (24 da())* 0@ x 1)f
JeNqQ()

+((24da(0)* 0@ x 1)f — Y (1+da(0) 0 x (dg(s8))70®))F
d€NQ(0)

— (1 +da(Q)H0©) x 4)P — (4)F > 0.

So Yﬁ(Q]) > Y/g(Qz)
Case 2: If k = 2 and n > 3, then we obtain

Ys(n) = 2( )((dQ@) +2)40042 x (d(8))0 )P + (24 da(2))* 10 x dg, (g1) " 91))P
S3ENQ(C

+ (24 da(2)2M0® x do, (93)" PN 1 ((day, (@u-1))" 0 ) x (dgy, (@) (9)8,

(
= Y (([da(Q) +2)0O%2 x (dn(6))%0@)F + (24 dqg(7))* 0@ x 1)F
deNQ(C)
+((2+d(0))* 00 x 4)f + (4 x 1)P,
= ¥ ((da(0) +2)00 x (da(8) 0P + (2 +da(§))* 40 x 4)F
deNQ(C)
+((24da(8))* 00 x 1)F + (4)F.

For Yg(€),), we obtain
V()= Y ((da(Q) + 1)@+ x (dq(6))™0@)P 1 ((1+dn(g))* @) x do, (¢3) 2 (92))P
0eNQq(Z)
+ ((doy (1)) 290 s ey (9)90 @) - ((dey, ()02 (P ¢ (dey, (1)) 702 P)B,

= Y ((1+da(0)*0® x (dg(8))"0@)f 4+ (14 da(2)) 0@ x 4)F
deNQ(§)

+ (4 x4)P + (4 x1)P,

= X (@) +1)%00 x (d(6)) 00 4 (1 +da(0)) 00 x 4)F + (16)F + (4)F
deNq(Q)

The difference in Y5 (€21) and Yj(()2) is considered in the following:
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Ya() = Yp() = Y (2+da(0)*H0@ x (d(6))2)P + (2 +dqa (7))@ x 4)F
deNq(Q)

(@4 @) x 1P+ (@F = T (14 dal@)2000) x (d(0))4000)P
JeNq()
((1+ da (@)1 x 4 — (16)f — @),

> 0.

Using term-by-term comparison, it follows that Y3 (1) > Y5(0y).
Case3:If k >2and n = k+ 1, then

() = Y ((2+da(0)* 00 xdo(0)C)P + (2+da (@) 0O x da, (pria)™ 7))
deNQ({)

+((24da(0)0@) x dg (@) 0 9-1)8,

Y ((da(Q) +2)00%2 xdq (5)"00)P 4 (24 dn(§))* () x 4)F
deNQ(0)
+ (24 da(g)) 0 x 4)f

For (), it follows that
Y5(02)

Y ((da(@) + 1)@+ x do (5)40@)P 1 (1 +dn(0) 0@ x da, (g ) 02 Pe1))P
€N (Q)

+ ((sz((Pk+l))d02(q)k+1) X d02(¢k71)d02(¢k71))5,

Y ((1+dn(@)® xdg (8P + ((1+dq(()) 0@ x 4)P
deNn(?)
+ (4 x 4)P,

Y. ((da(Q) + 1)@+ x 4 (5)400))P 4 (1 4da(Q)) 0@ x 4)F + (16)P.
€N (Q)

We consider the difference in Yz(Q1) and Y5(Q)) in the following:
() = Yp(2) = Y ((da(@) + 2072 x dg(8)"C)P + ((da(Q) +2)0072 x 4)f
d€eNQ(9)

+(([da(Q) +2)0 25 4)f — N ((da(Q) + 1)@ x dg(6)P0()F
€N (2)
— ((day(2) + 1)@+ 5 4)f — (16)P > 0.

Using term-by-term comparison, we obtain Y5(Q1) — Y5(Q2) > 0; hence, Y5(Qq) >
Y5(Q).
gL

Case 4: If n > k+1and k > 2, for ()1 and (), we have
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Y1) = ), ((da(Q) +2)40(0+2 5 g4 (5)42NVE 4 (24 dp(7))¥ ) x d01(¢k71)dol(¢k_1))ﬂ
JeNQ(0)
+ (@2 +da(Q)) 100 x doy, (9ri2) 1 1) 4 ((dny, (a—2)) ™77 x diy, (gu) 1P,
= Z ((da(2) +2)d0(§)+2 % dQ((s)dn(ﬁ))ﬁ + ((2+d0(§))2+d0(5) % 4)ﬁ
JeNQ(0)
+((24dn(9))*H 00 x 4)f + (4 x 1)P,
= Z ((2+d0(§))2+d0(§) « dQ(g)dn@))ﬁ + ((2+d0(€))2+d0(5) % 4)ﬁ
JeNQ(0)
+((24dn(9))*H00) x 4)F 4 (4)P.

For Yg(Q)2), we obtain

V()= Y ((1+da ()00 xdq(8)0)P + (1+da()) 00 x da, (ggq) 02 91))P

€N (Q)

+ (o, (9n-1))" 2201 x doy, ()220 + (e, ()" 2'97) x dgy, (_y) 2 P-1))P,
= Y ((1+da(@)"H@ x d(5)4@)P 1 (1 +da(Z)) 0@ x 4)F

€N (2)

+(4x4)P 4+ (4x4a)P,

= Y (1+da(@)H@ x dq(8)40@)F 1 ((1+da(2)) 0@ x 4)P + (16)° + (16)F.

JENQ(Q)

Consider Y5(Q1) — Y(€)2), as given below:

Yp() = Z( )((2 +d0(2))T00) x dgy(8)100N)F 4 (24 dq (7)) 0@ x 4)P
SeNQ(C

+((2+dn(§)* ) < 4)P + (4)f

= ¥ ((+da(@)"*0® x da(0)00)F - (14 dn(@)) @ x 1) - (16)° - (16)7,
6€N(2)

> 0.

Hence, Y5(Q) — Y3((2) > 0. For the last two terms, it follows that ((2 +
dn(Q))?H0@) x 4)f 4 (4)F — (16)P — (16)f > 0. O

Remark 3. By using mapping C repeatedly, any tree attached to a graph can be transformed into a
path as in Figure 20. The value of Yg decreases.

Figure 20. Diagram for remark using mapping C.
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Mapping D: Consider graph Q) and ¢, 0 € E(Q2), and let (2; be obtained by marking
¢ with ug, ¢ with vy for the two paths uguy - - - u,_qu, and vo@q - - - ¢;_1¢;, respectively.
Suppose (), is obtained from ); by deleting upu; and add ¢;u; (Figure 21).

Uy up Uy

Mapping D
¢, P2 P P1 P2 Pe Uy Ur

Figure 21. Diagram for mapping D.

Lemma 8. Consider Oy and Q) from Figure 21 with 1 < da(0) < da({),r > 1,and t > 0;
then, it follows that

(1) Ift >0, then Yp() > Yp();

(2) Ift=0and Tyeng(o)—(z} 1Y) < Lseng (@) —{o} 90 (0), then Yg(Q1) > Yp().

Proof. (1) Here dn({) > 1and t > 0, we consider;
Casel.Ift =1andr = 1, then;

Yp() = Z( )((dQ(g) +1)8 @+ 5 4 (5)2@N)E 1 ((dpy(7) 4 1)%0@+1 x dﬂl(ul)dgl(ul))‘g
6€NQ (¢
+ ((da(0) + 1)d0(9)+1 « dnl(qol)dﬂl(%))ﬁr
= Z ((dQ(g) + 1)dn(§)+l « dQ((S)dQ((s))ﬁ + ((dQ(C) + 1)d0(§)><1 + 1)‘3
deNa(Q)
+ ((da(0) + 1)o@+ 5 1)B,

For Yg(()2), it follows that

W0n) = T (@) < daf@) o) + ({ale) + 10 x doygr) a0)f
5eNQ (T
+ (Ao, (91)) 29V x dgy, ()02 )P,
= Z ((dn(g))dﬂ(@ « dQ((g)dQ(5))/5 + ((dalo) + 1)dn(e)+1 % 4)/5 + (4 % 1)13,
deNQ(g)

= Y ((da(0)0@) x do(5)0@)P 4 ((da(e) + 1)@ F1 x 4)f + (4)F.
€N (Q)

Consider Yg(Q1) — Y5(0)2), as given by

Y1)~ Yp() = Y ((da(Q) +1)%@ x do (8)700))P 4 ((dg(Z) +1)%0@+ x 1)P
6eNq(T)
+((da(o) + 1)@ x 1)P — Y ((da(2))™©) x do(5)"2)) — ((dq(0) + 1)@+ x 4)F
6eNQ(Q)
_ (4)/5
>0, da(0) > da(oe).
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Hence, Y5(Q1) > Y5().
Case2. If t > 1and r =1, then

Ys ) = Y ((da() + 1)@ x do(5)700) 1 (dey(Z) +1)%@+1 x dgy (ug)'n 1))8
6€Nq(?)
+ (Ao, (@r-1)) " 0 x dg, (@) (9P,
i Z( )“do(g) + 1) 5 dg (8)40 )P 4 ((dn (§) + 1)@ x 1)P + (4 x 1)P
0€NQ (¢

= Y ((da(@) + 1)@ xdy(5)40@)P 4 ((da(g) + 1)0@F x 1)F + (4)F
deNn(0)

For Yg(€),), we obtain

Yp(O2) = ) (da (D)4 x dg (5)40@))p 4 ((d02(¢t—1))d02(q)"1) % dQZ(q)t)dQZ(‘P’))ﬁ
d€NQ(0)

+ ((doy (90))™2 17 x dgy, (uy) 2 1))P,

= Y ((da()™@ x 4 (5)%00))F 1 (4 x 4)F 4 (4% 1)F,
deNn(0)

= Y (([da(@)® x dg(5)70@)E + (16)P + (4)P.
JeNQ(Q)

Consider Y5(Q1) — Y5(€)2), as given by

Vo) = Yp() = Y ((da(Z) + 1)@ 5 d (5)100N)E + ((dg () +1)%0@ x 1)f + (4)P
d€NQ(0)

- Z( )((dm@))do@ x do(8)™00)P — (16)F — (4)F,
0eNQ (T

> 0.

So Yﬁ(Q]) > Y/g(Qz)
Case3.Ift =1and 1 < r, then

V()= Y ((da(Q) + 1)@ s dg(6)0@)F 1 ((da(g) + 1)1 O x dg, (ug)on (1))p
€N (T)

+ ((dae) + 1) @F s doy (1) (91))P,

= Y ((da(@) + 1)@+ x do (5)%al)f 4 ((do(g) + 1)@+ x 4)F
€N (T)

+ ((da(e) + )™ 1)F.

For Yg(€),), it follows that

Yp(2) = 2( )((m(&))do@ x doy(8)" )P + ((do (o) + 1) M x dgy, (1) = ")F
deNq (¢

+ ((doy (1)) 129 x doy, (ug) 702 00))F,

= Y (@) xdqo(6)™0@)P + ((da(e) + 1)"@F! x 4)F + (4 x 4)P,
€N (Q)

= Y (da(0))"0©) x dq(6)90)f + ((da() +1)%0@TT x 4)F + (16)F.
€N (Q)

Consider Y5(Q1) — Yp(Qq), as given by
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Ya(O) = Y() = Y ((da(Q) + 1)@ xdq(8)90@)P 4 ((dn(g) + 1)@ x 4)F
deNa(Q)

+((da(e) + 1™ x 1)f = F3 ((dn(0)0@) x ()"
deN(0)

—((da(e) + )™+ x 4)f — (16)P,
> 0.

So Yﬁ(Q]) > Y/g(Qz)
Case4.If t >1and 1 < r, then

V() = Y ((da(Q) + D™D xdqn(6)00)P 4 ((d(@) + 1)+ x dg, ()™ 11))P
deNQ(Z)
+ ((dg, (@r-1)) o (P1) doy, (1) (P08,
= ¥ ((da(@) + 10O xdq ()0 + ((da(Q) + 10O x 4)P + (4 x 1),

0eN(2)
= Y, ((da(g) + )0+ xdq (8)%)F 4 ((da(g) + 1)@+ x 4)P + (4)P.
d€NQ(Z)
For Yg(€)2), we obtain

Vi) = Y ((da(0)@ x do(8)40@)P 4 ((da, (9r-1))"02 71 x doy, (gr) 02 (99))P
€N (T)

+ ((doy (90))2 17 x doy, (uy )2 41))P,

= Y ((da(0)™@ x do(8) )P + (4 x 4)F + (4 x 1)F,
deN(7)

= Y ((da(0)© x do(8)2@)F 4 (16)F + (4)F.
deNq(0)

Consider the following:

Ye(1) = Yp() = Y ((da(g) + 1)@ s dp (5)100N)F + ((da(g) +1)%0@ x 4)f + (4)
deNq(§)

- Z( )((dn(é))d"(@ x d(6)10@0)P + (16)F + (4)P,
5eNQ(C

> 0.

Hence, Y,B<Ql> — Yﬂ(Qz) > 0so Yﬁ<01) > Y,B(QZ)

(2. Ift = 0and Yyen, (0)-{2) 40(¥) < LseNg(g)—{o} 90 (6), if { and ¢ are adjacent

vertices, then

V(O = T (@l + DO xda(s)00)f + ((d() + 1004 xdo, () )8
d€NQ(0)

+ Y (dale)® x dq(y)aW)P,
Y¥ENq(0)

For Yg(€),), we obtain
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Yo() = Y ((da(@)2® x da(6)%@)F + ((dn(e) +1)"@F x da, (uy) "2 t))F
deN(0)
+ Y ((da(o) + 1)(a(@)+1) 5 g, ()0,
y€Na(o)

ConsiderYy(Q1) — Yp(()2), as given by

Yo(O1) = Yp() = Y ((da() +1)% O s dqy (6)%))f 4 ((dn(g) +1)00 7 x dg, (uy) " (1))P
6€Nq(2)

+ Z (dQ(Q)dQ(Q)Xdﬂ(y)dn(}/))ﬁ_ Z ((dQ@))dQ(g)XdQ((S)dQ((;))ﬁ'
y€Nn(o) 5€NQ(2)

— ((da (o) +1)do(e)+l % dQZ(ul)dQZ(m))ﬂ _ Z ((d (o) +1)(:710(9)1) % dQ(y)dQ(y))lB,
yEeNn(e)
> 0. da, (1) = da, (u1)

Hence, Y/; (Ql) > Yﬁ (Qz) .
If  and ¢ are adjacent, then we have

)= Y ((da(@) + 1)@+ xdq(5)40@)f 1 ((da(Z) + 1)@+ x dg (ug)?0 (1))
deNa(f)—{e}
+ Y (da(@™® xda(y) o W)P + ((da () + 1) x dn (o) @)P.
yeNq(e)—{Z}

For Yﬁ(QZ), we obtain

V)= Y (@)@ xda©)™ ) + ((dale) + 1)@+ x da, (uy) "2 1))P
deN()—{e}

+ Z ((dalo) + 1)dn(9)+1 % do(y)dg(y))ﬁ + (do(g)dQ(C) x (do (o) + 1)(10(@)—&-1)15.
yeNq(e)—{Z}
Consider Yg(Q1) — Y5(02), as given by

Yp(Q) — Yp(() =
((da(Q) + 1)@+ x d (5)40@)E 4+ ((do(§) + 1)+ x d, (ug)*01 )P
0eNa(0)—{o}

+ Z (dQ(Q)dQ(Q) % dﬂ(y)da(y))/g + ((dQ(C) + 1)d0(§)+1 % dO(Q)dQ(Q))ﬁ
yEN(e)—{Z}

= L ((@n(©)® xda(6)D)F — ((da(e) + 1) x dg, (1) 2P
deNn(8)—{e}

— L ((dale) + 1)®@H x dg(y) @) — (dn(2)%@ x (dn(e) +1)%@+)P,
yENa(e)—{Z}

> 0. o, (u1) =da, (u1)

Hence, Y/S(Ql) — Yﬁ(QZ) >0, s0 Yﬁ(Q]) > Yﬁ(Qz) O

Remark 4. Using mapping C and mapping D continuously, every tree can be transformed into a
path, any unicyclic graph can be transformed into a unicyclic graph such that the path is connected
to a cycle, and every bicyclic graph can be changed into a bicyclic graph cycle in which the path is
connected to one of the graphs provided in Figure 22 (Lemma 8(i)). Generally, any bicyclic graph can
be changed into a bicyclic graph where the path is connected to a vertex of degree 2 (Lemma 8(ii)),

and the value of Yg decreases.
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o000

Fy F; F;

Figure 22. Diagram for F;, F,, and F;.

Lemma 9. Consider the graph )y given in Figure 23 if the path x1,x,- - ,x, with 1 < k is
connected to vertex x1. Suppose () is obtained from O3y by removing oxy and add oxy; then,
Yp() > Yp(Do).

I ’

2
Figure 23. Diagram for Lemma 9.
Proof. If k = 2, then x; and x; are different; it follows that
Yp(Q1) = (d(§)"D x day, (x1)1 CV)P + (doy, (1) ) x dy, (xp) 0 (2) )P

+ (dQl (xl)d(ll (x1) X dQl (Q)dnl (g))ﬁ,
— (d(g)d(é) % 27)/S + (27)/3 + (27 % dgl(g)dﬂl (Q))/g'

For Yg(()2), we obtain
Yp(02) = (A(2)"9 x da, (11)20V)F + (do, (1)) x doy, (x2) 022

+ (dQZ(xz)dQZ(xz) ~ dQZ(Q)dQZ(g))ﬁl
— (d(g)d(g) x 4)P + (16)P + (4 x dQZ(Q)dQZ(Q))ﬁ'

Consider Yg(Q1) — Yp(0)2), as given by
Yp(Q1) = Yp() = (d(0)"0 x 27)P + (27)F + (27 x doy, (o)1 )P

_ (d(g)d(é) x 4)P — (16)P — (4 x doz(g)doz(g))ﬁ’
> 0.

For k > 2, it follows that;

Y5(Q1) = (d(0)™® x day, (x1)2 DY + (dgy, (x1) "0 5 gy, (x2), (x2))P
+ (do (x1) " ) < doy (0)1 )P 4 (da, (1) 1) x dgy ()% 0))B,
= (d(0)%© x 27)F + (108)F + (27 x dqy, ()™ ¥)P + (4)P.
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For Yg(€),), we obtain

Y5() = (d(2)"© x day, (x1)2 )P 4 (o, (x1) 2 ") 5 doy, (x2)8h, (x2))
+ (doy, ()2 ) 5 dQZ(Q)dﬂz(Q))ﬁ + (dap (1) 02551 5 d gy () 02 (3H))B,
= (d(0)"© x 4)P 1 (16)P + (4 x dq, (0)*2 )P + (16)F.
Consider Y5(Q1) — Y5(€)2), as given by

Y5() — Yp(Qa) = (d(0)*) x 27)P + (27 x day, (0)" D) — (d(2)"©) x 4)P — (4 x dpy, (0)*2 (@)
+ (108)f + (4)f —2(16)P,
> 0.

Hence, Y5(Q1) — Y3(Q2) > 0 in both cases if k = 2 and k > 2. This confirms that
Yﬂ(Ql) > Y‘B(Qz). O

8. Smallest Value of Yj in Unicyclic Graphs, Trees, and Bicyclic Graphs

Here, we found unicyclic graphs, trees, and bicyclic graphs with the smallest value of
Y/g ; using Lemma 7, we obtain the following:

Theorem 8. Consider a T on n vertices; if T is not Py, then Yg(Ty) > Yg(Pn).

Let UF be a unicyclic graph which is obtained by connecting a path to Cy of length
n — k. According to Lemmas 7 and 8, it follows that

Theorem 9. Let Q) be a unicyclic graph of girth k and order n; if Q) is not U¥, then Yﬁ(Fn)k <
Y5(Q)).
P

Using Lemma 9, it follows that
Theorem 10. C;, is the unique graph on n vertices with smallest value for Yg.

Let F;, F, and F; be the graphs in Figure 22; from Lemmas 7 and 9, the bicyclic graph
with a minimum value of Yp is one from F;, F», and F;, where

Yp(F) = 4(4 x 256)P + (n — 3)(4 x 4)P,
= (n—3)(16)F +4(1024)F.

Y(F) = Yp(Fs) = 4(4 x 27)P + (27 x 27)P + (n — 4) (4 x 4)F,
= (n—4)(16)P +4(108)P + (729)P, if { and ¢ are adjacent.

Yp(F) = Yp(Fs) = 6(4 x 27)P + (n — 5)(4 x 4)F,
= (n—5)(16)P +6(108)P, if { and ¢ are not adjacent.

The difference is considered below:
Yp(F1) — Yg(F2) = (16)F + 4(1024)F — 4(108)F — (729)F > 0. (38)

The inequality in (38) can be observed in Figure 24.
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The difference of F and F, for Yp

6000 [-

5500

5000

Yp F2

' 4500

Yp F1
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1.00 1.02 1.04 1.06 1.08 1.10
B

Figure 24. Plot for Yg(F) — Yg(F2)-
Yg(F1) — Yp(F3) = 2(16)F +4(1024)F — 6(108)F > 0. (39)
Yg(F>) — Yg(F5) = (16)F +4(108)F + (729)F — 6(108) > 0. (40)
The inequalities in (39) and (40) can be observed in Figures 25 and 26.

The difference of F> and F3 for Yp

15000 -

10000 |-

YgF2-YgF3

5000 -

Figure 25. Plot for Yg(F2) — Yg(F3).

The difference of Fy and F3 for Yp
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60000 -

YpF1-YpF3

40000 -

20000 -

0F

B
Figure 26. Plot for Yy (F) — Yg(F3).

From the above investigation, the following is true:

Theorem 11. Consider a family Q) containing bicyclic graphs on n vertices; then, the greatest value
of Yg is for Fy.

Theorem 12. Consider a family Q) containing bicyclic graphs on n vertices; then, Fs is the graph with the
smallest value for Y. Here vertices with a degree of 3 are not adjacent, i.e., Yg(F3) < Yg(F2) < Yg(Fy).
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9. Conclusions

Topological indices are numerical values associated with a graph and remain un-
changed for isomorphic graphs. The field of indices is of considerable interest to researchers.
In this article, we considered the second form of GPSCI and investigated its use on trees,
unicyclic graphs, and bicyclic graphs. In the desired families, graphs with optimal values
were found by means of mapping. Two mappings were considered for maximum values,
and two mappings were considered for minimum values. The considered bi-cyclic graphs
are of three types: cycles with no vertices in common, cycles with one vertex in common,
and cycles with a path in common.
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