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Abstract: In the digital economy era, information symmetry, transparency, and traceability
in food supply chains have increasingly garnered consumer attention. To motivate supply
chain members to engage in product traceability, this paper examines the competitive and
cooperative dynamics among participants in the food supply chain over continuous time.
By developing a differential game model involving manufacturers and retailers with three
decision-making modes, we solve the model using the Hamilton–Jacobi–Bellman (HJB)
equation and perform a simulation analysis to assess the impact of different modes on over-
all supply chain profits. Additionally, we analyze how various parameters affect the profits
of manufacturers and retailers. The key findings of this study indicate that centralized
decision-making enhances the overall benefits of the food supply chain. Among the three
decision-making models, the cost-sharing model proves to be the optimal approach, as it
leads to a Pareto improvement in the profits of both manufacturers and retailers. These
conclusions provide valuable insights for supply chain members seeking to optimize prod-
uct traceability and enhance supply chain efficiency, as well as for government authorities
involved in traceable supply chain governance.

Keywords: digital economy; food supply chain; food traceability; information symmetry

1. Introduction
Food is a fundamental component of people’s livelihoods and has long garnered

significant consumer attention. Food traceability plays a crucial role in protecting consumer
rights. Unlike other products, food directly impacts consumer health, making its supply
chain subject to more stringent regulatory standards. Many countries and regions mandate
a high level of traceability within the food supply chain to ensure the rapid identification
of sources and the timely implementation of corrective actions in the event of food safety
concerns. Furthermore, the short lifecycle and limited shelf life of food products necessitate
the close monitoring of each stage of production, distribution, and consumption through
traceability systems.

1.1. Digital Traceability

With the rise of the digital economy, food traceability has undergone significant tech-
nological innovations and transformations. Digital traceability technologies, such as cloud
computing, big data with “one product, one code”, and blockchain-based solutions, have,
to an extent, provided critical support for the digital governance of food safety risks [1].
Existing traceability frameworks are primarily designed for food and agricultural products.
Chen, J. et al. [2] addressed issues related to the redundancy filtering of large data volumes
and on-chain storage for traceability. They proposed a trusted storage and traceability
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system based on blockchain and internet of things (IoT) technologies. Due to its numerous
advantages, blockchain-based traceability methods have been extensively researched and
applied across various production sectors and in daily life. Leveraging blockchain’s decen-
tralization, Zhu, J. et al. [3] developed a dynamic multi-center collaborative certification and
traceability model for supply chain participants, utilizing blockchain characteristics and
hashing principles. Zheng, K. et al. [4] designed a multi-party traceability platform for agri-
cultural product quality and safety, based on distributed storage, computing technologies,
and spatiotemporal data integration.

In the context of enhancing the depth of product traceability, Opara, L. [5] identified
six key components of traceability systems in agriculture and food supply chains: product
traceability, process traceability, genetic traceability, input traceability, disease/pest trace-
ability, and measurement traceability. These elements guide the design and implementation
of agricultural and food traceability systems. Concerning modular traceability design,
Olsen, P. et al. [6] outlined the general components of traceability systems in food, focusing
on identifying supply chain units, recording unit attributes, and tracking their connections
and transformations throughout the supply chain. Purwandoko, P. et al. [7] developed
a traceability framework for organic rice certification, intended to guide the design of
traceability systems for organic rice products. Regarding regulatory aspects, Regattieri, A.
et al. [8] analyzed legal provisions and regulatory schemes for food traceability, providing a
general framework for achieving the essential functions of an effective traceability system.

1.2. Information Sharing

In the development of a digital traceability system, information sharing plays a pivotal
role. Research by Song, H. et al. [9] has found that the adoption of traceability systems is pri-
marily influenced by the willingness of companies to share traceability data. Encouraging
supply chain participants to share this information enhances the operational efficiency of
traceability systems. However, private information can provide competitive advantages to
certain stakeholders. For instance, Zhang, L. and Yang, J. [10] have argued that manufactur-
ers who access private demand data can adjust wholesale prices that maximize their profits.
This practice, however, may increase wholesale costs for retailers and intensify competition
in the retail market. With regard to retailers, Jin, W. et al. [11] observed that they act as
intermediaries, transmitting consumer needs, habits, and preferences to upstream supply
chain participants. Information sharing between retailers and consumers supports the
sustainable development of the supply chain. Finally, from the consumer’s perspective,
Jiang, N. et al. [12] emphasized that the construction of an information traceability system
in the supply chain should meet the informational needs of consumers so as to enhance the
market competitiveness of the supply chain. Furthermore, through visualized traceability
data, consumers can independently assess and choose safe food products. If an issue arises
with purchased food, consumers can quickly trace the problem’s source and identify the
responsible party [13].

1.3. Cost Sharing

Cost sharing is an effective tool for supply chain coordination and incentive alignment.
Scholars have widely applied cost-sharing strategies to enhance supply chain perfor-
mance in areas such as quality management, product development, and carbon reduction.
Song, H. et al. [9] have suggested that improving the willingness of companies to share
traceability information could be achieved through the reasonable allocation of traceability
costs. Zhen, Y. et al. [14] have proposed a cost-sharing contract for blockchain investment
in a digital publishing supply chain, consisting of publishers, sales platforms, and con-
sumers. Their work addresses optimal pricing and copyright protection decisions under
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both traditional and blockchain copyright protection models. Additionally, some domestic
and international scholars have conducted in-depth research on cost-sharing contracts in
other areas. For example, Cai, J. et al. [15] introduced cost-sharing contracts in scenarios
where both manufacturers and retailers are risk averse, only the retailer is risk averse, or
only the manufacturer is risk averse, optimizing the performance of green supply chains
and exploring the optimal decisions of supply chain members. Yang, H. et al. [16] proposed
a manufacturer-led two-level supply chain model, considering retailers’ fairness concerns
in both pre-sale and non-pre-sale scenarios, and verified the effectiveness of cost-sharing
contracts and their role in supply chain games.

1.4. Differential Games

In recent years, an increasing number of scholars, both domestic and international,
have employed differential game models to examine supply chain management issues.
This approach is particularly relevant as interactions among supply chain members often
represent a continuous and dynamic process, reflecting long-term decision-making chal-
lenges. Hong, J. et al. [17] used a differential game model to investigate quality control
coordination in a supply chain comprising a supplier and a manufacturer. Their findings
indicate that cooperative quality control leads to a more favorable Nash equilibrium com-
pared with non-cooperative solutions. Ma, D. and Hu, J. [18] introduced fairness concerns
among members in a closed-loop supply chain and applied differential games to derive
dynamic equilibrium solutions. Luisito, B. [19] applied differential game theory to study
cooperation and non-cooperation models between two countries managing cross-border
CO2 pollution. His analysis showed that feedback strategies could reduce CO2 emissions
and enhance environmental performance. Zhou, M. et al. [20] examined the dynamic effects
of alliances between supply chain members on advertising investments using differential
games. Their study found that such alliances incentivize manufacturers and retailers to
increase advertising investment. However, there remains limited research on the specific
application of differential game strategies to food supply chains.

1.5. Paper Contributions

A review of the literature reveals that most studies on cost-sharing in supply chains
focus on static game models. Similarly, in existing traceability research, the level of product
traceability is often treated as a static parameter. However, in practice, factors such as aging
production equipment and delayed traceability innovations can lead to a gradual decline
in product traceability over time.

This paper distinguishes itself from most existing literature, which predominantly
addresses static problems, by employing a differential game approach to capture the time-
varying nature of product traceability. It considers decision-making under varying risk
preferences of supply chain members and analyzes the optimal dynamic decisions for
both individual members and the entire system within cooperative, non-cooperative Nash,
and Stackelberg game scenarios. The paper compares these decision-making models to
identify the optimal dynamic strategy for traceable food supply chains. By addressing
the competitive and cooperative relationships among game participants over continuous
time, it provides valuable decision-making insights for supply chain members to enhance
supply chain efficiency. Moreover, it offers a robust foundation for traceable supply chain
governance by government authorities. Additionally, the paper contributes to the academic
development of differential game theory within the field of supply chain management.
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2. Materials and Methods
2.1. Problem Description

Given the perishable, seasonal, and loss-prone nature of food products, this paper
considers the short lifecycle of food, which encompasses the key stages of production,
sales, and consumption. The supply chain under investigation consists of an upstream
manufacturer that implements a digital traceability system and a downstream retailer that
promotes traceability to consumers. The focus of this research is on the shared burden
of traceability costs within this supply chain. The operational model of the supply chain
system studied in this paper is shown in Figure 1.
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In this supply chain system, the manufacturer directly impacts the product’s traceabil-
ity level by implementing the digital traceability system. Conversely, the retailer indirectly
affects market demand by promoting the product’s traceability to consumers. To encourage
the retailer’s active promotion of traceability, the upstream manufacturer is willing to share
part of the traceability promotion costs with the retailer.

2.2. Model Assumptions and Notation Explanation

To study the relevant issues, this paper makes the following assumptions about the
supply chain model.

H1. This paper considers a two-level supply chain consisting of a single manufacturer (M)
and a single retailer (R) after the establishment of a digital traceability system. Given that the
manufacturer faces greater pressure than the retailer during the implementation of the traceability
system, the paper adopts a Stackelberg differential game model in which the manufacturer leads, and
the downstream retailer follows.

H2. The initial investment in the traceability system determines the level of traceability of the
product. The higher the investment, the higher the traceability level of the product, though it
also involves greater resource consumption. Let the effort level of the manufacturer’s traceability
investment be denoted as I(t), and the associated cost of traceability investment be represented as
Equation (1):

CM(I(t))
1
2

κ I2 (1)

where κ is the cost coefficient for traceability investment. Similarly, let the retailer’s promotional
effort level for traceable food be denoted as E(t), with the associated promotional cost given by
Equation (2):

CR(E(t))
1
2

λE2 (2)

where λ is the cost coefficient for promotional efforts.
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H3. The level of product traceability is related to the manufacturer’s investment effort, but over
time, the traceability level will undergo dynamic changes. This dynamic process is described by
Equation (3):

.
τ(t) = γI(t)− δτ(t), τ(0) = τ0 (3)

where γ represents the impact coefficient indicating the change in traceability per unit effort, and δ

reflects the degradation of traceability over time due to factors such as aging production equipment
or the lag in traceability innovation. τ0 represents the initial traceability level of the product.

H4. The demand for traceable food is linearly related to the product’s traceability level, the
retailer’s promotional effort, and the price. The basic demand function for traceable food is given by
Equation (4):

D(t) = α − p(t) + µτ(t) + νE(t) (4)

where α is the potential market demand, which is common knowledge between both parties. µ

represents the impact of traceability on the demand for traceable food, and ν represents the impact of
promotional efforts on the demand for traceable food.

H5. The manufacturer determines the wholesale price w(t) based on the traceability level, cost-
sharing contract, and manufacturing costs c(t), among other factors. The retailer, in turn, sets the
retail price p(t) based on the wholesale price and other relevant factors.

H6. Both the manufacturer and the retailer have a discount rate of ρ(ρ > 0).

All parameters stated in the assumptions and their definitions are summarized in
Table 1.

Table 1. Parameter Summary.

Parameter Definition

I(t) Manufacturer’s traceability investment effort
E(t) Retailer’s traceability promotion effort

κ Traceability investment cost coefficient
λ Traceability promotion cost coefficient
γ Traceability impact coefficient on product
δ Traceability degradation coefficient
α Potential market demand
µ Impact coefficient of traceability on demand
ν Impact coefficient of promotion on demand

c(t) Manufacturing cost
w(t) Wholesale price
p(t) Retail price

2.3. Cooperative Game Analysis Under Centralized Decision-Making (C Scenario)

In the context of centralized decision-making, it is assumed that a central decision-
maker exists whose objective is to maximize the overall profit of the supply chain. Although
it is difficult to identify such a central decision-maker in practical scenarios, this optimal
decision serves as a benchmark for evaluating the effectiveness of contracts. This approach
aims to investigate the impact of centralized decision-making on supply chain efficiency
under ideal conditions and provide a reference for subsequent decentralized decision-
making. Therefore, when analyzing the coordination effects of contracts, the optimal
outcome under centralized decision-making is used as a benchmark for comparison with
ideal scenarios.
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Under centralized decision-making, the long-term objective function model of the
supply chain is given by Equation (5):

Rc
s(τ, t) = max

p(t),I(t),E(t)

∫ ∞

0
e−ρt{(p(t)− c(t))D(t)− CM(I(t))− CR(E(t))}dt (5)

To obtain the equilibrium strategy for the problem, the Hamilton–Jacobi–Bellman
(HJB) equation from the differential game approach is employed to solve Equation (5).
Given the complexity of solving the long-term objective function model and following the
approach of Xia, Z. et al. [21], the time variable t is omitted for notational simplicity. The
solution is as follows:

Proposition 1. The equilibrium solution under the centralized decision-making scenario is as follows:
The optimal decision equilibrium for the supply chain system is given by Equation (6):

pc∗
s =

(α + c + µτ)λ − cν2

2λ − ν2 , Ic∗
s =

γ(2z∗1τ + z∗2)
κ

, Ec∗
s =

(α − c + µτ)ν

2λ − ν2 (6)

The optimal profit value function for the supply chain system is given by Equation (7):

Rc∗
s = e−ρt(z∗1τ2 + z∗2τ + z∗3) (7)

The trajectory of the product traceability level over time is given by Equation (8):

τc = (τ0 +
z∗2γ2

2z∗1γ2τ − δκ
)e

2z∗1 γ2τ−δκ

κ t − z∗2γ2

2z∗1γ2 − δκ
(8)

where 
z∗1 = 2δ + ρ +

√
κ(2δ+ρ)2

4γ2 − µ2λ

2λ−ν2

z∗2 = µλκ(α−c)
(2λ−ν2)(κδ+κρ−2γ2z1)

z∗3 = λ(α−c)2

2ρ(2λ−ν2)
+

γ2z2
2

2κρ

The detailed derivation of Proposition 1 can be found in the Proof in Appendix A.
Under centralized decision-making, this analysis examines the effects of various pa-

rameters on the decision variables of supply chain members, including market potential
demand (α), traceability input cost coefficient (κ), traceability promotional cost coeffi-
cient (λ), product traceability level impact coefficient (γ), traceability level decay coefficient
(δ), and the influence of traceability promotion on demand (ν). As stated in Lemma 1:

Lemma 1. Sensitivity analysis of relevant parameters under centralized decision-making.

∂τc

∂α
> 0,

∂τc

∂κ
< 0,

∂τc

∂λ
< 0,

∂τc

∂γ
> 0,

∂τc

∂δ
< 0,

∂τc

∂ν
> 0;

∂pc∗
s

∂α
> 0,

∂pc∗
s

∂κ
< 0,

∂pc∗
s

∂λ
> 0,

∂pc∗
s

∂γ
> 0,

∂pc∗
s

∂δ
< 0,

∂pc∗
s

∂ν
> 0;

∂Ec∗
s

∂α
> 0,

∂Ec∗
s

∂κ
< 0,

∂Ec∗
s

∂λ
< 0,

∂Ec∗
s

∂γ
> 0,

∂Ec∗
s

∂δ
< 0,

∂Ec∗
s

∂ν
> 0;

∂Ic∗
s

∂α
> 0,

∂Ic∗
s

∂κ
< 0,

∂Ic∗
s

∂λ
< 0,

∂Ic∗
s

∂γ
> 0,

∂Ic∗
s

∂δ
< 0,

∂Ic∗
s

∂ν
> 0.
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From Lemma 1, we conclude that, under centralized decision-making, the follow-
ing apply:

1. The product traceability level, retail price, manufacturer’s traceability effort, and
retailer’s traceability promotion effort are all positively correlated with market po-
tential demand. Specifically, as market potential demand increases, these factors
also increase. This indicates that market demand is a critical determinant of product
development, and that conducting pre-market surveys is essential for making optimal
decisions in the game.

2. The product traceability level, retail price, manufacturer’s traceability effort, and
retailer’s traceability promotional effort are all negatively correlated with the trace-
ability input cost coefficient. As traceability input costs rise, these factors decline.
This suggests that, as the difficulty of enhancing product traceability increases, man-
ufacturers’ incentives to invest in traceability decrease, resulting in lower product
traceability levels. This, in turn, affects product pricing and the traceability efforts of
both manufacturers and retailers. Therefore, controlling traceability costs is essential,
and government subsidies or incentives could reduce the costs of building traceability
systems, thereby encouraging greater investment in traceability efforts and promoting
the sustainable development of the traceable food industry.

3. The product traceability level, manufacturer’s traceability effort, and retailer’s trace-
ability promotional efforts are all negatively correlated with the traceability promo-
tional cost coefficient. In contrast, the retail price is positively correlated with this
coefficient. This suggests that higher promotional costs directly impact the manu-
facturer’s traceability input, which in turn reduces the product’s traceability level.
Furthermore, as traceability promotion costs increase, the retail price of the product
also increases.

4. The product traceability level, retail price, manufacturer’s traceability efforts, and
retailer’s traceability promotional efforts are all positively correlated with the product
traceability level impact coefficient. This indicates that, as the product’s traceability
level improves, manufacturers are more likely to invest in traceability efforts, and re-
tailers are also more inclined to promote the product’s traceability. Additionally, as the
traceability attributes of the product improve, its price tends to increase accordingly.

5. The product traceability level, retail price, manufacturer’s traceability effort, and
retailer’s traceability promotion effort are all negatively correlated with the traceability
level decay coefficient. This implies that the faster the product’s traceability level
naturally deteriorates, the more difficult it becomes for manufacturers and retailers to
intensify their investments in traceability efforts.

6. The product traceability level, retail price, manufacturer’s traceability efforts, and
retailer’s traceability promotional efforts are all positively correlated with the impact
of traceability promotion on demand. This indicates that, as market demand increases,
manufacturers place greater emphasis on improving product traceability and are
willing to invest more in traceability efforts. Similarly, retailers will enhance their
promotional efforts, resulting in a corresponding rise in the retail price.

2.4. Non-Cooperative Game Analysis Under Decentralized Decision-Making Scenario (D Scenario)

In this scenario, the manufacturer and the retailer make independent decisions to
maximize their individual profits. Their respective long-term objective functions are
represented by Equations (9) and (10):

max
I

Rd
M =

∫ ∞

0
e−ρt{(w − c)D − CM(I)}dt (9)
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max
p,E

Rd
R =

∫ ∞

0
e−ρt{(p − w)D − CR(E)}dt (10)

The solution method is analogous to Proposition 1, yielding the following results:

Proposition 2. The equilibrium solution under the decentralized decision-making scenario is
as follows:

7. The equilibrium solution for the manufacturer and retailer is given by Equation (11):

pd∗
R =

(α + w + µτ)λ − wν2

2λ − ν2 , Id∗
M =

a∗1γ

κ
, Ed∗

R =
(α − w + µτ)ν

2λ − ν2 (11)

8. The optimal profit functions for the manufacturer and the retailer are given by Equations (12)
and (13):

Rd∗
R = e−ρt

(
b∗1 τ2 + b∗2 τ + b∗3

)
(12)

Rd∗
R = e−ρt

(
b∗1 τ2 + b∗2 τ + b∗3

)
(13)

9. The trajectory of the product traceability level over time is given by Equation (14):

τd = (τ0 −
a∗1γ2

δκ
)e−δτt +

a∗1γ2

δκ
(14)

where  a∗1 = µλ(w−c)
(2λ−ν2)(δ+ρ)

a∗2 = λ(α−w)(w−c)
ρ(2λ−ν2)

+
γ2a2

1
2κρ

;


b∗1 = µ2λ

2(2λ−ν2)(2δ+ρ)

b∗2 = µλ(α−w)
(2λ−ν2)(δ+ρ)

+ 2γ2a1b1
κ(δ+ρ)

b∗3 = λ(α−w)2

2ρ(2λ−ν2)
+ γ2a1b2

κρ

The detailed derivation of Proposition 2 can be found in the Proof in Appendix A.
Under decentralized decision-making, this analysis examines the impact of various

parameters on the decision variables of supply chain members, including market potential
demand (α), traceability input cost coefficient (κ), traceability promotional cost coeffi-
cient (λ), product traceability level impact coefficient (γ), traceability level decay coefficient
(δ), and the influence of traceability promotion on demand (ν). As stated in Lemma 2:

Lemma 2. Sensitivity analysis of relevant parameters under decentralized decision-making.

∂τd

∂α
> 0,

∂τd

∂κ
< 0,

∂τd

∂λ
< 0,

∂τd

∂γ
> 0,

∂τd

∂δ
< 0,

∂τd

∂ν
> 0;

∂pd∗
R

∂α
> 0,

∂pd∗
R

∂κ
< 0,

∂pd∗
R

∂λ
> 0,

∂pd∗
R

∂γ
> 0,

∂pd∗
R

∂δ
< 0,

∂pd∗
R

∂ν
> 0;

∂Ed∗
R

∂α
> 0,

∂Ed∗
R

∂κ
< 0,

∂Ed∗
R

∂λ
< 0,

∂Ed∗
R

∂γ
> 0,

∂Ed∗
R

∂δ
< 0,

∂Ed∗
R

∂ν
> 0;

∂Id∗
M

∂α
> 0,

∂Id∗
M

∂κ
< 0,

∂Id∗
M

∂λ
< 0,

∂Id∗
M

∂γ
> 0,

∂Id∗
M

∂δ
< 0,

∂Id∗
M

∂ν
> 0.

From Lemma 2, it can be concluded that, under decentralized decision-making, the
relationships between product traceability level, retail price, manufacturer’s traceability
effort, retailer’s traceability promotional effort, and the parameters of market potential
demand, traceability input cost coefficient, traceability promotional cost coefficient, product
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traceability level impact coefficient, traceability level decay coefficient, and demand impact
coefficient are consistent with those in Lemma 1. That is, conclusions 1–6 in Lemma 2 align
with those in Lemma 1.

Comparison of decision variables: Furthermore, by comparing pc∗
s with pd∗

R , Ic∗
s with

Id∗
M , and Ec∗

s with Ed∗
R , we find that pc∗

s > pd∗
R ; Ic∗

s > Id∗
M ; Ec∗

s > Ed∗
R . This indicates that,

under centralized decision-making, the optimal decisions of both the manufacturer and
retailer are superior to those made under decentralized decision-making. Given that the
overall profit function comparison is relatively complex, the next section will provide a
comparative analysis of the supply chain’s total profit and the profit variations of each
player in both scenarios, using numerical examples.

2.5. Principal–Agent Game Under the Cost-Sharing Contract (P Scenario)

This section analyzes the impact of the cost-sharing contract on the supply chain
system under the cost-sharing contract scenario. To incentivize the retailer to actively
engage in traceability promotion, the manufacturer is willing to bear a portion of the cost
of traceability promotion, with the sharing ratio denoted as φ.

In this scenario, both the manufacturer and the retailer independently make decisions
with the goal of maximizing their respective profits. In the first step, the manufacturer
determines the effort level I(t) for traceability investment and the cost-sharing ratio φ

for the contract. In the second step, the retailer, based on the manufacturer’s decisions,
determines the retail price p and the effort level E(t) for traceability promotion.

The manufacturer’s long-term objective function is given by Equation (15):

max
φ,I

Rp
M =

∫ ∞

0
e−ρt{(w − c)D − CM(I)− φCR(E)}dt (15)

The retailer’s long-term objective function is given by Equation (16):

max
p,E

Rp
R =

∫ ∞

0
e−ρt{(p − w)D − (1 − φ)CR(E)}dt (16)

Proposition 3. The equilibrium solution under the cost-sharing scenario is as follows:
The equilibrium solutions for the manufacturer and the retailer are given by Equation (17):

Ip∗
M =

γ(m∗
1 τ+m∗

2)
κ , Ep∗

R = (α−w+µτ)ν
2(1−φ∗)λ−ν2 ,

φ∗ =
4(w−c)(αν2+µτν2−αλ−wλ−µτλ)−1

4λ(α−w+µτ)2ν2 ,

pp∗
R = (α+w+µτ)λ−wν2

2(1−φ∗)λ−ν2

(17)

The optimal profit functions for the manufacturer and the retailer are given by Equation (18)
and Equation (19):

Rp∗
M = e−ρt

(
m∗

1τ2 + m∗
2 + m∗

3

)
(18)

Rp∗
R = e−ρt

(
n∗

1τ2 + n∗
2τ + n∗

3

)
(19)

The trajectory of the product’s traceability level over time is given by Equation (20):

τp = (τ0 −
m∗

2γ2

m∗
1γ2 − δκ

)e
m∗

1 γ2−δκ

κ t − m∗
2γ2

m∗
1γ2 − δκ

(20)
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where 
m∗

1 = 2δ + ρ +

√
κ(2δ+ρ)2

γ2 + φν2µλ

2λ−ν2

m∗
2 = 2µλ[(w−c)−φ(α−w)]

2[κ(δ+ρ)−γ2m1][2(1−φ)λ−ν2]
2

m∗
3 =

2(1−λ)(α−w)(w−c)[2(1−φ)λ−ν2]−φλ(α−w)2ν2

2[2(1−φ)λ−ν2]
2 +

γ2m2
2

2κρ
n∗

1 = (1−φ)µ2λκ

2[2(1−φ)λ−ν2][(2δ+ρ)κ−4γ2m1]

n∗
2 = (1−φ)(α−w)µλκ

[2(1−φ)λ−ν2][(δ+ρ)κ−2γ2m1]
+ 2γ2n1m2

(δ+ρ)κ−2γ2m1

n∗
3 = λ(1−φ)(α−w)2

2ρ[2(1−φ)λ−ν2]
+ γ2n2m2

κρ

The detailed derivation of Proposition 3 can be found in the Proof in Appendix A.
Under cost-sharing arrangements, this analysis examines the impact of various pa-

rameters on the decision variables of supply chain members, including market potential
demand (α), traceability input cost coefficient (κ), traceability promotional cost coeffi-
cient (λ), product traceability level impact coefficient (γ), traceability level decay coefficient
(δ), and the influence of traceability promotion on demand (ν). As stated in Lemma 3:

Lemma 3. Sensitivity analysis of relevant parameters under cost-sharing arrangements.

∂τp

∂α
> 0,

∂τp

∂κ
< 0,

∂τp

∂λ
< 0,

∂τp

∂γ
> 0,

∂τp

∂δ
< 0,

∂τp

∂ν
> 0;

∂pp∗
R

∂α
> 0,

∂pp∗
R

∂κ
< 0,

∂pp∗
R

∂λ
> 0,

∂pp∗
R

∂γ
> 0,

∂pp∗
R

∂δ
< 0,

∂pp∗
R

∂ν
> 0;

∂Ep∗
R

∂α
> 0,

∂Ep∗
R

∂κ
< 0,

∂Ep∗
R

∂λ
< 0,

∂Ep∗
R

∂γ
> 0,

∂Ep∗
R

∂δ
< 0,

∂Ep∗
R

∂ν
> 0;

∂Ip∗
M

∂α
> 0,

∂Ip∗
M

∂κ
< 0,

∂Ip∗
M

∂λ
< 0,

∂Ip∗
M

∂γ
> 0,

∂Ip∗
M

∂δ
< 0,

∂Ip∗
M

∂ν
> 0.

From Lemma 3, it can be concluded that, under decentralized decision-making, the
relationships between product traceability level, retail price, manufacturer’s traceability
input effort, retailer’s traceability promotional effort, and the parameters of market potential
demand, traceability input cost coefficient, traceability promotional cost coefficient, product
traceability level impact coefficient, traceability level decay coefficient, and demand impact
coefficient are consistent with those in Lemma 1. That is, conclusions 1–7 in Lemma 3 align
with those in Lemma 2.

Comparison of decision variables: Furthermore, by comparing pc∗
s , pd∗

R with pp∗
R ; Ic∗

s , Id∗
M with

Ip∗
M ; and Ec∗

s , Ed∗
R with Ep∗

R , we observe that pc∗
s > pp∗

R > pd∗
R ; Ic∗

s > Ip∗
M > Id∗

M ; Ec∗
s > Ep∗

R > Ed∗
R .

This suggests that cost-sharing contracts can, to some extent, achieve a Pareto improvement in the
decision-making of supply chain members.

2.6. Comparative Analysis

The equilibrium solutions and optimal profits for each member of the supply chain
under three different scenarios are summarized in Table 2.
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Table 2. Equilibrium solutions and optimal profits.

Manufacturer’s
Equilibrium

Solution

Retailer’s
Equilibrium

Solution

Manufacturer’s
Optimal Profit Retailer’s Optimal Profit

Centralized decision γ(2z∗1 τ+z∗2)
κ

(α−c+µτ)ν
2λ−ν2

1
2 e−ρt(z∗1τ2 + z∗2τ + z∗3

) 1
2 e−ρt(z∗1τ2 + z∗2τ + z∗3

)
Decentralized decision a∗1 γ

κ
(α−w+µτ)ν

2λ−ν2 e−ρt(a∗1τ + a∗2
)

e−ρt(b∗1 τ2 + b∗2 τ + b∗3
)

Cost sharing γ(m∗
1 τ+m∗

2)
κ

(α−w+µτ)ν
2(1−φ∗)λ−ν2 e−ρt(m∗

1τ2 + m∗
2 + m∗

3
)

e−ρt(n∗
1τ2 + n∗

2τ + n∗
3
)

By comparing the equilibrium solutions of each parameter, the following conclusions
can be drawn:

1. since 2z∗1 − m∗
1 = 2δ + ρ + 2

√
κ(2δ+ρ)2

4γ2 − µ2λ

2λ−ν2 −
√

κ(2δ+ρ)2

γ2 + φν2µλ

2λ−ν2 > 0; z∗2 − m∗
2 =

µλκ(α−c)
[κ(δ+ρ)−2γ2z1](2λ−ν2)

− 2µλ[(w−c)−φ(α−w)]

2[κ(δ+ρ)−γ2m1][2(1−φ)λ−ν2]
2 > 0; τc

∞ − τ
p
∞ =

m∗
2 γ2

m∗
1 γ2−δκ

− z∗2 γ2

2z∗1 γ2−δκ

> 0, it follows that Ic∗
s − Ip∗

M > 0. Similarly, Ip∗
M − Id∗

M > 0, and thus Id∗
M < Ip∗

M < Ic∗
s .

2. Ec∗
s = (α−c+µτ)ν

2λ−ν2 , Ed∗
R = (α−w+µτ)ν

2λ−ν2 , Ep∗
R = (α−w+µτ)ν

2(1−φ∗)λ−ν2 . Generally, w > c, so Ed∗
R < Ep∗

R < Ec∗
s .

From the above conclusions, we can derive the following:

1. If the manufacturer shares the traceability promotion costs with the retailer, both
the manufacturer’s effort in traceability input and the retailer’s efforts in traceability
promotion are increased compared with the decentralized decision-making scenario
without cost-sharing. This suggests that a cost-sharing contract can optimize the
decisions of both the manufacturer and the retailer, thereby improving the overall
decision-making quality of the supply chain.

2. In centralized decision-making, both the manufacturer’s effort in traceability input
and the retailer’s efforts in traceability promotion exceed those in the other two
scenarios. This further demonstrates that centralized decision-making yields the
optimal outcome for the supply chain under ideal conditions, serving as a benchmark
for comparing the effects of contractual collaboration.

The comparison of the optimal profits of supply chain system and its members will be
presented in the next section using specific numerical examples, to assess the impact of the
cost-sharing contract on the overall benefit of the supply chain system.

3. Results
Based on the derivation of the differential game, it was found that the optimal profits

for both the supply chain system and its members in the three differential game models
involving the manufacturer and retailer depend on the selection of parameters. There-
fore, a numerical example is used to analyze and compare the profits under the above-
mentioned scenarios.

Referring to the study by Xu, C. et al. [22], the relevant parameters for the numerical ex-
ample are assumed as follows: κ = 0.8, λ = 0.6, γ = 2, δ = 1, α = 20, c = 3, w = 8,
ρ = 0.9. Additionally, based on the findings of Hong, J. and Huang, P. [17], who surveyed
an actual manufacturer’s supply chain, the parameters µ = 0.8, ν = 0.6 are assumed.

By substituting these parameters into the analytical expressions and using MATLAB,
the following results can be obtained: graphs showing the changes in the overall profit
of the supply chain system under three different scenarios, the profit variations for both
the manufacturer and retailer before and after cost-sharing, and the effects of the relevant
parameters on the Pareto improvement of the overall supply chain profit.
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3.1. Overall Profit Changes in the Supply Chain System

As shown in Figure 2, in a centralized decision-making scenario, the total profit of
the supply chain system reaches its maximum, consistent with the theoretical derivations.
When the manufacturer and retailer make decentralized decisions individually, the overall
profit of the supply chain is minimized. However, if the manufacturer and retailer reach a
cost-sharing agreement, the system’s overall profit improves to some extent.
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Furthermore, the figure clearly indicates that the total profit under centralized decision-
making is consistently much higher than in the other two scenarios. Additionally, the profit
growth rate under centralized decision-making significantly exceeds that of the other
two cases. This indicates that centralized decision-making is significantly superior to
decentralized decision-making and may offer valuable insights for addressing traceability
issues in food supply chains.

3.2. Profit Changes of the Manufacturer and Retailer

As shown in Figure 3, transitioning from decentralized decision-making to a decentral-
ized decision-making scenario with a cost-sharing contract results in increased profits for
both the manufacturer and the retailer. This occurs because the manufacturer is willing to
absorb part of the costs, which encourages the retailer to promote traceability efforts more
actively, thereby boosting market demand. As a result, profits for both the manufacturer
and the retailer are enhanced. This demonstrates that the cost-sharing contract improves
the optimal profits for both parties.

Moreover, by comparing the vertical distance between the profit changes of the man-
ufacturer and retailer in the figure, it is evident that the profit difference for the retailer
is larger when a cost-sharing agreement is in place. This indicates that the cost-sharing
contract has a more pronounced positive effect on the retailer. This is because the manu-
facturer, to incentivize the retailer’s traceability promotion, shares part of the traceability
promotion costs, which leads to an increase in the manufacturer’s costs. On the other hand,
for the retailer, the traceability promotion not only boosts market demand but also benefits
from cost-sharing. Therefore, the impact of the cost-sharing contract on the retailer’s profits
is greater than its effect on the manufacturer’s profits.
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3.3. Dynamic Evolution of Product Traceability Level

Using MATLAB to illustrate the dynamic evolution of the product traceability level
over time, as well as the relationship between the total system profit and the product’s
green level trajectory.

As shown in Figure 4, in all three scenarios, the product’s traceability level consis-
tently increases over time, eventually stabilizing. Moreover, the traceability level under
centralized decision-making is consistently higher than that under decentralized decision-
making, and cost-sharing contracts can lead to a Pareto improvement in traceability levels
to some extent.
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3.4. The Impact of Relevant Parameters on the Overall Supply Chain Profit

As shown in Figure 5, as the impact coefficient ν of traceability promotion efforts on
traceable food demand increases, the overall profit of the supply chain rises across all three
scenarios. Moreover, the Pareto improvement effect also enhances as ν increases.
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Figure 5. The impact of parameter ν on the overall profit of the supply chain.

The impact coefficient ν represents the sensitivity of consumers to the retailer’s trace-
ability promotion efforts. This suggests that the greater the consumer sensitivity to the
retailer’s traceability efforts, the more effectively the retailer’s promotion can stimulate
consumer interest in purchasing traceable food, thereby boosting market demand and
increasing profits. Furthermore, the incentive effect of the cost-sharing contract becomes
more pronounced, encouraging the retailer to invest more in traceability promotion efforts.

As shown in Figure 6, with the increase in the traceable promotion cost coefficient
λ, the overall profit of the supply chain under all three scenarios gradually decreases.
Additionally, the Pareto improvement effect weakens as λ increases.
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The larger the coefficient λ, the higher the traceable promotion cost for the retailer.
In the case of an increasing traceable promotion cost coefficient, even if the manufacturer
shares a certain proportion of the retailer’s promotion cost, the incentive effect of this
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cost-sharing behavior becomes less pronounced as λ increases. Consequently, this leads to
a decrease in the retailer’s motivation for traceable promotional activities, resulting in a
decline in the overall profit.

4. Discussion
This study investigates the competitive and cooperative relationships among various

players in the food supply chain over continuous time. A differential game model is
developed to represent three decision-making modes: manufacturer, retailer, and the
supply chain. By solving and analyzing the model, we perform simulation analysis to
examine overall changes in supply chain profits under different modes, as well as the profit
variations for both the manufacturer and the retailer. The study finds that, under different
decision-making modes, the profits of the manufacturer, retailer, and the entire supply chain
system fluctuate. Centralized decision-making maximizes the overall profit of the food
supply chain system; however, this is often difficult to implement in practice. In contrast,
decentralized decision-making allows the manufacturer and retailer to each achieve their
optimal profits within a competitive relationship. Cost-sharing contracts, however, can
lead to a Pareto improvement in the optimal strategies of both the manufacturer and the
retailer, thereby enhancing the overall efficiency of the supply chain.

Unlike existing studies on traceable food supply chains, which typically adopt static
models, this research uses a differential game approach to examine the dynamic changes
in product traceability levels and their impact on the decision-making of supply chain
members. This approach offers new perspectives and methods for studying traceable food
supply chains. The findings also provide practical guidance for supply chain decision-
makers and offer valuable insights for business managers.

However, there are still gaps and limitations in the research, particularly in terms
of the content and methods employed, which warrant further refinement and expansion,
as follows:

1. This study analyzes supply chain decisions by focusing solely on the positions of
primary supply chain players, excluding the influence of third parties, such as govern-
ment subsidy policies, on overall decision-making. Future research could incorporate
government policy subsidies into the model to explore their impact on the decision-
making of supply chain participants in greater detail.

2. The study centers on a two-tier supply chain consisting of a single manufacturer
and a single retailer. However, real-world supply chains typically involve multiple
manufacturers and retailers, and may even follow a three-tier structure. Additionally,
information asymmetry exists among these entities. Future research could develop
decision models for two-tier or three-tier supply chains with multiple manufacturers
and retailers to address these complexities.

3. This research employs theoretical models to coordinate the supply chain through the
establishment of various contract models, with feasibility discussed using numerical
examples and sensitivity analysis. However, it lacks case studies based on real-
world data. Future studies could integrate actual case studies to refine and enhance
the models.

5. Conclusions
This study applies differential game theory to examine dynamic strategic issues within

traceable food supply chains. It considers the product traceability level, the manufacturer’s
effort in traceability, and the retailer’s promotional efforts as decision variables, with the
product traceability level serving as the state variable. The optimal decisions of supply
chain members and the maximum profit of the entire supply chain are analyzed under
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decentralized decision-making, centralized decision-making, and cost-sharing strategies.
The study yields the following conclusions:

1. Under different decision-making modes, the profits of the manufacturer, retailer, and
supply chain system vary. Centralized decision-making maximizes the overall profit
of the food supply chain system, but it is often difficult to achieve in practice. Decen-
tralized decision-making allows the manufacturer and retailer to reach their optimal
profits within a competitive relationship. Cost-sharing contracts can significantly
improve the optimal profits of the supply chain.

2. The greater the sensitivity of consumers to the retailer’s traceability efforts (denoted
as the coefficient ν), the more significant the Pareto improvement. Conversely, the
higher the traceability cost coefficient λ, the smaller the Pareto improvement effect.

The findings of this study not only provide guidance for food supply chain decision-
makers in making optimal supply chain decisions, but also offer practical insights for
improving the management efficiency of traceable supply chains. Additionally, these
results can serve as a reference for government policy formulation:

1. Reducing the operational costs of traceability systems is crucial. The traceability
costs borne by manufacturers affect the decision-making behaviors of all participants.
Currently, the high entry barriers and initial investment required for food digital
traceability systems in China create numerous challenges for food sourcing and safety
supervision. Therefore, the government can lower the construction costs of traceability
systems, through subsidies, rewards, and other methods, to encourage enterprises to
participate more actively in building traceability systems.

2. Establishment of a unified food traceability information platform. While centralized
decision-making and cost-sharing contracts can significantly increase the overall
supply chain profits, they are often difficult to implement in practice. Establishing
a unified information platform can link upstream and downstream stakeholders in
the supply chain, creating a cooperative mechanism for information sharing and
risk-sharing, thus maximizing the overall supply chain benefits.

3. Accelerating the improvement of food traceability laws and regulations. Food trace-
ability is closely linked to food safety. Formulating comprehensive food traceability
regulations is essential for ensuring food safety. By clarifying the responsibilities
and obligations of each participant and stage in the food supply chain, standard-
izing information-sharing protocols and procedures, and implementing specific re-
quirements for traceability system development, the regulatory framework for food
traceability can be gradually enhanced.
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Appendix A

Proof of Proposition 1. Referring to the HJB equation method, it can be derived from
Equation (5) that the optimal profit value function for the supply chain system satisfies the
following HJB Equation (A1):
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ρVc
s (τ) = max

p,I,E

{
(p − c)(α − p + µτ + νE)− 1

2
κ I2 − 1

2
λE2 + Vc

s
′(τ)(γI − δτ)

}
(A1)

The function Vc
s (τ) represents the profit function of the supply chain system, while

Vc
s (τ) denotes the partial derivative of the profit function with respect to the product

traceability level τ.
By taking the partial derivatives of Equation (A1) with respect to p, I and E, we obtain

the following system of equations:
α − 2p + µτ + νE + c = 0

−κ I + γVc
s
′(τ) = 0

(p − c)ν − λE = 0

Solving this system of equations yields the following:
pc∗

s = (α+c+µτ)λ−cν2

2λ−ν2

I = γVc
s
′(τ)

κ

Ec∗
s = (α−c+µτ)ν

2λ−ν2

Substituting p, I and E into Equation (A1), we obtain Equation (A2):

ρVc
s (τ) = &

λ(α − c + µτ)2

2(2λ − ν2)
− δτVc

s
′(τ) +

γ2[Vc
S
′
(τ)]

2

2κ
(A2)

From Equation (A2), we observe that the total profit Vc
s (τ) of the supply chain system

is a quadratic function of the product traceability level τ.
Assume the specific form of the function Vc

s (τ) is given by Equation (A3), as follows:

Vc
s (τ) = z1τ2+z2τ + z3 (A3)

where z1, z2 and z3 are undetermined coefficients. Substituting Equation (A3) into Equation (A2)
and simplifying, the undetermined coefficients can be calculated as Equation (A4):

z∗1 = 2δ + ρ +

√
κ(2δ+ρ)2

4γ2 − µ2λ

2λ−ν2

z∗2 = µλκ(α−c)
(2λ−ν2)(κδ+κρ−2γ2z1)

z∗3 = λ(α−c)2

2ρ(2λ−ν2)
+

γ2z2
2

2κρ

(A4)

By substituting z∗1 , z∗2 and z∗3 into Equation (A3), the expression for the total profit
function of the supply chain system Vc

s (τ) can be obtained as Equation (A5):

Vc
s (τ) = z∗1τ2 + z∗2τ + z∗3 (A5)

Next, by substituting z∗1 , z∗2 and z∗3 into the equation I = γVc
s
′(τ)

κ , we obtain the

expression for Ic∗
s as: Ic∗

s =
γ(2z∗1 τ+z∗2)

κ .
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Substituting Ic∗
s into the differential equation governing the product traceability level

evolution, we obtain Equation (A6):

.
τ(t) =

2z∗1γ2τ − δκ

κ
τ +

z∗2γ2

κ
, τ(0) = τ0 (A6)

From Equation (A6), the trajectory of the product traceability level over time can be
calculated as Equation (A7):

τc = (τ0 +
z∗2γ2

2z∗1γ2τ − δκ
)e

2z∗1 γ2τ−δκ

κ t − z∗2γ2

2z∗1γ2 − δκ
(A7)

□

Proof of Proposition 2. Following the method of the HJB equation, as demonstrated in
Proposition 1, the retailer’s optimal profit value function, based on Equation (10), satisfies
the following HJB equation:

ρVd
R(τ) = max

p,E

{
(p − w)(α − p + µτ + νE)− 1

2
λE2 + Vd

R
′
(τ)(γI − δτ)

}
(A8)

By taking the partial derivatives of Equation (A8) with respect to p, E, the following
system of equations is obtained:{

α − 2p + µτ + νE + w = 0
(p − w)ν − λE = 0

Solving this system yields the following:pd∗
R = (α+w+µτ)λ−wν2

2λ−ν2

Ed∗
R = (α−w+µτ)ν

2λ−ν2

Based on the equilibrium solution, it can be observed that the retail price p set by the
retailer is positively correlated with market demand α, wholesale price w, the demand
impact coefficient of traceability µ, and the product traceability level τ. The effort in
traceability promotion E is positively correlated with market demand α, the traceability
impact coefficient µ, the product traceability level τ, and the traceability promotion impact
coefficient ν, while it is negatively correlated with the traceability promotion cost coefficient
λ. This indicates that, as the product traceability level and related market demand increase,
the retailer is willing to invest more resources in traceability promotion. Conversely, if
the traceability promotion cost increases, the retailer’s enthusiasm for promotion will
decrease accordingly.

Similarly, following the proof process for the retailer, the manufacturer’s optimal profit
value function satisfies the following HJB Equation (A9):

ρVd
M(τ) = max

I

{
(w − c)(α − p + µτ + νE)− 1

2
κ I2 + Vd

M
′
(τ)(γI − δτ)

}
(A9)

Substituting pd∗
R and Ed∗

R into Equation (A9), and taking the partial derivative with
respect to I, we obtain the following:

I =
γVd

M
′
(τ)

κ
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Substituting pd∗
R , Id∗

R and Ed∗
R into Equations (A8) and (A9), and simplifying, we obtain

Equations (A10) and (A11):

ρVd
M(τ) =

λ(α − w + µτ)(w − c)
2λ − ν2 − δτVd

M
′
(τ) +

γ2[Vd
M
′
(τ)]

2

2κ
(A10)

ρVd
R(τ) = &

λ(α − w + µτ)2

2(2λ − ν2)
− δτVd

R
′
(τ) +

γ2Vd
R
′
(τ)V

d
M

′
(τ)

κ
(A11)

From the above expressions, it can be observed that the manufacturer’s profit Vd
M(τ)

has a linear relationship with the product traceability level τ, while the retailer’s profit
Vd

R(τ) has a quadratic relationship with τ.
Let the specific expressions for the functions Vd

M(τ) and Vd
R(τ) be as Equations (A12)

and (A13):
Vd

M(τ) = a1τ + a2 (A12)

Vd
R(τ) = b1τ2+b2τ + b3 (A13)

where a1, a2; b1, b2, b3 are undetermined coefficients. Substituting Equation (A12) into
Equation (A10) and Equation (A13) into Equation (A11), and simplifying, the undetermined
coefficients can be calculated as follows in Equations (A14) and (A15): a∗1 = µλ(w−c)

(2λ−ν2)(δ+ρ)

a∗2 = λ(α−w)(w−c)
ρ(2λ−ν2)

+
γ2a2

1
2κρ

(A14)


b∗1 = µ2λ

2(2λ−ν2)(2δ+ρ)

b∗2 = µλ(α−w)
(2λ−ν2)(δ+ρ)

+ 2γ2a1b1
κ(δ+ρ)

b∗3 = λ(α−w)2

2ρ(2λ−ν2)
+ γ2a1b2

κρ

(A15)

Substituting a∗1 and a∗2 into Equation (A12), and b∗1 , b∗2 and b∗3 into Equation (A13), the
expressions for the manufacturer’s profit function Vd

M(τ) and the retailer’s profit function
Vd

R(τ) are obtained as Equations (A16) and (A17):

Vd
M(τ) = a∗1τ + a∗2 (A16)

Vd
R(τ) = b∗1 τ2 + b∗2 τ + b∗3 (A17)

Substituting a∗1 and a∗2 into I = γVd
M

′
(τ)

κ , we obtain Id∗
M =

a∗1 γ
κ .

Substituting Id∗
M into the differential equation governing the product traceability level

dynamics, we obtain Equation (A18):

.
τ(t) = −δτ +

a∗1γ2

κ
, τ(0) = τ0 (A18)

From Equation (A18), the trajectory of the product traceability level over time is
derived as Equation (A19):

τd = (τ0 −
a∗1γ2

δκ
)e−δτt +

a∗1γ2

δκ
(A19)

□
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Proof of Proposition 3. Following the method of the HJB equation, as demonstrated in
Proposition 2, the retailer’s optimal profit value function, based on Equation (16), satisfies
the following HJB equation:

ρVp
R (τ) = max

p,E

{
(p − w)(α − p + µτ + νE)− (1 − φ)

1
2

λE2 + Vp
R
′
(τ)(γI − δτ)

}
(A20)

By taking the partial derivatives of Equation (A20) with respect to p and E, the
following system of equations is obtained:{

α − 2p + µτ + νE + w = 0
(p − w)ν − (1 − φ)λE = 0

Solving this system yields the following:pp∗
R = (α+w+µτ)λ−wν2

2(1−φ)λ−ν2

Ep∗
R = (α−w+µτ)ν

2(1−φ)λ−ν2

Following the same approach for the manufacturer, the optimal profit value function
satisfies the following HJB Equation (A21):

ρVp
M(τ) = max

φ,I

{
(w − c)(α − p + µτ + νE)− 1

2
κ I2 − φ

1
2

λE2 + Vp
M
′
(τ)(γI − δτ)

}
(A21)

Substituting pp∗
R and Ep∗

R into Equation (A21), and taking the partial derivatives with
respect to φ and I, the following system of equations is obtained:

4λ(w−c)(αν2+µτν2−αλ−wλ−µτλ)−(λ 2+4φλ2)(α−w+µτ)2ν2

2(2(1−φ)λ−ν2)
2 = 0

−κ I + γVp
M
′
(τ) = 0

Solving this system yields the following:
φ∗ =

4(w−c)(αν2+µτν2−αλ−wλ−µτλ)−1

4λ(α−w+µτ)2ν2

I = γVp
M

′
(τ)

κ

Substituting pp∗
R , φ∗, I and Ep∗

R into Equations (A20) and (A21), and simplifying, we
obtain Equations (A22) and (A23):

ρVp
M(τ) =

(1 − φ)λ(α − w + µτ)(w − c)
2(1 − φ)λ − ν2 − φλ(α − w + µτ)2ν2

2[2(1 − φ)λ − ν2]
2 − δτVp

M
′
(τ) +

γ2[V p
M
′
(τ)

]2

2κ
(A22)

ρVp
R (τ) =

(1 − φ)λ(α − w + µτ)2

2[2(1 − φ)λ − ν2]
− δτVp

R
′
(τ) +

γ2Vp
R
′
(τ)V

p
M

′
(τ)

κ
(A23)

From the above equations, it can be observed that the manufacturer’s profit Vp
M(τ)

and the retailer’s profit Vp
R (τ) are both quadratic functions of the traceability level τ.

Let the specific forms of the functions Vp
M(τ) and Vp

R (τ) be Equations (A24) and (A25),
as follows:

Vp
M(τ) = m1τ2+m2τ + m3 (A24)

Vp
R (τ) = n1τ2+n2τ + n3 (A25)
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where m1, m2, m3; n1, n2, n3 are undetermined coefficients. Substituting Equations (A24)
into Equation (A22), and Equation (A25) into Equation (A23), and simplifying, the undeter-
mined coefficients can be calculated as Equations (A26) and (A27):

m∗
1 = 2δ + ρ +

√
κ(2δ+ρ)2

γ2 + φν2µλ

2λ−ν2

m∗
2 = 2µλ[(w−c)−φ(α−w)]

2[κ(δ+ρ)−γ2m1][2(1−φ)λ−ν2]
2

m∗
3 =

2(1−λ)(α−w)(w−c)[2(1−φ)λ−ν2]−φλ(α−w)2ν2

2[2(1−φ)λ−ν2]
2 +

γ2m2
2

2κρ

(A26)


n∗

1 = (1−φ)µ2λκ

2[2(1−φ)λ−ν2][(2δ+ρ)κ−4γ2m1]

n∗
2 = (1−φ)(α−w)µλκ

[2(1−φ)λ−ν2][(δ+ρ)κ−2γ2m1]
+ 2γ2n1m2

(δ+ρ)κ−2γ2m1

n∗
3 = λ(1−φ)(α−w)2

2ρ[2(1−φ)λ−ν2]
+ γ2n2m2

κρ

(A27)

Substituting m∗
1 , m∗

2 and m∗
3 into Equation (A24), and n∗

1 , n∗
2 and n∗

3 into Equation
(A25), the expressions for the manufacturer’s profit function Vp

M(τ) and the retailer’s profit
function Vp

R (τ) are obtained as Equations (A28) and (A29):

Vp
M(τ) = m∗

1τ2 + m∗
2 + m∗

3 (A28)

Vp
R (τ) = n∗

1τ2 + n∗
2τ + n∗

3 (A29)

Substituting m∗
1 , m∗

2 and m∗
3 into I = γVp

M
′
(τ)

κ , we obtain Ip∗
M =

γ(m∗
1 τ+m∗

2)
κ .

Substituting Ip∗
M into the differential equation for the traceability level change process,

we obtain Equation (A30):

.
τ(t) =

m∗
1γ2 − δκ

κ
τ +

m∗
2γ2

κ
, τ(0) = τ0 (A30)

From Equation (A30), the trajectory of the product traceability level over time is
derived as Equation (A31):

τp = (τ0 −
m∗

2γ2

m∗
1γ2 − δκ

)e
m∗

1 γ2−δκ

κ t − m∗
2γ2

m∗
1γ2 − δκ

(A31)
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