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Abstract: We study the stability of a unique weak solution to certain parabolic systems with nonstan-
dard growth condition, which are additionally dependent on a cross-diffusion term. More precisely,
we show that two unique weak solutions of the considered system with different initial values are
controlled by their initial values.
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1. Introduction

In [1], we have recently established the existence of a unique weak solution to the
following parabolic problem involving nonstandard p(x, t)-growth conditions and a cross-
diffusion term éAu with § > 0:

osu — div(a(x,t, Vu)) = div(|F|PD=2F), in Qr,

orv —div(a(x, t, Vo)) = dAu, in Qr, 1)
u=ov=20, ondQ) x (0,T),

u(-,0) = ugp, v(-,0) = vy, on Q) x {0},

where the vector-field a(x, t, -) fulfils nonstandard growth and monotonicity properties,
which we will specify later. Moreover, () C R", n > 2 denotes an open, bounded Lipschitz
domain and Q7 := Q) x (0, T) represents the space-time cylinder over Q) of height T > 0.
Furthermore, the partial derivatives of a function u are represented with respect to time ¢
by u; or d;u and with respect to the space variable x by Vu.

Since in [1] the stability of the solution remained open, we will now catch up this
and we will establish the desired stability result. More precisely, we will prove that two
(unique) weak solutions with different initial values are controlled by their initial values.

The investigation of problems like the one in [1] is motivated by several aspects and
issues. First of all, many applications, e.g., in physics or biology, motivate the study of
parabolic problems. In particular, evolutionary equations are used to model biological or
physical processes, see [2,3], including climate modelling and climatology [4].

The second interesting aspect here is the variable exponent p(x, t) and the nonstandard
growth setting, which arises by modelling and investigating certain classes of stationary
and non-stationary non-Newtonian fluids such as electro-rheological fluids or fluids with
viscosity depending on the temperature [5-9]. In addition, one uses such diffusion models
in the context of the restoration in image processing [10-12] and applications include also
models for flows in porous media [13] or parabolic obstacle problems [14]. Moreover, in past
years parabolic nonstandard growth problems gained increased interest in mathematics,
see e.g., [15-20].

A further important aspect is the effect of a cross-diffusion term, which arises for in-
stance by the modelling of interaction between species [21]. As already mentioned in [1,22],
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this may lead to unexpected behaviour, e.g., in our case the cross-diffusion term J§Au,
0 > 0 requires that the growth exponent p(x,t) > 2. Only if § = 0 we may assume that
n27+nz < p(x,t), n > 2. Furthermore, the cross-diffusion term §Au for § > 0 will complicate
the derivation of the desired stability estimate and requires certain additional assumption,
which we will discuss later in detail.

2. General Assumptions, Settings and Notation

We suppose that the vector-fields a : Q7 x R" — R" are Carathéodory functions, i.e.,
a(z, w) is measurable in the first argument for every w € R" and continuous in the second
one for a.e. z = (x,t) € Qr C R"*1. In addition, a(z, w) satisfy the following nonstandard
growth and monotonicity conditions with variable exponents p : Qr — [2,00), u € [0, 1]
and0<v <1<L:

la(z,w)| < L1+ [w])P@) T, ¢)

plz

V- G)

(a(z,w) —a(z,wo)) - (w —wo) > v(p* + |Vawl? + [ Vawo ?)

forallz € Qr and w, wy € R", cf. [23], where the exponent function p : Q1 — [2, c0) fulfils
the following conditions: there exist two constants 71 and -, such that

2< 71 <p(z) <72 <o0 and [p(z1) — p(22)| < w(dp(z1,22)) 4

hold true for any choice of z1, z; € Qr, where w : [0,00) — [0,1] denotes a mod-
ulus of continuity, which is assumed to be a concave, non-decreasing function with
lim, g w(p) = 0 = w(0). Furthermore, the parabolic distance is given by dp(z1,22) :=

max{|x; — x|, /|1 — 2|} for z; = (x1,t1), 20 = (x2,t2) € R"! and we suppose the fol-
lowing weak logarithmic continuity condition

lim sup w(p)log(1> < oo, 5)
pl0 P

The spaces LF(Q), WP (Q) and W&’p (Q)) denote the usual Lebesgue and Sobolev

spaces, while the nonstandard p(z)-Lebesgue space LP(?) (Qr, R¥) is defined as the set of
those measurable functions v : QO — RX for k € N, which satisfy |v|? @) et (Qr, ]Rk), ie.,

L@ (Qr, RY) = {v : Or — R¥ is measurable in Q7 : / lo|PFdz < +00}.
0

T
The set LP%) (Qr, R¥) equipped with the Luxemburg norm
v ’P(z)

”UHU’(Z)(QT) = 1I'1f{(5 >0: dz < 1}

Qr

becomes a Banach space. Now, we are able to specify the regularity assumption on the
inhomogeneity, i.e., we suppose that F € LP(2) (Qr, R"). Note as an abbreviation for the
exponent p(z) we will also write p(-).

Furthermore, we denote by WY ) (Qr) the Banach space

Wi (Qr) = {u e [g+ L0, T W Q)] N LPO(Qr) | Vi € LPO (Or, R") |

equipped with the norm ||uHWP('>(QT) = Hu||U,(.)(QT) + HVuHU,(.)(QT). If ¢ = 0 we write
Wg(')(QT) instead of ng(')(QT). In addition, we denote by WP()(Qr) the dual of
the space Wg(')(QT).

Finally, we can state the definition of a weak solution to system (1):
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Definition 1. We call u,v € C°([0, T]; L*(Q))) N Wg(') (Q1) a (weak) solution to the Dirichlet
problem (1), if and only if

u-@r—a(z,Vu)-Voldz = FIPe-2p. ¢ dz,
[ ¢t —a(z,Vu) - Vgl |F| ¢
QT QT

/Q [U~Ct—a(z,Vv)-V€]dz:/QT(SVngdz,

T

(6)

whenever ¢, € C°(Qr), 6 > 0, the boundary condition u = v = 0 on 9Q) x {0} and initial
conditions u(-,0) = uy € L2(Q), v(-,0) = vg € L?(Q) a.e. on Q) are satisfied.

Remark 1. We will also use the notation (u,v) € (CO([0, T]; L2(Q)) N WPU) (Qr))? instead of
u,v € CO[0, T); L2(Q))) N WP Q) and similarly, (ug,vo) € (L2(Q))? instead of ug, vy €
L2(Q).

3. Main Result

In this section, we will state and prove our main result, which reads as follows:

Theorem 1. Let § > 0, O C R” be an open, bounded Lipschitz domain and p : Qr —
[v1,72] satisfies (4) and (5). Furthermore, assume that F € L) (Qr, R") and suppose that
the vector-field a : Qr x R" — R" is a Carathéodory function satisfying the growth condition (2)
and the monotonicity condition (3). Then, for two unique weak solutions (u,v), (u*,v*) €
(CO([0, TJ; L2(Q2)) N WEY (Qp))2 with (3pu, ), (Bpue*, dw*) € (WPO)(Qr)')? and differ-
ent initial values (ug,vo), (uf,v5) € (L2(Q))? [ie., (uo,v0) # (uf,v})] to system (1) the
stability estimates

(e, ) = u* (D) T2y < o — 5172 @)

and

52 Yo —2
* 2 * (12 * (12 2
o(-,t) —v ('/t)HLZ(Q) < Jvo — UOHLZ(Q) + W“”O - u0||L2(Q) + P 14‘5|QT| ®)

holds true for a.e. t € [0, T), i.e., the solutions are controlled by their initial values.

Remark 2. Our first remark related to our result is that we have to assume a different monotonicity
condition as in [1] to be able to prove the stability estimate. Nevertheless, the existence result
from [1] still holds true under this assumption, cf. [23,24]. Additionally, we want to remark that
regarding the stability estimates (7) and (8), we see that in the case § = 0, i.e., problem (1) without
cross-diffusion, we would derive the standard’ stability estimates:

(e, t) =" (5, 8) | 20y < o — w3l 2y and o

[o(x, ) = 0" (x, ) | .22y < lloo = 20l 2

fora.e. t € [0,T). Furthermore, in the case p(-) = 2 or u = 1 the stability estimate (8) will be
reduce to

o, £) = o7 (6, )2y < o0 = 05220 + 5 l0() — (D2 (10)

fora.e. t €[0,T), cf. proof of Theorem 1. Finally, we want to refer to ([24] [Remark 2 & Remark 3])
regarding L'-estimates for the solutions, i.e., using Holder’s inequality to derive

* 1 * 1 *
[[ux, £) = (x, 1) Iy < QP2 [Ju(x, ) — ™ (x, 8)[]12(00) < [Qf2 w0 = gl 12(0)

forae. t €[0,T) (similar holds true for v — v*), and the possible extension of problem (1).
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Proof. Our aim is to prove the stability of weak solutions to the Dirichlet problem (1). To
this end, we consider the unique weak solution (1,v) € (C°([0, T]; L>(Q)) N Wg(') (Qr))?
with (9;u,9;0) € (WPL)(Qr)’)? to system (1) and the unique weak solution (u*,v*) €
(CO([0, T]; L2(QY)) N Wg(') (Q71))2 with (9u*,0,0*) € (WPL) (Qr))? to the following Dirich-
let problem:

opu* — div(a(x, t, Vu*)) = div(|F|P®)-2F), in Qr,

ov* —div(a(x,t, Vo*)) = 6Au*, in Qr, a1
uw*=v"=0 onadQ) x (0,T),
u*(-,0) = ugs, v*(-,0) = v on Q) x {0},

where the initial values (ug,vp), (uf,v5) € (L?>(Q))? are not equal. Next, we choose
¢ =u—u* € Wé’(')(QT) and { = v—0* € Wg(')(QT), since WP()(Qr)’ is the dual of
Wg ) (Q1), as admissible test functions and subtract the weak formulations of system (11)
from the one of (1), which yields

/Q [(u—u*)- ¢t — (a(z, Vu) —a(z, Vu*)) - Veldz =0,

/QT[(U —0") -t — (a(z, Vov) —a(z, Vo*)) - V{]dz = / oV(u—u*)-Vidz,

Qr

cf. (6). Then, using integration by parts and inserting ¢ = u —u* and { = v — v*, we get

/Q (u—u*)(u—u*)+ (a(z, Vu) —a(z, Vu*))V(u —u*)dz = 0,
! (12)
/QT(U —0")t(v —v") + (a(z, Vo) —a(z, Vo*))V(v —v*) + V(4 —u*)V (v —v*)dz = 0.

From the first equation of (12), we can conclude by applying the monotonicity condi-
tion (3) that

2-p()
> —y* —u* _ 4*)P0)
0> /QT(u u*)(u—u )dz—b—v/QTZ 7|\ V(u—u*)|Pdz, (13)

where we also used that

IV (1 — )P = (W (u— ")) T |V (1 — ) 2
p(

)—2 p

—
< 2" (|l + [V ) [V (- ) 2,

if p(-) > 2. Therefore, if follows from (13) that

* * 2-p() * .
Ju0(x) — w5 (x) By > (e, 0) — 4" (&, )2y +2v [ 25 9= )P0t
T

and finally, the stability estimate (7). Moreover, we have

2-p0) o 1p(- 1 .
QTz TV (u—u*)|Pdz < ﬂ||u0(x)_u0(x)|\§2(m. (14)

Notice that in case u = 1 the monotonicity condition (3) implies that

(a(z,Vu) —a(z, Vu*))V(u —u*) > v|V(u—u*)[?,
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()-2
since (42 + |Vul? + |Vu*|?) = > 1 and hence, we can conclude that

. 1
19— )Pz < o o) — 5 (3 (15)

Our next aim is to treat the last term of the second equation in (12). Here, we will see
the reason to choose a slightly different monotonicity condition compared to [1]. To this
end, we first consider the case that p(-) = 2 or (42 + |Vu|? + |Vu*|?) 572 > 1 to conclude
by means of Holder’s inequality and (15) that

-0 V(u—u*)V(v—20")dz <6
Qr

/QT V(u—u*)V(v—0")dz

< 5(/QT IV (1 — u*)|2dz> : </0T V(v — v*)|2dz>%

1
6 « . 2
< () 5 e [ 1960 =07z )

= \/;/Wo(x) —ug ()20 (V/QT V(0 — U*)|2dz> 7.

Then, by Cauchy’s inequality we gain (10). Finally, for p(-) > v > 2 we can conclude
by using Young’s inequality twice (first with ﬁ £ ;2;1 = 1 and then with ﬁ +
2

P2 = 1) and (14) the following:

1
182 250\ 70
3 [ IV (u—w)|[V(o—o")ldz = [ (522 é’“)” V(= )| x
JOr v

Jor
1
<5P()2 p(.)|V(v—v*)|dz
2-p()
22
2
<ii 2’ p()\V( —u*)|p()dz
Y1V JOr
() 1 v p()—1
P op()-2 V(0 — o))" Odz
Qr P() 2275(4)
2
< o allun) — 5 (I,
1
p()-1 ,
+ (5*’“2 ZVM.)) V(0 —o))"Vdz
Qr 277
1 62 .
= Eﬁ”uo(x) - uO(x>||%2(Q)

1
p()=2 —p(- 0=
+ [ (oo (1/22 3 |V(vv*)p(')) " e
Qr
2
* ’)/2_2
J0(x) = 55} g + 2 =J20100r

= 22

v 2—p(-)
277 V(v —0")|P0dz.
g AL L {CRL]
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Then, we get from the second equation in (12) the following estimate:

[lo(x, t) —v*(x, t)H%Z(Q) —i—2/Q (a(z, Vo) —a(z, V™))V (v —v*)dz < ||vg — ZJSH%Z(Q)
T

& 2 T2—2 2
2 uk — o) |Plg
+'y 2 llo(x) — o(x)lle(Q)%—ry1 — 1/ 272 \V v—v")|

provided p(-) > 77 > 2. Finally, applying the monotonicity condition (3) as for concluding
estimate (13) and reabsorbing the last term on the right-hand side on its left-hand side, we
derive at (8). O

4. Conclusions and Discussion

Summarising, we were able to show that the unique weak solution to system (1)
satisfies certain stability estimates, i.e., we proved that two weak solutions to system (1)
with different initial values are controlled by their initial values. Remarkable is that
the solution of the first equation of system (1) is controlled only by its corresponding
initial values, while the solution of the second equation of system (1) is controlled by its
corresponding initial values and the ones from the first equation due to the cross-diffusion
term. Moreover, the stability estimate (8) is also dependent on several system parameters.
Notable is also that the left-hand side of the stability estimate (8) may increase or decrease
independently on the initial values of the solution but dependent on the system parameters
6, v, 71 and 77, and the measure of ()7, which affects the stability. Notice that for small J,
e.g., 0 <6 < 1, the last two terms in (8) are less or not dominating and in the limit case
6 — 0 they disappear, which is to expect. Finally, we want to discuss some special cases.

(i) If oneis a priori able to guarantee that ¢ fQT V(u—u*)V(v—v*)dz <0, then one can
immediately conclude that the stability estimate (9) holds true and one can use the
structure assumption on the vector-field a(z, -) from [1].

(ii) Furthermore, if one can assume that the vector-field a(z, -) satisfies the monotonicity
condition (a(z, w) — a(z,wp)) - (w — wp) > |V (w — wp)|? forall z € Qr and w, wy €
R", then again, the stability estimates (7) and (10) are satisfied.

Funding: This research received no external funding.

Acknowledgments: The author, supported by the Kristine Bonnevie scholarship 2020, wants to thank
Erik Wahlén and the Centre of Mathematical Sciences of Lund University for hosting him during his
research stay in 2020. The author wishes also to thank the anonymous referees for their careful reading
of the original manuscript and their comments that eventually led to an improved presentation.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Arumugam, G.; Erhardt, A.H. Existence and uniqueness of weak solutions to parabolic problems with nonstandard growth and
cross diffusion. Electron. |. Differ. Equ. 2020, 2020, 1-13.

2. Antontsev, S.; Shmarev, S. On a class of fully nonlinear parabolic equations. Adv. Nonlinear Anal. 2019, 8, 79-100. [CrossRef]

3. Feireisl, E. Mathematical analysis of fluids in motion: From well-posedness to model reduction. Rev. Mat. Complut. 2013,
26, 299-340. [CrossRef]

4. Diaz, J.I; Tello, L. On a climate model with a dynamic nonlinear diffusive boundary condition. Discret. Contin. Dyn. Syst. Ser. S
2008, 1, 253-262.

5. Diening, L.; Harjulehto, P.; Hasto, P.; RuZicka, M. Lebesgue and Sobolev spaces with variable exponents. In Lecture Notes in
Mathematics; Springer: Berlin/Heidelberg, Germany, 2011; Volume 2017, p. x+509.

6. Ruzicka, M. Modeling, mathematical and numerical analysis of electrorheological fluids. Appl. Math. 2004, 49, 565-609.
[CrossRef]

7.  Acerbi, E.; Mingione, G. Regularity results for electrorheological fluids: The stationary case. C. R. Math. Acad. Sci. Paris 2002,
334, 817-822. [CrossRef]

8. Acerbi, E.; Mingione, G. Regularity results for stationary electro-rheological fluids. Arch. Ration. Mech. Anal. 2002, 164, 213-259.

[CrossRef]


http://doi.org/10.1515/anona-2016-0055
http://dx.doi.org/10.1007/s13163-013-0126-2
http://dx.doi.org/10.1007/s10492-004-6432-8
http://dx.doi.org/10.1016/S1631-073X(02)02337-3
http://dx.doi.org/10.1007/s00205-002-0208-7

Axioms 2021, 10, 14 70f7

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Eleuteri, M.; Harjulehto, P.; Lukkari, T. Global regularity and stability of solutions to obstacle problems with nonstandard growth.
Rev. Mat. Complut. 2013, 26, 147-181. [CrossRef]

Aboulaich, R.; Meskine, D.; Souissi, A. New diffusion models in image processing. Comput. Math. Appl. 2008, 56, 874—882.
[CrossRef]

Chen, Y.; Levine, S.; Rao, M. Variable exponent, linear growth functionals in image restoration. SIAM ]. Appl. Math. 2006,
66, 1383-1406. [CrossRef]

Harjulehto, P.; Hasto, P.; Latvala, V.; Toivanen, O. Critical variable exponent functionals in image restoration. Appl. Math. Lett.
2013, 26, 56-60. [CrossRef]

Antontsev, S.N.; Shmarev, S.I. A model porous medium equation with variable exponent of nonlinearity: existence, uniqueness
and localization properties of solutions. Nonlinear Anal. 2005, 60, 515-545. [CrossRef]

Erhardt, A.H. Existence of solutions to parabolic problems with nonstandard growth and irregular obstacles. Adv. Differ. Equ.
2016, 21, 463-504.

Antontsev, S.; Shmarev, S. Evolution PDEs with nonstandard growth conditions. In Atlantis Studies in Differential Equations;
Existence, uniqueness, localization, blow-up; Atlantis Press: Paris, France, 2015; Volume 4, p. xviii+409.

Shmarev, S. On the continuity of solutions of the nonhomogeneous evolution p(x, t)-Laplace equation. Nonlinear Anal. 2018,
167, 67-84. [CrossRef]

Arora, R.; Shmarev, S. Double phase parabolic problem with variable growth. arXiv 2020, arXiv:2010.08306

Ok, J. Regularity for parabolic equations with time dependent growth. |. Math. Pures Appl. 2018, 120, 253-293. [CrossRef]

De Filippis, C. Gradient bounds for solutions to irregular parabolic equations with (p, q)-growth. Calc. Var. Partial Differ. Equ.
2020, 59, 32. [CrossRef]

Giannetti, F.; Passarelli di Napoli, A.; Scheven, C. On higher differentiability of solutions of parabolic systems with discontinuous
coefficients and (p, q)-growth. Proc. R. Soc. Edinb. Sect. A 2020, 150, 419-451. [CrossRef]

Arumugam, G.; Erhardt, A.H.; Eswaramoorthy, I.; Krishnan, B. Existence of weak solutions to the Keller-Segel chemotaxis
system with additional cross-diffusion. Nonlinear Anal. Real World Appl. 2020, 54, 103090. [CrossRef]

Arumugam, G.; Erhardt, A.H. Existence of weak solutions to a certain homogeneous parabolic Neumann problem involving
variable exponents and cross-diffusion. J. Elliptic Parabol. Equ. 2020, 6, 685-709. [CrossRef]

Erhardt, A.-H. Compact embedding for p(x, t)-Sobolev spaces and existence theory to parabolic equations with p(x, t)-growth.
Rev. Mat. Complut. 2017, 30, 35-61. [CrossRef]

Erhardt, A.H. The stability of parabolic problems with nonstandard p(x, t)-growth. Mathematics 2017, 5, 50. [CrossRef]


http://dx.doi.org/10.1007/s13163-011-0088-1
http://dx.doi.org/10.1016/j.camwa.2008.01.017
http://dx.doi.org/10.1137/050624522
http://dx.doi.org/10.1016/j.aml.2012.03.032
http://dx.doi.org/10.1016/j.na.2004.09.026
http://dx.doi.org/10.1016/j.na.2017.11.002
http://dx.doi.org/10.1016/j.matpur.2018.04.003
http://dx.doi.org/10.1007/s00526-020-01822-5
http://dx.doi.org/10.1017/prm.2018.63
http://dx.doi.org/10.1016/j.nonrwa.2020.103090
http://dx.doi.org/10.1007/s41808-020-00078-6
http://dx.doi.org/10.1007/s13163-016-0211-4
http://dx.doi.org/10.3390/math5040050

	Introduction
	General Assumptions, Settings and Notation
	Main Result
	Conclusions and Discussion
	References

