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1. Introduction

The common coupled coincidence points and common coupled fixed points in con-
ventional metric spaces and probabilistic metric spaces have been studied for a long time
in which the symmetric condition is satisfied. In this paper, we shall consider the fuzzy
semi-metric space in which the symmetric condition is not satisfied. In this case, the role of
triangle inequality should be re-interpreted. Therefore, four kinds of triangle inequalities
are considered, which can also refer to Wu [1].

Schweizer and Sklar [2—4] introduced probabilistic metric space, in which the (con-
ventional) metric space is associated with the probability distribution functions. For more
details on the theory of probabilistic metric space, we can refer to HadZi¢ and Pap [5] and
Chang et al. [6]. An interesting special kind of probabilistic metric space is the so-called
Menger space. Kramosil and Michalek [7] proposed the fuzzy metric space based on
the idea of Menger space. The definition of fuzzy metric space is presented below. Let
X be a nonempty universal set associated with a t-norm *. Given a mapping M from
X x X x [0,00) into [0,1], the 3-tuple (X, M, ) is called a fuzzy metric space when the
following conditions are satisfied:

forany x,y € X, M(x,y,t) = 1forall t > 0if and only if x = y;
M(x,y,0) =0forall x,y € X;

M(x,y,t) = M(y,x,t) forall x,y € Xand t > 0; and,

M(x,y,t)* M(y,z,5) < M(x,z,t+s) forallx,y,z € Xands,t > 0.

The mapping M in the fuzzy metric space (X, M, *) can be treated as a membership
function of a fuzzy subset of the product space X x X x [0,00). According to the first
and second conditions of fuzzy metric space, the function value M(x,y, t) means that the
membership degree of the distance that is less than or equal to t between x and y.

In this paper, we are going to consider the semi-metric space that is completely differ-
ent from the fuzzy metric space. The so-called fuzzy semi-metric space does not assume the
symmetric condition M(x,y,t) = M(y, x, t). Without this condition, the concept of triangle
inequalities should be carefully treated. In this paper, there are four kinds of different
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triangle inequalities considered. It will be realized that, when the symmetric condition is
satisfied, these four different kinds of triangle inequalities will be equivalent to the classical
one. Being inspired by the intuitive observations, the concepts of rational condition and
distance condition are proposed for the purpose of simplifying the discussions regarding
the common coupled coincidence points and common coupled fixed points in a fuzzy
semi-metric space.

Raki¢ et al. [8,9] studied the fixed points in b-fuzzy metric spaces.
Mecheraoui et al. [10] obtained the sufficient condition for a G-Cauchy sequence to be an
M-Cauchy sequence in fuzzy metric space. On the other hand, Gu and Shatanawi [11] used
the concept of w-compatible mappings for studying the common coupled fixed points of
two hybrid pairs of mappings in partial metric spaces. Petruel [12,13] studied the fixed
point for graphic contractions and fixed point for multi-valued locally contractive operators.
Hu et al. [14], Mohiuddine and Alotaibi [15], Qiu and Hong [16], and the references therein
studied the common coupled coincidence points and common coupled fixed points in fuzzy
metric spaces. Wu [17] also studied the common coincidence points in fuzzy semi-metric
spaces. In this paper, the common coupled coincidence points and common coupled fixed
points in fuzzy semi-metric spaces will be studied by considering four kinds of triangle
inequalities. Although the common coupled fixed points are the common coupled coinci-
dence points, the sufficient conditions will be completely different when considering the
uniqueness.

This paper is organized, as follows. In Section 2, the concept of fuzzy semi-metric
spaces will be introduced. Because the symmetric condition is not satisfied, four different
kinds of triangle inequalities will be taken into account to study the common coupled fixed
points. In Section 3, in order to study the Cauchy sequence in fuzzy semi-metric space,
the auxiliary functions that are based on the supremun are proposed. In Section 4, while
using the auxiliary functions proposed in Section 3, the desired property regarding the
Cauchy sequence in fuzzy semi-metric space will be presented. In Section 5, many kinds
of common coupled coincidence points in fuzzy semi-metric spaces will be investigated
by considering the four different kinds of triangle inequalities. Finally, in Section 6, the
common coupled fixed points shown in fuzzy semi-metric spaces will also be studied
based on the four different kinds of triangle inequalities.

2. Fuzzy Semi-Metric Spaces

The concept of fuzzy semi-metric space is based on the concept of t-norm (triangular
norm), which will be introduced below. Let  : [0,1] x [0,1] — [0, 1] be a function that
is defined on the product set [0, 1] x [0, 1]. We say that * is a t-norm when the following
conditions are satisfied:
ax1l=a.
axb=>bxa.

b < cimpliesaxb < a=xc.
(axb)xc=uax(bxc).

The following properties regarding t-norm will be used in the further study.

Proposition 1. We have the following properties.

(i)  Suppose that the t-norm x* is left-continuous at 1 with respect to the first or second component.
Forany a,b € (0,1) with a > b, there exists r € (0,1) that satisfies a xr > b.

(i)  Suppose that the t-norm x is left-continuous at 1 with respect to the first or second component.

p times
Foranya € (0,1) and any p € N, there exists r € (0,1) satisfying 7+ 1% --- 7> a.

(iii) Given any fixed a,b € [0,1], suppose that the t-norm = is continuous at a and b with respect
the first or second component, and that {a,}5,_| and {b,}5_, are two sequences in [0, 1]
satisfying a, — a and by, — basn — oo. Subsequently, we have ay, * by, — axbasn — oco.

(iv) Given any fixed a,b € (0,1], suppose that the t-norm x is left-continuous at a and b with
respect to the first or second component, and that {a, }5°_; and {b,}5°_, are two sequences in
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[0,1] satisfying ay, — a— and b, — b— as n — oo. Afterwards, we have a, * by, — a b as
n — oo.

(v)  Given any fixed a,b € [0,1), suppose that the t-norm x is right-continuous at a and b with
respect to the first or second component, and that {a,}5"_; and {b,}>>_; are two sequences in
[0,1] satisfying a, — a+ and b, — b+ as n — oo. Subsequently, we have a, * b, — a xb
asn — oo.

Wu [1,17,18] proposed the concept of fuzzy semi-metric space. The formal definition
is given below.

Definition 1. Let X be a nonempty set and let M be a mapping from X x X x [0, 00) into [0, 1].
We say that (X, M) is fuzzy semi-metric space when the following conditions are satisfied:

o foranyx,y € X, M(x,y,t) =1forallt > 0ifand only if x = y;
e M(x,y,0)=0foral x,y € Xwithx #y;

The mapping M is said to satisfy the symmetric condition when M(x,y,t) = M(y, x,t) for
any x,y € Xandt > 0.

Definition 2. Let (X, M) be a fuzzy semi-metric space. We say that M satisfies the distance
condition when, for any x,y € X with x # y, there exists ty > 0, such that M(x,y,ty) # 0.

Because the symmetric condition is not necessarily be satisfied in fuzzy semi-metric
space (X, M), by referring to Wu [1,17,18], four kinds of triangle inequalities are proposed
below.

Definition 3. Let X be a nonempty set, let * be a t-norm, and let M be a mapping that is defined
on X x X x [0, 00) into [0,1].
o Wesay that M satisfies the ><-triangle inequality when the following inequality is satisfied:

M(x,y,t)* M(y,z,5) < M(x,z,t+s) forall x,y,z € Xands,t > 0.

o We say that M satisfies the >-triangle inequality when the following inequality
is satisfied:

M(x,y,t)* M(z,y,s) < M(x,z,t+s) forall x,y,z € Xands,t > 0.

o We say that M satisfies the <-triangle inequality when the following inequality
is satisfied:

My, x,t) « M(y,z,5) < M(x,z,t+s) forall x,y,z € Xands,t > 0.

o We say that M satisfies the o-triangle inequality when the following inequality
is satisfied:

M(y,x,t) « M(z,y,5) < M(x,z,t+s) forall x,y,z € Xands,t > 0.
Remark 1. Suppose that the mapping M satisfies the ><-triangle inequality. Subsequently, we have
M(a,b,t1) x M(b,c,t2) * M(c,d, t3) < M(a,c, t; + t2) * M(c,d, t3) < M(a,d, t; +tr + t3)

and
M(b,a,t1) * M(c,b,tp) = M(c,b, ) * M(b,a,t1) < M(c,a,t1 + £2),

which implies

M(b, a, tl) * M(C, b, i’z) * M(d, c, t3) < M(d,a, 1+t + t3).
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In general, we have
M(x1, %2, 1) % M(x2, X3, 2) % - - - % M(xp, Xps1,tp) < M(x1,%ps1, 01 + 124 +1p)
and
M(x2, %1, t1) * M(x3, %2, t2) % - - - % M(Xpg1, Xp, tpi1) < M(xpg1, X1, 81+ 2+ +1p).

For the case of satisfying the >-triangle inequality, <-triangle inequality and o-triangle in-
equality, we can refer to Wu [17].

Proposition 2 (Wu [1]). Let (X, M) be a fuzzy semi-metric space. Then we have the following
properties.

(i)  Suppose that the mapping M satisfies the <-triangle inequality. Subsequently, M is non-
decreasing in the sense of M(x,y,t1) > M(x,y, tp) for any fixed x,y € X and t; > t;.

(i) Suppose that the mapping M satisfies the o-triangle inequality. Subsequently, M is symmet-
rically non-decreasing in the sense of M(x,y,t1) > M(y, x, t2) for any fixed x,y € X and
t1 > t.

(iii) Suppose that the mapping M satisfies the >-triangle inequality or the <-triangle inequality.
Afterwards, M is both non-decreasing and symmetrically non-decreasing.

Let {x,};> ; be a sequence in the fuzzy semi-metric space (X, M).

>

o We write xy, i>xasn—>o<:»whenM(xn,x,1f) — lasn — oo forall t > 0.
<

o  We write x, ﬂHcasn—>oowher1M(x,xn,if) —~lasn — coforall t > 0.

. M M> M
o Wewritex, — xasn — cowhenx, — xand x, — xasn — oo.

Proposition 3 (Wu [17]). Let (X, M) be a fuzzy semi-metric space, and let {x,, }3°_, be a sequence
in X. Suppose that the t-norm * is left-continuous at 1 with respect to the first or second component.
Afterwards, we have the following results.

(i)  Assume that the mapping M satisfies the ><-triangle inequality or o-triangle inequality.
Subsequently, we have the following properties.
o Ifx, E)xandxn ﬁyasn — oo, then x = y.

M M
o Ifxy — xandx, — yasn — oo, thenx =y.

(i) Assume that M satisfies the <-triangle inequality. If x,, M xand Xn M yasn — oo, then
X=1.

(iii) Assume that M satisfies the >-triangle inequality. If x,, M xand Xy M yasn — oo, then
X=1.

Proposition 4 (Wu [18]). Let (X, M) be a fuzzy semi-metric space, and let {(xn, Yn, tn) }5>_; be

a sequence in X x X x (0,00). Assume that the t-norm = is left-continuous with respect to the first

or second component. For any sequences {a, }7> , and {b, };>_, in [0,1], we also assume that the
following inequality is satisfied

sup(an * by) > (sup an> * (sup bn).

n n n

(i)  Suppose that M satisfies the ><-triangle inequality, and that t, — t°, x, M, ¥ and
Yn M, y° as n — oo. Subsequently, the following statements hold true.

e If Miis continuous with respect to the distance at t°, then M(xp, Yn, tn) — M(x°,y°,t°)
asn — oo.
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(if)

(i)

e If Miis symmetrically continuous with respect to the distance at t°, then M(Xp, Yn, tn) —
M(y°,x°,t°) as n — oo.

Suppose that M satisfies the o-triangle inequality for o € {>,<}, and that t, — t°, x,, M,

x° and yy M, y° asn — co. If M is continuous or symmetrically continuous with respect

to the distance at t°, then M(xp, Yn, tn) — M(x°,y°,t°) = M(y°,x°,t°) as n — oo.

Suppose that M satisfies the o-triangle inequality, and that t, — t° asn — oo, x, M x°,
M, . M o MS o

and y, — y° as n — oo simultaneously, or x, — x° and y, — y°asn — oo

simultaneously. If M is continuous or symmetrically continuous with respect to the distance

at t°, then M(xy, Yn, tn) — M(y°, x°,t°) = M(x°,y°,t°) as n — oo.

Definition 4. Let {x,,}%° ; be a sequence in the fuzzy semi-metric space (X, M).

We say that {x,}5° | is a >-Cauchy sequence when, given any pair (r,t) with t > 0 and
0 < r < 1, there exists n,; € N satisfying M(xy, xu,t) > 1 —r for all pairs (m,n) of
integers m and n with m > n > ny .

We say that {x,}5_ | is a <-Cauchy sequence when, given any pair (r,t) with t > 0 and
0 < r < 1, there exists n,; € N satisfying M(xp, Xy, t) > 1 —r for all pairs (m,n) of
integers m and n with m > n > ny .

We say that {x,}3>_, is a Cauchy sequence when, given any pair (r,t) with t > 0 and
0 < r <1, there exists n,; € N satisfying M(xy, xn,t) > 1 —rand M(xy, X, t) >1—71
for all pairs (m, n) of integers m and n with m,n > n, s and m # n.

We say that (X, M) is (>,>)-complete when each >-Cauchy sequence {x,}3’_; is convergent

. Vs
in the sense of x, — x.
We say that (X, M) is (>, <1)-complete when each >-Cauchy sequence {x,}5°_, is convergent

. M
in the sense of x, — x.
We say that (X, M) is (<, >)-complete when each <-Cauchy sequence {x,}5"_, is convergent

in the sense of xy M
We say that (X, M) is (<, <)-complete when each <-Cauchy sequence {x, }3>_, is convergent

. M
in the sense of x, — x.

Definition 5. Let (X, M) be a fuzzy semi-metric space. Four types of continuities are defined below.

We say that the function f : X — X is (>,1>)-continuous with respect to M when, given any

> >
sequence {x, }5>_1 in X, xp M xasn — o implies f(xn) M, f(x)asn — oo,
We say that the function f : X — X is (>, <)-continuous with respect to M when, given any

> <
sequence {x, }5> 1 in X, x My asn — oo implies f(xn) M f(x)asn — oo.
We say that the function f : X — X is (<,>)-continuous with respect to M when, given any

< >
sequence {x, }5> 1 in X, x M X asn — oo implies f(xp) M, f(x)asn — oo.
We say that the function f : X — X is (<, <)-continuous with respect to M when, given any

sequence {x, }5_1 in X, x M x, as n — oo implies f(xy) M f(x)asn — oo,

3. Auxiliary Functions Based on the Supremum

The concept of auxiliary function based on X? was proposed by Wu [17] to study the

common coincidence point. In this paper, we are going to consider the auxiliary function
that is based on X* to study the common coupled coincidence point.

Definition 6. Let (X, M) be a fuzzy semi-metric space. We say that the mapping M satisfies the
rational condition when M(x,y,t) — 0, as t — 0+ for any fixed x,y € X.
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Let (X, M) be a fuzzy semi-metric space along with a t-norm *. We define the mapping
1+ X* x [0,00) — [0, 1] on the product space X* x [0, ), as follows

n(x,y,u,0,t) = M(x,y,t) * M(u,v,t).

Subsequently, we have the following interesting result that will be used to define the
auxiliary functions.

Proposition 5. Let (X, M) be a fuzzy semi-metric space, such that the mapping M satisfies the
rational condition. Suppose that the t-norm x is right-continuous at 0 with respect to the first or
second component. Subsequently, we have

tgﬂ n(x,y,u,v,t) =0. 1)

The following definition of auxiliary functions are based on X*. This new concept
extends the auxiliary functions based on X?, as proposed by Wu [17].

Definition 7. Let (X, M) be a fuzzy semi-metric space, such that M satisfies the rational condition
in which the t-norm * is also right-continuous at 0 with respect to the first or second component. For
any fixed x,y,u,v € X and A € [0,1) with x # y or u # v, we define a function ® : X* — [0, )
on the product space X* by

DA, x,y,u,0) =sup{t >0:75(x,y,u,0,t) <1—-A}
and ®(A, x,x,u,u) =0 for A € [0,1).

For x # y or u # v, we need to claim that the set {t > 0: 5(x,y,u,v,t) <1—A}is
not empty. Suppose that {t > 0: 5(x,y,u,v,t) <1— A} = @. By definition, we must have
n(x,y,u,v,t) >1—Aforallt > 0. This says that

li >1—
H1I(§1+17(x,y,1/t,v,t) > A,

which contradicts (1). Therefore, we indeed have {t > 0 : n(x,y,u,v,t) <1—A} # @,
which says that the function @ is well-defined.

Proposition 6. Let (X, M) be a fuzzy semi-metric space such that the mapping M satisfies the
rational condition in which the t-norm = is right-continuous at 0 with respect to the first or second
component. Given any fixed x,y,u,v € X and A € (0, 1), we have the following properties.

(i)  Suppose that (A, x,y,u,v) < oo. For any € > 0, we have
n(x,y,1,0,®(A,x,y,u,0)+€) >1—A

(ii) Assume that € > 0 is sufficiently small satisfying ® (A, x,y,u,v) > €. Subsequently, we
have the following properties.

o Ifthe mapping M satisfies the ><-triangle inequality or the >-triangle inequality or the
<-triangle inequality, then

n(x,y,u,0,®(A,x,y,u,0)—€) <1—A.
o If the mapping M satisfies the >-triangle inequality or the <-triangle inequality, then

1y, x,u,0, @A, x,y,u,v) —€) <1—Aand 5(x,y,v,u, ®(A, x,y,u,0) —e) <1—A.
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o Ifthe mapping M satisfies the >-triangle inequality or the <-triangle inequality or the
o-triangle inequality, then

n(y,x,0,u, A, x,y,u,0v)—€) <1—A.
Proof. The proof is similar to the argument in Wu [17] by considering X* instead of X2. [

Proposition 7. Let (X, M) be a fuzzy semi-metric space, such that the mapping M satisfies the
rational condition in which the t-norm x is right-continuous at 0 with respect to the first or second
component. Given any fixed x,y,u,v € X and A € (0, 1), we have the following properties.

(i) Assume that n(x,y,u,v,t) < 1— A. Then, we have the following results.

o Ifthe mapping M satisfies the <-triangle inequality or the >-triangle inequality or the
<-triangle inequality, then t < ®(A, x,y,u,v).
o If the mapping M satisfies the >-triangle inequality or the <-triangle inequality, then
t<®(\y,x,u0v)andt < O(A, x,y,0,u).
o Ifthe mapping M satisfies the >-triangle inequality or the <-triangle inequality or the
o-triangle inequality, then t < ®(A,y,x,v,u).
(ii) We have the following results.

e Suppose that the mapping M satisfies the >x-triangle inequality or the >-triangle inequal-
ity or the <-triangle inequality. If n(x,y,u,v,t) > 1 — A, then ®(A,x,y,u,v) <
and t > ®(A, x,y,u,v).

e Suppose that the mapping M satisfies the >-triangle inequality or the <-triangle inequality.

- Ify(x,y,u,v,t) >1—A, then ®(A,y,x,u,v) < ocoand (A, x,y,v,u) < oco.
- Ify(x,y,u,0,t) >1—Aand ®(A,x,y,u,v) < oo, then t > ®(A, x,y,u,v).
e Suppose that the mapping M satisfies the >-triangle inequality or the <-triangle inequal-
ity or the o-triangle inequality.
- Ify(x,y,u,0,t) >1—A, then ®(A,y,x,0,u) < 0.
- Ify(x,y,u,0,t) >1—Aand ®(A,x,y,u,v) < oo, then t > ®(A, x,y,u,0).

Proof. The proof is similar to the argument in Wu [17] by considering X* instead of X?. [

Proposition 8. Let (X, M) be a fuzzy semi-metric space, such that M satisfies the rational condi-
tion, in which the t-norm x is right-continuous at 0 and left-continuous at 1 with respect to the first
or second component.

(i)  Suppose that M satisfies the ><-triangle inequality. Given any fixed x1,x2,- -, Xp, Y1, Y2, "+,
yp € X and any fixed p € (0,1], there exists A € (0,1), such that

@, x1, Xp, Y1, Yp) < P(A, x1,x2,¥1,y2) + P(A, x2,X3,Y2,¥3) + -+ -
+@(A, Xp—2, xp—lr]/p72/yp—1) +@(4A, Xp—1/ xp,yp-nyp)
D, x1, Xp, Yp, Y1) < P(A, x1,x2,¥2,y1) + P(A, x2, X3, Y3, ¥2) + -+~
+ (A, xp2, Xp1,Yp-1,Yp-2) + P(A, Xp1,%p, Yp, Yp-1)
Q(p, xp, x1,y1,Yp) < D(A, xprxpflrypflfl/p) + (A, xpflrxp—Zryp—L]/pfl)
+ -+ D(A, x3,x2,Y2,y3) + P(A, x2, X1, Y1, Y2)
D, xp, x1,Yp, y1) < A, xp, Xp-1,Yp, Yp-1) + PN, Xp—1,Xp—2,Yp-1,Yp—2)
+ -+ D(A, x3,x2,y3,¥2) + P(A, x2, X1, Y2, Y1)-
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(ii)

(iii)

(iv)

Suppose that M satisfies the >-triangle inequality. Given any fixed x1,x2,+ , Xp,Y1,Y2,"** ,
Yp € Xand any fixed p € (0,1], there exists A € (0,1) such that

max{D(u, x1,%p, Y1, Yp), P, X1, Xp, Yp, y1), P, Xp, X1, Y1, Yp), P(p, Xp, X1, Yp, y1) }
< O(A, x1,x2,y1,2) + P(A, x3, %2, Y3, ¥2) + P(A, X4, X3, Y4, Y3)
+ @A, Xp, Xp1, Yp, Yp-1)

Suppose that M satisfies the <-triangle inequality. Given any fixed x1,x2,"+* , Xp, Y1,Y2,* "+ ,
yp € Xand any fixed yu € (0,1], there exists A € (0,1), such that

max{CD(y, xl,xp,y1,yp),q>(]4, X1,xprypzy1),q>(% Xps x1,y1,yp),<1>(y, Xp, xbyp,}h)}
< @A, x2,x1, Y2, v1) + P(A, X2, %3, Y2, y3) + P(A, X3, X4, Y3, Y4
+ et (I)(/\, xp,l, xlg/ypfl/yp)

Suppose that M satisfies the o-triangle inequality. Given any fixed x1,x2,+ , Xp,Y1,Y2,"** ,
Yp € Xand any fixed p € (0,1], there exists A € (0,1), such that the following inequalities
are satisfied.

o Ifpiseven and ®(u, x1,xp,Y1,Yp) < 0, then

P, x1,xp,y1,Yp) < (A, 21, 22,41, y2) + P(A, X2, %3, y2,Y3) + P(A, X4, 23, Y4, Y3)
+ D(A, x4, X5, Y4, y5) + P(A, X6, X5, V6, y5) + D(A, X6, X7, V6, 7)
+...J,-d)(/\,xp,xp_],]/p/yp—l) (2)

o Ifpisevenand ®(u,x1,xp,Yp,y1) < 0, then

D(p, x1,%p, Yp, 1) < P(A, x1, %2, Y2, 1) + P(A, x2, X3, y3, y2) + P(A, X4, X3, Y3, Y4)
+ DP(A, x4, x5, Y5,Ya) + P(A, X6, X5, Y5, Y6 ) + P(A, X6, X7, Y7, Y6)
o+ PN, xp, Xp 1, Yp-1,Yp) 3)

o Ifpiseven and ®(p, xp, X1,Y1,Yp) < 0, then

D(p, xp, x1,y1,Yp) < P(A, x2,x1,y1,42) + P(A, X3, %2, Y2, ¥3) + P(A, X3, X4, Y4, Y3)
+ PN, x5, %4, Y4, y5) + (A, x5, X6, Yo, Y5) + P(A, x7, X6, Yo, y7)
+o O X1, X Yy Y1) @

o Ifpiseven and ®(u, xp, x1,Yp,y1) < o, then

P xp,x1,Yp,y1) < @A, x2, 31,2, y1) + P(A, X3, %2, Y3, y2) + P(A, 23, X4, Y3, Ya)
+ (A, x5, X4, 5, v4) + P(A, X5, X6, 5, V6) + P(A, X7, X6, Y7, Ve
+- DA, Xp_],xp/yp—llyp) (5)

o Ifpisoddand ®(u,x1,xp,y1,Yp) < o, then

D(p, x1,%p, Y1, Yp) < P(A, X2, %1, Y2, 1) + P(A, x3, X2, ¥3, y2) + P(A, X3, X4, Y3, Y1)
+ D(A, x5, x4,Y5,Ya) + P(A, x5, X6, Y5, Y6) + P(A, X7, X6, Y7, Y6)
+ PN, X1, Xp, Yp-1,Yp) 6)

o Ifpisoddand ®(pu, x1,xp,Yp,y1) < 0o, then

D(p, x1, Xp, Yp, Y1) < P(A, %2, X1, Y1, Y2) + P(A, X3, X2, Y2, y3) + P(A, X3, X4, Y4, y3)
+ DP(A, x5, x4, Ya,y5) + P(A, x5, X6, Y6, Y5) + P (A, X7, X6, Y6, Y7)
4+ PN, X1, Xp, Yps Yp-1) (7)



Axioms 2021, 10, 5

90of 31

If p is odd and ®(p, xp, x1,Y1,Yp) < 0o, then

(1, xp, 31,51, Yp) < P(A, 21,22, 2, 91) + P(A, X2, X3, Y3, ¥2) + P(A, x4, X3, Y3, Ya)
+ P(A, x4, x5, Y5, y4) + P(A, X6, X5, 5, Y6) + P(A, X6, %7, Y7, Ys)
+o @A, xp, Xp 1, Yp1,Yp) ®)

If p is odd and ®(p, xp, x1,Yp, Y1) < 0, then

(1, xp, x1,Yp Y1) < P(A,x1,X2,Y1,2) + P(A, X2, X3, Y2,¥3) + P(A, x4, X3, Y4, ¥3)
+ (A, x4, x5, Y1,Y5) + P(A, X6, %5, Y6, Y5) + P(A, X6, X7, Y6, Y7)
+...+(I)(/\,Xp,xp_1,ypr]/p—l) (9)

Proof. The proof is similar to the argument put foward in Wu [17] by considering X*
instead of X2. O

Proposition 9. Let (X, M) be a fuzzy semi-metric space, such that M satisfies the rational condi-
tion, in which the t-norm x is right-continuous at 0 with respect to the first or second component.
Let {x, }5_ and {yn}5_, be two sequences in X.

(i)

(ii)

Assume that M satisfies the v<-triangle inequality or the >-triangle inequality or the <-triangle
inequality. Subsequently, we have the following results.

{xn oy and {yn}5,_ are two >-Cauchy sequences if and only if, given any € > 0 and
A € (0,1), there exists ne 5 € N satisfying ®(A, X, Xn, Y, Yn) < € form >n > ng ).
{xu}oyy is a >-Cauchy sequences and {y, }°_; is a <-Cauchy sequences if and only if,
givenany € > 0and A € (0,1), there exists ne € Nsatisfying ®(A, Xp, Xn, Yn, Ym) <
€form>n>ne,.

{xn}2_q is a <-Cauchy sequences and {y,, }°_, is a >-Cauchy sequences if and only if,
givenany € > 0and A € (0,1), there exists n \ € Nsatisfying ®(A, Xp, X, Ym, Yn) <
€form>n>ne,.

{xn}52y and {yn }5,_, are two <-Cauchy sequences if and only if, given any € > 0 and
A € (0,1), there exists ne 5 € N satisfying (A, Xn, Xim, Yn, Ym) < € form >n > ng ).

Assume that M satisfies the o-triangle inequality. Then, we have the following results.

Let {xu}5> 1 and {y, }5° 1 be two >-Cauchy sequences. Suppose that (A, Xy, Xu, Y, Yn)
< oo forall A € (0,1) and m > n. Subsequently, given any € > 0, there exists
e € Nsatisfying @(A, Xy, X, Ym, Yn) < € for m > n > ng ).

Let {x,, }>_1 be a >-Cauchy sequence and let {y,, }5°_; be a <-Cauchy sequence. Suppose
that ®(A, X, Xn, Yn, Ym) < oo for any all A € (0,1) and m > n. Afterwards, given
any € > 0, there exists n. , € N satisfying D(A, X, Xn, Yn, Ym) < €form >n > Mg -
Let {x,,}>_; be a <-Cauchy sequence and let {y,, }5°_, be a >-Cauchy sequence. Suppose
that ® (A, Xn, Xm, Ym, Yn) < oo forall A € (0,1) and m > n. Subsequently, given any
€ > 0, there exists n. , € N satisfying @ (A, Xp, X, Ym, Yn) < € for m >n > ng ).
Let {xu}7 4 and {y, }57_ 1 be two <-Cauchy sequences. Suppose that (A, Xy, Xy, Y, Ym)
< oo forall A € (0,1) and m > n. Subsequently, given any € > 0, there exists
e € Nsatisfying ®(A, Xu, Xy, Yn, Ym) < € for m > n > ne ).

Suppose that, given any € > 0 and A € (0,1), there exists n., € N satisfying
DA, X, X, Y, Yn) < € form > n > ney. Then {x,}o 4 and {y,}5_ are two
<-Cauchy sequences.

Suppose that, given any € > 0 and A € (0,1), there exists n., € N satisfying
D(A, X, X, Y, Ym) < € form > n > ne . Then {x,,}7_; is a <-Cauchy sequences
and {y, }5>_q is a >-Cauchy sequences.

Suppose that, given any € > 0 and A € (0,1), there exists n., € N satisfying
DA, Xu, X, Y, Yn) < € for m > n > ng y. Subsequently, {x,}5  is a >-Cauchy
sequences and {y, }°°_, is a <-Cauchy sequences.
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e Suppose that, given any € > 0and A € (0,1), there exists ney € N satisfying
DA, Xu, X, Y, Ym) < € for m > n > ng . Afterwards, {x,,}5>_ 1 and {y,}5_, are
two >-Cauchy sequences.

Proof. The proof is similar to the argument in Wu [17] by considering X* instead of X2. [

4. Cauchy Sequences
Given any a € [0, 1], for convenience, we write
n times

—N—
(xa)" =a*xax---*xa

and

2" times

271
[*n(a,b,c,d,lgl)] :ﬂ(a,b,c,d,ki) *q(a,b,c,d,ktn) *-u*n(a,b,c,d,kil) .

The following results will be used for further discussion.

Proposition 10. Let (X, M) be a fuzzy semi-metric space such that M satisfies the rational

condition in which the t-norm is right-continuous at 0 and left-continuous at 1 in the first or second

component. Let 0 < k < 1 be any fixed constant, and let {x,}" | and {y, }3°_; be two sequences

in X.

(i)  Suppose that M satisfies the p<-triangle inequality. Subsequently, we have the following
results.

o Assume that there exist fixed elements a1, b1, c1,dy € X satisfying

sup D(A,a1,by,¢1,d1) < o0 (10)
A€[0,1)

and

2”
t
7 (Xn, Xpt1, Y, Yns1, ) > {*17 (al,bl,cl,dl, k")] foreachn € N. (11

Afterwards, {x, }5>_1 and {y, }5_, are <-Cauchy sequences.

o Assume that there exist fixed elements ay, by, cp, dy € X satisfying

sup CD()\,az, bz,Cz,dz) < (12)
A€[0,1)

and

21’!
t
7 (Xn, Xpt1, Y1, Yn, £) > {*17 (az, by, co,ds, k”)] foreachn € N. (13)

Subsequently, {x, }>_; is a <-Cauchy sequence and {y, }5_, is a >-Cauchy sequence.
o Assume that there exist fixed elements as, b3, c3,d3 € X satisfying

sup @(A,ag,, b3,C3,d3) < 00 (14)
A€[0,1)

and

21‘!
t
1(Xn 1, X0, Y, Yni1, t) 2 {*17 (ag, b3, c3,ds, k")} foreachn € N. (15)
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Subsequently, {x,}5"_ is a >-Cauchy sequence and {y, }5_ is a <-Cauchy sequence.
o Assume that there exist fixed elements ay, by, cs,ds € X satisfying

sup CD()\,CI4, b4,C4,d4) < 0 (16)
A€l0,1)

and

27”
t
N(Xn+1, Xn, Y1, Yn, t) > {*17 <a4, by, cq,dy, k”)] foreachn € N. (17)

Afterwards, {x, }>_ and {y,}5°_, are >-Cauchy sequences.

(i) Suppose that the mapping M satisfies the >-triangle inequality or the <-triangle inequality,
and that the conditions (10), (11), (16) and (17) are satisfied. Subsequently, {x,};_,
and {y,}5>_, are both >-Cauchy and <-Cauchy sequences. In other words, {x,}7"_, and
{yn}>_q are Cauchy sequences.

(iii) Suppose that the mapping M satisfies the o-triangle inequality, and that any one of the

following two conditions is satisfied:

e conditions (10), (11), (16) and (17) are satisfied;
e conditions (12), (13), (14) and (15) are satisfied.

Afterwards, {x, }5_ and {y,}7_, are both >-Cauchy and <-Cauchy sequences.

Proof. To prove part (i), if

on
|:*77 <a11bllclld11 ktn>:| S 1_/\/

then, using Proposition 1, there exists A(t) € (0, 1) satisfying

t
Ui <ﬂ1, bllclldll k”) <1- )\(t)

Let
Ay = irt1f/_\(t) €[0,1).

Then Ay depends only on A and

It follows that

2Vl
{t>0: {*n(al,bl,cl,dl,kin)} gl/\} - {t>0:17(a1,b1,cl,d1,kin) gl—/\o}. (18)
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Therefore, we obtain

@()\, Xn, xn+1/ ]/n/]/n+1)
= sup{t >0: ﬂ(xn,xn+1,yn/yn+1r )
< sup{t >0: [*17 (al,bl,q,d i } } (by (11))

Vg
< sup{t >0: 17<u1,b1,c1,d1, > <1- } (by (18))

=sup{k" -t > 0:n(ay, by, c,dy,t) — Ao}
= k" -sup{t > 0:1(ay, by, c1,d1,t) — Ao}
=Kk"-®(Ag,a1,b1,c1,d1), (19)

<1
<1

where Ay only depends on A. Now, we assume that m,n € N with m > n. Given any
1 € (0,1], by part (i) of Proposition 8, there exists A € (0,1), such that

@(y,xn,xm,ymym)
S O(A, X, X1, Yis Yn1) + LA, Xpge1, Xy 2, Y1, Yns2) + - -+ P, X1, Xy Yim—1, Ym)
<K' ®(Ag a1, by, c1,d1) + KM (Ao, a1, by, 01,dh) + -+ KT ®(Ag, a1, by, 01,dh) (by (19))

kﬂ . (1 . an*Tl) kl’l

= (Ao, a1, b1, 01,d1) - Tk < @(Ao,a, by e dh) -

n

K
sup ®(A,aq,by,01,d1) | - 1—%

A€[0,1)

—0asn— oo, (20)

which also says that, given any € € (0,1) and u € (0,1), there exists 1, € N such
that m > n > ny implies D(pt, Xn, Xm, Yn, Ym) < €. By the fourth case of part (i) of
Proposition 9, it follows that {x,}5_; and {y,}5_; are <-Cauchy sequences. The other
results can be similarly obtained by using the corresponding cases of Proposition 9 and
part (i) of Proposition 8.

To prove part (ii), we consider two cases below.

e  Suppose that the mapping M satisfies the >-triangle inequality. While using part (ii) of
Proposition 8, we have

max{dD(y, Xn, xmzynzym)/ (I)(”l/ Xm, xn/]/n/ym)/ (b(,”/ Xn, xmzymlyn)/ q>(]/4/ Xm, xn/ym/yn)}
< (D(/\/ Xms Xm—1,Ym, ym—l) + (D(/\/ Xim—1,Xm—2,Ym—1, ym—z)
+ o+ @A, X2, X1, Y2, Ynr1) + LA, X, X1, Yo, Y1) (21)

By referring to (19), we can similarly obtain
(I)(/\/ Xn+1,Xn, }/n+1/ yi’l) S kn : (I)(/\O/ ag, b4/ Cq, d4) (22)
By using (19), (22), (21) and referring to (20), we have

maX{CD(Hr Xns XmsYn, ym)/ CD(H/ Xms Xn, YnsYm )/ CD(,”/ Xns Xm, Yms Yn )/ CD(V/ Xms Xn, Ym, yn)}

n
< max sup P(A,a1,b1,01,d1)|, | sup P(A,a4,byg,cq,ds)]| - k —0asn — oo.
Aef01) A€[01) 1-k

Using the above argument, we can show that {x, }°° ; and {y,}}°; are both >-Cauchy
and <-Cauchy sequences in metric sense.

e  Suppose that the mapping M satisfies the <-triangle inequality. While using part (iii)
of Proposition 8, we have
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max{ P, Xn, Xm, Yu, Ym ), LM, X, X0, Y, Ym ) P X Xy Yims Y ) PO Xoms X0y Yo, Yn) }
S @A, X1, X, Y1, Yn) + A, X001, X2, Y 1 Yn2)
+- 1+ d)(A, Xm—2,Xm—1,Ym—2, ]/m—l) + (D(/\/ Xm—1,Xm, ]/m—lzym)-

Using the above argument, we can show that {x,,}%° ; and {y, }_; are both >-Cauchy
and <-Cauchy sequences in metric sense.

To prove part (iii), we consider two cases below.

e  Assume that the conditions (10), (11), (16) and (17) are satisfied. If p is even, then,
using (2) and (5) in part (iv) of Proposition 8, we can similarly show that {x,};> ;
and {y, }$*_; are both >-Cauchy and <-Cauchy sequences in metric sense. If p is odd,
then, using (6) and (9) in Proposition 8, we can similarly obtain the desired results.

e  Assume that the conditions (12), (13), (14) and (15) are satisfied. If p is even, then,
using (3) and (4) in part (iv) of Proposition 8, we can similarly show that {x, }> ; and
{yn}5>, are both >-Cauchy and <-Cauchy sequences in the metric sense. If p is odd,
then, using (7) and (8) in Proposition 8, we can similarly obtain the desired results.

This completes the proof. [

5. Common Coupled Coincidence Points

In this section, we are going to investigate the common coupled coincidence points
in fuzzy semi-metric space under some suitable conditions. We consider two mappings
T:XxX—Xand f: X — X.

e  Recall that the mappings T and f commute when f(T(x,y)) = T(f(x), f(y)) for all
x,y € X.
e Recall that an element (x*,y*) € X x X is called a coupled coincidence point of
mappings T and f when T(x*,y*) = f(x*) and T(y*, x*) = f(y*). In particular, if
x* = f(x*) = T(x*,y*) and y* = f(y*) = T(y*, x*), then (x*,y*) is called a common
coupled fixed point of T and f.
Let {T,,};°_; be a sequence of mappings from the product space X x X into X, and let
f be amapping from X into itself satisfying T,,(X, X) C f(X) for all n € N. Given any two
initial elements xg, o € X, since T,,(X, X) C f(X), there exist x1,y; € X satisfying

f(x1) = Ta(xo0,y0) and f(y1) = T1(yo, x0)-

Similarly, there also exist x3, 1> € X, satisfying

f(x2) = Ta(x1,y1) and f(y2) = Ta(y1, x1)-

Continuing this process, we can construct two sequences {x;, }5 ; and {y,, };_;, satisfying

f(xn) = Tu(xn—1,¥n-1) and f(yn) = Tu(Yn—1, Xn—1) (23)

forn € N.
In the sequel, the common coupled coincidence points will be separately studied by
considering the four different types of triangle inequalities.

Theorem 1 (Satisfying the b<-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space,
such that the mapping M satisfies the rational condition and the v<-triangle inequality. Suppose
that the following conditions are satisfied.

o The t-norm x is left-continuous with respect to the first or second component.
Given any fixed x,y € X, the mapping M(x,y,-) : (0,00) — [0,1] is left-continuous at each
point t € (0,00).

e The mappings T, : X x X — Xand f : X — X satisfy the inclusions T, (X, X) C f(X) for
alln € N.
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(i)

(i)

The mappings f and T,, commute; that is, f(T,(x,y)) = Tu(f(x), f(y)) forall x,y € X and
alln € N.

Given any x,y,u,v € X, the following contractive inequality is satisfied:

M(Ti(x,y), Tj(u, 0), kij - ) = M(f(x), f (u), t) * M(f (), f (0), 1), (24)

where k;; satisfies 0 < kj; < k <1 foralli,j € N and for some constant k.
Subsequently, we have the following results.
Suppose that there exist x*,y* € X satisfying
sup (A, f(x7), Ti(x%y"), f(y*), Ta(y, x7)) < oo,
re(0,1)
and that any one of the following conditions is satisfied:

(a) (X, M) is (<,>)-complete and f is simultaneously (>,1>)-continuous and (>, <)-
continuous with respect to M;

(b) (X, M) is (<,<)-complete and f is simultaneously (<,>)-continuous and (<,<)-
continuous with respect to M.

Afterwards, the mappings {T, };>_, and f have a common coupled coincidence point (x°,y°).

We further assume that the following conditions are satisfied.

e The inequality (24) is replaced by the following inequality

M(Ti(x,y), Tj(u,0), kij - ) = M(f (%), f(u), 1) - M(f(y), f(0), 1), (25)

where the t-norm x is replaced by the product of real numbers.
The mapping M satisfies the distance condition in Definition 2.
For any fixed x,y € X and t > 0, the following mapping

ola) = M(x,y, Koe" 1) (26)

is differentiable on (0, 00).
Afterwards, we have the following results.

(A)  Suppose that (%,7) is another coupled coincidence point of mappings f and Ty, for
some ng € N. Subsequently, f(x°) = f(x) and f(y°) = f (7).

(B)  There exists (x°,y°) € X x X such that (f(x°), f(y°)) € X x X is the common
coupled fixed point of the mappings {T, }5 ;.

Moreover, the point (x°,y°) € X x X can be obtained, as follows.

e Suppose that condition (a) is satisfied. Afterwards, the point (x°,y°) € X x X can be

obtained by taking the limit f(x,) M v and fyn) M A
e Suppose that condition (b) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M A
The sequences {x,}5>  and {yn}>_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X according to (23).
Suppose that there exist x*,y* € X satisfying

sup @A, Ti(x%y"), f(x"), T(y", x7), f(y")) <o,
Ae€(0,1)

and that any one of the following conditions is satisfied:

() (X,M) is (>,>)-complete and f is simultaneously (>,>)-continuous and (1>, <)-
continuous with respect to M;

(d) (X,M) is (>,<)-complete and f is simultaneously (<,>)-continuous and (<,<)-
continuous with respect to M.
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Afterwards, we have the same result as part (i).

Proof. We can generate two sequences {x,}7° ; and {y,}? ; from the initial element
xo = x* and yg = y* according to (23). Then we have

f(x") = f(xo) and f(y*) = f(yo)
and
Ti(x*,y") = Ti(x0,y0) = f(x1) and T1(y*, x*) = T1(yo, o) = f(y1)-
To prove part (i), from (23) and (24), we obtain
M(f(x1), f(x2),t) = M(T1(x0,y0), T2(x1, 1), t)

N M( o), fw,kD *M<f(y0)/f(y1)rk;>
and

M(f(y1), f(y2),t) = M(T1(yo, x0), T2(y1, x1),t)
> M(f(yo),f(yl), k;) ‘ M(f<x0>,f<x1>, t).

k12
By induction, we can obtain

on—1

MU i) F o)) 2 [+ 00, £, e )|

im1kiiv

* {*M <f(y0)/f(y1)/ ntki,iﬂ)rn_l (27)

i=1

and

M(f(yn)rf(ynJrl),f)Z[*M(f(x()),f(xl),ntki,iﬂ)]zn—l

i=1
<o (1000 00, _ka)T 28)

Part (i) of Proposition 2 says that the mapping M(x, y, -) is nondecreasing. Because k; ;1 <
k for each i € N, using the increasing property of t-norm to (27) and (28), we also have

n—1 n—1

M(sn o)) 2 [t (pao) s )| [ (0 £ )|

. [*n(f<x0>,f<x1>,f<yo>,f<y1>,,fn)r1 (29)

and

n—1

M) o)) 400, “fﬂ';i)rl : [*M(f(y()),f(yl),,;)r

= [sn () £, f0. £, ,f)r (30)

Using the increasing property of t-norm to (29) and (30), we have
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n(f(xn), f(xXns1), f(Yn), f(Yni1), ) = M (xn), f(xng1),£) % M(f(Yn), f(Ynt1),t)
Zn
> s ), £, fl, f) )| 61

From part (i) of Proposition 10, it follows that { f(x,)}5_; and {f(yx)}5; are <-Cauchy
sequences. We consider the following cases

e  Suppose that condition (a) is satisfied. Because (X, M) is (<, >)-complete, there exist
x°,y° € X, such that

f(xn) M, ¥ and f(yn) M y°asn — oo. (32)

Since f is simultaneously (>, >)-continuous and (>, <)-continuous with respect to M,
we have

FUFGen)) 25 £(x°) and F(F(yn) 25 F(y°) asn — oo
and

FUFGen)) 25 £(x°) and F(fyn) 25 F(y°) as n — oo,

which say that, for all t > 0,

M(f(f(xn)), f(x°),t) > 1— asn — oo (33)
M(f(f(yn)), f(y°),t) > 1— asn — o0 (34)
M(f(x%), f(f(xn)),t) =1 — asn — oo (35)
M(f(y°), f(f(yn)),t) = 1 — asn — oo. (36)

e Suppose that condition (b) is satisfied. Since (X, M) is (<, <)-complete, there exist
x°,y° € X, such that

f(xn) M x° and f(yn) M y°asn — oo, (37)

Because f is simultaneously (<, >)-continuous and (<, <)-continuous with respect to
M, we can similarly obtain (33)—(36).

Using (23) and the commutativity of T,; and f, we obtain

Ff 1)) = f(Tasa (%, yn)) = Taga (f (xn), f(yn))) (38)

and
FFWn1)) = f(Tara(yn, xn)) = Tuga (f (yn), f(xn)))-
We shall show that f(x°) = T,,(x°,y°) and f(y°) = T»(y°,x°) for all n € N. Now we have

M(f(f (xn41)), T (%, y°), kt) = MUf(f (¥n41)), T (X%, ¥°) Kngan - )
= M(Tui1(f(xn), f (1)), Tu(x°,4°) Knga,n - £) (by (38))
> M(f(f(xn)), f(x°),8) * M(f(f (yn)), f(y°), 1) (by (24)). (39)

Using Proposition 1 and applying (33) and (34) to (39), we obtain

lim inf M(f(f(xp41)), Tu(x°,¥°), 1)

n:lgr;o (£ 16, ) <M (£ ) ) | =101 =1,
which says that

1> limsup MF(f(xs1)), Ta(x,y°), £) = Hminf MOF(f (5e1)), T (3°,5°), ) > 1

n—o0 n—oo



Axioms 2021, 10,5 17 of 31

Therefore, we obtain

Hm M(f(f(xn41)), Tu(x°, %), ) = 1, Le, M(f(f(xn11)), Tu(x%,y°),8) = 1= (40)

n—o0

Using the >a-triangle inequality, we see that

M(f(x°), Tu(x®,y°), 2t) = M(f(x°), f(f (xn11)),£) % M(F(f (xng1)), T (X%, %), £).

While using the left-continuity of t-norm x* to (35) and (40), we obtain M(f(x°), T,(x°,y°),2t) =
1 for all t > 0. Therefore we must have f(x°) = T,(x°,y°) for all n € N. We can similarly
show that f(y°) = T, (y°,x°) foralln € N.

To prove property (A), let (%,7) be another coupled coincidence point of f and Ty, for
some 1 € N, ie., f(%) = Ty, (%,7) and f(7) = Ty, (7, X). Because the mapping M(x,y, -) is
non-decreasing, by (25), we have

M(f(x°%), f(%),£) = M(Tuy (x°, y°), Tno (%,9),

t
>M /),
(f ”0 no ) < y k”O:”O )

> M(f<x°>,f<x> ¢)m(ror >,f<y->,£ )
and
M), F3),1) = M(Toy (4, 5°), Ty (5, ), 1)
> M) 50— ) M (7). 70, )
> m( 670, 70, ) - (56, 5, ) @)

Therefore we obtain
M), 10,0 = M(£67), 53, ) - (F67), 1), ) by (31)

> (56,50, 2 ) M (507,105 ) |- (0 10, 1) - m( 0@, )|
(by (41) and (42))

= [u(serso. )] (s )|

sz (o )] (oo )]
(by repeating to use (41) and (42))

> (s 1), ki)r (s 50, ki)r (43)
(since M(x,y,t) < 1forany x,y € X and ¢ > 0),

Equivalently, we have

M(f(x"), f(%), 1)

v
=
TN
-
—
=
[}
?/
-~
—~
=i
:—/
Lo
o)
qq ~
N
x
~_
| IS
B
<
TN
-
~~
<
(e}
:—/
~
—
<
:—/
.
o)
oQ ~
N
R
~__
—_
B

which can be rewritten as

M(f(x°), f(R), K8 t) = [M(f(x), f(2), " [IMUF@) f@) 0] (@4)
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We are going to claim that there exists f > 0, such that M(f(y°), f(7),t) # 0 forall t > £.
We consider the following two cases.
If f(y°) = f(77), then M(f(y°), f(7),t) = 1forallt > 0.
If f(y°) # f(7), then the distance condition says that there exits f > 0 such that
M(f(y°), f(7),F) # 0. Part (i) of Proposition 2 says that the mapping M(x,y,-) is
nondecreasing. It follows that M(f(y°), f(7),t) # O forall t > F.
Therefore, from (44), for any fixed t > 0 with t > f, we have

/n 1
M(f(y°), f(7). 1)
Because 0 < k < 1 and the mapping M(x, y, ) is non-decreasing, the function ¢ defined

in (26) is non-increasing, which says that ¢’(«) < 0 on (0,00). Because M satisfies the
rational condition, we have

[M(F("), fl) Kom ) ]| > M), F(2),0). @)

lim M(x,y,) =0 (46)

for any fixed x,y € X with x # y. We consider
ow) = M(f(x°), f(%), KoE2" - 1),
Suppose that f(x°) # f(%). Because 0 < k < 1, it follows that k1°82% .  — 0+ as a — 0.

Therefore, (46) says that o(a#) — 0+ as « — co. Subsequently, we obtain

/n

lim [M(f(x°), f(), KO8 t)}l

n—oo

= lim [o(m)]V/" = lim exp [@} = exp ngr;o %} (using the ’'Hospital’s rule)
=0 (since ¢'(n) <0 and o(n) — 0+). 47)

By taking n — oo in (45) and using (47), it follows that M(f(x°), f(%),t) = 0 for all
t > f. Because f(x°) # f(%), the distance condition says that there exits ty > 0, such
that M(f(x°), f(X),to) # 0, i.e, M(f(x°), f(X),t) # O for all t > ty by the nondecreasing
property of M(x,y, -), which contradicts M(f(x°), f(%),t) = 0 for all t > . Therefore, we
must have f(x°) = f(%). We can similarly obtain f(y°) = f(7).

To prove property (B), using the commutativity of T,; and f, we have

F(Ta(x%,y°)) = Tu(f(x°), f(¥°)) = Tu(Tu (2%, %), Tu(y®, x°)) (48)

and
F(Ta(y®,x°)) = Tu(f(y°), f(x°)) = Tu(Tu(y®, x°), Tu(x", 7)) (49)
By regarding X as Ty, (x°,y°) and 7 as T,,(y°, x°), the equalities (48) and (49) say that

Therefore, using property (A), we must have

f(x%) = f(x) = f(Tu(x°,y°)) = Tu(f(x°), f(¥°))
and
fW°) =f@) = f(Tu(y*,x°)) = Tu(f(y°), f(x°)),

which says that (f(x°), f(y°)) € X x X is the common coupled fixed point of the mappings
{Tul i
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To prove part (ii), we can similarly obtain

y
D), S ), )0 = [ (£ f) fl) fl) ) |- G0

From part (i) of Proposition 10, it follows that { f(x,)}5>; and {f(yx)}5, are >-Cauchy
sequences. We consider two cases below.

e  Suppose that condition (c) is satisfied. Because (X, M) is (>, >)-complete, there exist
x°,y° € X, such that

fxn) My and f(yn) ﬁyo asn — oo.

Because f is simultaneously (>, >)-continuous and (&>, <)-continuous with respect to
M, we can similarly obtain (33)—(36).

e  Suppose that condition (d) is satisfied. Because (X, M) is (>, <)-complete, there exist
x°,y° € X, such that

f(xn) My and f(yx) M y°asn — oo,

Because f is simultaneously (<, >)-continuous and (<, <)-continuous with respect to
M, we can similarly obtain (33)—(36).

The remaining proof follows from the similar argument of part (i). This completes the
proof. O

In Theorem 1, since the fuzzy semi-metric M is not necessarily symmetric, if the
contractive inequalities (24) and (25) are not satisfied and, alternatively, the following
converse-contractive inequalities

M(Ti(x,y), Tj(u, 0), kij - t) = M(f (u), f(x),£) * M(f (v), f(y), £)

and
M(Ti(x,y), Tj(u,0), kij - t) = M(f(u), f(x),t) - M(f(v), f(y), 1)

are satisfied, then we can also obtain the desired results by assuming the different condi-
tions.

Theorem 2 (Satisfying the t<-Triangle Inequality: Converse-Contractive Inequality). Let
(X, M) be a fuzzy semi-metric space, such that the mapping M satisfies the rational condition and
the <-triangle inequality. Suppose that the following conditions are satisfied.

o The first four conditions in Theorem 1 are satisfied.
o Forany x,y,u,v € X, the following converse-contractive inequality is satisfied:

M(Ti(x,y), Tj(u,0), kij - t) = M(f (u), f(x), ) x M(f(0), f(y), £), (51)

where k;; satisfies 0 < kj; < k <1 foralli,j € N and for some constant k.
Subsequently, we have the following results.
(i)  Suppose that there exist x*,y* € X satisfying
sup (A, f(x7), Ti(x%y"), f(y*), Ta(y", x7)) < oo,
Ae(0,1)
and that any one of the following conditions is satisfied:

(a) (X, M) is (<,>)-complete and f is (>,>)-continuous or (>, <)-continuous with
respect to M;

b) (X, M) is (<,<)-complete and f is (<,1>)-continuous or (<, <)-continuous with
respect to M.
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(if)

Subsequently, the mappings {T,}o , and f have a common coupled coincidence point

(x°,y°). We further assume that the following conditions are satisfied.
o The inequality (51) is replaced by the following inequality

M(Ti(x,y), Tj(u, 0), kij - ) = M(f (), f(x),t) - M(f(0), f(y), 1),

where the t-norm * is replaced by the product of real numbers;
o The mapping M satisfies the distance condition in Definition 2.
For any fixed x,y € X and t > 0, the following mapping

o(a) = M(x, y, ko2 . t)

is differentiable on (0, 00).
Afterwards, we have the following results.
(A)  Suppose that (%, ) is another coupled coincidence point of f and Ty, for some ny € N.

Then f(x°) = f(x) and f(y°) = f(7)-
(B)  There exists (x°,y°) € X x X, such that (f(x°), f(y°)) € X x X is the common
coupled fixed point of the mappings {T,, }5_;.
Moreover, the point (x°,y°) € X x X can be obtained, as follows.
e Suppose that condition (a) is satisfied. Then the point (x°,y°) € X x X can be obtained
by taking the limit f(x,) M, x© and f(yn) A ye.
e Suppose that condition (b) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M y°.
The sequences {x,}5 1 and {yn}:_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X, according to (23).
Suppose that there exist x*,y* € X satisfying
sup P(A, Ty (2", y"), f(x7), Tu(y", x7), f(y")) < oo,
Ae(0,1)
and that any one of the following conditions is satisfied:

() (X, M) is (>,>)-complete and f is (>,>)-continuous or (1>, <)-continuous with
respect to M;

(d)  (X,M) is (>,<)-complete and f is (<,1>)-continuous or (<, <)-continuous with
respect to M;

Subsequently, we have the same result as part (i).

Theorem 3 (Satisfying the >-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space,
such that the mapping M satisfies the rational condition and the >-triangle inequality. Let (xo,Yo) €

X x X be an initial element that generates the sequences {x,,}5° 1 and {y, }_, according to (23).

Suppose that the following conditions are satisfied.

The first four conditions in Theorem 1 are satisfied.
The following contractive inequalities is satisfied

M(Ti(x,y), Tj(u,0), kij - £) = M(f (x), f(u), ) * M(f(y), f (), 1) (52)
or the following converse-contractive inequalities is satisfied
M(Ti(x,y), Tj(u,0), ki - £) = M(f (), f(x), ) * M(f(0), f(y), 1), (53)

where kj; satisfies 0 < k;; < k <1 foralli,j € N and for some constant k.
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o Thereexist x*,y* € X satisfying

sup (A, f(x*), Ti(x" y%), f(y"), Ta(y", x7)) < o0
Ae(0,1)

and

sup P(A, Ty (x7,y"), f(x"), Tu(y™, x7), f(y")) < oo,
Ae€(0,1)
e Any one of the following conditions is satisfied:
(@) (X,M)is (<,>)-complete or (>,>)-complete and f is (>, <)-continuous with respect
to M;
(b) (X, M) is (<, <)-complete or (>, <)-complete and f is (<, <)-continuous with respect
to M.
Subsequently, the mappings {T,, }°_, and f have a common coupled coincidence point (x°,y°).
We further assume that the following conditions are satisfied.

e The inequality (52) is replaced by the following inequality

M(Ti(x,y), Ty(u,0), kij - £) = M(f(x), f(u), £) - M(f(y), f(0), 1) (54)
and the inequality (53) is replaced by the following inequality
M(Ti(x,y), Ty(u,0), ki - £) = M(f(u), f(x), 1) - M(f (0), f(y), 1), (55)

where the t-norm * is replaced by the product of real numbers, such that any one of the
inequalities (54) and (55) is satisfied.
The mapping M satisfies the distance condition in Definition 2.

e  Forany fixed x,y € X and t > 0, the following mapping

o(a) = M(x, Y, Klog2 . t)

is differentiable on (0, 00).
Afterwards, we have the following results.

(A) Suppose that (%,7) is another coupled coincidence point of f and Ty, for some ny € N.
Subsequently, f(x°) = f(x) and f(y°) = f(¥).

(B) There exists (x°,y°) € X x X, such that (f(x°), f(y°)) € X x X is the common coupled
fixed point of the mappings {Ty, }5 ;.

Moreover, the point (x°,y°) € X x X can be obtained as follows.

e Suppose that condition (a) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M ye.

e Suppose that condition (b) is satisfied. Afterwards, the point (x°,y°) € X x X can be obtained
by taking the limit f(x,) M and fyn) LN ye.
The sequences {x,}5 4 and {yn}5°_, are generated from the initial element (xo,yo) =

(x*,y*) € X x X according to (23).

Theorem 4 (Satisfying the <-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space such
that the mapping M satisfies the rational condition and the >-triangle inequality. Let (xo,yo) €
X x X be an initial element that generates the sequences {x,}°°_; and {y, }3°_, according to (23).
Suppose that the following conditions are satisfied.

o The first four conditions in Theorem 1 are satisfied.
o The following contractive inequalities is satisfied

M(T;(x,y), Tj(u,0), kij - £) = M(f(x), f(u),t) * M(f(y), f(0),1) (56)
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or the following converse-contractive inequalities is satisfied

M(Ti(x,y), Tj(u,0), kij - t) > M(f (u), f(x), ) * M(f(0), f(y), 1), (57)

where k;j satisfies 0 < kjj < k <1 foralli,j € N and for some constant k.
There exist x*,y* € X satisfying

sup D(A, f(x7), T (x", y"), f(y7), Ta(y", x7)) <0
A€(0,1)

and

sup ®(A, Ty (x",y), f(x7), Ta(y", x7), f(y")) < oo;
Ae€(0,1)

Any one of the following conditions is satisfied:

(@ (X,M)is (<,>)-complete or (>,>)-complete and f is (>, >)-continuous with respect
to M;

(b) (X, M) is (<, <)-complete or (>, <)-complete and f is (<, >)-continuous with respect
to M.

Subsequently, the mappings {T,, }5>_ and f have a common coupled coincidence point (x°,y°).

We further assume that the following conditions are satisfied.

(A)

(B)

The inequality (56) is replaced by the following inequality

M(Ti(x,y), Tj(u, 0), kij - ) = M(f(x), f(u), t) - M(f(y), f(0), £) (58)

and the inequality (57) is replaced by the following inequality

M(Ti(x,y), Ty(u,0), ki - £) = M(f(u), f(x), 1) - M(f (0), f(y), 1), (59)
where the t-norm x is replaced by the product of real numbers, such that any one of the
inequalities (58) and (59) is satisfied.

The mapping M satisfies the distance condition in Definition 2.
For any fixed x,y € X and t > 0, the following mapping

o(a) = M(x, y, klos2& . t)

is differentiable on (0, o0).
Subsequently, we have the following results.

Suppose that (%,7) is another coupled coincidence point of f and Ty, for some ny € N.
Subsequently, f(x°) = £(%) and f(y°) = £(7).

There exists (x°,y°) € X x X such that (f(x°), f(y°)) € X x X is the common coupled
fixed point of the mappings {Ty, }5,_;.

Moreover, the point (x°,y°) € X x X can be obtained, as follows.

Suppose that condition (a) is satisfied. Afterwards, the point (x°,y°) € X x X can be obtained
by taking the limit f(x,) M o and f(yn) M ye.

Suppose that condition (b) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) E) x° and f(yn) ﬂ ye.

The sequences {x,}5 1 and {y,};>_, are generated from the initial element (xo,yo) =

(x*,y*) € X x X according to (23).

Theorem 5 (Satisfying the o-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space,
such that the mapping M satisfies the rational condition and the o-triangle inequality. Suppose that
the following conditions are satisfied.

All five conditions in Theorem 1 are satisfied.
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o Thereexist x*,y* € X satisfying

sup (A, f(x*), Ti(x" y%), f(y"), Ta(y", x7)) < o0
Ae(0,1)

and

sup (A, Ty (x",y), f(x%), Ta(y", x%), f(y7)) < oo
Ae€(0,1)

e Any one of the following conditions is satisfied:

(@ (X,M) is (<,>)-complete or (>,>)-complete, and f is (>,>)-continuous or (>, <)-
continuous with respect to M;

(b) (X,M) is (<,<)-complete or (>,<)-complete, and f is (<,>)-continuous or (<, <)-
continuous with respect to M.

Subsequently, the mappings {T,, }°_, and f have a common coupled coincidence point (x°,y°).

Moreover, the point (x°,y°) € X x X can be obtained, as follows.

e Suppose that condition (a) is satisfied. Afterwards, the point (x°,y°) € X x X can be obtained
by taking the limit f(x,) M, x© and fyn) A ye.

e Suppose that condition (b) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M y°.

The sequences {x,}5 1 and {y,}_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X according to (23).

Theorem 6 (Satisfying the o-Triangle Inequality: Converse-Contractive Inequality). Let
(X, M) be a fuzzy semi-metric space, such that the mapping M satisfies the rational condition and
the o-triangle inequality. Let (xo, o) € X x X be an initial element that generates the sequences
{xn}52 g and {y, }_; according to (23). Suppose that the following conditions are satisfied.

o The first four conditions in Theorem 1 are satisfied.
o Forany x,y,u,v € X, the following converse-contractive inequality is satisfied:

M(Ti(x,y), Tj(u, 0), kij - ) = M(f (u), f(x),£) * M(f(v), f(y), 1),

where kjj satisfies 0 < k;; < k <1 foralli,j € N and for some constant k.
o Thereexist x*,y* € X satisfying

sup @A, f(x*), Th(x",y"), f(y"), Ta(y", x*)) < oo
Ae(0,1)

and

sup (A, Ty (x",y), f(x%), Ta(y", x%), f(y7)) < oo
Ae(0,1)

o Any one of the following conditions is satisfied:
(@ (X, M)is (<,>)-complete or (>,1>)-complete and f is simultaneously (>, >)-continuous
and (>, <)-continuous with respect to M;
(b) (X, M)is (<,<)-complete or (>,<)-complete and f is simultaneously (<, >)-continuous
and (<, <)-continuous with respect to M.
Subsequently, the mappings {T,, }5°_, and f have a common coupled coincidence point (x°,y°).
Moreover, the point (x°,y°) € X x X can be obtained as follows.
e Suppose that condition (a) is satisfied. Afeterwards, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M Y.
e Suppose that condition (b) is satisfied. Subsequently, the point (x°,y°) € X x X can be

obtained by taking the limit f(x,) E) x° and f(yn) E> A
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The sequences {x,}5 1 and {y,}_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X according to (23).

6. Common Coupled Fixed Points

Consider the mappings T : X x X — X and f : X — X. Recall that an element
(x*,y*) € X x X is called a common coupled fixed point when

¥ = f(x*) = T(x"y") andy* = f(y*) = T(y",x").

The common coupled fixed points are also the common coupled coincidence points.
The uniqueness of common coupled coincidence points presented above was not guar-
anteed. In this section, we shall investigate the uniqueness of common coupled fixed
points.

The contractive inequality and converse-contractive inequality should consider the
product of real numbers instead of t-norm * in order to obtain the unique common coupled
fixed point.

Theorem 7 (Satisfying the b<-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space,
such that the mapping M satisfies the rational condition and the ><-triangle inequality. Suppose
that the following conditions are satisfied.

e Forany sequences {a, }5_y and {b, }$°_ in [0, 1], the following inequality is satisfied:

sup(ay * by) > (sup an> * (sup bn>.
n n

n

The t-norm * is left-continuous with respect to the first or second component.

Given any fixed x,y € X, the mapping M(x,y,-) : (0,00) — [0, 1] is continuous on (0, c0).
The mapping M satisfies the distance condition in Definition 2.

Given any fixed x,y € X and t > 0, the following mapping

o(a) = M(x, y, klos2& . t)

is differentiable on (0, 00).

o The mappings T, : X — X and f : X — X satisfy the inclusion T,,(X, X) C f(X) for all
neN
The mappings f and T,, commute.

o Any one of the following conditions is satisfied:

- the mapping f is simultaneously (1>, >)-continuous and (>, <)-continuous with respect

to M;
-  the mapping f is simultaneously (<,1>)-continuous and (<, <)-continuous with respect
to M.
o forany x,y,u,v € X, the following contractive inequality is satisfied:
M(Ti(x,y), Tj(u,0), kij - ) > M(f(x), f (u), 1) - M(f(y), f(0), 1), (60)

where k;j satisfies 0 < kjj < k <1 foralli,j € N and for some constant k.
Subsequently, we have the following results.

(i)  Suppose that the space (X, M) is simultaneously (<,>)-complete and (<, <)-complete. We
also assume that there exist x*,y* € X satisfying

sup ®(A, f(x*), Ti(x",y"), f(y*), Ta(y", x7)) < co.
A€(0,1)

[ee]
n=1

Afterwards, the mappings { T, }°°_, and f have a unique common coupled fixed point (x°,y°).
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(ii) Suppose that the space (X, M) is simultaneously (>,>)-complete and (>,<)-complete. We
also assume that there exist x*,y* € X satisfying

sup ®(A, Ti(x7,y"), f(x"), Ti(y", x7), f(y")) < oo,
A€(0,1)
Then the mappings {Ty, }o>_, and f have a unique common coupled fixed point (x°,y°).
Moreover, the point (x°,y°) € X x X can be obtained as follows.

e The point x° can be obtained by taking the limit f(x,) M x° or the limit f(xn) M xe;
e The point y° can be obtained by taking the limit f(y,) A y° or the limit f(y,) M y°.

The sequences {x,}5 1 and {y,}>_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X according to (23).

Proof. According to (23) we can generate two sequences {x,}5 ; and {y,};> ; from the
initial element xo = x* and yo = y*. To prove part (i), while using part (i) of Theorem
1, we have f(x°) = T,(x°,y°) and f(y°) = T.(y°,x°) for all n € N. According to the
proof of part (i) of Theorem 1, we see that {f(x,)}>"; and {f(yx)}5_, are <-Cauchy
sequences. Since (X, M) issimultaneously (<,>)-complete and (<, <)-complete, using
part (i) of Proposition 3, there exists x°,y° € X satisfying f(xy) M xe, f(xn) M xe,
fyn) M y° and f(yn) M y° as n — oo, which also says that f(x;) M, x° and
f(yn) M, y°asn — oo.

Next, we are going to claim that x° is a fixed point of f. While using (60) and the
nondecreasing property of M(x,y, -) by part (i) of Proposition 2, we have

M(f (xn11), f(x°),8) = M(Tuq1 (X, Yn), Tu(x°,y°), )

> (1), £67), = ) M ( £ ), )
> M), £, ) (S £ ) 1
and
M(f (Ynt1), f(Y°) ) = M(Tai1(Yn, xn), Ta(y°, x°), 1)
i) )
> M), S0, )-M(f<xn>,f<x°>,,i) ©)

Because f(x,) M, x°and fyn) M, y° as n — oo, applying part (i) of Proposition 4 to (61)
and (62), we obtain

and M(°, f(y°) 1) = M(xo'f(xo)' ’i> | M<y0,f(y0), Ii)

By referring to (43), we can obtain
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which is equivalent to

M(x%, f(x°), K827 - 1) > [M(x°, f(x°), )]" - [M(y°, F(y°), D)]"- (63)

We are going to claim that there exists f > 0, such that M(y°, f(y°),t) # 0 for all t > F. We

consider the following cases.

If f(y°) = y°, then M(y°, f(y°),t) = 1forall t > 0.

e If f(y°) # y°, then the distance condition says that there exits f > 0, such that
M(y°, f(y°),t) # 0. Part (i) of Proposition 2 says that the mapping M(x,y, ) is
nondecreasing. Therefore, we have M(y°, f(y°),t) # 0 forall t > F.

From (63), for any fixed t > 0 with t > f, we have

e 2 MEE A 6
e > M(x°, f(x°), 1).

M(y®, f(y°),t)
Because 0 < k < 1 and the mapping M(x,y,-) is nondecreasing, the function ¢ that is
defined in (26) is non-increasing, which says that ¢’(a) < 0 on (0, c0). Because M satisfies
the rational condition, we have

[M(xo,f(xo),kIOan . t)}

tgm+M(x y,t) = (65)

for any fixed x,y € X with x # y. We consider
o(a) = M(xo,f(xo),kk’gz"‘ . t).

Suppose that f(x°) # x°. Since 0 < k < 1, it follows that k'°82% -t — 0+ as & — oo.
Therefore, (65) says that o(a) — 0+ as « — oo. Subsequently, we obtain

lim [M(x°, F(x°),Kloga" . 1)

n—oo

]1/?!

= lim [o(n)]"" = lim exp[%} exp{hm o ((:))} (using the 'Hospital’s rule)

n—oo n—oo

=0 (since ¢'(n) < 0 and o(n) — 0+). (66)

Applying (66) to (64), we obtain M(x°, f(x°),t) = 0 for all t > . Because f(x°) # x°,
the distance condition says that there exits typ > 0 such that M(x°, f(x°),ty) # 0, i.e.,
M(x°, f(x°),t) # 0 for all t > ty by the nondecreasing property of M(x,y,-), which
contradicts M(x°, f(x°),t) = 0 for all t > F. Therefore we must have f(x°) = x°. We can
similarly obtain f(y°) = y°; thatis,

X0 = f(x%) = Tu(x",y%) and y° = f(y°) = Tu(y®, x°)

foralln € N.

In order to prove the uniqueness, let (¥ y‘) e another common coupled fixed point
of fand {T,} {, ie, ¥ = f(%) = Ty(%,7) and § = f(§) = Tu(y, %) foralln € N. The
inequality (43) is equivalent to

M(x®, %, K827 ) > [M(x°, %, 8)]" - [M(y°, 5, D). (©7)

We can similarly show that there exists t > 0, such that M (y°,y,t) # 0 forall t > t.
Therefore, from (67), for any fixed t > 0 with ¢ > ?, we have
1/n 1
°, %, klo82" . ¢ — > °,%,1).
[M(x, %, )l M g0 > ME R (68)

By referring to (68), it follows that M(x°, %,t) = 0 forall t > . Because ¥ # x°, the distance
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condition says that there exits tp > 0, such that M(x°, %, tp) # 0, i.e., M(x°, %, t) # 0 for all
t > to by the non-decreasing property of M(x,y, -), which contradicts M(x°, %,t) = 0 for
all t > t. Therefore, we must have ¥ = x°. We can similarly obtain § = y°. This proves
the uniqueness. Finally, part (ii) can be obtained by applying part (ii) of Theorem 1 to the
above argument. This completes the proof. [

Theorem 8 (Satisfying the p<-Triangle Inequality: Converse-Contractive Inequality). Let
(X, M) be a fuzzy semi-metric space such that the mapping M satisfies the rational condition and
the b<-triangle inequality. Suppose that the following conditions are satisfied.

o The first eight conditions of Theorem 7 are satisfied.
o  Forany x,y,u,v € X, the following converse-contractive inequality is satisfied:

M(Ti(x,y), Tj(u, 0), kij - ) = M(f (), f(x),t) - M(f (v), f(y). 1), (69)

where k;j satisfies 0 < kjj < k <1 foralli,j € N and for some constant k.
Subsequently, we have the following results.

(i)  Suppose that the space (X, M) is simultaneously (<,>)-complete and (<, <)-complete. We
also assume that there exist x*,y* € X satisfying

sup ®(A, f(x%), Ti(x" y%), f(y"), Ta(y™, x7)) < oo,
Ae(0,1)

Afterwards, the mappings { T, }5_ and f have a unique common coupled fixed point (x°,y°).
(ii) Suppose that the space (X, M) is simultaneously (>,>)-complete and (>,<)-complete. We
also assume that there exist x*,y* € X satisfying

sup ®(A, Ty (x",y%), f(x%), Ta(y", x7), f(y7)) < o
A€(0,1)

Subsequently, the mappings {T, }5_, and f have a unique common coupled fixed point
(x%,y°)-
Moreover, the point (x°,y°) € X x X can be obtained, as follows.

e The point x° can be obtained by taking the limit f(x,) M x° or the limit f(xn) LS

e The point y° can be obtained by taking the limit f(y,) A y° or the limit f(y,) M v,

The sequences {x,}5 1 and {y,}>_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X, according to (23).

Theorem 9 (Satisfying the >-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space,
such that the mapping M satisfies the rational condition and the >-triangle inequality. Suppose that
the following conditions are satisfied.

o The first eight conditions of Theorem 7 are satisfied.

o The following contractive inequalities is satisfied

M(Ti(x, y), Ty(u,0), ki - £) = M(f(x), f(u), £) - M(f(y), f(0), 1) (70)
or the following converse-contractive inequalities is satisfied
M(Ti(x,y), Tj(u, 0), kij - ) > M(f (u), f(x),£) - M(f(0), f(y), 1), (71)

where k;j satisfies 0 < kjj < k <1 foralli,j € N and for some constant k.
o Thereexist x*,y* € X, satisfying

sup ®(A, f(x*), T (x",y"), f(y"), Ta(y", x7)) < o0
A€(0,1)
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and

sup (A, Ty(x%,y%), f(x"), Tu(y", x7), f(y7)) < co.
Ae€(0,1)

e The mapping f is (>, <)-continuous or (<, <)-continuous with respect to M.
e Any one of the following conditions is satisfied:

- (X, M) is (<,>)-complete and (<, <)-complete simultaneously;
- (X, M) is (>,>)-complete and (>, <)-complete simultaneously.

Subsequently, the mappings {T,}5>_, and f have a unique common coupled fixed point
(x°,y°). Moreover, the point (x°,y°) € X x X can be obtained, as follows.
e The point x° can be obtained by taking the limit f(x,) M x° or the limit fxn) M e,
e The point y° can be obtained by taking the limit f(y,) M y° or the limit f(y,) M ye.

The sequences {x,}5 4 and {yn}5’_, are generated from the initial element (xo,1yo) =
(x*,y*) € X x X according to (23).

Theorem 10 (Satisfying the <-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space,
such that the mapping M satisfies the rational condition and the <-triangle inequality. Suppose that
the following conditions are satisfied.

o The first eight conditions of Theorem 7 are satisfied.
o The following contractive inequalities is satisfied

M(Ti(x,y), Tj(u, 0), kij - ) = M(f(x), f(u), ) - M(f(y), f(0), £)

or the following converse-contractive inequalities are satisfied

M(Ti(x,y), Tj(u, 0), kij - ) = M(f (), f(x), 1) - M(f (v), f(y), 1),

where kjj satisfies 0 < k;; < k <1 foralli,j € N and for some constant k.
o Thereexist x*,y* € X satisfying

sup (A, f(x%), Ti(x" y%), f(y"), Ta(y", x7)) < o0
re(0,1)

and

sup (A, Ty (x",y7), f(x%), Ta(y", x%), f(y7)) < oo
Ae(0,1)

e The mapping f is (>, >)-continuous or (<, >)-continuous with respect to M.
o Any one of the following conditions is satisfied:

- (X, M) is (<,>)-complete and (<, <)-complete simultaneously;

- (X, M) is (>,>)-complete and (>, <)-complete simultaneously.

Subsequently, the mappings {T,}5>_, and f have a unique common coupled fixed point
(x°,y°). Moreover, the point (x°,y°) € X x X can be obtained, as follows.

e The point x° can be obtained by taking the limit f(x,) M or the limit f(xn) MY e,
e The point y° can be obtained by taking the limit f(y,) M y° or the limit f(y,) M y°.

The sequences {x,}5  and {yn}5"_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X according to (23).

Theorem 11 (Satisfying the o-Triangle Inequality). Let (X, M) be a fuzzy semi-metric space
such that the mapping M satisfies the rational condition and the o-triangle inequality. Suppose that
the following conditions are satisfied.

o All nine conditions of Theorem 7 are satisfied.
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o Thereexist x*,y* € X satisfying

sup (A, f(x*), Ti(x" y%), f(y"), Ta(y", x7)) < o0
Ae(0,1)

and

sup (A, Ti(x%y), f(x7), Ta(y*, x7), f(y")) < oo;
Ae€(0,1)

e Any one of the following conditions is satisfied:

(@ (X,M) is (<,>)-complete or (>,>)-complete and f is (>,>)-continuous or (>, <)-
continuous with respect to M;

(b) (X,M) is (<,<)-complete or (>,<)-complete and f is (<,>)-continuous or (<, <)-
continuous with respect to M.

Afterwards, the mappings T and f have a unique common coupled fixed point (x°,y°)
Moreover, the point (x°,y°) € X x X can be obtained, as follows.

e Suppose that condition (a) is satisfied. Afterwards, the point (x°,y°) € X x X can be obtained
by taking the limit f(x,) M, x© and fyn) A ye.

e Suppose that condition (b) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M y°.
The sequences {x,}5 1 and {y,}_, are generated from the initial element (xo,yo) =

(x*,y*) € X x X, according to (23).

Theorem 12 (Satisfying the ¢-Triangle Inequality: Converse-Contractive Inequality). Let
(X, M) be a fuzzy semi-metric space, such that the mapping M satisfies the rational condition and
the o-triangle inequality. Suppose that the following conditions are satisfied.

o The first eight conditions of Theorem 7 are satisfied.
o The following converse-contractive inequalities are satisfied

M(Ti(x,y), Ty(u,0), ki - £) = M(f (u), f(x), 1) - M(f (0), f(y), 1),
where kj; satisfies 0 < k;; < k <1 foralli,j € N and for some constant k.
o Thereexist x*,y* € X satisfying

sup (A, f(x%), T (x"y%), f(y"), Ta(y", x7)) < o0
A€(0,1)

and

sup ®(A, Ti(x%,y*), f(x"), T (y", x7), f(y")) < oo
A€(0,1)

o Any one of the following conditions is satisfied:
(@ (X,M)is (<,>)-complete or (>,>)-complete and f is (>,1>)-continuous and (>, <)-
continuous with respect to M;
(b) (X, M) is (<,<)-complete or (>,<)-complete and f is (<,>)-continuous and (<, <)-
continuous with respect to M.
Subsequently, the mappings T and f have a unique common coupled fixed point (x°,y°)
Moreover, the point (x°,y°) € X x X can be obtained, as follows.
e Suppose that condition (a) is satisfied. Subsequently, the point (x°,y°) € X x X can be
obtained by taking the limit f(x,) M v and fyn) M y°.
e Suppose that condition (b) is satisfied. Afterwards, the point (x°,y°) € X x X can be obtained
by taking the limit f(x,) M v and fyn) M A
The sequences {x,}5 4 and {yn}5"_, are generated from the initial element (xo,yo) =
(x*,y*) € X x X according to (23).
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7. Conclusions

Four different kinds of triangle inequalities play the important role of studying the
common coupled coincidence points and common coupled fixed points in fuzzy semi-
metric spaces. We separately present the theorems of common coupled coincidence points
that are based on the different kinds of triangle inequalities.

e  Suppose that the fuzzy semi-metric space satisfies the p<-triangle inequality. Theorem 1
studies the common coupled coincidence points. Because the symmetric condition
is not satisfied. Theorem 2 also studies the common coupled coincidence points by
considering the so-called converse-contractive inequality.

e  Theorems 3 and 4 study the common coupled coincidence points when the fuzzy semi-
metric space satisfies the >-triangle inequality and <-triangle inequality, respectively.

e  Suppose that the fuzzy semi-metric space satisfies the o-triangle inequality. Theorem 5
studies the common coupled coincidence points, and Theorem 6 studies the com-
mon coupled coincidence points by considering the so-called converse-contractive
inequality.

Because the common coupled fixed points are the common coupled coincidence points,
Theorems 1-6 can also be used to present the common coupled fixed points. However, the
uniqueness cannot be realized from Theorems 1-6. Section 6 studies the uniqueness of
common coupled fixed points.

e  Suppose that the fuzzy semi-metric space satisfies the b<-triangle inequality. Theorem 7
studies the uniqueness of common coupled fixed points, and Theorem 8 also studies
the uniqueness of common coupled fixed points by considering the so-called converse-
contractive inequality.

e Theorems 9 and 10 study the uniqueness of common coupled fixed points when the
fuzzy semi-metric space satisfies the >-triangle inequality and <-triangle inequality,
respectively.

e  Suppose that the fuzzy semi-metric space satisfies the o-triangle inequality. Theorem 11
studies the uniqueness of common coupled fixed points and Theorem 12 studies the
uniqueness of common coupled fixed points by considering the so-called converse-
contractive inequality.
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