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Abstract

:

The main aim is to propose a new method for estimating the Human Development Index using ordered weighted average. To develop this method, ordered weighted geometric average (OWGA), induced OWGA prioritized OWA (POWA) operator are studied. Using Human Development Index formulation in combination to aggregations operators presented above is proposed the prioritized induced ordered weighted geometric average (PIOWGA) operator. A mathematical application is carried out to estimate the Human Development Index and compare it with the traditional method and other existing methods. Finally, it is noted that decision makers have an influence on the order given in the ranking by its attitude and criterion, and method can capture the subjective information prioritized by them.
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1. Introduction


Human Development Index (HDI) is a social-economic indicator that shows the status of the countries in terms of progress and human development [1]. This index was proposed by Mahub ul Haq [1], and functions as a social-economic indicator that allows us to observe the status of countries in terms of progress and human development. However, before this index, economist Amartya Sen X presented a more inclusive method that defines it as development as freedom. This index takes an approach related to the inequality of capabilities, which prioritizes people as the real wealth of a nation and their capabilities for assessing its development [2]. Although the two proposals may seem distant, they have a common element of aggregating information and obtaining averages that allow for ranking of countries. As the HDI is accepted by the international community, it emphasizes that people, their capabilities and expending human choices should be the ultimate criteria for assessing the development of a country, not only economic progress (UNIDP, 2020)



HDI is composed of three key dimensions; human development, long and healthy life, knowledge, and a decent standard of living, which consider several indicators and are measured between maximum and minimum values, and it is calculated through the geometric mean of normalized indices for each of the three key dimensions of human development. This index is apparently reliable but still needs to be improved, as inequalities and development are different from one nation to another. Thus, the index is susceptible to improvement as there are components that change over time, where dominant positions are reinforced, and new inequalities are emerging. This becomes a challenge to generate new ways of assessing the changes, inequality and inequity faced in the new context.



One of the problems that can be seen in the formulation of the HDI is in the way the index considers each key dimension. The results of each country are based on a geometric average where the relative importance of each component is the same (   1 n   ). Due to that, the analysis that has been conducted with the data is limited. Based on that, there is a possibility of generating different analyses using the same information but considering a different relative importance for each of the components, based on the realities experienced by each of the countries or the expectations of different decision makers or experts. The purpose is to be able to visualize how the ranking behaves using different data analysis, allowing us, in turn, to generate new positions in the countries and thus be able to confirm whether they have a high or low human development.



Based on the above, with the development of information science and mathematics, new ways of making closer approximations to reality have emerged. Of these advances, aggregation operators stand out, which allow information from different sources and types to be aggregated to obtain a single significant value [3]. Of all the methodologies proposed, the Ordered Weighted Average Operator (OWA) stands out [4]. This operator has the characteristic of taking into account the attitude of the decision maker (subjective information) [5]. Among its developments are the following operators: OWA Induced [6], OWA Heavy [7], OWA Prioritized [8], OWA Probabilistic [9], OWA Bonferroni [10], OWA Logarithmic [11], OWA Pythagorean [12], etc. Applications have also been developed in entrepreneurship [13], finance [14,15,16,17], management [18,19,20], as well as proposals for indices such as transparency [21,22]. In this sense, using these new methodologies can improve the index by being able to include more variables to generate a better assessment.



The main aim is to propose a new method for estimating the Human Development Index using ordered weighted average. For this purpose, we study the characteristics and properties of the following aggregation operators: ordered weighted geometric average (OWGA), and induced OWGA prioritized OWA (POWA) operator. In combination of the studied operators and the formula for determining the Human Development Index, a new method is proposed, called the prioritized induced ordered weighted geometric average (PIOWGA) operator. Using this new method, a mathematical application is made to estimate the Human Development Index and compare it with the traditional method and other existing methods. Finally, it is noted that decision makers have an influence on the order given in the ranking by its attitude and criterion, since they prioritize the three elements according to different resources, different developments and more or less stable political and economic systems throughout the subjective information prioritized by them.



This work is structured as follows: Section 2 presents in a concrete way the theoretical concepts related to the Human Development Index. Section 3 reviews the aggregation operators that will be useful to construct the proposed method. Section 4 presents the mathematical application of the HDI. Finally, the conclusions are presented in Section 5.




2. Theoretical Framework


The following are the most important aspects of the Human Development Index and the definitions of the three variables used for its calculation.



2.1. Human Development Index


For a long time, and during the last few years of the 20th century, economists and policymakers debated and questioned the so “classical” theory of economic development, where the Gross National Income (GNI) per capita as the only measure for national and social development, as it fails to capture the distribution of the benefits of economic growth [23], and key social outcomes for humans. For this matter, and since 1990, the United Countries Development Program (UNDP) uses the Human Development Index (HDI), developed and guided by the economist Mahub ul Haq [1], as a social-economic indicator that shows the status of the countries in terms of progress and human development



The economist Amartya Sen developed a new approach to human development, with inequalities and people’s capabilities [24] and presented the concept of development as freedom [2]. Sen´s work argues about the freedom and capability to make life choices as fundamental for human development. In this sense, Sen´s approach for inequality of capabilities, the Human Development Index (HDI) prioritizes people as the real wealth of a nation and their capabilities for assessing its development. In other words, human development is a “process of enlarging people´s choices” [1], and its main purpose is to ensure an enabling environment for people to enjoy long, healthy, productive, and creative lives, to be educated and to have easy access to resources for a decent standard of living. Additionally, there are some valued choices as social, economic and political freedom, protection of human rights, security, environmental sustainability, self-esteem, gender equity, among others [25,26].



HDI is a composite index that summarized and measures the average achievements in three key dimensions of human development; long and healthy life, knowledge, and a decent standard of living. In the first dimension, the health dimension is determined by life expectancy at birth. The second dimension is knowledge or education attainment and is assessed by two criteria: expected years of schooling for children of school entering age and average of years of adult schooling (25 years and more). The third dimension, the standard of living or income dimension, is estimated by GNI per capita on a natural logarithmic scale, to reflect the diminishing importance of income with increasing GNI. Thus, each dimension has its indicator as it is shown in Figure 1. The three HDI dimension indices are aggregated into a composite index as a geometric mean of normalized indices [27].



A long and healthy life is undeniably a very valuable capacity; in this sense, a high life expectancy of birth indicator represents a significant measure of human development, which leads to guaranteed physical and mental health, a healthy environment and lifestyle. Access to knowledge allows individuals´ freedom and self-sufficiency. A person without a good education these days finds it more difficult to have security, self-determination, opportunities and a productive life that human development demands. As income increases, people have access to shelter, medical care, food, education, and a higher standard of life. Improvement in HDI is correlated with economic growth and the incrementation of a healthy and educated populations, leading to a virtuous cycle [28].



The Human Development Report Office (HDRO) has been using HDI to rank countries every year since 1990, as an objective metric for human development that relies on indicators that can be compared independently from the development of the countries. Since its creation the HDI has had important adjustments in its methods and has been criticized by some authors because of its formula or calculation [29], its limitations as the absence of sustainability indicator [30,31], social and freedom dimension [28,31], and of these dimensions are the top priority for the 2030 Agenda on Sustainable Development Goals (SDGs) [30].



As mentioned before, HDI has evolved and has gradually been improved for more realistic measures [32], and the main changes in calculation technicalities were made in 2010 and 2015. For example, the index aggregation formula has changed from the arithmetic mean to the geometric mean of the three-dimension indices, and equally assigns weightings to each dimension. Furthermore, the HDI is a simple index that captures only a part of human development. Therefore, there are more Human Development Indices developed by UNDP that broader proxy on some more key aspects of human development such as inequality, gender disparity, and poverty [32]: Inequality-adjusted Human Development Index (IHDI) [33], Gender Development Index (GDI), Gender Inequality Index (GII) [34], and Multidimensional Poverty Index (IMPI) [35].



Human Development Index has become the internationally most prominent and widely used composite indicator for human development [30]. Human development creates fair opportunities, freedom and improves human welfare, allowing people to lead the kind of life they choose and value the most. For this matter, the HDI emphasizes that people, their capabilities and expending human choices should be the ultimate criteria for assessing the development of a country, not only economic progress (UNIDP, 2020). HDI is a starting point to understand how countries respond to different social, economic, and environmental challenges. This index can be used for national policy analysis, identifying countries with the same level of income per capita but with a large discrepancy in human development outcomes, stimulating political and priorities changes, benchmarking and evaluating country´s progress through time [36].



There is a notable improvement in all HDI components over time on average, which seems to highlight the idea that the world is becoming less unequal; in other words, more people have escaped poverty and disease, and have progressed to better living standards. Nevertheless, inequalities and disparities remain or even have increased within countries, hurting society, economy, and the environment, and preventing people from reaching their full potential. For this reason, the last HDI report in 2019 emphasizes that human development goes beyond income, averages and time. The key message in this report is that disparity remains widespread and extreme deprivations have decreased; new inequalities are emerging, and the old ones accumulate through life, reinforcing the demand for a revolution in measurement to assessed and responded to this inequalities and changes, and finally be able to act now (UNPD, 2019).




2.2. HDI Calculation


The current HDI is the geometric mean of normalized indices for each of the three key dimensions of human development: a long and healthy life, access to knowledge and a decent standard of living.



The normalizing parameters scale component indices (Table 1), mapping the three statistics in the unit interval (0, 1). They also debunk any part of a statistic that is above its prescribed range. It is not necessary to scale each component since it affects the classification, and it is not necessary that any subscript falls in the unit interval [32].



2.2.1. Life Expectancy at Birth


Life expectancy at birth contributes to human development without any upper limit (“having a long and healthy life”).



Progress in many factors such as lifestyle, nutrition, social equality, advancement in the medical sciences, accident prevention, etc., should, in the not too distant future, make it possible for most people in advanced countries live beyond the age that is now the highest life expectancy at birth, more than 80 years, aimed at reaching a level of 100 years and more [37].



Based on historical evidence, it is observed that no 20th century country has a life expectancy below the age of 20 years, which is why it is used as a natural zero in this indicator [38]. For the maximum value of life expectancy, 85 years of age are defined, which is a realistic goal for many economies worldwide due to constant improvements in living conditions and health [27].




2.2.2. Education: Expected Years of Schooling Mean Years of Schooling


The expected years of schooling is defined as the “number of years of schooling that a child of school entrance age can expect to receive if prevailing patterns of age specific enrolment rates persist throughout the child’s life” [27]. Education and income have no upper limits and will always contribute to “human development".



The mean years of schooling is the “average number of years of education received by people ages 25 and older, converted from education attainment levels using official durations of each level” [27].



There are societies that can subsist without formal education, and 0 years is defined as the lower limit in the item expected years of schooling (years); as the upper limit, we have 18 years, which is equivalent to the years of formal education if a graduate degree is obtained. For the item mean years of schooling (years), the lower limit is defined as 0 years and the upper limit is 15 years, which is the average number of years that formal education is received in most countries [27].




2.2.3. Gross National Income


To justify the upper limit on the income variable, Anand and Sen [37] states “that there is virtually no gain in human development” beyond USD 75,000. Kahneman and Deaton [39] studied two aspects of well-being: emotional well-being and life evaluation. They conclude that high income buys life satisfaction but not happiness, and that low income is associated both with low life evaluation and with low emotional well-being. The low minimum value for gross national income (GNI) per capita, USD 100, is justified by the considerable amount of unmeasured subsistence and nonmarket production in economies close to the minimum, which is not captured in the official data.



Once we have defined the minimum and maximum values, the dimension indices are calculated as:


  D i m e n s i o n   i n d e x =   a c t u a l   v a l u e − m i n i m u m   v a l u e   m a x i m u m   v a l u e − m i n i m u m   v a l u e    














3. Methodology


3.1. Basic Formulations


This section explains the different formulations that will be used in the paper. The first one to be explained will be the actual formula that use UNPD (2019) to calculate the final score for each country that is based on a geometric mean. The definition is as follows:



Definition 1. The HDI is the geometric mean of three-dimensional indices as follows.


  HDI =      I  Health     ·    I  Education     ·    I  Income        1 3     



(1)




where HDI is Human Development Index,    I  Health     is health index,    I  Education     is education index and    I  Income     is income index. It is important to note that the formulation can be change its representation to include a weight associated to each value as follows.


  HDI =    I  Health       1 3      ·    I  Education       1 3      ·    I  Income       1 3      .  



(2)







The actual formulation of HDI index will be expanded using the OWA operator (Yager, 1988). The main idea is to include the knowledge and expectations of the decision maker in the results through the weighting vector and by adding a reordering step generate the minimum and the maximum scenario [40,41]. As the formulation is based geometric means, the extension of the OWA operator that will be used is the ordered weighted geometric average (OWGA) operator [42]. The definition is as follows



Definition 2. A OWGA operator of dimension n is a mapping    R   + n    →  R +    that has associated with it a weighting vector   w =      w 1  , … ,  w n     T   , with    w i  ∈   0 , 1     and     ∑   i = 1  n   w i  = 1  , such that.


  OWGA    α 1  , … ,  α n    =   ∏   j = 1  n   b j      w j    ,  



(3)




where    b j    is the jth largest of the    α i      i = 1 , 2 , … , n    .



Another extension that will be used is the induced OWGA (IOWGA) operator [43]. The main idea of this operator is that the reordering step will be done based on induced variables determined by the decision maker, by doing this, is possible to add some weights to certain attributes instead of only taking into account the value of the attribute. The formulation is as follows.



Definition 3. An induced OWGA (IOWGA) operator is defined as.


  IOWGA   〈  u 1  ,  α 1  〉 , … , 〈  u n  ,  α n  〉   =   ∏   j = 1  n   b j      w j    ,  



(4)




where   w =      w 1  , … ,  w n     T    is the associated exponential weighting vector such that    w j  ∈   0 , 1    ,     ∑   j = 1  n   w j  = 1  , and    b j    is a value of   〈  u i  ,  a i  〉   having the jth largest u value. The term    u i    is referred as the ordered inducing variable and    a i    is referred as the argument variable.



An extension that will be also included in the paper is the prioritized OWA (POWA) operator. This operator is important in group decision making when not all the decision makers have the same importance in the decision. Usually, this operator is important when different experts are questioned about the situations and each of them give different values and to everyone to be included in the results each one of them are given a weight based on their experience and importance in the decision [44,45]. The formulation is as follows.



Definition 4. Assume that we have a collection of criteria portioned into q distinct groups,    H 1  ,  H 2  , … ,  H q    for which    H i  =    C  i 1   ,  C  i 2   , … ,  C  in        denotes the criteria of the ith category (i = 1,…,q) and    n i    is the number of criteria in the class. Furthermore, we have a prioritization between the groups as    H 1  >  H 2  > … >  H q   . That is, the criteria in the category    H i    have a higher priority than those in    H k    for all   i < k   and   i , k ∈   1 , … , q    . Denote the total set of criteria as   C =  U  i = 1  q   H i    and the total number of criteria as   n =   ∑   i = 1  q   n i   . Additionally, suppose   X =    x 1  , … ,  x m      indicates the set of alternatives. For a given alternative x, let    C  ij    x    measure the satisfaction of the jth criteria in the ith group by alternative     x  ∈ X  , for each   i = 1 , … , q ,    j  = 1 , … ,  i i   . The formula is as follows:


  POWA    C   x      =   ∑   i = 1  q    ∑   j = 1    n i     w  ij    C  ij    x  ,  



(5)




where    w  ij    , is the corresponding weight of the jth criteria in the ith category,   i = 1 , … , q ,    j  = 1 , … ,  i i   . If    w i  = 1 / n   for all i, the PrOWA becomes the prioritized average (PrA).




3.2. Prioritized Induced Ordered Weighted Geometric Average


The paper introduces a new extension of the OWGA operator that includes in the same formulation the idea of a reordering step based on induced value of the IOWGA operator and includes the contribution of the POWA operator for group decision making where not all the decision makers have the same importance in the result. This new operator is called the prioritized induced ordered weighted geometric average (PIOWGA) operator. The formulation is as follows.



Definition 5. Assume that we have a collection of criteria portioned into q distinct groups,    H 1  ,  H 2  , … ,  H q    for which    H i  =    C  i 1   ,  C  i 2   , … ,  C  in       denotes the criteria of the ith category (i = 1,…,q) and    n i    is the number of criteria in the class. Furthermore, we have a prioritization between the groups as    H 1  >  H 2  > … >  H q   . That is, the criteria in the category    H i    have a higher priority than those in    H k    for all   i < k   and   i , k ∈   1 , … , q    . Denote the total set of criteria as   C =  U  i = 1  q   H i    and the total number of criteria as   n =   ∑   i = 1  q   n i   . Additionally, suppose   X =    x 1  , … ,  x m      indicates the set of alternatives. For a given alternative x, let    C  ij    x    measure the satisfaction of the jth criteria in the ith group by alternative     x  ∈ X  , for each   i = 1 , … , q ,    j  = 1 , … ,  i i   . The formula is as follows:


  PIOWGA    C   x      =   ∑   i = 1  q    ∏   j = 1    n i     b j      w j     C  ij    x  ,  



(6)




where   w =      w 1  , … ,  w n     T    is the associated exponential weighting vector such that    w j  ∈   0 , 1    ,     ∑   j = 1  n   w j  = 1  , and    b j    is the a value of   〈  u i  ,  a i  〉   having the jth largest u value. The term    u i    is referred as the ordered inducing variable and    a i    is referred as the argument variable.



Additionally, note that if the induced values are    u i  = 1 / n   the PIOWGA operator becomes the POWGA operator and its formulation is the following.



Definition 6. Assume that we have a collection of criteria portioned into q distinct groups,    H 1  ,  H 2  , … ,  H q    for which    H i  =    C  i 1   ,  C  i 2   , … ,  C  in       denotes the criteria of the ith category (i=1,…,q) and    n i    is the number of criteria in the class. Furthermore, we have a prioritization between the groups as    H 1  >  H 2  > … >  H q   . That is, the criteria in the category    H i    have a higher priority than those in    H k    for all   i < k   and   i , k ∈   1 , … , q    . Denote the total set of criteria as   C =  U  i = 1  q   H i    and the total number of criteria as   n =   ∑   i = 1  q   n i   . Additionally, suppose   X =    x 1  , … ,  x m      indicates the set of alternatives. For a given alternative x, let    C  ij    x    measure the satisfaction of the jth criteria in the ith group by alternative     x  ∈ X  , for each   i = 1 , … , q ,    j  = 1 , … ,  i i   . The formula is as follows:


  POWGA    C   x      =   ∑   i = 1  q    ∏   j = 1    n i     b j      w j     C  ij    x  ,  



(7)




where    b j    is the jth largest of the    α i      i = 1 , 2 , … , n    .



The PIOWGA operator is monotonic, bounded, and idempotent (Blanco-Mesa et al., 2019; 2020).



Theorem 1 (Monotonicity). Assume f is the PIOWGA operator; if ai ≥ ei, for all ai, then


f (〈u1,a1〉,…,〈un,an〉) ≥ f (〈u1,e1〉,…,〈un,en〉),



(8)







Theorem 2 (Boundedness). Assume f is the PIOWGA operator; then,


min(ai) ≤ f (〈u1, a1〉,…,〈un, an〉) ≤ max(ai),



(9)







Theorem 3 (Idempotency). Assume f is the PIOWGA operator; if ai = a, for all ai, then


f (〈u1, a1〉,…,〈un, an〉) = a,



(10)








3.3. Numerical Example


As the paper will use the PIOWGA operator in calculating the HDI value for 189 countries in the world, the numerical example will serve as an example of how the calculus are done and how it is different from the traditional formulation. The country that will be used to make the example will be Norway (see Table 2). The data for this country is the following.



The formula to calculate    I  H e a l t h   ,    I  E d u c a t i o n      and    I  I n c o m e     we used the information provided by [27] and explained in Section 2 of the paper. Note that in calculating the HDI value, expected years of schooling is capped at 18 years and GNI per capita is capped at USD 75,000.



The results are the following.


   I  H e a l t h   =   82.3 − 20   85 − 20   = 0.9580  










   I  E d u c a t i o n   =   18 − 0   18 − 0   +   12.60 − 0   15 − 0   = 0.9189  










   I  I n c o m e   =   ln ( 68059 − ln   100     ln   75000   − ln   100     = 0.9853  











With the use of the traditional formulation (Definition 1) the result is   H D I =   0.9580    1 3    ·   0.9189    1 3    ·   0.9580    1 3    = 0.9537  .



For the use of the PIOWGA operator and other operators the information provided by one expert will be used. In this case, the weights that the expert provided are   W =   0.40 , 0.30 , 0.030    , the induced values are   U =   5 , 10 , 15     and for the prioritized operators the results of the traditional formulation and the expert will be unified by traditional = 40% and expert = 60%. With this information, the results are the following:


  O W G A =     0.9853   0.40     ·     0.9580   0.30     ·     0.9189   0.30     = 0.9572  










  I O W G A =     0.9580   0.40     ·     0.9853   0.30     ·     0.9189   0.30     = 0.9541  










  P O W G A =   0.9537   ·   0.40     +     0.9572   ·   0.60   = 0.9558  










  I P O W G A =   0.9537   ·   0.40     +     0.9541   ·   0.60   = 0.9539  











As can be seen with the different results, the importance of each index can drastically change the result of the HDI. A further analysis of the results and the importance of the use of aggregation operators instead of traditional ones will be discussed at the end of results section.





4. The Human Development Index by Using PIOWGA Operator


Having presented the arguments on the Human Development Index and using the aggregation operators for the development of the new methodological proposal for its calculation called prioritized induced ordered weighted geometric average, we proceed to apply it to the calculation of the HDI. To carry out the application of the new HDI estimation method, a 4-step process is established, which is explained below:



Step 1. Initially taken into account is the information of    I  H e a l t h   ,    I  E d u c a t i o n      and    I  I n c o m e    , which is obtained by UNDP [46], then the experts must be selected. In this step, the experts will be determined based on their experience in the topic. It is recommended that they have worked in different governmental organizations that work in the different fields that the HDI considers, that is, health, education, and income, and that also have experience in public policy making. These two aspects are very important because in that way they will know at first-hand how the different elements of how HDI works and how public policies are enacted to improve in that field.



Step 2. In this step, the weighting vector, induced and prioritized values are established. For the weighting vector, for expert 1   W = 0.40 ,   0.30 ,   0.20  , expert 2   W = 0.25 ,   0.25 ,   0.50   and expert 3   W = 0.30 ,   0.40 ,   0.30  . In the case of the induced values, for expert 1   U = 5 , 10 , 15  , expert 2   U = 10 , 15 , 5   and expert 3   U = 10 , 5 , 15  . Finally, the prioritized importance of each experts is    e 1  = 0.30 ,    e 2  = 0.50   and    e 3  = 0.20  . These last values are determined based on the expertise and research time in the field.



Step 3. The calculations are done for each country following the same process explained in Section 3.3. All the results for the OWGA, IOWGA, POWGA and PIOWGA operator are found in Appendix A.



Step 4. All results are obtained. To present the results, three different tables were produced, organized into the Top 10 countries (evaluation from position 1 to 10, see Table 3), Middle 10 countries (evaluation from position 91 to 100, see Table 4) and Worst 10 (evaluation from position 180 to 189, see Table 5). As can be seen, with the analysis made from Top 10, Middle 10, and Worst 10 is possible to visualize how much the ranking can change depending in the weights assigned to each dimension of the HDI calculation.



The first analysis is performed based on Top 10 countries. With this information, it is possible to detect that Norway is the country with the highest score even when different aggregation operators were used. After that, Switzerland and Singapore are usually between number 2 and 3 in many of the operators. An interesting case can be Germany because in the traditional formulation, its position is number 5 and within the   I O W G  A  e 3     it is number 2. Additionally, Liechtenstein is not considered in the traditional Top 10 but can be in the ranking according to the   O W G  A  e 2    ,   O W G  A  e 3    ,   I O W G  A  e 2      or   P O W G A   operators. Hence, it is possible to visualize that even when the weights of the dimension are changed, Norway is always number 1, but after that, some important changes in the ranking can be seen.



In the Middle 10 countries, it is possible to find some notorious changes, for example, Fiji is presented in the traditional and IPOWGA operator only. Botswana presents important changes, being in position 95 in the traditional score and number 91 in the POWGA operator. Another example can be Jamaica, which is just presented in 4 of the 9 operators that are being compared. The ranking with more changes is Middle 10. This is because the ranking in that section is sensitive to changes, and because of that, if a dimension has more weight than another one, the results can change drastically. Additionally, we observe the ultimate idea that the aggregation operators, such as the IPOWGA operator, can help to generate new scenarios.



Finally, the Worst 10 countries is the ranking that present fewer changes. In the case of position 188–189, there is always Niger or Central Africa; Chad goes from rank 187–186, South Sudan from 186–185 and in some cases, for example, Congo can be in or out of the ranking. The Worst 10 presented the least changes in comparison to another two rankings because even when the weights to each dimension are changed, they are usually the lowest score in all of them. In this sense, it is a must that the politics that are assigned to these countries and the help that they receive from other ones improve, in a general way, the three dimensions.



The following figures show a graphical comparison of the results obtained from the traditional ranking (T) and the rankings generated by the proposed POWGA and IPOWGA operators (see Figure 2, Figure 3 and Figure 4). Initially, the radials for all methods show a spiral shape and their desiccant sequence is clockwise. Secondly, it is observed that the results for the proposed operators have two main changes; the order of the ranking where they change position and enter and leave countries according to their results; the distance of the results as their distances are wider and the spirals are steeper. The results for the POWGA and IPOWGA operators show that the countries within the ranking vary according to the traditional one. The shape of the graph is easier to see these changes, as it differs at different points, showing lower results in a more concave manner and higher results in a more convex manner, while the traditional graph has straighter aspects. Likewise, the lowest scores are even more pronounced in the 10 worst-ranked countries. These changes are due to the amount of information that is aggregated. Here, in the proposed methods, the shape of the radial marks a more pronounced spiral, which indicates that the distances between each of the countries’ results. Hence, the influence that the different criteria of those evaluated can have on the levels of development of the countries is evident.



These results lead us to address aspects related to the notion of average. The mean is most commonly understood as the average value of a set of numerical data, which is calculated by dividing the sum of the set of values by the amount of data. For the topic under discussion, the geometric mean is used, which is the calculation of the n-th root of a joint product, and its characteristic is to have positive numbers. For our proposal, we take into account the ordered weighted average (OWA) as an operator that provides a parameterized family of aggregation operators between maximum and minimum values, allowing us to over or underestimate the information according to the attitude of the decision maker in the studied problem [4,5,47]. This operator has the versatility to allow aggregation of those degrees of truth or optimism in a formal method, i.e., it has the ability to model in a linguistic way through instructions that aggregate subjective information to obtain a single representative value [4].



In this sense, averaging and geometric averaging allow you to efficiently measure the data you aggregate in your operation, although it is quite complicated to give meaning to a broad mass valuation to a mere numerical value. With the OWA operator being able to follow subjective instructions for the aggregation of arguments, it has a greater versatility in responding to situations in the environment that link individual’s reasoning and situations that deserve to be explained in terms of their meaning [48]. Likewise, it allows us to propose wider extensions that help to take into account data that is not possible with traditional methods. Comparing the three methods, it is evident that the OWA operator has more advantages by being able to add in its formulation soft aspects (approximate reasoning and degrees of truth) that have an influence on the final result. Thus, the two proposed methods contain the characteristics of the mean, geometric mean and OWA operator and additionally, the characteristics of the induced and prioritized variables. The latter two aspects are closely related to the judgement and subjectivity of the individuals. Finally, the figures presented show those nuances, some more prominent than others, but which can help to give meaning to the information by the origin of the data, i.e., one can always turn to the expert or individual who provided the initial judgement (soft information).



Based on the above, the main idea of the HDI is to generate a vision to each country and that in results can improve and generate new politics, but not all the countries have the same amount of resources to make changes in all three dimensions at the same time and, because of that, a ranking based on dimensions that have different weights will make them visualize if the politics that are being implemented are changing their position in the ranking and, also, not all the countries have the same problems and, because of that, the prioritization of one dimension above another is something that has to be taken into account.



It is important to note that this type of operator has some limitations. First, the weighting vector is proposed by the experts or decision makers and, because it is an essential element for the calculation, if different weights are proposed, the results can vary. Additionally, this flexibility has a positive effect because the results can change depending on the attitude and expectations of the decision maker. Second, these operators are useful when the relative importance of each of the variables that compose the HDI is not the same, if the expert considers that each variable should weight    1 n    there is no reason to use the different aggregation operators. Finally, with the use of these operators, different results can be obtained and, because of that, it is not possible to assume that only one result is correct, because each result is based on the weighting vector proposed, and if there is not a consensus, it is possible to obtain as many different results as there are decision makers, making it difficult to achieve only one result; however, the idea of this type of operator is that they produce different scenarios based on the aptitude, expectations and knowledge of the decision makers that can be considered in the decision making process, and, with that, there is a better understating and general vision of the phenomenon to study.



Another limitation of the paper is that the study is based on the OWA operator and its extensions, but there are many other operators whose formulation is interesting and can be useful in this type of analysis of information. Such is the case of the Hami means that are used to aggregate values, simultaneously including mutual correlation among multiple arguments [49,50], Bonferroni means that are an averaging aggregation function that allows capturing the interrelationship between arguments [51,52], the use of different Dombi operators [53,54,55], among others.




5. Conclusions


This paper has reviewed the main aspects of the Human Development Index and its components. By revising the general formula for determining the HDI, a new method is proposed using the aggregation operators [3]. The proposed method is called the prioritized induced ordered weighted geometric average (PIOWGA) operator. The main idea of this operator is that the reordering step will be performed based on induced variables determined by the decision maker, and allows for considering different values and to everyone to be included in the results. Each one of them are given a weight based on their experience and importance in the decision [44,45]. Thus, by having induced variables and decision-prioritizing aspects in a group of experts, it is possible to consider both the information derived from the data and the opinions of the decision makers in group decisions.



The mathematical application developed follows a 4-stage process that considers objective input information on education, health and standard of living and subjective information that allows different scenarios to be considered to observe the usefulness and applicability of the methodological proposal. In this sense, three different levels, Top 10, Middle 10 and Worst 10 are shown. For the Top 10, comparing the traditional method with IPOWGA, there are significant variations in general, and the ten countries only move a little in the ranking from position 5 to position 10. For Middle 10, changes are evident, such as Fiji being present in the traditional and IPOWGA operator only. Botswana presents important changes, being in position 95 in the traditional score and position 91 in the POWGA operator. Ranking in this section is sensitive to changes, because it is a dimension that has more weight than another one; therefore, the results can change drastically. For Worst 10, the rankings show no major alterations, only a change of positions in the country of Niger, Central Africa, Chad, and South Sudan. This smaller variation is because when the weight to each dimension is changed, they are usually the lowest score in all of them. In addition, looking at the results graphically, it can be seen that the proposed new method leads to changes in the rankings, the order of countries and the exit and entry of countries in the three boundaries presented. These changes are due to the amount of information that is aggregated. Hence, the influence that the different criteria of those evaluated can have on the levels of development of the countries is evident. Thus, with these results, it can be assumed that the valuation given by the different decision makers has an influence on the order given in the ranking, either by extreme positions of pessimism or optimism. This can occur because of how decision makers prioritize the three elements that make up the HDI, given that each country has different resources, different developments, and more or less stable political and economic systems. Hence, the proposed method brings us closer to the reality that each country has in terms of human development because of the importance given to the subjective information prioritized by decision makers.



Additionally, it is important to visualize the different applications that the IPOGWA operator can has, because any problem that is analyzed by the geometric average (GA) and where the relative importance of each variable that compose the GA is considered by the decision maker that should not be the same these operators can be done. For example, The OGWA operator can be used when only one decision maker is considered, and the weights are ordered based on maximum or minimums; the IOGWA operator is useful when the ordering between weights and attributes want to be induced by specific values and the POWGA operator can be used when more than one decision maker is considered and their importance in the results is not the same. Additionally, the IPOWGA operator is used when the complexity of the problem requires it, that is, in a group decision making problem where the problem is analyzed by a geometric average where the variables that compose it do not have the same relative importance and the reordering of the weights is based on induced values. Thus, the two proposed methods contain the characteristics of the mean, geometric mean and OWA operator and additionally, the characteristics of the induced and prioritized variables. The latter two aspects are closely related to the judgement and subjectivity of the individuals. Finally, the figures presented show those nuances, some more prominent than others, but which can help to give meaning to the information by the origin of the data, i.e., one can always turn to the expert or individual who provided the initial judgement (soft information).



Finally, the research provides a different vision of how to approach the evaluation of the different indices that measure and provide reliable information for decision making at the governmental level in each country. In addition, it shows the usefulness of aggregation operators to consider different types of information. For future lines of research, new proposals can be made with indices such as the happiness, GINI, or competitiveness indices. Likewise, in the development of methodological proposals, these tools can be improved by complementing them with Bonferroni means [56], multi-person aggregation [57], soft multi-set [58], among others.
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Table A1. Results of the HDI index using different aggregation operators.






Table A1. Results of the HDI index using different aggregation operators.





	R
	Traditional
	OWGAe1
	OWGAe2
	OWGAe3
	IOWGAe1
	IOWGAe2
	IOWGAe3
	POWGA
	PIOWGA





	1
	Norway
	0.9537
	0.9572
	0.9619
	0.9638
	0.9541
	0.9615
	0.9462
	0.9609



	2
	Switzerland
	0.9459
	0.9484
	0.9512
	0.9553
	0.9492
	0.9506
	0.9326
	0.9512



	3
	Ireland
	0.9425
	0.9439
	0.9457
	0.9476
	0.9438
	0.9456
	0.9362
	0.9455



	4
	Germany
	0.9388
	0.9379
	0.9364
	0.9362
	0.9390
	0.9364
	0.9400
	0.9368



	4
	Hong Kong, China (SAR)
	0.9388
	0.9433
	0.9472
	0.9540
	0.9443
	0.9457
	0.9171
	0.9474



	6
	Australia
	0.9384
	0.9368
	0.9340
	0.9365
	0.9418
	0.9337
	0.9318
	0.9353



	6
	Iceland
	0.9385
	0.9380
	0.9368
	0.9393
	0.9413
	0.9367
	0.9315
	0.9377



	8
	Sweden
	0.9366
	0.9364
	0.9358
	0.9382
	0.9393
	0.9356
	0.9294
	0.9364



	9
	Singapore
	0.9348
	0.9439
	0.9533
	0.9602
	0.9389
	0.9507
	0.9104
	0.9519



	10
	The Netherlands
	0.9335
	0.9342
	0.9350
	0.9375
	0.9357
	0.9348
	0.9258
	0.9353



	11
	Denmark
	0.9299
	0.9305
	0.9313
	0.9321
	0.9305
	0.9313
	0.9273
	0.9312



	12
	Finland
	0.9252
	0.9240
	0.9219
	0.9237
	0.9276
	0.9218
	0.9207
	0.9229



	13
	Canada
	0.9221
	0.9221
	0.9214
	0.9248
	0.9257
	0.9211
	0.9122
	0.9223



	14
	New Zealand
	0.9209
	0.9177
	0.9123
	0.9140
	0.9243
	0.9119
	0.9178
	0.9143



	15
	United Kingdom
	0.9204
	0.9188
	0.9162
	0.9175
	0.9225
	0.9160
	0.9174
	0.9172



	16
	United States
	0.9199
	0.9239
	0.9293
	0.9296
	0.9185
	0.9289
	0.9172
	0.9277



	17
	Belgium
	0.9188
	0.9191
	0.9190
	0.9217
	0.9215
	0.9188
	0.9109
	0.9196



	18
	Liechtenstein
	0.9167
	0.9276
	0.9396
	0.9448
	0.9182
	0.9369
	0.8967
	0.9371



	19
	Japan
	0.9147
	0.9157
	0.9144
	0.9215
	0.9221
	0.9130
	0.8941
	0.9162



	20
	Austria
	0.9138
	0.9156
	0.9175
	0.9212
	0.9169
	0.9171
	0.9020
	0.9177



	21
	Luxembourg
	0.9087
	0.9190
	0.9291
	0.9368
	0.9133
	0.9260
	0.8818
	0.9276



	22
	Israel
	0.9062
	0.9044
	0.9001
	0.9046
	0.9121
	0.8993
	0.8944
	0.9023



	22
	Korea (Republic of)
	0.9058
	0.9054
	0.9032
	0.9085
	0.9118
	0.9024
	0.8910
	0.9050



	24
	Slovenia
	0.9016
	0.8991
	0.8945
	0.8970
	0.9055
	0.8941
	0.8960
	0.8964



	25
	Spain
	0.8928
	0.8940
	0.8925
	0.9001
	0.9008
	0.8908
	0.8708
	0.8944



	26
	Czechia
	0.8908
	0.8888
	0.8855
	0.8865
	0.8928
	0.8854
	0.8890
	0.8867



	26
	France
	0.8911
	0.8947
	0.8967
	0.9043
	0.8979
	0.8950
	0.8677
	0.8976



	28
	Malta
	0.8853
	0.8868
	0.8864
	0.8935
	0.8924
	0.8849
	0.8644
	0.8879



	29
	Italy
	0.8826
	0.8861
	0.8867
	0.8958
	0.8914
	0.8844
	0.8553
	0.8884



	30
	Estonia
	0.8815
	0.8799
	0.8771
	0.8782
	0.8835
	0.8770
	0.8794
	0.8782



	31
	Cyprus
	0.8730
	0.8746
	0.8749
	0.8812
	0.8790
	0.8738
	0.8543
	0.8761



	32
	Greece
	0.8720
	0.8698
	0.8637
	0.8698
	0.8799
	0.8622
	0.8562
	0.8667



	32
	Poland
	0.8718
	0.8697
	0.8663
	0.8680
	0.8746
	0.8661
	0.8678
	0.8677



	34
	Lithuania
	0.8693
	0.8685
	0.8672
	0.8655
	0.8681
	0.8671
	0.8747
	0.8673



	35
	United Arab Emirates
	0.8664
	0.8832
	0.8998
	0.9070
	0.8687
	0.8942
	0.8383
	0.8962



	36
	Andorra
	0.8568
	0.8714
	0.8819
	0.8941
	0.8657
	0.8756
	0.8162
	0.8812



	36
	Saudi Arabia
	0.8570
	0.8667
	0.8784
	0.8810
	0.8559
	0.8762
	0.8451
	0.8754



	36
	Slovakia
	0.8569
	0.8580
	0.8592
	0.8621
	0.8594
	0.8589
	0.8476
	0.8594



	39
	Latvia
	0.8539
	0.8528
	0.8509
	0.8498
	0.8534
	0.8508
	0.8579
	0.8513



	40
	Portugal
	0.8502
	0.8535
	0.8531
	0.8627
	0.8598
	0.8504
	0.8218
	0.8551



	41
	Qatar
	0.8484
	0.8755
	0.8963
	0.9095
	0.8558
	0.8840
	0.8001
	0.8927



	42
	Chile
	0.8469
	0.8452
	0.8401
	0.8459
	0.8543
	0.8387
	0.8316
	0.8428



	43
	Brunei Darussalam
	0.8446
	0.8680
	0.8900
	0.8977
	0.8458
	0.8810
	0.8129
	0.8850



	43
	Hungary
	0.8447
	0.8452
	0.8454
	0.8482
	0.8474
	0.8451
	0.8362
	0.8459



	45
	Bahrain
	0.8378
	0.8477
	0.8575
	0.8646
	0.8418
	0.8545
	0.8127
	0.8560



	46
	Croatia
	0.8373
	0.8368
	0.8343
	0.8394
	0.8432
	0.8334
	0.8231
	0.8360



	47
	Oman
	0.8338
	0.8429
	0.8513
	0.8591
	0.8389
	0.8483
	0.8073
	0.8503



	48
	Argentina
	0.8301
	0.8259
	0.8185
	0.8198
	0.8340
	0.8176
	0.8286
	0.8210



	49
	Russian Federation
	0.8240
	0.8252
	0.8267
	0.8254
	0.8222
	0.8266
	0.8275
	0.8260



	50
	Belarus
	0.8171
	0.8135
	0.8072
	0.8074
	0.8193
	0.8066
	0.8187
	0.8091



	50
	Kazakhstan
	0.8172
	0.8171
	0.8169
	0.8170
	0.8174
	0.8169
	0.8170
	0.8170



	52
	Bulgaria
	0.8157
	0.8141
	0.8114
	0.8134
	0.8186
	0.8112
	0.8107
	0.8126



	52
	Montenegro
	0.8159
	0.8133
	0.8078
	0.8116
	0.8215
	0.8069
	0.8066
	0.8102



	52
	Romania
	0.8156
	0.8177
	0.8193
	0.8242
	0.8199
	0.8185
	0.8003
	0.8198



	55
	Palau
	0.8142
	0.8107
	0.8044
	0.8035
	0.8154
	0.8038
	0.8192
	0.8061



	56
	Barbados
	0.8133
	0.8109
	0.8034
	0.8102
	0.8224
	0.8012
	0.7962
	0.8070



	57
	Kuwait
	0.8084
	0.8399
	0.8653
	0.8767
	0.8126
	0.8508
	0.7637
	0.8600



	57
	Uruguay
	0.8078
	0.8085
	0.8064
	0.8136
	0.8155
	0.8048
	0.7872
	0.8085



	59
	Turkey
	0.8065
	0.8122
	0.8157
	0.8243
	0.8139
	0.8132
	0.7795
	0.8164



	60
	Bahamas
	0.8055
	0.8116
	0.8185
	0.8229
	0.8076
	0.8172
	0.7900
	0.8173



	61
	Malaysia
	0.8042
	0.8111
	0.8170
	0.8245
	0.8097
	0.8147
	0.7796
	0.8167



	62
	Seychelles
	0.8014
	0.8055
	0.8103
	0.8137
	0.8033
	0.8095
	0.7893
	0.8095



	63
	Serbia
	0.7993
	0.7962
	0.7900
	0.7939
	0.8051
	0.7890
	0.7902
	0.7927



	63
	Trinidad and Tobago
	0.7990
	0.8062
	0.8141
	0.8188
	0.8012
	0.8124
	0.7820
	0.8127



	65
	Iran (Islamic Republic of)
	0.7975
	0.7978
	0.7958
	0.8021
	0.8044
	0.7946
	0.7795
	0.7977



	66
	Mauritius
	0.7964
	0.8001
	0.8034
	0.8091
	0.8010
	0.8021
	0.7782
	0.8035



	67
	Panama
	0.7951
	0.7997
	0.8004
	0.8104
	0.8047
	0.7972
	0.7650
	0.8022



	68
	Costa Rica
	0.7935
	0.7941
	0.7875
	0.7979
	0.8057
	0.7836
	0.7656
	0.7916



	69
	Albania
	0.7914
	0.7880
	0.7778
	0.7849
	0.8016
	0.7748
	0.7747
	0.7823



	70
	Georgia
	0.7864
	0.7797
	0.7646
	0.7631
	0.7901
	0.7608
	0.7960
	0.7688



	71
	Sri Lanka
	0.7801
	0.7764
	0.7667
	0.7726
	0.7890
	0.7642
	0.7665
	0.7708



	72
	Cuba
	0.7777
	0.7716
	0.7527
	0.7584
	0.7895
	0.7460
	0.7687
	0.7595



	73
	Saint Kitts and Nevis
	0.7768
	0.7880
	0.7974
	0.8063
	0.7829
	0.7932
	0.7464
	0.7963



	74
	Antigua and Barbuda
	0.7762
	0.7854
	0.7905
	0.8015
	0.7855
	0.7860
	0.7412
	0.7912



	75
	Bosnia and Herzegovina
	0.7692
	0.7688
	0.7626
	0.7713
	0.7797
	0.7596
	0.7459
	0.7662



	76
	Mexico
	0.7674
	0.7715
	0.7731
	0.7812
	0.7750
	0.7709
	0.7427
	0.7742



	77
	Thailand
	0.7646
	0.7693
	0.7691
	0.7796
	0.7751
	0.7654
	0.7335
	0.7712



	78
	Grenada
	0.7634
	0.7608
	0.7559
	0.7585
	0.7675
	0.7553
	0.7575
	0.7579



	79
	Brazil
	0.7612
	0.7625
	0.7600
	0.7684
	0.7702
	0.7576
	0.7374
	0.7624



	79
	Colombia
	0.7609
	0.7621
	0.7574
	0.7672
	0.7719
	0.7541
	0.7340
	0.7608



	81
	Armenia
	0.7600
	0.7550
	0.7432
	0.7475
	0.7681
	0.7403
	0.7518
	0.7476



	82
	Algeria
	0.7590
	0.7612
	0.7581
	0.7679
	0.7696
	0.7548
	0.7312
	0.7610



	82
	North Macedonia
	0.7594
	0.7595
	0.7552
	0.7633
	0.7686
	0.7529
	0.7375
	0.7581



	82
	Peru
	0.7591
	0.7593
	0.7539
	0.7628
	0.7695
	0.7510
	0.7351
	0.7573



	85
	China
	0.7576
	0.7636
	0.7643
	0.7755
	0.7684
	0.7601
	0.7242
	0.7663



	85
	Ecuador
	0.7579
	0.7555
	0.7459
	0.7538
	0.7688
	0.7424
	0.7383
	0.7503



	87
	Azerbaijan
	0.7539
	0.7558
	0.7564
	0.7624
	0.7596
	0.7552
	0.7358
	0.7574



	88
	Ukraine
	0.7497
	0.7435
	0.7299
	0.7300
	0.7546
	0.7267
	0.7541
	0.7340



	89
	Dominican Republic
	0.7446
	0.7490
	0.7504
	0.7590
	0.7527
	0.7479
	0.7185
	0.7517



	89
	Saint Lucia
	0.7449
	0.7461
	0.7413
	0.7510
	0.7559
	0.7379
	0.7184
	0.7447



	91
	Tunisia
	0.7392
	0.7406
	0.7347
	0.7453
	0.7513
	0.7306
	0.7107
	0.7386



	92
	Mongolia
	0.7347
	0.7323
	0.7281
	0.7296
	0.7376
	0.7277
	0.7316
	0.7296



	93
	Lebanon
	0.7301
	0.7375
	0.7333
	0.7484
	0.7460
	0.7255
	0.6878
	0.7376



	94
	Botswana
	0.7278
	0.7330
	0.7385
	0.7433
	0.7308
	0.7372
	0.7116
	0.7378



	94
	Saint Vincent and the Grenadines
	0.7279
	0.7292
	0.7276
	0.7347
	0.7354
	0.7259
	0.7074
	0.7295



	96
	Jamaica
	0.7257
	0.7227
	0.7123
	0.7196
	0.7361
	0.7088
	0.7086
	0.7169



	96
	Venezuela (Bolivarian Republic of)
	0.7258
	0.7230
	0.7160
	0.7211
	0.7331
	0.7143
	0.7134
	0.7191



	98
	Dominica
	0.7238
	0.7278
	0.7205
	0.7342
	0.7392
	0.7136
	0.6871
	0.7254



	98
	Fiji
	0.7237
	0.7202
	0.7138
	0.7120
	0.7242
	0.7129
	0.7310
	0.7153



	98
	Paraguay
	0.7243
	0.7279
	0.7265
	0.7365
	0.7345
	0.7232
	0.6956
	0.7289



	98
	Suriname
	0.7237
	0.7254
	0.7249
	0.7315
	0.7304
	0.7234
	0.7043
	0.7263



	102
	Jordan
	0.7234
	0.7214
	0.7123
	0.7202
	0.7341
	0.7089
	0.7038
	0.7166



	103
	Belize
	0.7202
	0.7167
	0.7047
	0.7121
	0.7312
	0.7005
	0.7035
	0.7098



	104
	Maldives
	0.7187
	0.7317
	0.7314
	0.7483
	0.7352
	0.7215
	0.6693
	0.7349



	105
	Tonga
	0.7174
	0.7109
	0.6946
	0.6951
	0.7236
	0.6897
	0.7216
	0.6996



	106
	Philippines
	0.7119
	0.7112
	0.7074
	0.7134
	0.7190
	0.7060
	0.6956
	0.7097



	107
	Moldova (Republic of)
	0.7115
	0.7068
	0.6953
	0.6998
	0.7196
	0.6924
	0.7027
	0.6997



	108
	Turkmenistan
	0.7101
	0.7186
	0.7272
	0.7328
	0.7130
	0.7247
	0.6902
	0.7258



	108
	Uzbekistan
	0.7105
	0.7053
	0.6927
	0.6964
	0.7184
	0.6894
	0.7041
	0.6972



	110
	Libya
	0.7076
	0.7132
	0.7142
	0.7244
	0.7173
	0.7104
	0.6770
	0.7159



	111
	Indonesia
	0.7069
	0.7105
	0.7110
	0.7194
	0.7150
	0.7085
	0.6818
	0.7126



	111
	Samoa
	0.7068
	0.7020
	0.6876
	0.6934
	0.7172
	0.6828
	0.6953
	0.6931



	113
	South Africa
	0.7049
	0.7068
	0.7090
	0.7067
	0.7019
	0.7087
	0.7112
	0.7078



	114
	Bolivia (Plurinational State of)
	0.7028
	0.6988
	0.6888
	0.6937
	0.7110
	0.6862
	0.6922
	0.6928



	115
	Gabon
	0.7016
	0.7097
	0.7189
	0.7226
	0.7025
	0.7169
	0.6870
	0.7169



	116
	Egypt
	0.6997
	0.7042
	0.7046
	0.7141
	0.7089
	0.7014
	0.6716
	0.7064



	117
	Marshall Islands
	0.6976
	0.6925
	0.6736
	0.6797
	0.7097
	0.6660
	0.6875
	0.6805



	118
	Viet Nam
	0.6927
	0.6926
	0.6812
	0.6924
	0.7071
	0.6748
	0.6649
	0.6869



	119
	Palestine, State of
	0.6900
	0.6869
	0.6724
	0.6809
	0.7028
	0.6664
	0.6715
	0.6784



	120
	Iraq
	0.6888
	0.7031
	0.7127
	0.7238
	0.6971
	0.7061
	0.6515
	0.7121



	121
	Morocco
	0.6764
	0.6853
	0.6797
	0.6958
	0.6936
	0.6702
	0.6323
	0.6846



	122
	Kyrgyzstan
	0.6742
	0.6686
	0.6453
	0.6481
	0.6849
	0.6345
	0.6750
	0.6528



	123
	Guyana
	0.6703
	0.6718
	0.6689
	0.6772
	0.6793
	0.6663
	0.6471
	0.6714



	124
	El Salvador
	0.6667
	0.6713
	0.6662
	0.6788
	0.6804
	0.6602
	0.6322
	0.6703



	125
	Tajikistan
	0.6560
	0.6511
	0.6320
	0.6375
	0.6677
	0.6238
	0.6478
	0.6388



	126
	Cabo Verde
	0.6507
	0.6573
	0.6529
	0.6666
	0.6653
	0.6457
	0.6126
	0.6570



	126
	Guatemala
	0.6510
	0.6626
	0.6604
	0.6765
	0.6672
	0.6507
	0.6052
	0.6643



	126
	Nicaragua
	0.6511
	0.6540
	0.6424
	0.6558
	0.6675
	0.6338
	0.6175
	0.6485



	129
	India
	0.6469
	0.6507
	0.6486
	0.6587
	0.6574
	0.6447
	0.6180
	0.6513



	130
	Namibia
	0.6450
	0.6512
	0.6578
	0.6620
	0.6472
	0.6562
	0.6298
	0.6566



	131
	Timor-Leste
	0.6259
	0.6371
	0.6397
	0.6528
	0.6380
	0.6325
	0.5860
	0.6416



	132
	Honduras
	0.6230
	0.6320
	0.6211
	0.6383
	0.6425
	0.6084
	0.5789
	0.6278



	132
	Kiribati
	0.6232
	0.6208
	0.6097
	0.6172
	0.6341
	0.6052
	0.6060
	0.6145



	134
	Bhutan
	0.6173
	0.6392
	0.6448
	0.6623
	0.6329
	0.6308
	0.5631
	0.6466



	135
	Bangladesh
	0.6137
	0.6192
	0.6092
	0.6238
	0.6306
	0.5996
	0.5763
	0.6151



	135
	Micronesia (Federated States of)
	0.6142
	0.6120
	0.6009
	0.6087
	0.6253
	0.5962
	0.5960
	0.6058



	137
	Sao Tome and Principe
	0.6086
	0.6076
	0.5922
	0.6024
	0.6232
	0.5837
	0.5859
	0.5989



	138
	Congo
	0.6085
	0.6115
	0.6118
	0.6189
	0.6154
	0.6097
	0.5872
	0.6132



	138
	Eswatini (Kingdom of)
	0.6081
	0.6184
	0.6296
	0.6329
	0.6079
	0.6266
	0.5942
	0.6269



	140
	Lao People’s Democratic Republic
	0.6041
	0.6144
	0.6164
	0.6290
	0.6158
	0.6095
	0.5660
	0.6183



	141
	Vanuatu
	0.5968
	0.5973
	0.5817
	0.5932
	0.6126
	0.5721
	0.5711
	0.5887



	142
	Ghana
	0.5957
	0.5943
	0.5887
	0.5944
	0.6030
	0.5868
	0.5811
	0.5915



	143
	Zambia
	0.5915
	0.5886
	0.5806
	0.5855
	0.5988
	0.5783
	0.5803
	0.5840



	144
	Equatorial Guinea
	0.5884
	0.6225
	0.6492
	0.6567
	0.5887
	0.6319
	0.5551
	0.6427



	145
	Myanmar
	0.5843
	0.5968
	0.5994
	0.6128
	0.5967
	0.5912
	0.5434
	0.6013



	146
	Cambodia
	0.5815
	0.5882
	0.5803
	0.5947
	0.5975
	0.5711
	0.5438
	0.5856



	147
	Kenya
	0.5786
	0.5783
	0.5679
	0.5773
	0.5908
	0.5624
	0.5560
	0.5729



	147
	Nepal
	0.5795
	0.5834
	0.5696
	0.5834
	0.5967
	0.5586
	0.5465
	0.5765



	149
	Angola
	0.5745
	0.5804
	0.5848
	0.5912
	0.5796
	0.5824
	0.5534
	0.5847



	150
	Cameroon
	0.5627
	0.5599
	0.5545
	0.5563
	0.5662
	0.5538
	0.5595
	0.5565



	150
	Zimbabwe
	0.5631
	0.5589
	0.5484
	0.5516
	0.5698
	0.5454
	0.5575
	0.5522



	152
	Pakistan
	0.5604
	0.5782
	0.5813
	0.5972
	0.5750
	0.5693
	0.5124
	0.5835



	153
	Solomon Islands
	0.5573
	0.5662
	0.5476
	0.5648
	0.5788
	0.5296
	0.5184
	0.5567



	154
	Syrian Arab Republic
	0.5489
	0.5634
	0.5527
	0.5718
	0.5697
	0.5360
	0.5003
	0.5598



	155
	Papua New Guinea
	0.5431
	0.5517
	0.5506
	0.5631
	0.5555
	0.5435
	0.5071
	0.5534



	156
	Comoros
	0.5378
	0.5390
	0.5295
	0.5396
	0.5505
	0.5232
	0.5127
	0.5344



	157
	Rwanda
	0.5360
	0.5417
	0.5263
	0.5409
	0.5543
	0.5129
	0.5022
	0.5339



	158
	Nigeria
	0.5341
	0.5417
	0.5503
	0.5524
	0.5335
	0.5484
	0.5248
	0.5482



	159
	Tanzania (United Republic of)
	0.5283
	0.5360
	0.5306
	0.5441
	0.5428
	0.5220
	0.4918
	0.5350



	159
	Uganda
	0.5282
	0.5259
	0.5104
	0.5177
	0.5402
	0.5025
	0.5139
	0.5165



	161
	Mauritania
	0.5271
	0.5419
	0.5428
	0.5578
	0.5413
	0.5321
	0.4830
	0.5456



	162
	Madagascar
	0.5207
	0.5229
	0.5022
	0.5135
	0.5377
	0.4872
	0.4987
	0.5107



	163
	Benin
	0.5198
	0.5192
	0.5097
	0.5178
	0.5306
	0.5048
	0.5004
	0.5142



	164
	Lesotho
	0.5180
	0.5188
	0.5199
	0.5203
	0.5180
	0.5198
	0.5163
	0.5196



	165
	Côte d’Ivoire
	0.5157
	0.5212
	0.5245
	0.5313
	0.5215
	0.5219
	0.4943
	0.5249



	166
	Senegal
	0.5138
	0.5359
	0.5343
	0.5534
	0.5324
	0.5168
	0.4596
	0.5386



	167
	Togo
	0.5127
	0.5096
	0.4944
	0.5000
	0.5232
	0.4872
	0.5028
	0.5001



	168
	Sudan
	0.5075
	0.5321
	0.5361
	0.5538
	0.5236
	0.5192
	0.4537
	0.5384



	169
	Haiti
	0.5027
	0.5050
	0.4917
	0.5030
	0.5175
	0.4820
	0.4767
	0.4979



	170
	Afghanistan
	0.4960
	0.5019
	0.4902
	0.5038
	0.5122
	0.4791
	0.4629
	0.4965



	171
	Djibouti
	0.4954
	0.5256
	0.5282
	0.5484
	0.5141
	0.5065
	0.4357
	0.5314



	172
	Malawi
	0.4854
	0.4878
	0.4682
	0.4789
	0.5016
	0.4536
	0.4644
	0.4762



	173
	Ethiopia
	0.4698
	0.4880
	0.4792
	0.4980
	0.4897
	0.4609
	0.4213
	0.4856



	174
	Gambia
	0.4657
	0.4715
	0.4609
	0.4737
	0.4809
	0.4506
	0.4343
	0.4667



	174
	Guinea
	0.4655
	0.4793
	0.4773
	0.4920
	0.4801
	0.4661
	0.4240
	0.4809



	176
	Liberia
	0.4647
	0.4698
	0.4505
	0.4630
	0.4822
	0.4341
	0.4392
	0.4588



	177
	Yemen
	0.4627
	0.4778
	0.4652
	0.4833
	0.4829
	0.4468
	0.4187
	0.4726



	178
	Guinea-Bissau
	0.4614
	0.4632
	0.4557
	0.4648
	0.4725
	0.4502
	0.4383
	0.4598



	179
	Congo (Democratic Republic of the)
	0.4587
	0.4604
	0.4360
	0.4423
	0.4728
	0.4173
	0.4518
	0.4446



	180
	Mozambique
	0.4460
	0.4498
	0.4364
	0.4478
	0.4608
	0.4255
	0.4200
	0.4427



	181
	Sierra Leone
	0.4385
	0.4378
	0.4309
	0.4372
	0.4467
	0.4276
	0.4231
	0.4342



	182
	Burkina Faso
	0.4335
	0.4515
	0.4477
	0.4643
	0.4503
	0.4323
	0.3878
	0.4521



	182
	Eritrea
	0.4336
	0.4642
	0.4583
	0.4802
	0.4553
	0.4323
	0.3753
	0.4644



	184
	Mali
	0.4272
	0.4464
	0.4469
	0.4624
	0.4418
	0.4328
	0.3822
	0.4499



	185
	Burundi
	0.4229
	0.4298
	0.4057
	0.4165
	0.4404
	0.3832
	0.4052
	0.4151



	186
	South Sudan
	0.4128
	0.4255
	0.4220
	0.4359
	0.4269
	0.4107
	0.3745
	0.4258



	187
	Chad
	0.4012
	0.4149
	0.4173
	0.4290
	0.4119
	0.4080
	0.3656
	0.4189



	188
	Central African Republic
	0.3807
	0.3812
	0.3692
	0.3768
	0.3916
	0.3615
	0.3645
	0.3743



	189
	Niger
	0.3766
	0.4017
	0.3904
	0.4104
	0.3975
	0.3654
	0.3280
	0.3978
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Figure 1. Graphical presentation of the Human Development Index (HDI). 
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Figure 2. Comparison of the proposed methods for the top 10 countries. 
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Figure 3. Comparison of the proposed methods for the middle 10 countries. 
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Figure 4. Comparison of the proposed methods for Worst 10 countries. 
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Table 1. Variables and parameters of the most recent Human Development Index HDI.






Table 1. Variables and parameters of the most recent Human Development Index HDI.





	
Dimension

	
Indicator

	
Minimum

	
Maximum






	
Health

	
Life expectancy (years)

	
20

	
85




	
Education

	
Expected years of schooling (years)

	
0

	
18




	
Mean years of schooling (years)

	
0

	
15




	
Standard of living

	
Gross national income per capita (2011 PPP $)

	
100

	
75,000








Source: Based on UNDP [27].
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Table 2. Information for calculating HDI index for Norway.
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	Country
	Life Expectancy at Birth
	Expected Years of Schooling
	Mean Years of Schooling
	Gross National Income (GNI) per Capita





	Norway
	82.3
	18.1
	12.6
	68,059










[image: Table] 





Table 3. Top 10 countries.
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	R
	T
	OWGAe1
	OWGAe2
	OWGAe3
	IOWGAe1
	IOWGAe2
	IOWGAe3
	POWGA
	IPOWGA





	1
	NOR
	NOR
	NOR
	NOR
	NOR
	NOR
	NOR
	NOR
	NOR



	2
	CHE
	CHE
	SGP
	SGP
	CHE
	SGP
	DEU
	FIN
	AUS



	3
	IRL
	SGP
	CHE
	CHE
	HKG
	CHE
	IRL
	NLD
	SWE



	4
	HKG
	IRL
	HKG
	HKG
	IRL
	HKG
	CHE
	DNK
	DEU



	5
	DEU
	HKG
	IRL
	IRL
	AUS
	IRL
	AUS
	SWE
	LIE



	6
	ISL
	ISL
	LIE
	LIE
	ISL
	LIE
	ISL
	ISL
	ISL



	7
	AUS
	DEU
	ISL
	ISL
	SWE
	ISL
	SWE
	AUS
	IRL



	8
	SWE
	AUS
	DEU
	SWE
	DEU
	DEU
	DNK
	CHE
	HKG



	9
	SGP
	SWE
	SWE
	NLD
	SGP
	SWE
	NLD
	IRL
	CHE



	10
	NLD
	NLD
	NLD
	LUX
	NLD
	NLD
	FIN
	DEU
	SGP







Source: Own elaboration. R: Rank; T: Traditional; NOR: Norway; CHE: Switzerland; IRL: Ireland; HKG: Hong Kong, China (SAR); DEU: Germany; ISL: Iceland; AUS: Australia; SWE: Sweden; SGP: Singapore; NLD: The Netherlands; LIE: Liechtenstein; LUX: Luxembourg, DNK: Denmark; FIN: Finland.
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Table 4. Middle 10 countries.
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	R
	T
	OWGAe1
	OWGAe2
	OWGAe3
	IOWGAe1
	IOWGAe2
	IOWGAe3
	POWGA
	IPOWGA





	91
	TUN
	TUN
	TUN
	ARM
	TUN
	TUN
	TON
	MNG
	TUN



	92
	MNG
	LBN
	LBN
	TUN
	LBN
	MNG
	DOM
	FJI
	BWA



	93
	LBN
	BWA
	MDV
	BWA
	DMA
	UKR
	LCA
	TON
	LEB



	94
	VCT
	MNG
	UKR
	PRY
	MNG
	VCT
	VEN
	VEN
	MDV



	95
	BWA
	MDV
	MNG
	VCT
	JAM
	LBN
	BWA
	BWA
	MNG



	96
	VEN
	VCT
	VCT
	DMA
	VCT
	TKM
	ZAF
	TUN
	VCT



	97
	JAM
	PRY
	TKM
	TKM
	MDV
	SUR
	TUN
	JAM
	PRY



	98
	PRY
	DMA
	PRY
	SUR
	PRY
	PRY
	JAM
	VCT
	SUR



	99
	DMA
	SUR
	SUR
	UKR
	JOR
	MDV
	VCT
	SUR
	TKM



	100
	FJI
	VEN
	DMA
	MNG
	VEN
	GAB
	SUR
	JOR
	DMA







Source: Own elaboration. R: Rank; T: Traditional; TUN: Tunisia; MNG: Mongolia; LBN: Lebanon; VCT: Saint Vincent and the Grenadines; BWA: Botswana; VEN: Venezuela; JAM: Jamaica; PRY: Paraguay; DMA: Dominica; FJI: Fiji; MDV: Maldives; SUR: Suriname; UKR: Ukraine; TKM: Turkmenistan; ARM: Armenia; JOR: Jordan; GAB: Gabon; TON: Tonga; DOM: Dominican Republic; LCA: Saint Lucia; ZAF: South Africa.
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Table 5. Worst 10 countries.
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	R
	T
	OWGAe1
	OWGAe2
	OWGAe3
	IOWGAe1
	IOWGAe2
	IOWGAe3
	POWGA
	IPOWGA





	180
	MOZ
	ZAR
	BFA
	LBR
	MOZ
	ERI
	MOZ
	MOZ
	BFA



	181
	SLE
	BFA
	MLI
	MLI
	ERI
	BFA
	YDR
	YEM
	MLI



	182
	ERI
	MOZ
	MOZ
	MOZ
	BFA
	SLE
	BDI
	BDI
	COD



	183
	BFA
	MLI
	ZAR
	ZAR
	SLE
	MOZ
	BFA
	BFA
	MOZ



	184
	MLI
	SLE
	SLE
	SLE
	MLI
	ZAR
	MLI
	MLI
	SLE



	185
	BDI
	BDI
	SSD
	SSD
	BDI
	SSD
	ERI
	ERI
	SSD



	186
	SSD
	SSD
	TCD
	TCD
	SSD
	TCD
	SSD
	SSD
	TCD



	187
	TCD
	TCD
	BDI
	BDI
	TCD
	BDI
	TCD
	TCD
	BDI



	188
	CAF
	NER
	NER
	NER
	NER
	NER
	CAF
	CAF
	NER



	189
	NER
	CAF
	CAF
	CAF
	CAF
	CAF
	NER
	NER
	CAF







Source: Own elaboration. R: Rank; T: Traditional; MOZ: Mozambique; SLE: Sierra Leone; ERI: Eritrea; BFA: Burkina Faso; MLI: Mali; BDI: Burundi; SSD: South Sudan; TCD: Chad; CAF: Central African: NER: Niger: ZAR; LBR: Liberia; COD: Congo; YDR: Yemen.
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