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Abstract: The main purpose of this paper is to study a more general concept of uniform stability
in mean in which the uniform behavior in the classical sense is replaced by a weaker requirement
with respect to some probability measure. This concept includes, as particular cases, the concepts
of uniform exponential stability in mean and uniform polynomial stability in mean. Extending
techniques employed in the deterministic case, we obtain variants of some results for the general
cases of uniform stability in mean for stochastic skew-evolution semiflows in Banach spaces.
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stability in mean
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1. Introduction

During the last decades, considerable attention has been devoted to the problem of
asymptotic behaviors of nonautonomous differential equations in Banach spaces. Many
results can be carried out not only for differential equations and evolution operators but
also for skew-evolution semiflows. The notion of skew-evolution semiflow was introduced
in [1] and includes some particular cases of many well-known concepts in dynamical
system theory, such as Cyp-semigroups, evolution operators and skew-product semiflows.

In this paper, we consider the case of stochastic skew-evolution semiflows studied
in [2]. We note that the stochastic cocycles studied in [3] are particular cases of the con-
cept below.

Several important examples of stochastic evolution semiflows give rise to stochastic
evolution equations, and the reader can refer to the monographs by [4,5].

The main purpose of the present paper is to study a general concept of uniform
asymptotic stability in mean, which we call “uniform h-stability in mean” where
h:R; — [1,00) is a growth rate (i.e., h is nondecreasing and bijective).

In particular cases, we obtain the concepts of uniform exponential stability in mean
and uniform polynomial stability in mean for stochastic skew-evolution semiflows in
Banach spaces.

Our approach is based on the extension of some techniques used in the deterministic
case by many authors, and here, we only mention the papers [6-16].

Thus, we obtain three types of characterizations for each stability in mean concept
considered in our study. Connections between these concepts are given. For some other
approaches to the study of uniform exponential stability in mean and uniform polynomial
stability in mean, we refer to [17-20].

The paper is organized as follows. In Section 2, we review some preliminaries on
stochastic skew-evolution semiflows, which will be used in the paper. A general concept of
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uniform asymptotic stability in mean for stochastic skew-evolution semiflows is defined.
In particular, the results of the concept of uniform exponential stability in mean and
uniform polynomial stability in mean. In Section 3, connections between these concepts are
presented. In Section 4, we state and prove the main results of our paper. Thus, we obtain
three types of characterizations for each stability in mean concept considered in our study.

2. Preliminaries

Let (Q), B, P) be a probability space. Denote A = {(t,s) : t > s > 0}. We also denote
by X a real or complex Banach space and by B(X) the Banach algebra of all bounded linear
operators on X.

Definition 1. A measurable random field ¢ : A x Q) — Q) is called a stochastic evolution semiflow
on Q) if

o (s1) ¢(ttw)=uwforal (t,w) € Ry xQ,
o (s2) ¢(ts, (s to,w)) =@t ty,w) forall t > s>ty > 0andall w € Q.

Definition 2. A map ® : A x Q — B(X) is called a stochastic evolution cocycle associated with
a stochastic evolution semiflow ¢ : A x QO — Qif

e (c1) ®(t,t,w) =1 (theidentity operator on X) forall (t,w) € Ry x O,
o (c2) ®(ts,¢(s, ty,w))P(s, ty,w) = O(t, ty,w) forall t > s >ty > 0andall w € Q.

In this case, the pair (®, @) is called a stochastic skew-evolution semiflow on X; = Q x X

Example 1. If ® : A x Q — B(X) is a stochastic evolution cocycle associated with the stochastic
evolution semiflow ¢ : A x Q — Qand g : Ry — [1,00) is a growth rate, then

o AXQ—=Q, @uts,w) =l ), h (), w)
is a stochastic evolution semiflow on Q) and
O, Ax Q= B(X), ®yt,s,w)=dh1et),h1(ef),w)
is a stochastic evolution cocycle associated with the stochastic evolution semiflow @y,.

Example 2. If ® : A x Q — B(X) is a stochastic evolution cocycle associated with the stochastic
evolution semiflow ¢ : A x Q — Qand h : R — [1, 00) is a growth rate, then

P AXxQ—=Q, yuts,w)=eh H(t+1),h (s +1),w)
is a stochastic evolution semiflow on () and
¥, AxQ— B(X), ¥(tsw)=dh (t+1),h(s+1),w0)

is a stochastic evolution cocycle associated with the stochastic evolution semiflow y,.
Remark 1. Other examples of stochastic skew-evolution semiflows are given in [20].

We denote by £(Q, X, P) the Banach space of all Bochner measurable functions f :
O — X with

[ If@)lP(@w) < oo
We alsodenote Y =Ry x L(Q, X,P)and Z = A x L(Q, X, P).

3. Stability Concepts in Mean

Let (®, @) be a stochastic skew-evolution semiflow on X1 = QO x Xand h : Ry —
[1,00) a growth rate.
The main stability in mean concept studied in this paper is introduced by
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Definition 3. The stochastic skew-evolution semiflow (®, @) is uniformly h-stable in mean
(u.h.s.m.) if there exist N > 1 and v > 0 with

/||<I>tscu @)|[dP(w) < Nh(s /|| w)||dP(w)

forall (t,s,x) € Z.
As particular cases, we have

e (i) if h(t) = ¢!, we obtain the uniform exponential stability in mean (u.e.s.m.) concept.
e (i) if h(t) = t+ 1, it results in the concept of uniform polynomial stability (u.p.s.m.).

Another concept used is given by

Definition 4. The stochastic skew-evolution semiflow (®, ¢) has uniform h-stable growth in mean
(u.h.g.m.) if there are M > 1 and w > 0 with

“’/QHqD(t,s,w)x(w)HdP( ) < Mh(t /||x w)||dP(w

forall (t,5,X) € Z.
As particular cases, we have

e (i) for h(t) = €', we obtain the concept of uniform exponential growth in mean (u.e.g.m.).
e (ii) for h(t) = t+ 1, it results in the the concept of uniform polynomial growth in mean
(u.p.s.m.).

Remark 2. The connections between stability and growth in mean concepts are given in the
next diagram
whsm. = wu.gsm.

and

u.esm. = U.p.S.m.

I I

u.e.gm. <= u.p.g.m.

The next theorem presents the connection between uniform h-stability in mean and
uniform exponential stability in mean.

Theorem 1. The stochastic skew-evolution semiflow (®, ¢) is uniformly h-stable in mean if and
only if the stochastic skew-evolution semiflow (®y,, ¢y,), where

@y Ax Q- BX), ®ytsw) L oh1e),h (), w)

and
de 7 . s
on:Ax Q= BX), ont,sw) o), (e),w)

is uniformly exponentially stable in mean.

Proof. Necessity. If (D, ¢) is uniformly h-stable in mean and (t,s,w) € A x Q) then there
are the constants N > 1 and v > 0 such that
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& [ I@n(ts,wr(@)dP(@) = e [ 00 ), h(e),w)[aP(w) <

N( hlet;) /||x )lldP(w
)

- Ne”t/ |x(c) || dP(w

IN

and hence, (®y, ;) is uniformly exponentially stable in mean.
Sufficiency. If (®y, ¢p,) is uniformly exponentially stable in mean and (t,s,w) € A x Q)
then there are the constants N > 1 and v > 0 such that

0 [0 @)x@ldP@) = bt [ @0 B(e), 0 (1(s),0)x(@)dP(w) =
= ()" [ 00 @), B (), w)x(w) [dP(w) <
< Ni(t)e (a0 -Ini(e) / J¢(w)[dP(w) =

= Ni(s)" [ [x(w)]aP(w

and hence (®, ¢) is uniformly h-stable in mean. [

The connection between uniform polynomial stability in mean and uniform exponen-
tial stability in mean is given by

Corollary 1. The stochastic skew-evolution semiflow (®, ¢) is uniformly polynomial stable in
mean if and only if the stochastic skew-evolution semiflow (D1, 1), where

d
P :AXQ— B(X), Di(ts,w) gcb(et—l,es—l,w)

and
p1:AxQ— B(X), ¢i(t,s,w) “f e — 1,68 —1,w)

is uniformly exponentially stable in mean.
Proof. It yields from Theorem 1 for h(t) =t+1. O

The next theorem presents the connection between uniform h-stability in mean and
uniform polynomial stability in mean.

Theorem 2. The stochastic skew-evolution semiflow (®, ¢) is uniformly h-stable in mean if and
only if the stochastic skew-evolution semiflow (¥}, ¢y, ), where

¥, Ax Q= B(X), Yaltsw) L on 1t +1),h (s +1),w)

and

P Ax Q= BX), wilts,0) o (41,0 (s 1), w)
is uniformly polynomially stable in mean.
Proof. It is similar to the proof of Theorem 1. [

As a particular case, we obtain
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Corollary 2. The stochastic skew-evolution semiflow (®, ¢) is uniformly exponentially stable in
mean if and only if the stochastic skew-evolution semiflow (®y, ¢7), where

Dy Ax Qs BX), Do(t;s,w) L o(In(t+1),In(s +1)w)

and
02 Ax Q= B(X), ¢a(t,s,w) L p(n(t+1),In(s + 1)w)

is uniformly polynomially stable in mean.

Proof. It follows from Theorem 2 for h(t) = ¢!. O

4. The Main Results

A first characterization of uniform exponential stability in mean is given by

Theorem 3. If the stochastic skew-evolution (®, ¢) has uniform exponential growth in mean, then
(@, @) is uniformly exponentially stable in mean if and only if there are r > 1 and c € (0,1)
such that

S 100 +55,0)x(@)[dP(w) < ¢ [ [x(@)]dP()

forall (s,x) €Y.

Proof. Necessity. If (®, @) is u.e.s.m. then so are the constants N > 1 and v > 0 with

d 1
rifl+nTN>1

We have
[0 +s,5,@)x@)ldP@) < N [ Jx(@)]dP(w) =
= o[ Ix(@)]dP(w)

d
forall (s, x) € Y where Y Ne v € (0,1) because ¢'” > "N = N

Sufficiency. 1f (t,s) € A, then thereexistsn € Nand r; € [0,7) such thatt = s+ nr+ry.
Then

/Q [®(t,s,w)x(w)||dP(w) =

/Q |D(s + nr+ry, s+ nr, (s + nr,s,w)®(s + nr, s, w)x(w)||dP(w) <

< Men [ (s + nr,s,@)x(@) [P () <

< Me [ @(s 4,5+ (0 =D, g(s + (1= 1,5, @)(s + (1= Dr,s,0)x(@)][dP(w) <
< M [ |@(s + (n =15, @)x(w) [4P(w) <

< M [ (s + 1,5 w)x(w)|[4P(w) <

<

Meet [ x(w)|aP(w)

for all (s,x) € Y. If we denote

thenv > 0and " = e V" and

/Q ||q>(t/S/W)X(w)HdP(w) < Mewre—v(t=s—r1)
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| Ix(@)aP(w) < Mel e [ x(w)]dP(w)
forall (t,s,x) € Z. [
Corollary 3. If the stochastic skew-evolution semiflow (®, ¢) has uniform polynomial growth in

mean, then (®, @) is uniformly polynomially stable in mean if and only if there exists r > e — 1
and c € (0,1) with

[ s +r+5,5,w0)x(@)[dP@) < ¢ [ [x(w)]|aP(w)
forall (s,x) €Y.
Proof. Necessity. If (®, ¢) is uniformly polynomially stable in mean, then from Corollary 1,
it yields that (®1, ¢1) is uniformly exponentially stable in mean.

From Theorem 3, it follows that there are u > 1 and ¢ € (0,1) such that

@i +o,0,@)x(@)]dPw) = [ ot =1~ 1w)x(@)|dPw) <
c [ (@) ]dP(w
forall (v,x) €Y.

Then for v = In(s + 1) where s > 0 and r = ¢¥ — 1 we have that r > ¢ — 1 and
et —1=(e"—-1)(e* —1)+¢e* —1+e"—1=rs+r+s. Finally, we have that

IN

/Q||<I>(rs+r+s,s,w)x(w)|\dP(w) = / (0 —1,6% — 1, w)x(w)|[dP(w) <

¢ [ Ix(@)dP(w
forall (s,x) €Y.
Sufficiency. Letu = In(l1+r)andv > 0. Thenu > 1,s = ¢*—1 > 0 and
u+ov=In(1+r)(1+s) =In(1+r+s+rs)
Thus et —1=r+s+rs
Then

/Q\|q>1(u+v,v,w)x(w)||dp(w) - /Q||<I>(e”+v—1,e”—1,w)x(w)||dP(w):

= /Q||©(I’S—i—r—l—s,s,w)x(w)HdP(w)g

c [ l1x(w)]dP(w

From Theorem 3, it follows that (P, ¢1) is uniformly exponentially stable in mean.
Finally, according to Corollary 1, we see that (®, ¢) is uniformly polynomially stable
inmean.

IN

IN

Corollary 4. If the stochastic skew-evolution semiflow (P, ¢) has uniform h-growth in mean, then
(@, @) is uniformly h-stable in mean if and only if there are r > e and ¢ € (0,1) such that

J 10 (r5), 17 (5), @)(@) [dP(@) < ¢ | [lx(w) |4P(w)
forall (s,x) €Y.

Proof. It follows from Theorems 1 and 3. O
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Another characterization of polynomial uniform stability in mean is given by

Theorem 4. If the stochastic skew-evolution semiflow (P, ) has uniform polynomial growth in
mean, then (P, ¢) is uniformly polynomially stable in mean if and only if there exist L > 1 with

[ 1etes,@)x@)ldp@)in 25 < 1 [ flx(@)ldp()
forall (t,5,x) € Z.

Proof. Necessity. If (®, ) is uniformly polynomially stable in mean, then there are the
constants N > 1 and v > 0 such that

t+1 N/t+1 t+1
<I> P < — P
/” s, w)x(w)[[dP(w) In +1_v<s+1> S+1/H )I4P(
forall (t,s,x) € Z.
Using the inequality
1—”§1, forevery u>1
u e
it results that
t+1 N N def
CI)t dP(w —<1+—=L>1
[ et s @x@)liP@)in o5 < =<1+ < L>

forall (t,s) € Aandallx € L(Q), X, P). [

Sufficiency. For r Ll 1>

We deduce that

e—landc=1€(01)

/Q |®(rs+7r+s,s,w)x(w)||dP(w)

L
mre | Ix@)ldP@) =
s+1

L .
In(r+1) /Q [|x(w)||dP(w) =

L [ x(w)dP)

forall (s,x) € Y.
From Corollary 3, it follows that (®, ¢) is uniformly polynomially stable in mean.

Corollary 5. If the stochastic skew-evolution semiflow (P, ¢) has uniform h-growth in mean, then
(@, @) is uniformly h-stable in mean if and only if there exists L > 1 with

[ 125, @xr(@)ldp@in g <L [ ) jdp)
forall (t,s,x) € Z.
Proof. Necessity. If (®, ¢) is uniformly h-stable in mean, then from Theorem 2 it follows that
¥, (1,0,0) L o(h (1 + 1), (0 + 1), w)

is uniformly polynomially stable in mean.
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From Theorem 4, it results that there exists L > 1 with

[ 90 1), (v—f—l),w)x(w)HdP(w)anii:
[ I,0,0)x(w) 4P (o)

L/ Ix(w) [ dP(w
forall (u,v,x) € Z.
Let (t,5) € A. Then for u “f h(t) —land v e h(s) —1wehave (1,v) € Aand

1205, @) ldp(@)in i) =

= [0 e+ 1), @+ 1), @)dP(@) In 5 < 1 () PG

Sufficiency. Lets > 1and r = e*L. Then r > ¢ and from the hypothesis there exists
L > 1with

109, 5, w)dP(@) < o [ x@)lldp@) = ¢ [ @) ldp(

From Corollary 4, we have that (®, ¢) is uniformly h-stable in mean. [J

Corollary 6. If the stochastic skew-evolution semiflow (®, ¢) has uniform exponential growth in
mean, then (®, @) is uniformly exponentially stable in mean if and only if there exists L > 1 with

t—s/H (t,5,)x(w)||dP(w <L/ 1% () | dP(
forall (t,s,x) € Z.

Proof. It follows from Corollary 5, taking (t) = e!. O

A majorization criterion for uniform exponential stability in mean is given in the
next theorem.

Theorem 5. If the stochastic skew-evolution semiflow (®, @) has uniform exponential growth in

mean, then (®, ¢) is uniformly exponentially stable in mean if and only if there exist M > 1 and a
nondecreasing application g : [1,00) — Ry with tlim g(t) = coand
—00

g(t—s)/QHCD(t,s,w (@) || dP(w <M/ () | dP(w
forall (t,s,x) € Z

Proof. Necessity. From Corollary 5, for the case h(t) = ¢, it results that if ® is uniformly
exponentially stable in mean, then there exists L > 1 with

t—s/H (t,5,w0)x(w)|dP(w <L/ 1x(w)||dP(w)

for all (t,s) € A, thus the condition of the theorem is satisfied for g(f) =t
Sufficiency. From tlim g(t) = oo, we have that there exists 6 > 0 with M < g(¢). Then,
—00

forall (t,s) € A, therearen € Nand r € [0,0) with t =s+nd +r.
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Let c =
hypothesis we observe that there exist M > 1, w > 0 such that

g(%)' Then ¢ € (0,1) and from uniform exponential growth of (®, ¢) and by

[ Iets,@)x(@)|dP(w) =

/Q |P(s+né+r,s+nb ¢(s+nd,s w))®(s+nd,s w)x(w)||dP(w) <

< Me‘”/QHQD(s—i—n(S,s,w)x(w)HdP(w)g
< Me“"s/QHdJ(s—i—n&,s—l—(n—l)&,(p(s—&—(n—l)&),s,w)cb(s—&—(n—l)&,s,w)x(w)HdP(w)§
< Mce“"s/nHQD(s—s—(n—lé),s,w)x(w)HdP(w)g
< ...gMc”’le“"s/Q\|<I>(s+(5,s,w)x(w)||dP(w)g
< Mc”e“"s/ () || dP(w) :Mewf"e”h‘f/ () || dP(w) =
e(d
= Mee T [ x(w) |dP(w v [ x()dP(e
<

e—v (t—s) / ||X(4J
Q

forall (¢,s,x) € Zwhere N = Me’ - 1 and v = —¥ >0

c
Finally, it results that (®, ¢) is uniformly exponentially stable in mean. [

Corollary 7. If the stochastic skew-evolution semiflow (®, ¢) has uniform polynomial growth in
mean, then (®, @) is uniformly polynomially stable in mean if and only if there exists M > 1 and a
nondecreasing application g : [1,00) — Ry with tlim g(t) = coand

—00

s(557) [ 1ot w)xtw)|p@) < M [ l(@)lap()

s+1

forall (t,5,x) € Z.
Proof. Necessity. It follows from Theorem 4 for ¢(t) = Int.

Sufficiency. Let (u,v) € Aand t =e" — 1, s = ¢’ — 1. Then from the inequality from
the assumption, it follows that

921 =0) [ [|@2(1t,0,0)x(w) |dP(w) < M [ [lx(w)4P(c)
where ¢, (t) = g(e') and ®»(u,v,w) = ®(In(u + 1), In(v + 1), w).
From Theorem 5, we obtain that (®;, ¢;) is uniformly exponentially stable in mean
and from Corollary 2 it results that (P, ¢) is uniformly polynomially stable in mean. [
Corollary 8. If the stochastic skew-evolution semiflow (P, ¢) has uniform h-growth in mean,

then (®, ¢) is uniformly h-stable in mean if and only if there exist M > 1 and a nondecreasing
application g : [1,00) — Ry with tlim Q(t) = o0 and
—00

s(319) [, 125 @x(@lapto) < M [ ) |4r)
forall (t,s,x) € Z

Proof. Necessity. It follows from Corollary 5 for g(t) = Int.
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References

Sufficiency. Let (t,s,x) € Zandu = h~'(t+1)and v = h~!(s 4 1). Then (u,v) € A and

<t+l>/”‘1’hfsw x(w) 4P (w) =

s+1

N CE)/”‘D Yt +1),h7 (s +1),w)x(w) [dP(w) <

< M [ Jx(@)aPlw

By assumption, it results that (¥}, 1) is uniformly exponentially stable in mean.
From Theorem 2, we observe that (®, ¢) is uniformly h-stable in mean. [J

5. Conclusions

In this note, we have considered three concepts of uniform stability in mean for
stochastic skew-evolution semiflows. These notions are natural generalizations from the
deterministic context. The established relation between these concepts represents the first
main goal. Thus, the relation between uniform h-stability in mean and uniform exponential
stability in mean is established in Theorem 1, the relation between uniform polynomial
stability in mean and uniform exponential stability in mean is given in Corollary 1, the
relation between uniform h-stability in mean and uniform polynomial stability in mean is
established in Theorem 2, and finally, the connection between uniform exponential stability
in mean and uniform polynomial stability in mean is done in Corollary 2. Then, based on
the present results from this work, characterizations of these concepts are exposed. The
second main goal of the paper is to give three types of characterizations for these concepts
of uniform stability in mean. These results are presented in Section 4. As open problem:s,
the authors would like to investigate:

- A generalization of the previous results for the case of nonuniform h-stability in mean;
- Applications in control theory;
- Variants for h-dichotomy in mean and h-trichotomy in mean.
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