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Abstract: This paper investigates the problem of the global directed dynamic behaviors of a Lotka-
Volterra competition-diffusion-advection system between two organisms in heterogeneous environ-
ments. The two organisms not only compete for different basic resources, but also the advection and
diffusion strategies follow the dispersal towards a positive distribution. By virtue of the principal
eigenvalue theory, the linear stability of the co-existing steady state is established. Furthermore, the
classification of dynamical behaviors is shown by utilizing the monotone dynamical system theory.
This work can be seen as a further development of a competition-diffusion system.
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1. Introduction

In the past few decades, the dynamic behaviors of competition-diffusion systems
(see [1]) in homogeneous or heterogeneous environments have been extensively studied.
Until 2017, He and Ni [2,3] studied the dynamics of two organisms by changing their
random diffusion coefficients, resource carrying capacity and competitiveness, and they
also described the global dynamics of two organisms. Their research has made outstanding
contributions to the competition-diffusion systems. For the competition model of two
organisms, either both organisms survive or win with the extinction of the other organ-
isms (see [4-6]). In 2019, Du et al. [7,8] studied a Lotka-Volterra competition system with
periodic habitat advection. From a biological point of view, this pulsating travel front
provided a way for two competing species to interact in heterogeneous habitats. Based on
the assumption that the resource function in spatial variables is decreasing, Lou et al. [9]
described the competition between two aquatic organisms with different diffusion strate-
gies for the same resource in the Lotka-Volterra reaction-diffusion-advection system in
2019. Md. Kamrujjaman [10] studied the impact of diffusion strategies on the outcome
of competition between two populations while the species are distributed according to
their respective carrying capacities in competition-diffusion systems. However, in the
competition-diffusion-advection systems, the study of different species with different dis-
tribution functions will be more complex. Tang and Chen [11] and Xu et al. [12] studied the
population dynamics of competition between two organisms from the perspective of river
ecology in 2020. One interesting feature of their system was that the boundary conditions
at the upstream end and downstream end can represent the net loss of individuals. In some
cases, both organisms leave the site of competition, neither coexisting nor becoming extinct.
Such an environment is important enough to demonstrate how organisms change their
density and survival time in competition (see [13]). In 2021, Ma and Guo [14] described the
feature of the coincidence of bifurcating coexistence steady-state solution branches and the
effect of advection on the stability of the bifurcating solution. However, it is worthwhile
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to point out that all the aforementioned works focus on the global dynamic behaviors of
competition-diffusion systems (see [10,15,16]) or advection systems (see [17,18]), in which
the diffusion rates and spatial carrying capacity are changed, or the periodic habitat of
advection systems is studied, or the upstream and downstream boundary conditions
are changed.

Motivated by the effort of the aforementioned studies, we investigate the problem
of the global directed dynamic behaviors of a Lotka-Volterra advection system between
two organisms in heterogeneous environments, where two organisms are competing
for different fundamental resources, their advection and diffusion strategies follow the
dispersal towards a positive distribution, and the functions of inter-specific competition
ability are variable.

Hence, we discuss the following global dynamics of the advection system:

Ur =V [k1(0) V(giy) — 11 (%) gy Vewr ()] + Ulr (x) = U = p2(x)V],

Q(x) Q(x)

inQ xR,
Vi =V [12(0) V() — 2 (%) gy Vw2 (3)] + Vira(x) = pr(x)U = V],

in QO x RT, 1)
k1 (x) 2 (9) — () 290 — o, on 20 x R,
K2(x) & (%) — pa(x) 5220 = o, on 30 x R+,
U(x,0) = Up(x) >, # 0, inQ,
V(x,0) = Vo(x) >,#0, inQ,

where U(x,t) and V(x, t) are the population densities of biological organisms, location
x in Q) and time ¢ > 0, which are supposed to be nonnegative; x1(x), k2 (x) > 0 correspond
to the dispersal rates of two competing organisms U and V, respectively. V is the gradient
operator. yy(x), pa(x) > 0 correspond to the advection rates of two competing organisms
U and V, and wy(x),ws(x) € C?(Q) are the nonconstant functions and represent the
advective direction. The intrinsic growth rates of the two competing organisms are bounded
functions r1(x) and r(x), respectively, two positive distributions are Q(x). p1(x), p2(x)
> 0 show the inter-specific competition ability. The habitat () is a bounded smooth domain
inRN, 1 < N € Z; n denotes the outward unit normal vector on the boundary dQ). For the
sake of simplicity, we can suppose the initial data Uy and V not identically zero. The
system (1) satisfies no-flux boundary conditions.

When 1 (x) = &1, x2(x) = Ko, p1(x) = p1, p2(x) = p2, Q(x) = 1, p1(x) = p1,p2(x) =
02, w1(x) = wa(x), the system (1) becomes the advection system studied by Zhou and
Xiao [19]:

U = ki1AU — i1V - [UVw(x)] + Ufri(x) — U — poV], in Q x RT,

Vi = 10AV — 1iaV - [VVw(x)] 4+ V[ra(x) —prU = V], inQxRT,

Kl%’{ — ,ulua“a’,(f) =0, ondQ) x RT, .
Ko 9L — szacg,(f) =0, on 9Q) x RT, @)
U(x,0) = Up(x) >,#0, inQ,

V(x,0) = Vy(x) >,#0, inQ),

... 2 .
where «7, %2, }11, tt2, 01 and p, are positive constants. A = Zil\i 1 887 is the usual Laplace
i

operator. If p1, uy > 0, readers can take a look at the relevant literature [20] and for the case
H1 > 0 = pp, please see the references [21-25].
If y1 = pp = 0, the system (2) becomes a diffusion model (see [2,3,5,26]):
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U = AU + Ufry(x) —U - V], inQ x RT,

Vi = 1AV + Virp(x) —U—-V], inQ x RT,

au _ ov n 3)
S =5.=0, on 0Q) x RT,

U(x,0) = Uy(x) >,20,V(x,0) = Vy(x) >,£0, inQ.

According to the research of the above models, the purpose of our paper is to deal with

a more broader model (1) in a high spatial dimensions. In this system, we consider that

the diffusion and advection strategies follow the dispersal towards a positive distribution,

growth rates and competitiveness of the two organisms are different. Thus, we have the
following basic assumptions in this paper.

(A1) ’Ziéiﬁi wi(x) — ”Zéxng( x) = Q1wi(x) — Qaw(x) > 0, A= m%legz‘”(x)*g]wl(x), &1

X
and (; are positive constants; -
Az) - (e1(x),02(x)) € TIa = {(o1(x),02(x)) : p1(x), 02(x) > 0, p1(x)p2(x) < A};
(A3)  r(x)>0,r(x) > 0in L®(Q));
Q) Q)

(Ag) Q(x) > 0is nonconstant, and n()’ r(x) are also nonconstant.

Conditions (A3) — (A4) ensure that the distribution of resources is heterogeneous for
two species and the positivity is imposed here to guarantee the existence of two semi-trivial
steady states for later discussion convenience. Under the conditions of (A1) — (A4), we
show a complete classification of the global dynamics of the system (1). The rest of this
paper is arranged as follows. In Section 2, we mainly do some preparatory work. Some
related properties of the system (1) are deduced from the properties of a single organisms
model (4). Besides, some lemmas are proved. In Section 3, we investigate our main results.
By using principal eigenvalue theory, we obtain the linear stability of coexisting steady
states (see Theorem 2). Then, the most important thing is that in virtue of the monotone
dynamical system theory (see [4]), we show the classification of global dynamic behaviors
(see Theorem 3). A discussion on the main results and problems that deserve future
investigation is presented in Section 4.

2. Preliminaries

In order to describe our main results, we show a competition-diffusion-advection
system for a single organisms as follows:

U = V- [k(x)V(5Es) — p(x) (X)Vw(x)}+LI[r(x)—U], in Q) x RT,

Q(x)
K(x) 3 (8) —n(x) B2 = o, ondOxRY, @)
U(x,0) = Up(x) >,#£0, inQ),

where x(x) > 0,(x) > 0,Q(x) > 0and r(x) > 0, r(x) is bounded. According to the
relevant description in [27] and the case that 7(x) > 0, there is a unique positive steady state
64,0, In the system (4). If we apply this result to the system (1) and the conditions (Az) —
(Ay), there are two semi-trivial steady states (6x,,0,,,,0) and (0, 6y, 0 4, r, ), respectively.

Lemma 1. Assume that x(x) > 0,u(x) > 0,Q(x) > 0and r(x) > 0, r(x) is bounded.
The elliptic boundary value Problem:

V- [k (x)V(Q?x)) — y(x)Qex) Vw(x)] +0[r(x) —6] =0, inQ,
k()2 (&) — () §%E =, on 20,

©)

has a unique positive solution denoted by 6.
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Proof. Itis known in [27] that the problem (5) admits a solution and the solution is positive,
denoted by 6, owning to the positivity of x(x), u(x), Q(x),r(x). Next, assume that 61, 6,
are any two positive solutions of (5) and 0 < 8; < 6,. It is not difficult to see that

0 0

e i, 8
KV(@)—‘uéVCU—KE V(e Q)]
Then
' Bt (o—tw bl b2
'/V-{Ke V(e Q)]}(e Q)dx
_ [ tery(e-tott ~to2
= /Ke [V (e Q)] V(e Q)] dx
=— /[r—91]e*%“’% dx
- [r_ez]f%w% dx. ©)
We deduce

_n,, 010
/[91 — 92]6 KW% dx =0.
Therefore, 6 = 6,. O
To give a complete classification of the global dynamic system (1), we define
(K1, %, 1, f2) €T :=RT x Rt x R x RT.
Based on the approach in [2], we define
y = {(x1, %2, 41, 42) € T2 (Ox,,0,1,1,,0) is linearly stable};

Yy := {(x1, %2, pi1, p2) € T : (0,05, 0 p1r,r,) i linearly stable};
Y= {(xy, %2, p1,42) €T 2 (0x,Q,0,m,0) and(0,0x,,0,4,,r,) are linearly unstable}.  (7)

We first recall the well-known Krein-Rutman Theorem:

Theorem 1 (Krein-Rutman Theorem [28]). Let X be a Banach space, K C X a total cone and
T : X — X a compact linear operator that is positive (i.e., T(K) C K) with positive spectral
radius r(T). Then r(T) is an eigenvalue with an eigenvector u € K\ 0 : Tu = r(T)u. Moreover,
r(T*) = r(T) is an eigenvalue of T* with an eigenvector u* € K*.

In order to better describe the linear stability of semi-trivial steady states, we give the
definition of elliptic eigenvalue problem:

{v.[K(x)V(g) —;4(3; EVwx)] +h(x)p+op =0, inQ, ®)

k()& (5) - p(0) 5% =0, on 30,
0 0

and h(x) € L®(Q). Let

Ap = V- [5(x) V() = p(x) E V() +h(x)p.

Since A is uniformly strongly elliptic operator, we declare that the operator A satisfies
the conditions in Theorem 1. An eigenvalue ¢ of the problem (8) is called a principal
eigenvalue if 05 € R and for any eigenvalue o with ¢ # 01, we have Re ¢ > 7. Hence,
the problem (8) has a principal eigenvalue, denoted by ¢ (x, Q, 1, h), and its corresponding
eigenfuntion ¢(x, Q, u, h) > 0in Q. The principal eigenvalue is expressed as
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fxe%“’[ _""(P)zdx—fh e_?“’¢ dx
(%1 (Kl Q/ V/h) - lnf (9)
07£9eH!(Q) Je 198 dx

Next, we give a useful lemma related to eigenvalue comparison results, which is used
for Lemma 3 and Theorem 3.

Lemma 2 ([5]). If hi(x) < hy(x) within Q, then oy(x, Q, u, hy) > o1(x, Q, i, hp) and the
equality holds if and only if hy(x) = hy(x) in Q.

According to the description of theory of monotone semi-flow in the literature [6],
let X denote the standard Banach space consisting of all continuous functions from Q) to
R, i.e., X := C(Q), and X" be the set of all non-negative continuous functions from Q) to
RT UO. Define K := X x (—X1) as the usual cone for the study of competitive systems
with nonempty interior. Then we define the notion of linear stability of a given steady state
(U, V). Linearizing the steady state problem of (1) at (U, V'), we obtain

V- 0 (0)Vighy) — 1 (x) gl Ve (0)] + [ (x) = U = p2(x)V]g

—Ulp+p2(x)p] + Ap =0, inQ,

V- () V(ghs) — 12(x) gl Vea (x)] + [ra(x) — p1 (x)U = V] | 10
—Vlp1(x)p + 9] +Ap =0, in Q,
K1(x) 2 (&) — m(x) § 29 =, on 30,
r(x) & (5) — () 5228 =o, on Q.

Similar to the scalar problem (8), we can define the principal eigenvalue for the
system (10), that is, an eigenvalue A; of the problem (10) is called a principal eigenvalue if
A1 € R and for any eigenvalue A with A # Ay, we have Re A > A;. Based on the approach
in [6], by using Theorem 1, the problem (10) has a principal eigenvalue A; € R. In fact,
we can select the corresponding eigenfunction (1, ¢1), which satisfies ¢1 > 0 > ¢y in Q.
Here, for the convenience of readers to better understand the problem (10), we provide a
simple illustration. Let us do this simple transformation

_m _F2
@:e K%wl(Pand‘F:_e ngztp,
then the problem (10) can be changed to

Vi1 () V()] + 1 () Veon (x) - V2] + [ (x) — 2U — pa(x) V]
+0o (x) Ue(2w2(0)-Gic1 (1)) g 4 A = 0, inQ,

V2 () V ()] + 12 (%) Veon (x) - VI gf5] + pr (x) Velrer ()= Gwa( @ (11)
+[ra(x) — p1(x)U — 2V]‘I’—0—)\‘Y=O, inQ,
2B)=2F) = on 20,

which is a linear cooperative elliptic system. Suppose now L is the elliptic operator, let

Lo =V[i, (x)V(Q((Dx))] + () Veor () - V[Q‘(I’x>] [ (x) — 2U — oo (x) V] ®,
LY :wmx)wQ‘fx))] + 12 (X) Ve (x) - Ql(Yx)] T [ra(x) — p1 (00U — 2V]¥

According to [28,29], the problem (11) has C*(Q)) coefficients and is strictly uniformly
elliptic in the bounded domain Q) which has C?>* boundary. Let K be the positive cone
inX := Cé”" (Q) consisting of nonnegative functions. For any ®;,¥; € X, then we can
deduce that T : X — X defined by T(®1,¥1) = (@,Y¥) is a positive compact linear
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(%)—‘ul(x)%T:Q on Q).

operator. By applying Theorem 1 for positive compact linear operators and the Neumann
type boundary condition, the problem (11) admits a principal eigenvalue A; € R, and the
corresponding eigenfunction (®,¥) can be chosen to satisfy ® > 0 and ¥ > 0 in Q.
Notice that (@, ¥) is the solution of the problem (11). Moreover, since the off-diagonal
elements p; (x)Ue(2@2(¥)=01w1(¥) and p; (x) VelG1«w1(X)=82@2(x)) are strictly positive in €, it
can be further concluded that A; is simple and it is the unique eigenvalue corresponding
to a pair of strictly positive eigenfunctions, i.e., ® > 0 and ¥ > 0in Q. In fact, we have
@ > 0and ¥ > 0in Q due to Hopf boundary lemma, which in turn allows us to choose
@ > 0> ¢ in Q. See [30] using semi-group theory and [31] using maximum principle, [1,6]
for detailed explanation. For the principal eigenvalue theory of general linear cooperative
elliptic systems, we refer the interested readers to [29]. If A # A; is an eigenvalue of (10)
and the boundary condition is Neumann type, then Re A > A; in the coexistence case.
Based on [26], (Corollary 2.10), the following lemma is about the linear stability of

(9K1,Q,M1,}’1/0) and (0’ 9K2,Q,H2,72)'

Lemma 3. The linear stability of (0,,0,1i1,r1,0), (0,0xy,0,5,r,) and (0,0) in the system (1) are de-

termined by the sign of min{oy (1, Q, w1, 11),01(k2, Q, 42, 72) }, 01 (x2, Q, o, 72 — p1 Oxr,Qpu1m)
and oy (Kl, Q,uy, 1 — Pzexz,Q,m,rz)'

Proof. For the linear stability of (6, 0,4, ,,,0), when (U, V) = (0x,,0,u;,,0) in (10), we have

V- () (o) — 1 () gl Veor (9)] + 11 () = 204 0.0 ]0
FAP = O, Q01,1 02(X) 9, inQ,
V- 20V (gh) — 123 gl V(0] + [12(6) = 01008, 0 ¥ )
FAY =0, in Q,
K1 (x) 2 (&) — m(x)§ 29 =, on aQ),
12(2) & (5) — () § 228 =, on 9QY.
Let A be an principal eigenvalue of (12) with the eigenfunction (¢, ). We get
A= mi?’l{(fl (Kl’ Q’ H1,71 — 26K1,Q,y1,71 )/ 0 (KZI Q/ U2, 12 — P]exl,Q,m,rl) } (13)

If ¢ # 0, then A belonging to an eigenvalue of the second equation in (12), is real and
the inequality A > o1 (x2, Q, 2, 72 — p10x,,Q,1,,- ) holds. Perhaps, if iy = 0, then ¢ # 0 and
A is an eigenvalue of the first equation, we get

(14)
Due to the fact that A is real and satisfies A > 01 (x1, Q, 1,71 — 29K1/QrV1/71)' It follows

A > min{ey(k1,Q, u1,71 — 205,,050,m ) 01 (K2, Q, 2, 72 — P10y, Q1,11 ) }-

If now oy (Kl, Q,u1,m — 29K1,Q,V1,7’1) <o (Kz, Q, 2,12 — pleKllQ!”lllrl ), letting @ be the
first eigenfunction corresponding to o1 (x1, Q, 1,71 — 204,011, ), then o1(x1, Q, p1, 11 —
204,01, ) is an eigenvalue of (12) with the eigenfunction (¢1,0), which deduces A =
o1(xk1, Q, #1,71 — 20, 0 i1 ,r1)-

Suppose that oy (K1, Q,u1,1m — 29K1,Q,M1J’1) >0 (Kz, Q, ua2, 12 — p1 9K1,Q,}l1,71)' Let ¢ be
the first eigenfunction corresponding to oy (2, Q, 2, 72—010x,,Q,u1,1, ), then o1 (x2, Q, p2, 12 —
010,041, ) 18 an eigenvalue of (12) with the eigenfunction (¢, ¢) = (¢*,¥), that means
A = 0o1(x2, Q, H2,72 — P10x,,Q,u1,1, )- Here ¢ satisfies
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*

Vi1 () V (glg) = 11 () gy Veor (0)] + [11(x) = 265, @ 1. "

+01(K2’ Q’ ]/12, 7’2 - pleK],QrH],Tl)(P* = 9K1,Q,‘ul,rlp2(x)llj/ in Q, (15)
* * a
() (%) — m(x) G2 =o, on aQY.

The existence of ¢* is inferred from

o1(x1, Q, 11,11 — 20,0 1,m + 01(k2, Q, 2,72 — 010x,,Q 1,11 )
=01(x1, Q, #1,71 — 20,0 i1,r1 ) — 01 (K2, Q, 2, 72 — P10, Q1,11 ) > 0

So our claim is right. Owing to (6) and (9), it is inferred that oy (xy, Q, 1,71 —
Ox1,0.,r1) = 0. Hence, according to Lemma 2, we gain

(%1 (Klr Q/ I’lll r — 29K1,Q,y1,71) > Ul(Kl/ Q/ ,ul/ r — 9K1,Q,]A1,71) - 0/

then A has the same sign as the first eigenvalue oy (x2, Q, #2, 72 — 010x,,0,,,1,)- Applying
the definition of A and linear stability, we deduce that the linear stability of (6, 0 i, ,,,0) is
determined by the sign of o7 (x2, Q, pp, 12 — 0165x1,Q,11,11 ).

Through completely similar arguments, we demonstrate that the stability of (0,0) and

(0, 9K2,Q/V2,r2 ), is determined by min {Jl (Kll Q/ Hi,1 )/ (%] (KZI Q/ Ha, TZ) }/ (%] (Kl/ Q/ Ui, — P2
9K2,Q,u2,r2) respectively. O

Remark 1. From the variational characteristics of the first eigenvalue, we can see that (0,0) is
linearly unstable for any w1 (x), x2(x), p1(x), pa(x), p2(x), p1(x) > 0.

Therefore, we give equivalent descriptions of (7) below:

Yy ={(k1, %2, p1, p2) € T2 0q(k2, Q, 2,72 — P10k, Q1,m1) > O

Ty ={(r1, %2, pi1, p2) € T 2 01(x1, Q, 1,71 — 020k, Q2,r2) > 0}

Yo ={(x1, %0, 41, 42) €T :01(x2,Q, pp, 12 — p19K1,Q,#1,,1) < 0and
01(x1, Q, #1,71 — P20y, Q pu,r2) < O}

The neutrally stable case is defined as follows

ZU,O ::{(KI/KZ/ ]’lll FZ) cel: (%51 (K2/ Q/ ]’IZ/ Yy — Plekl,Q,yl,rl) = O}/
z‘V,O ::{(Kll K2, U1, VZ) el: (%] (Kll Q/ Hi,7m — p29K2,Q,;42,7'2) = O}/
X0 :={ (K1, %2, 1, p2) €T : 01(x2, Q, 42,72 — P10k, 0,01, )
= 01(x1, Q, 11,71 — 205,,Q12,r,) = 0}
By the definition, it is easy to see X9 =270 N Zy 0.

In the following, “g.a.s” is used to mean that the steady state is globally asymptotically
stable among all non-negative and not identically zero initial conditions.

Lemma 4 ([5]). Forany xq, %2, p1, 2 > 0, assume that (A1) — (A4) hold and every coexistence
steady state of the system (1), if it exists, is asymptotically stable. Then one of the following
alternatives holds:

(i) There exists a unique coexistence steady state of (1) that is g.a.s.
(ii) The system (1) has no coexistence steady state and either one of (6,0 11,11, 0) 07 (0,0x,,0,45,7,) 8
g.a.s, while the other is unstable.
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3. Main Results

In this section, we present the results which are related to the co-existence steady state
and the classification of global dynamic behaviors of the system (1).

Theorem 2. Suppose that (A1) — (Ay) hold. For any (k1,%2, p1, p2) € T\ Zo,, then every
co-existence steady state of the system (1), if exists, is linearly stable, i.e., Ay > 0.

Theorem 3. Suppose that (A1) — (A4) hold. Then we have the mutually disjoint decomposition
of I':

I['=(ZgUZup\ Zop) U(ZEvUZyp\ Zoo) UZ- UZop. (16)

Moreover, the following statements hold for the system (1):

Z) For all (Kl, K2, U1, ]42) S (Zu U ZU,O \ 20’0), (QKlerﬂlrrl’ 0) is g.a.s;
it)  Forall (x1,%2, 1, 42) € (Zv UZy,0 \ Z00), (0,0ky,0,00,1,) 18 8.,

/) Forall (xq,x2, 11, H2) € L, the system (1) has a unique coexistence steady state that is g.a.s;
iv)  Forall (k1,x2, p1, #2) € Lo,0, Oxy,Quir = 02(X)0xy,Q 0,2 i1 Q and the system (1) has a
compact global attractor consisting of a continuum of steady states

(1000 (1= 7(0) P22 - 3) € 0,17}

connecting with two semi-trivial steady states.

3.1. Co-Existence Steady State

In order to prove Theorem 2, we assume that (U, V) is the co-existence steady state of
the following system (1):

V- I (x) V() = i (%) gl Veor ()] + Ul (x) = U = pa(x)V] = 0, in Q,
V- I (x)V (o) — () ol Va3 + Vi@ —p (U =V] =0, in0Q,
k() & (4) — () 529 =, on 30,
K2(x) 2 (%) — pa(x) %220 = g, on 300,

Similar to the problem (10), then we get the linear eigenvalue model by linearize
system (1) at (U, V),

V- [k () V (gh) — 11.(x) gl Veor ()] + [r1 (x) = U = pa(x) V]

—Ufp +p2(x)p] + Ap =0, inQ,

V- [k2(0) V() — 12(x) gy Ver ()] + [r2(x) = p1 (1)U — V] )
—Vio1(x)p + 9] + Ay =0, inQ,
K1(0) & (§) — (1) G2 =, on 30,
k() & () — () § 220 =, on Q.

According to the problem (8) and using Theorem 1, we can deduce that the problem
(18) has a principal eigenvalue A;. Moreover, we can choose the corresponding eigenfunc-
tion (¢, ¢), it satisfies ¢ > 0 > ¥ in (L

Now, we are ready to discuss Theorem 2.
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Proof of Theorem 2. Obviously, as long as we can obtain A > 0 when (&1, k2, i1, p2) €
I'\ Xg0. Multiplying the first equation in (18) and (17) by % and %, respectively,
and subtracting the obtained equations, we obtain

V(a7 (E) - V)] - [V (09 (G) - m § )] §

—LSlp+pa(x)y] = —M52. (19)

@&

In the similar way;, it can be derived from the second equation in (17) and (18) that

V(Y () - 1 Vn) | § - [V (27 () -ty Ven)
~Gloixg+yl = -Hgr. 20)

1,

u2 , then we integrate over () and deduce

15
Furthermore, multiplying (19) by e "
(for simplicity, we replace [, with [)

(21)

:—/[V(KQV(£>—]12%VCUZ)]E ® z‘l/PQ dx

V wy
+/[V(K2V(é)—ﬂzévw2)]€ 4 V‘ﬁQ dx (22)
Mo 2
+fen zlp (x)¢+ ] dx

1 2
—/ [V ( %) ;42%sz] V(e gz ¥~ )] dx

VQ
|4 2, S
/ [KZV(Q) yzQsz] [V-(e Vll;—Q)} dx

a2
+ [e el x)g + ¢l dx
2—]1—]2+]3-
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We now simplify the formulas I3, I, J; and J,. Then we find

L ::/ [K1V(£)—y1£Vw1] V(e e ¢ ¢ )] dx

Q" "a uQ
ST 20UV — 9*VU
:/e f [K1V(£)*ﬂlngl][ ? ZZQ(P Jdx
52 lerfﬁ 1[K1V(g) - #1%Vwﬂ [Ven] dx
—/e v UQ2 K1V(g)§ —lllvwl][zE - vuu}d
3 7;471“]1
%U%f K [K1V(£)$—V1Vw1] [Van]
[ e - vavas
—A]_AZ_A3/
and
u u —Haw ?
b= [ [9V(g) ~mgVeal [V (1 )] ax
"M, 2U> —¢°
:/en1kﬁmu)—mngm&PUvzﬁfzuv%dx

3 ot
M9 e i V(

u u
P UZQ =) —m 7 Vwi] - [Vw]dx

Q' Mg
" e e )—u1%Vw1][VQ] dx

u2 QZ

e @ U Ve VU
/e x 1V(Q)S—y1Vu}1][3qu—2u]d

_M
oy, K}wl[,qv(g)%—mwl]-[le]dx

)9 V) [VQ ds



Axioms 2021, 10, 195 11 of 17

Next, we have

— Ay
/e B bV S - Ve 22 - T
- [ TR - VoL ~ 23] ds
= [ B 9@ DY - T - 9 D T2 - 2T e
+ [t v Y2 - T
_/Ke K}wlugz{[WP ¢(§2¢]Q[2@_%] [%I—U;ngﬁf (23)
A N qu[mV UL - s
= [ USZ(W—VUU) dx
+/K1€ g U(PQ3 @—%][VQ] dx

b qu vu

By the similar method, we deduce that

Ay — N5 = /e_::}wljgz[yleﬂ [V(qu — %] dx, (24)
and
Az —Ng = /K1€ 5 wluqz;[vqu - LJJHVQ] dx. (25)
Thus
L — I =[A1 — Ag] = [Ay — A5] — [A3 — Ag]
_/ZK e 1ug2(w _ %ydx‘ (26)

By a similar method, one obtains

R ¥ VY VV.
vz ( m v )2 dx. (27)
Replace (21) and (22) with (26) and (27), respectively. Multiplying (22) by pz(x)3 and
subtracting it from (21), we can obtain

h—hL= /2K€ 2
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Flwl — 12, 3
Al/[e A L?Q e * pZ(VZQIIJ] x
:/2"16 e uquz(V(P VU ) dx +/ei%l Sl +p2(x)y] dx
12,0, P Vy VV,
2Kpe 5 ng/()gzlp ( l;b v ——)%dx
2
- [ B o g + 2y
G} _M2,, 3
> [em 1g[¢+pz< jpldx— [ zpz(Q)‘/’ (28)
/€ 1;11“’ PZ( ()24]2 [P ( )PZ( ) (Vl w1 — ng)]dx

34,3
>/€ " 1(g[wﬂ)z( )w]dx—/e Kl““pz(Q)lP dx

a2 (X)*9 9
/e 0 dx

= [ 8 Glo+pa(e)lp — palx)gldr = 0,

where we use the facts (A1), (Az) and ¢ >0 > in Q. So, A; >0

Next, we will prove that A; = 0 can not happen. According to (28), we infer that
A1 = 0if and only if

\Y% vu Vv
pr(Wpa(x) = 1, By = B2y, 27 v

vV
Wy, — = —=, —— = —75—, = — X , 29
o o TR v v =y, (29
which means that
vu_vv
u v’
ie.,

Then, one obtains

U=dV for some constant d > 0.

(30)
In addition, by applying (30) to (17), and the uniqueness of the positive steady state of
the system (4), it can be concluded that
2 (X
(1+° ; DU = 6,0 and (o1 (x)d+ 1)V = by00mm
Noting that p1(x)p2(x) = 1, we deduce
6K1!QIH1/r1 (1+ pzdﬁ)u u+p2( ) ]'
- d+1)V urv - 0= oGy G
O 0mr,  (P1X)A+)V — pr(x)U + p1(x)
Based on (31), one can easily check
01(k2, Q, w2, 72 — P10x;,Q, 1,1 ) = 01(K2, Q, 2, 72 —
and

GKlerHMz) =0,
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0 (Kll Q/ H1,71 — GKl,Q,]/ll,ﬁ) =0 (Kll Q/ K1, — szKz,Q,]/lz,rz) =0.

According to the assumption (xy,x2, 41, H2) ¢ Xoo, we get Ay # 0. Therefore,
A1 >0 O

3.2. Classification of the Global Dynamics

In this subsection, we are ready to discuss the complete global dynamic behaviors of
the system (1).

Proof of Theorem 3. According to the proof procedure (see [2,5]), this proof can be divided
into two steps.

Step 1. On the proof of the disjoint decomposition in (16).

Obviously, we can get the decomposition in (16). According to the relevant conclusion
and definitions, we only need to prove

(ZuUZyo \ Zoo) N (Zy UZyp \ Zop) = @. (32)

By Lemma 3, the linear stability of (6,,0,;,r,,0), (0,0x,,0,,,r,) can be determined by

the sign of o1 (x2, Q, p2,72 — P10k,,Q,1,11 )» 01 (K1, Q, H1, 71 — 020xy,Q 5., ) TeSpectively. For the
sake of convenience of in writing, let

O1,Qurr = 01, o1 (12, Q, 2,72 — PleKlfQ/M,rl) = 01(67),

*

GKz,Q,]/lz,i’z = 92/ 01 (Kll Q/ Hi,7m — p26K2,Q,]/12,72> = 01(9 )

Nx =

According to the properties of the variational characterization and (6), we obtain

" H
[ rieR (e e e fin ~ pa(x)le T L d

o(0;) = inf
2 0£peH(Q) fe Kl 1472 dx
a8 _M 92
[rieT V(e )R dx — [l - pa(x)6ale 5 dx (33)
e ”1w1%dx
fe "1 (x)6; — 67] dx
fe 5 191 dx
and
K iz
[ 2R V(e B ) dx — [l — pr(x)or)e 52D dx
(71(6?) = infl 2o 2
0#pcHI(Q)) fe ) Z%dx
[ ka2 2[V(e szzez)]zdx—f[rz—m( )orJe 2“2 Gdx (34)

Je & 2%dx
fe g (x)61 — 6] dx

}2
e "2w292 dx

Since 0 < p1(x)p2(x) <1, combining with (33) and (34) together, we have
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0’1(02>/6 Klwléldx_i_o—l(Gl)./e K(UZPZ(CQ) d
</e K @B )92—91}dx—/e "ngPZ(Q) dx
_n 2029 20
+ [ W—”( L0 [y (o)l ax
1 303 35
</e o f x)92—91}dx—/e "%wlpz(Q) dx (39)
929
+/ w1P2 1d
— [l [ ()9 —6,)%[0 0,]d
=- g P2(¥)02 = 62]7(61 + pa(x)62] dx
<0,
where all the inequalities become equalities if and only if
—1 H2 — e
p1(x)p2(x) = Ewl sz and O, Q. = P2(%)0xy, Qi r, i1 Q.

It follows from (35) that the conclusion (32) holds.

Step 2. On the proof of the statements (i) — (iv).

Firstly, we will prove the statements (i) — (iii) hold. In consideration of (16) in
Theorem 3 and (35) in step 1, we see that for any (k1, k2, i1, H2) € (I'\ Zop), there are five
possibilities as follows:

(b1) (x1,%2, 1, p2) € Ty, ie, (0x,,Qu;,,0) is linearly stable, (0, 0x, 0y, ) is linearly unstable;

(b2) (x1,%2, 41, 42) € Ty, ie., (0x,Qu;,,0) is linearly unstable, (0,0, Q) is linearly
stable;

(b3) (x1,%2, 1, 42) € X, ie., both (0, 0u,,,0) and (0, 6y, 0 1, ) are linearly unstable;

(bg) (x1,%2, 11, H2) € Zuo \ Zoo, i€, (0x,,0u,r,0) is neutrally stable, (0, 6y, 0,4, ,r,) is lin-
early unstable;

(bs) (x1,%2, 41, H2) € Zvp \ Zoo, i€, (0,0k,0u,,r,) is neutrally stable, (6, 0u,r,0) is
linearly unstable.

By Lemma 4, we immediately deduce the following conclusion:

(6x;,0,1,r1-0) and (0, 6x, 0, r,) are g.a.s based on the assumptions (b1) and (by), re-
spectively, and there is a unique co-existence steady state under the condition (b3).

We now claim that there is no coexistence steady state under the condition (by) or the
condition (bs). Then we can infer that (6, 0 4,,~,0) and (0,0, 0 ., r,) are also g.a.s based
on the assumptions (by) and (bs), respectively, from Lemma 4.

We only need to verify the above statement for the case (bs). Indeed, if the system (1)
has a co-existence steady state (U, V) for some (1, k2, 1, po) = (K1, %2, i1, H2) € Zuo \ Zoo
and (U, V) satisfies

V- [& x>v<@§;)>—mx)@g)wmxnm[mm—N—pz< OVl=0, inQ,
V- R0V (56) — 20 505 Ve ()] + Vi) - p (U - V] =0, inQ, (36)
R 5 (5) = () 252 laa= [R2(x) r (§) — m2(x) § 252 o= 0.

We have

01(k2, Q, 2,72 = P18 5 ) = Oand 01 (%1, Q, i, 11 — 26 52 ) < 0. (37)
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Define the operator G : RT x RT x M x M — M, x M,

o —~ w
7) “l/llv . [—1le] + wq [1’1 — w1 — QzZUz]

G : 7 ’ 7 — Q — Q
(01,02, w1, w3) ( RA(R) ~ 15V - (% Vewos] + walr2 — g1y — )]

with

My = {g € W2(Q) s (i () - ()t

From (36), G(p1(x), p2(x), U, V) = 0 and Theorem 2, it yields that

| laa= 0}, My := LP(Q)),p > N.

aG(Ql/ QZ/ w1, wZ) |
d(wy, wy)

(01,02.101,02)=(01 (x) 02 (x), 01, 7) 15 Tnvertible.

Applying implicit function theorem, one gets (01, 02) is closed to (p1(x), p2(x)). We
have a positive solution (U, V) to the equation G(01, 02, w1, wp) = 0. Let us choose (01, 02),
which implies (the solution corresponding to (07, 07) is denoted by (U, V))

01> p1(x), 0 <02 <p2(x) and 01-02 <A (38)

Let us see the following auxiliary problem

U=V- [ﬁ(x)V(%) - ;Tl(x)%chl(x)] +Ur1(x) —U—02V] =0, inQxRT,
Vi=V- [@(x)V(%) - ;’E(x)%sz(x)] +Vr(x)—otU—-V]=0, inQxRT, (39)
R0 35 (8) = (0 § 5] =0,
[R2(2) 35 (&) ~ (1) "5 =0,

which has the same semi-trivial steady states (9~ O’ 0) and (0, efz,@,ﬁiﬂz)‘ From (37),

(38) and Lemma 2, it then follows that
01(@, Q, "I//E, 1y — QT@KEQ,%’H) > 0 and 0'1(1?1, Q, ﬁ{, r — @9@,@%,&) < 0. (40)

According to the case (b1), (0x,,0,,,,,0) is also g.a.s in the system (39) which contra-
dicts with the existence of (U, V). Therefore, there is no coexistence steady state under the
condition (by). Similarly, we can get the conclusion that there is also no coexistence steady
state under the condition (b5). The above descriptions of the cases (b1) — (bs) represent
the expected results described in the statements (i) — (iii).

Secondly, we prove the statement (iv). We will show

ZO,O = Zwiz{ (Kl,Kz, ‘ul,]lz) erl: pl(X)pz(X) :1, 9K1,Q/}l1,1’1 = pz(X)QKz’Q’VZ’rZ in 5} (41)

It makes the same description of % g, which means the expected result in the state-
ment (iv).
Let (x1, %2, Hi, Hz) € X~, then

p1(x)p2(x) = 1and 0., 0 11, r, = 2(X)0sy,Q .1, 111 Q.
Based on the proof of Theorem 2, we get
01(x2, Q, p2, 72 — P10k, Q1,1 ) = 01(k1, Q, 11,71 — P20x,Q 10,72) = 0, (42)

which implies Z~ C X9. When (42) holds, the last three inequalities in (35) become
equalities, we have
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e1(x)p2(x) =1, Oxy Qpuim = 02(%) 0y, Q iy ry 11 Q,

which shows X9 C X~. Hence, the equality (41) is confirmed.

Let (x1,%2, 1, 1t2) € Xop and (U, V) be the corresponding coexistence steady state
of (1). We claim that % = constant. Let A be a principal eigenvalue for (U, V). Moreover,
we choose the corresponding eigenfunction (¢, ), which satisfies ¢ > 0 > ¥ in Q) and
@l + |l$]|3 = 1. In order to prove it, it is enough to show that (29) holds. Suppose that
(29) is not true. Then (28) means A; > 0. Similar to the proof of the case (by), we get (29)
holds, i.e., % = constant. This yields that

6K1r 1,11
(U V) = (10080, 00 (1 = (x) =222 57(x) € [0,1)

Therefore, we conclude that for any (k1, k2, 41, fi2) € Xo,, the set of equilibria of (1) is

(0.0} U000,y (1 - ) 2255) s y(x) € 0,1,

where (0,0) is a repeller by Remark 1. Then each solution of (1) converges to a single
.y e . GK AU T
equilibrium { (17(x)0, 0,1, (1 — iy(x))%) :n(x) €[0,1]}. O

4. Discussion

In this paper, by using principal eigenvalue theory and monotone dynamical system
theory, we mainly analyzed the global directed dynamic behaviors of a Lotka-Volterra
competition-diffusion-advection system between two organisms in heterogeneous environ-
ments. The two organisms compete for different fundamental resources, their advection
and diffusion strategies follow a positive diffusion distribution, the functions of inter-
specific competition ability are variable. Our work can be seen as a further development
of Wang [5] for the competition-diffusion system, where we bring new ingredients in the
arguments to overcome the difficulty caused by the involvement of advection.

In the future, exploring the global directed dynamic behaviors under the condition of cross-
diffusion may be an interesting research point. We leave this challenge to future investigations.
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